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Abstract
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1 Introduction and Main Results

We consider the following Kirchhoff-type equation with critical growth:

M (/ |Vu|2dx) Au + v’ + %Lﬂ’_l =0, in B,, (.

u=0, onaB,,

where B, C R? is an open ball centered at the origin, 0 < 8 < 1,6 < p < 6 + 28.
Denoting M (s) = fg M (t)dt, we make the following assumptions:

(M) M e C'(RT,R"), M(s) > a > 0, a is a constant, M (s) is increasing in s;

(M3) 2M(s) > sM’(s) for each s > 0, and lim,_, | o @ =0;

(M3) fors > 0, M(s) — %sM(s) > %as and %(%M(s) — %sM(s)) is nondecreasing
ins.

A typical example of M is givenby M (t) = a+bt fort € RT, wherea > 0, b > 0.
Problem (1.1) is often referred as being nonlocal because the presence of the term
M( f B, |Vul?dx) implies that problem (1.1) is no longer a pointwise identity. This
phenomenon causes some mathematical difficulties which make the study of such
a class of problem particularly interesting. Moreover, such a problem has physical
motivation. Indeed, the Kirchhoff equation arises in nonlinear vibrations, namely

un—M</ |Vu|2dx) Au= f(x,u), in Qx(0,T,
Q

u=0, on Q2 x (0, T,
u(x,0) =uox), u/(x,0) =ui(x),

where T’ > 0. Such a hyperbolic equation is related to the stationary analogue of the
following equation:

U — <a +b/ |Vu|2dx) Au = h(x, u),
Q

where u denotes the displacement, £ is the external force, and a is the initial tension,
while b is related to the intrinsic properties of the string (such as Young’s modulus).
Such nonlocal elliptic problems like problem (1.1) have received a lot of attention, and
some important and interesting results have been established by using the variational
methods; see for example ([ 1-23]) and the references therein. In particular, Figueiredo
in [1] studied the following semilinear equation with critical growth:

M(/ |Vu|2dx> Au+ ul*u+rf(x,u) =0, in Q,
Q
u=>0, on 02,

(1.2)

where M satisfies the following conditions:

@ Springer



Positive Solutions for a Kirchhoff-Type... 1585

(A1) The function M is increasing;

(A) There exists My > 0 such that M(t) > Mo = M(0) , for all + > 0. Under
suitable conditions about f and the above assumptions, applying an appropri-
ated truncated argument, the author proved that there exists a threshold value
(here the threshold value is just (% — é)(MoS)%, where 4 < 6 < 6and S is
the best constant for the Sobolev embedding HO1 () — L6(Q)), only below
this threshold value the functional associated with the problem (1.2) satisfies
the Palais—Smale condition. Moreover, the author obtained that there exists
A« > 0 such that for all A > A, problem (1.2) admits a positive solution u;
with lim; _,  ||uy || = O.

After that, Wang et al. in [2] extended the above equation to the following p-
Kirchhoff-type equation:

M(/ |V'4|pdx) Apu+ ul” 2u 4+ A f(x,u) =0, in Q,
Q
u =20, on 0S2.

The authors made the following assumptions M (0) = 0, and

(B1) there exists 0 € (1, p*/p)(p* = §&) such that tM(1) < OM(t) =

0 [y M(s)ds forall > 0;
(By) for any T > 0 there exists k = «(t) > 0 such that M(¢) > « forallt > t;
(B3) there exists a constant ¢ > 0 such that M(r) > ct?~! for all t € [0, 1]. The
authors also obtained the same result in [ 1] by using the Mountain pass theorem.

Now, returning to problem (1.1), it is clear that problem (1.1) has a variational
structure. We understand critical points of the associated energy functional acting on
the Sobolev space H:

1~ 5 1 p 1 |x|P
I(u) ==-M |Vul|“dx | — = lu|°dx — — ———|u|Pdx,
2 B, 6 Jp, pJg 1+Ix|8

where H := H(},rad(B") is the first-order Sobolev space of radial functions equipped
with the inner product and norm

(u,v):/ VuVudx, ||ul = (u, v)2.

We say that the functional [ satisfies the Palais—Smale ((PS) for short) condition if
any (PS) sequence {u,} C H, that is a sequence satisfying

{I(u,)} bounded and I’ (u,,) — Oin H™ ' asn — 400,

@ Springer



1586 C.Y.Leiand JF. Liao

admits a convergent subsequence. If {u,,} C H is abounded (P S) sequence of 1, {u,}
has a profile decomposition with containing finitely bubbles (see Lemma 2.4)

Up =u—+ Zgn,kVN + Vn,
keA

where Vy, y, € DV2(R?) which is the completion of C§° (R3) with respect to the
norm

1

2 2
||<p||D=</ Vol dx) .
]R3

A is finite, say A = 1, 2, ..., N (A may be empty and N = 0). In particular, if N = 0,
then u,, — u strongly in H. In order to prove the result, we need to establish the exact
threshold value, and only below this threshold value the functional 7 satisfies the (P.S)
condition.

Motivated by the above works, we study the existence of solutions for problem
(1.1). Here, in order to overcome the lack of compactness induced by the presence
of the Kirchhoff term and critical exponent, some delicate estimates are exploited
which are totally different from those used in the papers mentioned above. Unlike
[1, 2], due to the enough large constraint condition on the parameter A, which plays
a very important role, it causes us not to estimate the threshold value of the energy
functional. Therefore, assume that M is an abstract function and the parameter A is
not restricted, in this case, it is very difficult to determine the threshold value of the
energy functional. However, in this paper, by a concentration compactness analysis
on the Palais—Smale sequence, we establish the threshold value to consequently prove
the existence of positive solutions. Thus, the method used in those articles cannot be
repeated here because we are working with M which is an abstract function and the
parameter A = 1.

Now our main result is as follows:

Theorem 1.1 Assume thatO0 < B < 1,6 < p < 6+ 28 and (M}), (M), (M3) hold,
then problem (1.1) has a positive solution u. Moreover

lim u(r) = 0.
F—> 00

Remark 1.2 Under the assumptions of Theorem 1.2, the following problem
M (/ IVulzdx> Au+ud + [x|PuP~! =0, in B,,
B,
u=20, on dB,,

admits a positive solution u# with lim,_, oo u(r) = 0.

This paper is organized as follows. In Sect. 2, we give the compactness analysis and
establish the Palais—Smale condition. In Sect. 3, we demonstrate the threshold value
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and conclude Theorem 1.2. In the proof, we use a same character C to denote several

positive constants.

2 Concentration Compactness Analysis

In this section, we make concentration compactness analysis on the (P S) sequence of
the functional 7. The results will be used to deduce the system of coupled equations

satisfied by the weak limit function of a (P §) sequence and the bubbles.

Lemma 2.1 Assume that0 < 8 < 1,6 < p < 6+ 2. If {u,} is bounded and u,—u

in H. Then,

B B
lim/ Al |un|pdx:/ L|1,t|f”d)c.
woo Jp, T+ 1xPP 5, L+ 1xP

Proof From Lemma 2.2 in [24], we have

1
lun ()| < Cllunll—, ae.x € B

lx|2

By the boundedness of {u,}, for 6 < p < 6 4 28, it follows that

B B4
/ x| ﬂ|un|f’dx_6/ e
<t 1+ x| i<t L4 1x1P x| 2

dx
<C

<t x| 2P

—C/l dt
T Jo 45B2

<400 (asp <6+28)

and

/ x| y Pdx < Cf P dx
[x|>1 1+ xf" T Sz T XIP xR

X
<C

P
lx|>1 |x]|2

+00 dt
0 152

< +o00. (asp > 6)

2.1)

2.2)

(2.3)

Consequently, it leads to (2.1) by means of the Lebesgue dominated convergence

theorem. The proof is complete.

Lemma 2.2 Any Palais—Smale sequence of I is bounded in H.

O
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1588 C.Y.Leiand JF. Liao

Proof Let {u,} C H be such that
I'(uy) = 0, I(u,) = casn — oo. (2.4

Combining with (M3), one has

[ = 2 1 2 2
I(un) — 6(1 (n), tn) = 5 M(Jlun ") = EM(IIMnII Ml
#(§-5) [ rf e
- —— u X
6 p)Jg 1+ 1x1F"
> <l
- 3 n .
Therefore, {u,} is bounded in H. The proof is complete. O

To make the concentration compactness analysis, we introduce the dilation group
D in R

1
D = {goslgo,u() =0 tu@(=y). yeR o R

The dilation g in ® is an isometry in both L°(R?) and D-2(R3).

Let {u,} C H be aPalais—Smale sequence of the functional /. By Lemma 2.2, {u,}
is bounded in H. According to Theorem 3.1 and Corollary 3.2 in [26](see also [25]),
{u,} has a profile decomposition

Un :M+Zgn,kUk+an (2.5)
keA

where u € H, Uy € Dlvz(R3), 8nk = 8ouxvax € D,0nk >0, yoi € B,, Yn €

DI’Z(R3), A is an index set, satisfy:

(1) up—uin H, g, u,—Uy in D'*(R3), a8 n — 00, k € A;

(2) gnx—0in[D2(R)]*, g;}cgn,z—‘o in [D'2(R¥)]*asn — oo, k,l € A,k #1;

3) lunllly = el + Xgea 10kl + Ivallhy 4+ 0(1), as n — oc. From property (3)
of (2.5), by the method of the Brézis—Lieb’s lemma and [25], one has

(4) y» — 0in LO(R3) and

/ ugdx =/ u6dx—|—2/ |Uk|6dx—|—0(1), asn — oo.
B » R3

keA

Here for a sequence {g,} of ©, we say g,—0in [D1?(R)]*,if forallv € DV2(R?),
gnv—01in Dl’z(]R3). Moreover, since {u,} is bounded in H, we have o, y — 00 as
n— 00,k €A.

We deduce the system of coupled equations satisfied by the weak limit function u
and the bubbles Ui, k € A. Inspired by Lemma 2.1 in [30], we obtain the following
conclusion.
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Lemma 2.3 Let {u,} be a Palais—Smale sequence of I, A, = fBr |Vu,|>dx — A as
n — oo.

(1) Assume u,—u in H, then u satisfies the equation:

B
M(A)/ VuVedx =/ usgodx—i—/ ] uP~Yodx, for ¢ € H. (2.6)
B, B, g, 1+ x|f

(2) Let gy = &o,,y, € D,0, - 00asn — oo and y, € B,. Assume i, =
gn_lun—\U # 01in D2(R3). Then, U satisfies the equation:

M(A) /3 VUV¢dx = /3 Updx, for ¢ € DV2(RY). (2.7
R R

Proof (1) Since {u,} is (PS) sequence of I, by (2.1), we have

M(/ |Vun|2dx>/ Vu, Vodx
By B,

8
—/ 13 pdx —[ 7= ax = o(1) 2.8)
r Br x

for ¢ € H. Letting n — oo, which deduce that (2.6) holds.
(2) Denote

d, = opdist(y,, 0B;).

We first assume d, — oo. Let ¢ be a smooth function in ¢ € C3° (R3) and

1
¥ = gup = 0,7 9(0n(- — x,)). For n large enough v € C§°(B;). Taking v as a
test function in (2.8), we have

M(/ |Vu,,|2dx)/ Vi, Virdx
B, B,

— f Wydx + f xI? u? " wdx + o(1). (2.9)
" B, 1+ x|
Making a variable change, we get
Yy =0p(X — yn).

Set i, = g, 'u,. In view of

_1
8y un =0 2un (o, L+ x0)),
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1590 C.Y.Leiand JF. Liao

we see that

Vg*] U, = o, >—Vu,.
Opn

Consequently, we obtain

1 3 1
/3 Vu,V(gnp)dx = / GnUZVgn lungnzanVQDEdy (let oy (x — x) = y)
R Q2

n

=f Vgn_lu,,V(pdx

Qp

=/ Vi, Vedx,
Qp

5 d — % _% y 5 ld
- U, gnpdx = . oy (o un(a— + X)) gnfp(x); y

n n

5 _1 y 1 1
= / o (0 “up(— + xrz))50n2¢(y)_3dy
Q, [oF Un

n
= / W pdx
Q

where @, = {y|ly e R}, x =0, 'y + y, € B,},

B 76‘—"/ IxIf
P — dx = 2 — dx.
./R3 1+|x|ﬁun gnpax = oy o, 1+|x|ﬂun pax

Consequently, (2.9) becomes

M(/ |Vun|2dx) / Vi, Vodx
B, Qu

—/ > d GEP | |ﬂ ! d (1) (2 10)
= u,edx + o u, @pdx + o(1), .
’ n n ,,1 | |/3 n

Since u, = g;lun—\U and 0, — 00 as n — oo, taking the limit n — o0 in
(2.10), we obtain

M(A)/ VUVedx —/ USpdx =0, for ¢ € C°(RY).
R3 R3
By a density argument, we obtain
M(A)/ VUVVdx — / U’Vdx =0
]R3 R3

for V. e DL2(R3).
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Finally, in the case d,, = o, dist(y,, dB,) — d < +oo. Without loss of generality,
we assume d = 0. In this case, we can prove that U satisfies U = 0 in R3 \]RS+ and

M(A)/ VUVVdx :/ U°Vdx, for V e D"2(R?), V = 0in R*\R3.
R} R}
By the uniqueness theory in [27] for positive solutions of the equation
Au+u*~1=0, inRV,
u>0, inRV, (2.11)
u(x) — 0, as|x| — oo,
U = 0in R3, which is a contradiction. The proof is complete. O
We continue the concentration compactness analysis on Palais—Smale sequences.

Lemma 2.4 Let {u,} be a Palais—Smale sequence of 1. Assume the profile decompo-
sition (2.5) holds, namely

Up = u+ Zgn,kUk + Vn-
keA

Then,

(1) the index set A is finite, say A = {1, 2, ..., N} (A may be empty and N = 0).
(2) There exist Vy € D"2(R3) and g, € ©,k = 1,2, ..., N such that

(24) Uk = grVn, k = 1,2..., N and the profile decomposition (2.5) reduces to

N

ty =1+ Y gnkV + V- (2.12)
k=1

(2p) u and Vy satisfy the system

B
M(||u||2+Nf |VVN|2dx)/ VuVedx :/ o + Ix] uP Yedx, ¢ € H,
” 5, 5, 1+ x|

M(||u||2+N/ |VVN|2dx)/ VVyVedx :f Vypdx, ¢ € DVA(R?).
R3 R3 R3

(2.) There hold that

/ |Vun|2dx=/ |Vu|2dx+N/ IVVy|2dx + o(1),
B, B, R3

ugdx = ubdx + N/ V;\S,dx +o(1), as n - oo.
B B R3
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1592 C.Y.Leiand JF. Liao

Proof (1) By Lemma 2.3, we have the system

B
M(A)/ VuVedx :/ usgodx—i—/ x| ﬁup_lgadx,go €H,
B, B, B 1+ x|

M(A)/ VUVdx =/ Uppdx, ¢ € D2 (R?), k € A,
R3 R3

(2.13)

where A = lim,,_, o fBr |Vu, |2dx. Taking ¢ = Uy as test function in the second
equation of (2.13), we have

a/ VU |2dx < m(A)/ VU |>dx =f Uldx
]R3 ]R3 ]R3

3
<s3 (/ |VUk|2dx> ,
]R3

where § is the Sobolev constant for the embedding DLY2(R3) — LOR3). We
deduce that

/ VU |?dx > vaS3. (2.14)
]R3

By the property (3) of the profile decomposition (2.5), A is a finite set, say A =
{1,2,..., N}.

(2) By the second equation of (2.13) and the uniqueness theory [27] of the positive solu-
tions of the equation (2.11), there exist Vi € Dl’z(RS), gk €D, k=1,2,..,.N
such that Uy = g,V and Vy satisfies

M(A)/ VVyVdx :/ Vygdx, ¢ € DV2(R?).
R3 R3

Replacing g, « by gn.k gk in the profile decomposition in (2.5), we obtain

N

Up =u—+ Zgn,kVN + Vn-
k=1

Noting that u,, satisfies the inequality

l? e )
——u, vdx=M |Vu,|“dx Vu,Vvdx
g, 1+ |x|f B, B,

—/ uivdx +o(1)

B,

for v € H. Taking v = u, as test function in the above inequality, it yields

M(/ |Vun|2dx)f |Vu,|>dx
B, B,
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—f u6dx—/ xl” uP ' dx = o(1). (2.15)
o g, 1+ |x|P
By (2.13)
2 6 |x|ﬁ
M(A)/ |Vu| dx:/ u dx—i—/ ﬁu”dx,
B, , B 1+ x| (2.16)

M(A)/ VU |>dx =/ Ubdx, k € A
R3 R3

and the property (4) of the profile decomposition (2.5)

N
/ ubdx :/ u6dx+2f Ubdx + o(1). (2.17)
B, B, =1 R3
Notice that

B B
/ |Vu,|>dx — A, / Lu,[:dx — / LI,tpd)c
B, g 1+ |x|P g 1+ Ix|P

as n — oo. It follows from (2.15), (2.16) and (2.17) that
N
/ |Vu,,|2dx=/ |Vu|2dx+2/ IVU|?dx + o(1). (2.18)
B, B, =1 R3

Finally, since gz € ©, k = 1,2, ..., N are isometry in both L6(R?) and D'>(R3),
we have

/|VUk|2dx=/ [V Vy|2dx,
]R3 R3

/V,f’dx:/ VA6,dx,
R3 R3

where k = 1, 2, ..., N. Hence, (2.17) and (2.18) can be rewritten as, respectively.

and

\Vun?dx = | |Vul*dx + N/ IVVy|?dx + o(1),
B, B, R3

and

/ ubdx :/ ubdx + N/ Vidx 4 o(1)
B, B, R3
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1594 C.Y.Leiand JF. Liao

as n — oo. In particular,

n—oo

A= lim |Vu,,|2dx=/ |Vu|2dx+N/ IVVy|2dx,
B, B, R3

and u, Vy satisfy the system in (2;). The proof is complete. O

3 Threshold Value and the Proof of Theorem 1.2

In this section, we determine the threshold value, below which the functional I satisfies
the (PS). condition, and then show that this level is less than the threshold value.
Consequently, we prove the existence of the mountain pass-type solution.

Assume that {u,} is a (PS), sequence of / and the profile decomposition (2.12)
holds, namely

N

Up = u + Zgn,kVN + Vn-
k=1

By Lemma 2.4, we have

. 1~ 2 2 1 Bl
lim I(u,) = =M(||ul|”+ N [VVy|7dx) — — Pdx
n— 00 2 R3 B,

u
pJp 1+1x/P
1
——(/ u6dx+Nf Vf,dx)
6 » R3

1~ 11 p
— —M(Jul? + N/ IVVy|2dx) — (= — = / LIS
2 R3 p 6)J)p 1+ |x|#

1
—3M<||u||2 + N/ |V Vy[2dx) (uun2 + N/ |VVN|2dx) ,
R3 R3

3.1)
where we have used the fact that,
2 2 2 6 x|
Mul*+N | |VvnPdx) | lu)?= | ubdx+ | ——— uPdx,
R3 B, B, g, 1+ [x|P
M(||u||2+N/ |VVN|2dx)/ |va|2dx=/ Vidx.
R3 R3 R3
Noting that
3
§73 (/ IVVN|2dx> =/ Vidx
R3 R3
=M<||u||2+N/ |VVN|2dx)/ [V Vy|*dx. (3.2)
R3 R3
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Using the following lemma, we can solve equation (3.2) for / |VVy |2dx.
R3

Lemma 3.1 Give s > 0, the equation M(s + Nt) = S73t* has a unique positive

solution t = Fn(s). The function Fy is continuously differentiable. Moreover,
Fn(s) = F1(0) := T, where T is the unique positive solution of the equation
M(t) = S73%

Proof By the assumption (M), the function

L M(s +Nt)  M(s+ N1) (s + Ni)?
g( 7S) - t2 - (S +Nt)2 tz

is strictly decreasing in ¢, and

lim g(,s) =0, lim g(t,s) =+o0.
t——+00 t—0Ft

Hence, there exists a unique ¢ > 0, denoted by F (s), satisfies the equation g(¢, s) =
S73, that is,

M(s + Nt) = S73¢2.
Since M is a continuously differentiable function and
0 1 ,
Eg(t, s) = ﬁ(NtM (s + Nt) —2M(s + Nt)) <0,

so is the function t = Fy (s) by the implicit function theorem. Finally, by the assump-
tion (M) for t = Fn(s)

M (s —};]—'N(s)) g o(t) = M (s —12— Nt) . Mgt)’
Frn(s) t t
and by assumption (M3), Fy(s) =t > T = F1(0). The proof is complete. m|

As a result of (3.2) and Lemma 3.1, we obtain

/RS IV 2dx = Fy(lull®) (33)
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and rewrite Formula (3.1) as

lim () = l1\7(||u||2+N/ IV Vy [2dx) — 1/ LI
) R pJs, 1+ 1xlP
1
—— (/ udx + N V,?,dx)
6 Br IR3
[P SN / x|’
= -—M(|u|l* + NFn(||lu - = ———uPdx (by 3.3
7 (Nl N (luell%)) oy TP (by (3.3))
1
— (/ udx + NS—3F§,(||u||2)>
6 \Js,
= In(u)
(3.4)
where
3
/ Vidx = §73 <f |VVN|2dx> = SS3Fy(Jul?).
R3 R3
Also, we rewrite equation (in Lemma 2.4 (2,)) satisfied by u as
2 2 _ 5 |x|P p—1
M(||ul|” + NFn(lull?)) VuVedx = updx + Fu odx
B, B, B 1+ |x]
(3.5)

for ¢ € H. Define

Yy = {ulu € H, u satisfiesthattheequation(3.5)},
un = inf{ly@w)lu € Ty}

The following lemma gives the lower bound for py .

Lemma 3.2 There exists a constant C1 (independent of N ) such that uy > N D, where
D=1iMT)~ IM(T)T and T = / |V Vy |2dx.
R3

Proof Letu € Ty, it follows that

x|
M(||u||2+N7N<||u||2>)||u||2=/ u6dx+/ Suldx.
: B 1+ x|

It follows from (3.2) and (3.3) that
M(lull* + NFxlul®) = S Fy (lull?).
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At this moment, by (3.4), we have

p

| =

7 1 B
Iy (u) M(||u||2+NfN(||u||2>)—;f -

u
g, 1+ x|f

— (/ uldx + NS_3]-'§,(||u||2)>

(lull® + N Fn (llul® ))——M(IIMII + NFn () lull?

M
1 xl# —3.73 (12
- — — d ——NS F
<6 p) 5 1+|x|5” X 6 N(””” )

O\ —

| =

M(n 12+ NFy(ul >)+(1 1)f K rg
= — u u — u X
N 6 p)Js 1+IxIP
_l 2 2 2 2
M Qull® + N Fy ael) (ull® + N Fy (ael). (3.6)

Let

h(s) = ~7E(s) — ~M(s)

S) = 2 S 6 S)S.

By the assumption (M3), one has

h(a + b) > h(a) + h(b), fora,b e RT, 3.7

In fact

ha+b)=a. "OFD , Matb)

hga;_b h(a) “

Za._ b_

a
= h(a) + h(b).

By (3.7), (3.6) can be reduced to

\Y

1 ~ 1 1 |x|P 1 i a
I -M S —  _uPdx —-M
N(u)_2 (||u||)+<6 p)/B TPl g el Nl
1~

1 2 2
3 N Ty (ul?) = =M (NF(ul®)) NFy ()
T + Gt

(3.8)

lI>

where

L~ o (1 1 x| 1 21112
Ju)=-M ———) | ——uwPdx—_M :
) = = M([lull") + <6 P)/B, TP g (el el
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and
1 ~ 1
Gyu) = EM(NfN<||u||2)> - EM(NJ-‘N(HM||2)>NfN(||u||2>.

Since p > 6, using the assumption (M3) again, we get

J ) = SM(ul®) + (5 - ;> /B R Ml ul?
> SR - lM(nuuz)uuru2
—2 6 (3.9)
1
> —allul?
3
> 0.

If N > 1, by Lemma 3.1, one obtains
NFn(lull®) = NT > T.
Hence, by the assumption (M3) again,

IM(NFy(lul®) — 1M (NFy(lull®) NFn (lul?)

~ NFn (lull?)
M(NT) — tM(NT)T
R NT
IM(T) — $M(T)T
- )

D=

v

v

As a result,

_ l" 2\ l 2 2
G () = SMNFy([ull") 6M<Nf1v(||u|| )) NFn(ull”)

2
N [mm ~ 1M(T)T} N Fw(llul)
2 6 T (3.10)

1~ 1
>N [EM(T) - EM(T)T}
£ ND.

Therefore, the estimate for wy follows from relations (3.8), (3.9) and (3.10), that is,

pun = inf{ly)lu € Ty}
> inf J(u)+ inf Gy(u)
UEXN

UeXy

> ND.

The proof is complete. O
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Lemma 3.3 | is achieved at the point 0 and |11 = D, where D is defined in Lemma
3.2.

Proof Since 0 € X, and

~ 1
11(0) = =~ M(F1(0)) — 55‘3&%3(0)

O = 2] = 9] —

—~ 1
M(F1(0)) — EM(fl (0)F1(0) (3.11)

M(T) — éM(T)T

By Lemma 3.2, for any u € X1, we know that

Li(w) > Jw) +Gi(u)
> Gi(u)
> D.

Hence, by the definition of @ and (3.11), which is achieved at 0 and p; = D, the
proof is complete. O

Lemma 3.4 Under the assumptions of Theorem 1.1, the functional I satisfies the (P S).
condition provided ¢ < D, where D is defined in Lemma 3.2.

Proof Let {u,} C H be such that
I(u,) = ¢, I'(uy) = 0

as n — oo. By Lemma 2.4, {u,} has the profile decomposition (2.12)

N

Up =u + Zgn,kVN + Vn-
k=1

By Lemma 3.2, we deduce that
D >c= lim I(uy) = Iy(u) = J(u) + Gy > Gy(u) > uy = ND.
n—oo

which implies that N = 0. Consequently, u, = u + o(1) in H as n — oo. That is,

/ |Vun|2dx—>/ |Vu|2dx, /u,?dx—)/ ubdx
B, B, B, B,

as n — 0. The proof is complete. O
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In the following, we estimate the threshold value of /. Denote

B

1 1
3 34ed
U= — U= — " xeRe>0. (.12
1+ |x|*)2 (€2 + |x*)2

U (and U,) satisfies the limit equation
AU +U’=0, U>0inR>.

Choose n € C3°(B1(xo), [0, 1]) where By (xo) C B, such that n(x) = 1 near x = xo.
Denote ¢, = Ugn.

Lemma 3.5 Assume that (M) and (M) hold. Then, sup, I (tps) < D for sufficient
small ¢ > 0, where D is defined in Lemma 3.2.

Proof From Lemma 1.1 in [28], we know

/ Ve |2dx = / IVUPdx + O(e) = S + O(e),
B, R3

oOdx = / USdx + 0(e3) = §? + 0(£Y).
B, R3

Therefore, we deduce that

Ve |?dx — / VU 2dx as e — 0.
B, R3

Consequently, according to the continuity of M, we obtain

M ([ |V(p£|2dx> =M (/ |VU|2dx) + O(e).
B, R3
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By the definition of ¢,, we infer that

[ e[ M,
B, T+ |xf7¢ i<t L 1x1P (62 4 x)2)2
P
> C/ |x|ﬁ —82 dx
T Jxi=t 2 SSQ—W x2)%
:Cgﬂ”*%/ —dt
0 (1+t2)2 Ve ep
) e t +
— Cebtih / et / B
0o (1 ZJZE)Z 0 (1412
t
—C8ﬂ+3_7/ ———dt
0 (14 +12)%
> CePt3-% 2+ﬁdt
:C8ﬂ+3_%

for some C > 0. Since M(¢) = o(t?), ]l//f(t) = 0(t3) ast — 400, I[(tp,) — —o0 as
t — o0. We can assume there exist 0 < #; < f, such that

sup [ (t¢e) = sup I(t¢pe).

>0 telty,n]

From the above information, there holds

1= 2 f6/ 6, _IF wlf
I1(t =-M|t vU|“d - — Udx — — d 0]
(toe) 5 < A%J | x) 6 Jgs X I; 5 l—|—|x|ﬁ<ps x+ O0(e)
l1=/(> 2 ’6/ 6 il EILE
-M VU|dx | — — U dx — — d 0
52 <t /R3| | X) 6 Jus X » B,1+|x|‘3% x+ O(e)
R 6
<-M t2/ VU 2dx | — ’—/ Udx — CePT375 4 Ce.
2 R3 6 Jr3
(3.13)
Define
l =5 2 1 6
ety =M (2| |VUPdx) - = | USdx.
2 R3 6 R3
Then,

(1) =tM (ﬂ/ |VU|2dx)/ VU |>dx —IS/ Ubdx
R3 R3 R3 3
=tM (ﬁ/ |VU|2dx>/ VU |?dx — 7573 (f |VU|2dx>
R3 R3 R3 5
=tf VU |*dx |:M <t2/ |VU|2dx> -85 <t2/ |VU|2dx) }
R3 R3 R3
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Let #p > 0 be the unique positive zero, according to g’(fp) = 0, one has

2
M(z(%/ |VU|2dx> =53 (r&/ |VU|2dx> )
R3 R3

By Lemma 3.1 and (3.14), we have

tg/ VU *dx = Fi(0).
R3

Furthermore, we have

g(1)

6
—~ t
M(r&/ |VU|2dx) - ﬁ/ Udx
R3 6 R3
1 3
(r&/ |VU|2dx) — =53 (r@/ |VU|2dx)
]R3 6 ]R3

l 3.3
(F1(0)) — ES F7(0)

)

I
N = =N = N = N =
)

)

1
(F1(0)) — EM(]:I (0)F1(0)

)

1
(T) = M(D)T

= D.

&

Moreover, we have

§'t =M

(ﬂ/ |VU|2dx>/ VU >dx
R3 R3

2
+202M' <z2/ |VU|2dx> <f |VU|2dx> —5[4/ UCdx.
R3 R3 R3

Noting that

0=g'(to) = oM (tz/ |VU|2dx>/ |VU|2dx—105/ Ubdx,
R3 R3 R3

and hence by the assumption (M), (M>), we have

¢ (ty) = —4M (;3 /R3 |VU|2dx> /1;@ VU |*dx

@ Springer

2
+263M’ zg/ |VU|2dx> (/ |VU|2dx>
R3 R3

< -28M tgf |VU|2dx>/ VU >dx
R3 R3
<0

(3.14)

(3.15)
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provided M’ (12 [z3 IVU|*dx) > 0.1In case

M (z@/ |VU|2dx> =0,
R3

then

¢ (to) = —4M (;g/ |VU|2dx>/ VU *dx.
R3 R3

Again, we obtain g” (f)) < 0. Since 7y is the unique stationary pointof g and g” (o) < 0,
which implies that g achieves its maximum at #y, namely

g(t) = g(to), fort e[ty 12].

Therefore, by (3.13) and (3.15), we have for ¢ € [71, 2]

1 ~ £6
I(tge) = oM fz/ IVU|?dx ) — —/ USdx — CeP3-5 4 Ce
2 R3 6 R3

< g(to) + Ce — CePt3-7
<D

for some C > 0 and ¢ > 0 is small enough. This leads us to the proof. O

Proof of Theorem 1.1. 1t is easy to verify that / has a mountain pass geometry. Indeed,
by condition (M7), we have

1 1 B
I = Sfu)> = 2 [ juldx — = M pdx
6 JB, P JB

2 1+ |x|8
a
> Enun2 — Cyllull® — C2llull? (by (2.2), (2.3)),

where Cy, C» > 0. Thus, there exist o, p > 0 and e € H with ||e|| > p such that
I(u) > « forall ||u|| = p, and I(e) < 0 (since lim;_, 40 I (fu) — —00). Applying
the mountain pass lemma [29], there is a sequence {u,} C H such that

I(uy,) = c>0 and I'(u,) — 0,

where

= inf max I(y(1)),
¢ yel t€[0,1] (J/( ))

and
I'={y e C(0,1], H) : y(0) =0, (1) = e}.
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From Lemmas 3.4 and 3.5, {u,} has a convergent subsequence (still denoted by {u, })
and there exists u, € H such that u, — wus in H. Moreover, u, is a solution of

problem (1.1) and

0<c= lim I(u,) =1(uy) < D.
n— o0

Therefore, we infer that u, # 0. By the strong maximum principle, we obtain u, > 0

in B,.
By the Pohozaev equality, there holds

1
51&4(||u*||2)||u*||2
B,
Noting that x - n > 0, we have

3 lx|P

A

1 1
Ty 2 2 _/ 5d —/ —gukdx.
MDA =5 ey, T

Since u, is a positive solution of problem (1.1), it follows that

|x|#
M(||u*||2>||u*||2=/ uidx+/

p
——uydx.
B, g 1+ x|f"

It follows from (3.16) and (3.17) that

1 3 1 3
(— - —) M (s s < (— - —)/ uldx.
2 p 2 p)Js

By condition (M), we deduce that

2 2 2 6 30, 116
allusll” = M w7 usl S/ updx < 87 ||luxl”,

B,

that is,

lus)® = vVas3.

@ Springer

1 3 B
_/ uidx—i——/ x| uldx
2 Js, pJg 1+Ix|8

1 ou
——M(||u*||2>/ (=) - x - nds.
2 9 on

(3.16)

(3.17)
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Besides, by (3.17) and condition (M)

D >c

1
I(uy) — 8(1/(’4*)7 Usy)

1 ~ 1
5M(||u*||2) — — M ([|us ) |

(33 e
- = — —— Uy dX
6 p)tp 1+IxP "

which implies that

3 , 4D
vVaS® < |lug||” < — < +o0.
a

Therefore,
0< lim u,r) < fim 21l g
) T oo \Jr ’
that is, lim,_, o, 14 (r) = 0. The proof is complete. O
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