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Abstract

This paper is devoted to studying the limiting weak-type behaviors of intrinsic square
function, which give a new way to find the lower bound of the best constant for weak
type (1, 1) norm. Moreover, the corresponding results for intrinsic g5 , function are
also established.
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1 Introduction and Main Results

The study on the boundedness of singular integral and related operators is a cen-
tral issue of harmonic analysis. The best constants in the strong-type and weak-type
inequalities satisfied by these operators play an important role in determining the exact
degrees of improved regularity and other geometric properties of solutions, their gra-
dients and related nonlinear quantities for both linear and nonlinear PDEs in higher
dimensions. In [1], Davis obtained the best constant for weak type (1, 1) bound of the
Hilbert transform. Janakiraman [9] extended Davis’s results and gave the best constant
for weak type (p, p) with 1 < p < 2.1In [10], the author presented that the weak-type
(1, 1) constant for the Riesz transform is at worst logarithmic with respect to dimen-
sion n. Janakiraman [11] further considered the limiting behaviors of weak type (1,1)
bound of singular integral with homogeneous kernels, which gave a new way to find
the lower bound of the best constant. Ding and Lai [2] extended the above results under
more general L'-Dini conditions. Guo, He and Wu [5] established optimal limiting
weak-type behaviors of certain classical operators, which essentially improved and
extended the previous results. Zhao and Guo [17] gave the corresponding results for
factional maximal operators and fractional integrals without any smoothness assump-
tion on the kernel. Readers can consult [3, 68, 13, 14] and related references therein
for their recent developments.

Fefferman and Stein [4] proposed a conjecture: whether Lusin area function S(f)
is bounded from the weighted Lebesgue space L%\A( v) (R™) to the weighted Lebesgue

space L%(R”), where 0 < v € L! (R") and M(v) denotes the Hardy-Littlewood

loc
maximal function of v. In order to settle the above conjecture, Wilcson [15] firstly
introduced the following intrinsic square function.

Definition 1.1 Let 0 < o < 1. Suppose that ¢(x) supported in B(0, 1) := {x : |x| <
1} satisfies

/ p(x)dx =0,
Rn
and
lp(x) — ()| < |x — x|, for any x,x" € R". (1.1)

We denote by C,, if ¢ satisfies above conditions. Set ¢, (x) = t"¢(x/t). For (y,t) €
R =R x (0, 00), f € L] _(R"), let

loc

Au f(y, 1) = sup |f * ¢ (y)].

peCy

For B > 0, we define the varying-aperture intrinsic square function by

dydi\1/2
Sup F) = ( / fr L Aas 0 )
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The Limiting Weak-type Behaviors of Intrinsic Square Functions 1931

where I'g(x) = {(y, 1) € R’fl : |x —y| < Bt}. Denote Sy 1 f(x) =: S f (x).
Let A > 1. Define the following intrinsic g} , function:

N . t An L dydi\1/2
gx,a(f)(x) = (/A;’jj‘ (m) (Ao f(y, 1)) tn-l—l) )

The intrinsic square functions have an interesting feature. It follows from [15] that
there is a pointwise relation between S, g( f) with different apertures:

Supfx) < BT, F(x), B> 1.

In [15, 16], Wilcson has proved that S, f is bounded on L”(w) (1 < p < o0) and
weighted weak type (1, 1). Lerner [12] established sharp L?(w) (1 < p < 00) norm
inequalities for the intrinsic square function. It is nature to ask whether the lower
bound of the best weak-type (1, 1) constant of intrinsic square function can be given.
In this paper, we give a firm answer and establish the limiting weak-type behaviors of
intrinsic square function.

To be more precise, we have the following results:

Theorem 1.2 Suppose f > 0and f € L'(R"). For0 < a < 1 and B > 1, we have

o n..
Al_l)n&)\m(x e R" 1 [Sq,pf(x)] > )») (D)
dydt\1/2
_ n. 2 .
=m([rer '(f/rﬁmjﬁé'; 0P ) > 1) If s

lim km({xeR" :

A—=04

dydt\1/2
Supf@=([[ s e oPSE) s

ﬁ(x) (ﬂecot

>A])=O.

@

Theorem 1.3 Suppose f > 0and f € L'(R"). For0 < o < 1 and » > 3+ 2a)/n,
we have

lim &m(x € R" : g} o (/0] > &) ey

§—=04

= m({x eR": (//Rn+I <m)m sup th(y)lzcjfff)l/z > 1})||f||L1;
+

9eCy

s o= [ ) s oo 228) 1

peCq
-GN > &) =o0.
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This paper is organized as follows. The proof of Theorem 1.2 will be presented in
Sect. 2. In Sect. 3, we will give the proof of Theorem 1.3.

Throughout this paper, the letter C, sometimes with additional parameters, will
stand for positive constants, not necessarily the same one at each occurrence, but
independent of the essential variables.

2 Proofs of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. To do this, we need to establish
the following key lemma.

Lemma 2.1 Suppose f > 1 and 0 < « < 1. For a fixed n > 0, we have

dydt
m({xer": (/f sup [gr (7)1 ,ﬁl) > 1))
Cp(x) peCy
1 L dydt\1/2
= —m( sup lo: (PS5 ) > 1),
n Tg(x) peCy 4
Proof By making the change of variable 7 := r#; and y = ry; with r > 0, we get

dydt
sup |90z(y)|2n—+1 =
lx—yl<Bt peCq t lx—yl<rpt <p€C 1

dym'tl
rznf /l‘x sup |§0t1()’1)|2 n+1 .

[r=yi1l<Bti peCy n

2dydn
e[S

Then

(e[ o) )

© dyldtl 1/2
=m({x ew:([f sup g, (0 P2 ) > ')
lx/r=y1l<Bti peCy 1

dydi\1/2
=r"m({xem": / / sup ¢ (P27 ) = ).
x=y|<pt peCa o
Taking r" = 1/n yields the conclusion. O
Proof of Theorem 1.2 Without loss of generality, we may assume | f|[;1 = 1. For

0 < ¢ « 1, there exists r. > 0 such that
/ fx)dx > 1—e.
[x]<re

Let f1:= f(x)xB(,r) and f2 := f(x)xB(0,r.)c. For A > 0, we denote
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The Limiting Weak-type Behaviors of Intrinsic Square Functions 1933

Ey:={x eR": Sy pf(x) > 1},
E} :={x e R": Sqpfi(x) > A},

and
Ef i={x e R": Sqpfa(x) > A}.
For 0 < o < 1, take 8 = £%/2 for the above &. Using the sublinear of Sy g, we have
Sa,p J1(X) = Sa,p f2(x) < S p.f(X) < Ser.p f1(X) + Su,p f2(x).
This implies E(11+6)A CE. U EBZ)L and E; C E(ll—a)x U Eg/\' Therefore,
m(E{) 45),) — m(Eg) <m(Ey) <m(E{_s,) +m(E).

Since Sy, is of weak type (1, 1), we obtain

m(E3) =m({x € R" : Sy.pfr(x) > 64}) < C”ﬁ”LI = C\/E.

- A
Then

Cye

Cy/e
m(E(llJrS))») - T\/_ <m(E;) < m(E(II,(;))L) + T 2.1

We need to estimate m(E (11_ 5) ;) and m(E (11 +5) ,)» respectively. Firstly, we deal with
m(E(‘l_m). Set

2dvydi\1/2
e :=(/fr()(supf e -0 -aIAEd) ) @2
px !

peCy /R
I (x) :=(//F - ( sué) ‘fﬂ o N (z)dz‘)zf:flty/z. (2.3)
p() "~ peCe

Using the triangle inequality, we have
L(x) = 11(x) < Sapfi(x) < Li(x) + L(x).
Let R, = (1 + 1/¢)r.. Denote
F! = {lx| > Ro : [;(x) > A},
By Lemma 2.1, we get

m(El_s;) <m(fx €R": h(x) > (1 - 28)A) +m({x € R" : I1(x) > 1))
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1934 M. Han et al.

<], o))

ﬂ(x) (ﬂéca
+m(F5,) + vaRL, 2.4)

where y,, is the volume of the unit ball in R”. Notice that ¢(x) supported in B(0, 1).
For |x| > R, and t < |x|/(4B) and |z| < r,, we have

o (y —2) — @ (y) =0.

Then, using (1.1), we get

o0 Izl"‘ 2dydt 12
Il(x)s( /m fx_m% o [ f()d H])

|2a d J 1/2
)
[x‘ /x Vi<pt t3n+2a+1

fcnaﬂm

Recall that § = £%/%. Then

1
F, I (x)d
m(Fg,) < — 3 /lxl% 1(x)dx

<C ré"/ ! d
— — x
=5 e, e

o 80{/2

S Cn’a’ﬂ S)LERQ S Cn,ot,ﬂ )\. .
&

Applying this along with (2.1), (2.4), we obtain

m(E;) < U_;zmm({x cR": ([/F sup I )P ) 1))

B(x) peCq
804/2
+ Cn,ot‘ﬂT + VnRg

By letting A — 04 and ¢ — 04, we have

A@+x;aa(EA)§m({)ce]1z<": //F sup|<p,(y)|2dnyff) >1]). 2.5)

£(x) peCq

On the other hand, by Lemma 2.1 and the estimate of m (F’ 31)\)’ we get

m(E{ 1 5,) = m({lx] > Re : Supfi(x) > 1))
> m({|x| > Re : L(x) > (14 28)A}) — m(Fy;)
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The Limiting Weak-type Behaviors of Intrinsic Square Functions 1935

>m(x e R": Iz(x) > (14281} — v R" — m(Fy;)

= <R f/ o PN
= .X' sup |y —) > })
(1 + 25))» Tp(x) peCy ! l"+1

801/2
- VnRg - Cn,a,ﬂT'

Together with (2.1) implies

1 - " ydydr 12
m( }‘) - (1 _'_25))L X € R //F Sup |<Pt()7)| tn+l) > 1})

;‘3()‘) (pECa

a/2 Cﬁ
_Vn Cnotﬂ X T

By taking A — 04 and ¢ — 04, we obtain

dydt\1/2
tim Am(E;) = m({x e R /f sup o (PS5 ) = 1),
A0, Tp(x) peCy !

Combining with (2.5), we get

Al—iH)lJr am(E;) = m({x eR": (//1: sup |g0,(y)|2d:flt>l/2 > 1})

£(x) peCy

Now, we turn to (2). Assume || f||;,1 = 1. For A > 0, suppose

sa,ﬁfm—(/frﬁ(wc 2D ),

={xeR”:

It remains to prove

lim Am(G,) = 0.
/\g& m(Gy)

Employing the notations /1 (x), I>(x) in (2.2) and (2.3), we have

dydiy\1/2
ot =([f, e 100P )]

5()6) wECa

dydt\1/2
S, f1(x) — (//r sup |y ()] I:Ht) ‘

ﬁ(x)(/)eca
dydt\1/2
< Sup o)+ 1)+ 000 = ([[ - swp pP)
r

5()() (ﬂecoc

< Sot,ﬁf2(x) +

dydt\1/2
< Sup 0+ hw 4o [[ s pPE) "

Ip(x) peCy
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1936 M. Han et al.

where the last inequality follows from || f1];1 > 1 —e. Recall that R, = (14 1/¢)r,.
By Lemma 2.1, the estimate of m(F&l)L) and m(EfA), we have

m(G;) < m({x eR": s(//]: sup |<pt(y)|26tlgflt)l/2 > (1-— 28))\})

fi(x) WECa
+m(Fj) +m(E}) + y R

< gl e®: (f[F sup I P92 ) > 1))

8(x) peCy
1801/2 Cf
+Cn,ot,f3 Y

By taking A — 04 and ¢ — 04, we obtain

lim m(G;) = 0.
A—>04

This completes the proof. O

Remark 2.2 We remark that the conclusion (2) in Theorem 1.2 is stronger than con-
clusion (1).

In fact, let E;, G be as before and || f|| ;1 = 1. By Lemma 2.1, we obtain that for any
O0<n<l,

m(Ey) < m(Gyy) —i—m({x eR": (//1: o sué) Iwz(Y)lzctl:it)l/z > (1 — ﬂ)k})
8(x) pe

" 2 dydt\1/2
a_ ) x eR //F sup o ()| prs ) > 1})

g(x) peCy

=m(Gy) + ———

Using conclusion (2), taking A — 04, n — 04, we get

A@ymm) Sm({x eR": /fr sup [ ()] dfff) . 1]) (2.6)

8(x) peCy

On the other hand, for any 0 < n < 1, from Lemma 2.1, we obtain

dydt\1/2
n . 2 _
m(Ey) = m({x eR": (//Fﬁ(x) sup [2163] tm) > (1 +n)?»}> m(Gpy)
1 dydi1/2
eR”' // s 2 1}) = m(Gp).
=" uwé‘&'w’(”' f"“) g ]) "G

Letting A — 04, n — 04, we get
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lim Am(E;) Zm({x eR": (//r dydt) . 1})

A—>04 p(x) peCy

This together (2.6) implies that the conclusion (1) holds.

3 Proofs of Theorem 1.3

In this section, we give the proof of Theorem 1.3. At first, we need establish the
following lemma.

Lemma3.1 Let0 < «a < 1. For a fixed n > 0, we have

n(frem s (ffL ) s eePSE) ™ = ))

9eCy

= %’”([x eR: (//R (m) " sup |¢f<y>|2d,,yff) ~1)).

peCy

Proof For r > 0, we obtain
* t An 2dydt
_ su
[ ) s
1 /OO/ < rt )A’ zdyldtl
Ty ————— ) sup gy )l
2n Jo n \rtp 4+ |x —ryq| 0eC, n
1 /OO/ ( 1 ) An on( )|2dy1dtl
= — - su .
r2n Jo o\t + X /7 — il wegx @r 1 £+l
where in the first equality we make the variable change 7 := r#; and y := ry;. Then

t n dydi1/2
n. 2
m({x eR": (//R'f‘ (t+ P —yl) surl ler (¥ prEs] ) > fl})

peC
=mlfrem ([ [ Grarm) s o055 2 )
= r”m({x eR": <//R”+“ (H_éi_yl)kn sup Iqaz(y)lszf]t) > r"n}).
By taking " = 1/n, we finish the proof. O
Proof of Theorem 1.3 Without loss of generality, we may assume | f||;1 = 1. For

0 < & « 1, there exists r, > 0 such that

/ fx)dx > 1—e¢.
|x|<re
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1938 M. Han et al.

Let fi := f(X)xB©,r) and f2 := f(x)xB(0,r)c- For & > 0, set

He == {x e R" : gf ,(/H(x) > £},
Hsl = {x eR" 8o (D) > £},

and
Hf = {x e R": g ,(f)(x) > &},
For 0 < a < 1, take § = £%/? for the above ¢. By the sublinear of g;"’a, we get
5 o (D) = 85 o ()0 < g5 o () < g5 (fD@) + g5 o (f2) ).
From this, we have H(llJrs)s C H: U Hazs and H: C H(11—5)§ U Hszs- Therefore,
m(H y5)e) —m(Hge) < m(He) <m(HQ_g);) +m(Hg).

For A > 3 4+ (2a)/n, it is easy to check that

810 (N0 = C(Suf () + Y2725, 5 f ()

k=1

= C((Suf 0+ Y 2K g, £ ()

k=1
=< Cn,aSaf(x)-

By noting that S, is of weak type (1, 1), we have that g;‘,a(f) is of weak type (1, 1).
Then

C 1 C
m(HE) = m(lx € R : gf o (f)(x) > 66)) < "gfg_”L < f
Therefore,
C C
m(H(11+3)g) - T\/E <m(Hg) < m(H(ll_g)s) + T\/E (3.1

We will estimate m(H(ll_a)g) and m(H(lH(s)g)’ respectively. For m(H(ll_(S)E), let

ne= ([ Gap=) ™
2dydt>1/2

( sup / lo:(y —2) — @t(Y)|f1(Z)dz> T

9eCy /R

(3.2)
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e ([ (o | morncasd 287

@eCy

It is easy to see
J2(x) = J1(x) = g5 o (f(xX) = Ji(x) + L2 ().
Set R, = (1 + 1/¢)re. Denote
= {lx[ > Re : J1(x) > &},
This together with Lemma 3.1 shows

m(HY_s0) <m(ix € R": H(x) > (1 = 28)8) +m(lx € R : [y (x) > 86))

< ;X
—(1-28)¢
t An dydt
m xeR”:(// (—) su 2 ) >1})
({ o (T =31) S 0P
+m(Kge) + vaRY. (3.4)
For |x| > R, we obtain that
M
2dydt\1/2
nw= (" o () (e [ 106 =2 —wnlnios) )
7 t n dydt 1/2
+(/0 /‘Xiy‘z%‘(m) (s [ty =2 —wOfA@d:) T55)
0o t An 2dydt\1/2
(/%‘ /|x—y|<t (m) (;élcpa - lo: (y —2) — fﬂt(y)|f1(7)d7) n+1>
A 2dydt\1/2
/. o ) (o [ e =0 —wmined:) T55)

=: J11(x) + J12(x) + J13(x) + J1a(x).

We start the estimate of Ji1 (x). Observing that ¢, (y — z) and ¢;(y) both vanish when
t < |x|/4,|x —y| < |x|/4 and |z| < re. We have J11(x) = 0.
Next, we turn to estimate Jy2(x). By (1.1) and A > 3 + 2o)/n, we get

tkn—3n—2a—1

‘%I > 1/2
Tt < 12l”( / / D
0 ; 2k|x| <|x—y| <2k+1|x| 2k}”n|x|kn

H t)m —3n—2a—1 Ean-rk 1/2
< Cn|z|“</ e dt Z p—kant ”)
0

o
<G, __&
= Cina X[t .
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1940 M. Han et al.

For J13(x), using (1.1), we obtain

o

I3 = / [ e, yar)" = Crutt
13X =Cno—F—=-
bl S ey <t t3"+2ﬂt+1 | x|t

For Ji4(x), by (1.1) and A > 3 + (2a)/n again, we have
Nt = 1z ( / Z/ P d;)l/z
N ) - 2k <|x—y|<2k+ly $3n+2a+1 y

o
([T a3 g
= tnlz x| t2n+2(¥+1
E k=0

Combining the estimates of Ji1(x), Ji2(x), J13(x) and Ji4(x), we further obtain that
for [x| = R,,

o

,
Ji(x) < Ck,n,amﬁ~
Recall that § = £%/2, For |z| < re, we have
(Kge) < : Ji(x)dx < C e 1
m < 1(x)dx . —dx
07 88 Juor, s x> R, X[
re 804/2
13
=< Ck,naS%,Rg =< C)»,na E
Together with (3.4), (3.1), we get
(Hg) < !
m —
Y= 0208
t An dydt\1/2
m({x cR": (// (—) sup | ()[? ny+1) > 1})
RN X =y gec, t
& n
+ Ck,n,a? + VnRg-
By taking & — 04 and ¢ — 04, we have
lim Em(Hg)
S—>0+$ :
t An dydi\1/2
5m<{x eR": (/f (—) sup lo(nPE l) > 1}) 3.5)
RN+ lx — ¥ 9eCy m
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On the other hand, by Lemma 3.1 and the estimate of m (H. 5]&), we obtain

m(H(11+5)g) > m({|x| > Re: g;,a(fl)(x) > S})
> m({|x| > Re : Jr(x) > (1+28)€)) — m(Hyy)
>m(x € R" : Jr(x) > (1+28)€}) — yaRI — m(Hyy)

1—¢
> —— x
(1+26)¢
t An dydt\1/2
m({x eR": (// (—) sup |<pl(y)|2:—+l) > 1})
]Rfrl r+|x— y| peCy t
8a/2
- ynRg - CA,n,a_'
§
This together with (3.1) leads
(He) = ———
m —x
Y
t An dvdi\1/2
m({x eR": (/f 1 (—) sup lo: (D)2 5“) > 1})
rRIH N+ =yl e, t
g2 CJe
- VnRg - Ck,n,a? - T\/_

By taking & — 04 and ¢ — 0,4, we obtain

i em(rtp) > m(frere: <//R"+“ ()" - D)),

This combining with (3.5) implies

(m Em(Hy) = m({x eR": (//anl (m)xn s Iwz(y)IZ%)l/2 > 1})

Now, we turn to (2). Assume || f||;1 = 1. For § > 0, set

t An dydi\1/2
Lg = {x eR": |g;\k,a(f)(x) - (//n+l (m) sup |‘Pt(}’)|2 t:"'l) | > S}
We only need to check RY Y7 geCy

li L) = 0.
sg& Em(Lg)

Employing the notations Ji(x), J2(x) in (3.2) and (3.3), we get
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1942 M. Han et al.

+

9eCq

e[ =) s w2

9peCqy

< 8o () +

An dydt\1/2
= SO +h@ + ‘JZ(X) - (/‘f]gwl (ﬁ) sup [g: ()I* tny+1t) ’

¢peCqy

Za’ydt)l/Z

t An
=+ o +e( [ (=) s eSS
" ¢eCy

Recall that R, = (1 4+ 1/¢&)r,. It follows from Lemma 3.1 and the estimate of m (K 31%_),
m(Hg;) that

mee) <m(frem e [[ ()" s mor ) = a - 20g))

¢eCy

+m(Kg) +m(Hg) + y R

£ ! A L dydiy1/2
P — -
T (1-28)¢& (//RTI (r+ [x — y|) sup [2163] tnﬂ)

We o
g2 C.fe
+ Cl,n.a? + ;[

+ Ry

By taking & — 04 and ¢ — 04, we obtain

li L) = 0.
55& §m(Lg)

This completes the proof. O

Remark 3.2 We remark that the conclusion (2) in Theorem 1.3 is stronger than con-
clusion (1).

The proof of Remark 3.2 follows from the same arguments in Remark 2.2. We omit
the details.
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