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Abstract

In this paper, we consider an SI epidemic reaction—diffusion model with logistic source
and saturation infection mechanism. We first establish the uniform boundedness and
the extinction and persistence of the infectious disease in terms of the basic reproduc-
tive number. We also discuss the global stability of the unique endemic equilibrium
when the spatial environment is homogeneous. Then we investigate the asymptotic
behavior of the endemic equilibria in the heterogeneous environment when the move-
ment rate of the susceptible and infected populations is small. Our results, together
with the other two related epidemic models , not only show that the logistic growth,
the infection mechanism, and the population movement can play an important role in
the transmission dynamics of disease, but also suggest that increasing the inhibitory
effect of the susceptible individuals instead of reducing the mobility of the populations
can control the epidemic disease modeled by the SI system under consideration.
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1 Introduction

More and more epidemic models with nonlinear incidence have been studied by many
authors to describe the spreading of disease transmission and predict the trend of epi-
demics. One of the earliest models was discussed by Kermack and Mckendricke [25],
who used an SIR (susceptible—infected—recovered) compartmental model to model the
plague epidemic in Bombay. In this SIR model, they assumed that the infected and sus-
ceptible individuals were completely mixed so that the density-dependent transmission
BSI was used, where 8 > 0 is the transmission coefficient. However, the frequency-
dependent transmission function SS1/N (N is the total population) is applied in the
situation that the infected and susceptible populations are randomly mixed. For more
information about these two kinds of incidence functions, one may further refer to
[10, 11, 59]. Michaelis—Menten combined the incidence rate of the density-dependent
and frequency-dependent to derive a more general form SC(N)SI/N, where the
Michaelis—Menten contact rate can be taken as C(N) = %; see for example [63].
In particular, if we take C(N) = 1, then the general one becomes the frequency-
dependent transmission, and if we choose @ = 1 and b = 0, then it becomes the
density-dependent transmission 8S1.

Capasso and Serio [5] found that the number of effective contacts between infected
and susceptible individuals did not always increase linearly by studying the cholera
epidemic propagate in Bari. Then they proposed a saturated incidence rate g(/)S into
the model, especially, g(/) = %, which means that the effective contacts may
saturate at the high infective. While the incidence rate is saturated by the susceptible,
May and Anderson [2] introduced the other saturated incidence rate % to study
the dynamics of host-parasite. Here, the positive number « and m are the coefficients
that measure the inhibitory effect. The more general saturated incidence rate form can
be found in [24]. Related discussion on the epidemic models with nonlinear incidence
can be referred to [6, 22, 23, 47, 52, 56, 57, 61, 62] and the references therein.

In recent decades, people have realized that environmental heterogeneity and indi-
vidual mobility can play an important role in studying the transmission of infectious
diseases. Allen et al. [1] proposed an SIS (susceptible—infected—susceptible) epidemic
reaction—diffusion model
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aS B(x)SI

—= —dgAS = — I, 2,1t >0,
» s St + y(x) X € >
al B(x)SI

— —d;Al = - 1, 2,1t >0,
a Y st YWhoxe >
s al

—=_ =0, x €982, t >0, O
av dv

Sx,0) = Sx), I(x,0) =Ip(x), xe€i,

f (So(x) + Ip(x))dx = N > 0,

2

where the habitat £2 is a bounded domain in R” with the smooth boundary 9£2; S(x, )
and I (x, t) represent, respectively, the densities of susceptible and infected individuals
at location x € §2 and time ¢ > 0; the positive constants dg and dj represent the diffu-
sion coefficients of the susceptible individuals and infected individuals, respectively;
the positive Holder continuous function 8(x) and y (x) stand for, respectively, the
rates of disease transmission and recovery at x. The homogeneous Neumann bound-
ary conditions are imposed which means no flux can cross the boundary 9£2. Various
kinds of SIS (susceptible—infected—susceptible) epidemic reaction—diffusion systems
with standard incidence rates have been extensively studied; one may refer to [7-9,
16, 18,21, 26,27, 29, 31-37, 44, 46, 48, 49, 51, 53-55, 58] and the references therein.
By direct calculation, we can find that in (1) that the total population

f S, )+ 1(x,t))dx = / (So(x) + Ip(x))dx = N
2 2

is fixed for all # > 0. In general, the total population number can not always keep a
constant in the real world. On the other hand, the birth date of susceptible population
and the death rate induced by disease are important factors in the evolution of disease
transmission; see [19, 20]. Then Li, Peng and Wang [35] used the recruitment term
to describe the growth of the susceptible population. Moreover, most mathematical
models imply that the logistic source seems to be a suitable choice of describing the
intrinsic growth of the susceptible individuals; see, for instance, [12, 15]. Therefore,
Li et al. [32] introduced the logistic source a(x)S — b(x)S? in the first equation of (1)
to model the susceptible population growth. More precisely, the model proposed in
[32] reads as follows.

s SI

= dsAS = a(x)S — b(x)S? — ﬂs()i Tty xe2, 1> 0,

al SI

M gyar =BT or xe, 10,

at S+1 )
s  al

— = =0, x€d82,t>0,

ov ov

S(x,0) = So(x), 1(x,0) = Ip(x), x €S2,
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where a(x) and b(x) are positive Holder continuous functions, a(x) and Zg; rep-

resent, respectively, the birth of susceptible populations and the intrinsic carrying
capacity.

On the other hand, Huo et al. [22] discussed the following SIS epidemic model with
saturated incidence rate and the logistic sources

N ST

3 dsAS =a(x)S — b()c)S2 — /13(—|)—C)m1 +yx), xef2,t>0,

ol ST

M goar = BOSL o1 xe, 10,

or 1+ml 3)
oS ol

0, xe€df2, t >0,

v av

S(x,0) = So(x), I(x,0) = Ip(x), x € 8.

The models with the above-mentioned saturated incidence rate have been investigated
by many mathematicians, see [24, 52, 56, 60-62].

Motivated by the above works, in this paper, we consider the following SI epidemic
model:

39S SI

Fri dsAS = a(x)S — b(x)S? — % —ux)S, xef, t>0,

O _gyar =B oy +nen 1 €2 150

_— = — X X ) X ) >V,

or I +as HETH @)
a5 ol

— =—=0, x€082,t>0,

av v

S(x,0) = So(x), I(x,0) = Ip(x), x e $2,

where the parameters (x) and n(x) are the positive Holder continuous functions
on §2, ;u(x) accounts for the rate of natural death and 5(x) is the death rate caused
by the disease; « is a positive constant and measures the inhibitory effect. It is worth
mentioning that Zhang et. al [62] studied a time-delay SIR epidemic model with the
same incidence rate and the logistic source. One may further refer to [41, Chapter 15]
for the derivation of the ODE version of model (4).

Asin [4, 28, 64], we introduce the following favorable set:

F™={xe2al) > px)

in order to reflect the feature of the heterogeneous environment. We always assume
that the favorable set FT is nonempty through this paper. Then one can apply the
standard theory of semilinear parabolic systems to conclude that (4) has a classical
solution provided that the initial functions Sp(x) and /o (x) are nonnegative continuous
functions. If additionally |, o lodx > 0, it follows from the strong maximum principle
and the Hopf boundary Lemma of parabolic equations that S(x, ) > Oand I (x, ) > 0
for x € £ and ¢ > 0. The steady-state problem corresponding to (4) satisfies the
following elliptic system:
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SI
—dsAS = a(x)S — b(x)s2 — P s, v e
14+ aS
SI

—ayar = POST Ly 1o 1 xeQ, (5)

14+ aS
39S ol
@2 _% o, X €dR.
v av

Biologically, only nonnegative solutions of (5) are of our interest. The solution
(S(x), I(x)) of (5) is called a disease-free equilibrium (DFE) if /(x) = 0 for all
x € £2; and the solution (S(x), I(x)) of (5) is called an endemic equilibrium (EE)
if I(x) > O for some x € £2. Then we obtain that any EE satisfies S(x) > 0 and
I(x) > 0 for x € £2 by the strong maximum principle and the Hopf boundary lemma
of elliptic equations.

In the present paper, our first goal is to study the extinction and persistence of the
disease via the basic reproduction number Rg. Indeed, Theorem 2 tells us that the
disease vanishes if Rg < 1, whereas if Rop > 1 and Ip(x) # 0, the solutions of
system (4) is uniformly persistent and so the EE exists. Furthermore, we establish the
global stability of EE by constructing a suitable Lyapunov function; see Theorem 3.
As our second goal, we study the asymptotic profile of EE as the immigration rate
of susceptible or infected individuals tends to zero (see Theorems 4-5). Our results
show that the infectious disease always persists though the movement rate of suscep-
tible or infected populations is controlled to be sufficiently small. Similar conclusions
still hold with systems (2) and (3). These theoretical results imply that the control-
ling of the mobility of susceptible or infected populations in the epidemic model
with logistic sources is not an effective strategy to eradicate the disease infection.
In the discussion section, we will compare our results with those for the other two
related models (2) and (3), in order to understand the effect of the incidence rate,
the logistic sources, and the mobility of the population; see the last section for more
details.

The rest of this paper is organized as follows. In Sect. 2, the dynamics of the epidemic
model (4) are analyzed in terms of the basic reproduction number. First, the uniform
boundedness of solutions to (4) is established; then, the definition and properties of the
basic reproduction number are studied, and finally, the long-time behavior of system (4)
by R is obtained. Section 3 is devoted to studying the global stability of EE and explor-
ing the spatial distribution of the disease if the movement of the susceptible or infected
populations is small. In the last section, the discussion of our paper and the compar-
isons of the results between our problem (4) and the related systems (2) and (3) are
given.

2 Threshold Dynamical Behaviors
In this section, we aim to establish the dynamical behaviors of (4) in terms of

the basic reproduction number Ry. First of all, we study the auxiliary parabolic
problem
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N

T dsAS =a(x)S — b()c)S2 —ux)S, xef2,t>0,

as

— =0, xedR, t>0, ©)
av

S(x,0) = So(x), x € Q.

The associated steady-state problem satisfies

—dsAS =a(x)S — b()c)S2 —ux)S, x e £,

EN @)
— =0, x €052.
av

Denote by S (x) the unique positive solution of (7) if it exists. Then, we use [4, Theorem
A.1] to derive the following conclusion

Lemma 1 Suppose that F™ is nonempty. Consider the eigenvalue problem with indef-
inite weight:

—dsAp(x) = A(a(x) — u(x)) ¢, x €2,

9 )
) _ g X €08,
v

Iff_Q (a(x) — u(x))dx < 0, let Aj(a(x) — n(x)) be the principal positive eigenvalue
of (8), and lffg (a(x) — u(x))dx > 0, set Aj(a(x) — u(x)) = 0. Then the problem
has a unique positive steady-state S, which is a global attractor for nonnegative
solutions when 0 < ds < 1/A1(a(x) — u(x)). Whends > 1/ Ay(a(x) — n(x)), there
is no positive steady state for (6), and all nonnegative solutions to (6) decay to 0 as
t — Q.

2.1 The Uniform Bound of Solutions to (4)
From now on, for the sake of simplicity, let us denote

h* = maxh(x), hs = minh(x),
xen xesf

where hi(x) = B(x), a(x), b(x), n(x), n(x).
The uniform bounds of solutions of (4) are given as follows.

Theorem 1 There exists a positive constant C independent of initial data such that
ISC, DLy + G Do) = C, Vi =T, )
for some large time T > 0.
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Proof 1t follows from the first equation of (4) that

N
Fri dsAS <a(x)S —b(x)S?, xe8,1>0,
BN

— =0, x €082, t>0,
av

S(x,0) = So(x), x e .

Let W be the solution of the following problem

ow

. dsAW = a(x)W —b(x)W?, x € 2,1t >0,
oW

— =0, x €982, 1>0,
av

W(x,0) = So(x), x e .

Applying the standard comparison principal, we get
S(x,1) < W(x,t), forallx € £ and r > 0. (10)

Moreover, it is well known that

*
limsup S(x, 1) < lim W(x,t) = 4 uniformly for x € £2.
t—00 =00 by

In what follows, we use C to represent a positive constant, which is independent
of dg but allows to vary from line to line. Thus, we can find a large time 77 > 0 such
that

Sx,t)<2C, t>T, x€f2. (1
Denote

U(t) = / [S(x, 1) + I(x, )] dx.
2

Then, it follows from (4) that

U@ :/ a(x)S(x,t) — b(x)SZ(x, t)dx —/ w(x)S(x, r)dx
dt Q 2
—/Q(M(X)Jrn(X))I(x,t)dx

< / a(x)S(x, t)dx —/ wx)[S(x, 1) + I(x,t)]dx.
Q Q
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Due to (10), we obtain

dU (1)
dt

<k-mU(@), t =T,
where k = Ca*|$2| and m = . This yields

U@) <U©0) ™™ + ’%[1 —e ™), 1> Th.
That is,

/ [SCx, 1)+ I(x,)]dx < e_"“/ [So(x) + Iop(x)]dx + 5[1 —e M, t>T.
2 0 m
(12)

Therefore, we have

k
lim sup/ I(x,t)dx <lim supf [SCe,t) +I(x,t)]dx < —.
Q Q

t—00 t—>00 m
By setting

B(x)SI

VxS, )= S —b(x)S? — ,
(x ) =a(x) (x) T+ as

from (11), for all x € 2, t > T, we have

|V (x, S, )| <a*|S| +b*|S|* + é|I| <C+C|I|.
o

Now, we use [14, Lemma 2.1] (due to [30]) with 0 = py = 1 to the system (4)
conclude that there exists a constant C > 0 independent of initial data such that

S(x,t), I(x,t)<C, YVt >Th, x € 2
for some 7> > Tp. This completes our proof. O

2.2 The Basic Reproduction Number

In this subsection, we will define the basic reproduction number R agd show the
properties of Rg. Linearizing the equation of I of system (4) at DFE (S(x), 0), we
have the following parabolic problem
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a1 B()S(x)

— —diAl = ———1 — xX)+nx)I, xe82,t>0,
” i T (u(x) +n(x))

al

— x €082, t>0,
av

I(x,0) = Ip(x), xef.

As in [1], we define the basic reproduction number Ry:

f BWS ) 2
2

RO _ sup 1+01S(x)
0#£peH!(2) f_Q d1|V(p|2 + (n(x) +n(x)) ‘Pzdx

(13)

It should be noticed that the basic reproduction number R defined by (13) implicitly
depends not only on the diffusion rate d; of the infected population but also on the
diffusion rate dg of the susceptible population and saturation rate «. To stress the
dependence of Ro on these parameters, we denote by Ro(dy, ds, o) as the basic
reproduction number of system (4).

Let (11, Y1) be the principal eigenpair of the eigenvalue problem:

dray + PO ) ey 4w =0, x e,
% =0, x €08S2.
Jv

Then, we have the following properties.
Proposition 1 Then the following statements hold.
(a) For fixedds, o > 0, then

(al) Ro(dy, ds, o) is a monotone decreasing function of dj with

Bx)S(x)
Roldy, ds, d 0,
o s ) = R a3l +ney” © 47
and
Rold;, ds, a) — de// (n(x) + n(x))dx, asd; — oo.
2 14+aSx) 2

BN)S(x) BOIS@)
(@2) If [, s dx < [ (u(x)+n(x))dx and s — (u(x)+n(x)) changes

sign for x € $2. Then there exists a threshold value d; € (0, 00) so that
Ro(dy, dS: a) < 1 ford; > dy- and Ro(dy, ds, ) > 1 fordy < dj=.

@3) If [ f%dx > [ (u(x) + n(x))dx, then Ro(dy, ds, @) > 1 for all dy.
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(b) For fixedd;, o > 0, then

B(x)(a(x)—pu(x)) 2
Jo b fetdx

O+ala@—p); P
Ro(dr.ds,a) - Ry:=  sup
O v | Ja A1V + (1) + n(x)) pZdx

as ds — 0, where

(a(x) —pu(x)4+ = {gfx) . ch; ; ZE;C;

(¢) Forfixeddy,ds > 0, then Ro(dy, ds, «) — 0, as o — 00.
(d) Ro(dy,ds,a) > 1 when L < 0, Ro(dj,ds, o) = 1 when .y = 0 and
Ro(d;,ds, ) < 1 when A1 > 0.

The proof of Proposition 1 is similar to that of [1, Lemma 2.3], and hence, the details
are omitted.

Remark 1 In view of [43, Lemma 3.2], the unique positive solution of (7) satisfies

S(x) - % uniformly on §2, asds — 0.
X

Then the principal eigenvalue 1| of the eigenvalue problem (14) converges to A} as
ds — 0, where A7 is the principal eigenvalue of the eigenvalue problem

Bx)(a(x) — u(x)) 4

+ ; HAx AP, $2,

! b(x) +ala(x) — /,L(x))+ (ux)+nx) o +1rp, xe€ )
: 0’ x € 082.

av

Furthermore, R3 > | when XT <0, RS = 1 when )Jf = (0 and Rg < 1 when )ﬁlk > 0.

2.3 The Extinction and Persistence of Solutions to (4)

It turns out that the long-time dynamics of solutions of (4) is completely determined
by Ro. More precisely, we have

Theorem 2 Let (S, I) be the unique solution of (4). Then the following statements
hold.

(1) If Ro < 1, then

lim (S(x,7) — S(x)) =0 and lim I(x,1) =0
—00 1—>0o0

uniformly for x € 2, where S(x) is the unique positive solution of (6).
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(i1) If Ro > 1, then system (4) is uniformly persistent in the sense that for I (-, 0) # 0,
there exists a constant €y > 0 independent of the initial data, such that any solution
(S, 1) satisfies

liminf S(x, 1) > €9, liminf I(x,?t) > €
—00 —00

uniformly for x € 2. Furthermore, (4) admits at least one EE.

Proof By the first equation of (4), we see that

08

TR dsAS <a(x)S — b()c)S2 —ux)S, xef2,t>0,

S

— =0, x€d2,1>0, (16)
av

S(x,0) = Sp(x) = 0, xefn.

Then, using the standard comparison principle for parabolic equation, we obtain
S(x,t) <S(x,1), Vxe R, t>0,
where S is the unique solution of (6). Moreover, it follows from Lemma 1 that

lim sup S(x, ) < lim supg(x, t) = S(x) uniformly for all x € Q. (17)
—>0o0

—>00

For any given small ¢ > 0, there exists a large time 7" > 0 such that
S(x,t)<S+e VxeR, t>T. (18)

Note that Rg < 1. Then, we use Proposition 1 to conclude that A1 > 0. Let A1(¢) be
the principal eigenvalue of (14) with S (x) replaced by (S‘ (x)+¢) andlet i (x) > Obe
the corresponding eigenfunction. Thus, we can choose small ¢ > O suchthatii(¢) > 0
by the continuous dependence the principal eigenvalue on the parameters. For such ¢,
we apply (18) and the second equation of (4) to see that I satisfies

o A < BOEH) +e)

I < - I —(ux)+nx)nIl, xe2,t>T,
ot 1+ a(Skx)+¢) - 1
al
— =0, xe€d82,t>T.
av

Define u(x, 1) = M*e™*1®y (x), where the positive constant M, is chosen such
that M, yr1(x) > I(x,T) for all x € £2. It is easily seen that u(x, ) satisfies the
following auxiliary system

@ Springer



1122 L. Dong et al.

du _ 0w +e)

E_dl U= 1+a(§(x)+s)u () +nx)u, xe82,t>0,
8_u=0’ x €082, t>0,
av

u(x,0) = My (x), X € 2.

It follows from the parabolic comparison principle that I (x, 7 + T) < u(x,t) for
x € £2,t > 0. Therefore, it holds that

I(x,t) — 0 uniformly on £, as t — oo.
Using this fact, for any small ¢ > 0, we can find T such that I(x,t) <eforx € $2,
t > T and a(x) — eB* — u(x) > 0 for some x € £2. It is easily seen from the first
equation in (4) that

S; —dsAS > a(x)S — b(x)S? — eB*S — u(x)S, xe 2, t>T.

Denote by W the unique positive solution of the following problem

oW - - - - .

ET dsAW =a(x)W —b()c)W2 —eB*W — n(x)W, xe€ 82,1t >0,
a1

—W=0, x€d82,t>0,
av

W(x,0)=Sx,T)>0, x €.

Then, we use the standard comparison principle for parabolic equations to infer that
SG,t+T)>W(x,1), Vx €2, t>0,
which yields that

liminf S(x,t) > S‘g (x) uniformly for all x € 2,
11— 00

where 35 (x) is the unique positive solution of

—dsAv = a(x)v — b(x)v> — eB*v — u(x)v, x € 2,
3

P, xedn.
ov

Here we used the fact that a(x) — ¢8* — u(x) > 0 for some x € £2, which ensures
the existence of the positive solution S¢ (x). By the arbitrariness of ¢, letting ¢ — 0,
we easily obtain

liminf S(x, #) > S(x) uniformly for all x € 2.
11— 00
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Therefore, in light of (17), one can observe that

lim S(x.1) = S(x) uniformly forall x € 2.
—00

This completes the proof of (i).
Next, we will claim that (ii) holds. Assunie that Rg > 1. We make use of the
arguments of [40, Theorem 2.1]. Let X = C(22,R2),

Xo = {(S0, lp) € X, Ip #£0}, 9Xo= X\ Xo={(S, o) € X, Ip =0},

and X = Xo U dXy. For a given (Sp, Ip) € X, the system (4) has a semiflow, denoted
by ¥ (¢), and

v (1)(So, Io) = (SC. 1), I(-, 1)), V1 =0,

where the (S(-, 1), I(-, t)) is the unique solution of (4). In light of Theorem 1, ¥ (¢) is
point dissipative. It also follows from the standard parabolic L?-theory and embedding
theorems that ¥ (¢) is compact from X to X for any fixed ¢ > O.

By the uniqueness of solutions, we observe that /(x, t) = 0 for all # > 0. Then, by
the similar process as in the proof of assertion (i), we can get

S(x,1) — S(x) uniformly on £2 as r — oo.

This proves thzlt (5'(x), 0) attracts (Sp, Ip) € 0Xo.
Set My = (S(x), 0). For any given € >, we are going to show that

lim sup d (¥ (t)(So, 1o), Mo) = lim sup [|¥ (£)(So, lo) — Moll > €, Y(So, lo) € Xo.
11— o0

t—0o0

(19)
Suppose that

lim sup d (¥ (t)(So, o), Mp) < €,

1—>00

for some (Sp, In) € Xo. Without loss of generality, there exists 7y > 0 such that
d(W (t)(So, lo), Mp) < €. Then, it is clearly that

S(x) —€ < S(x,1) < S(x)+e, forxe 2, t>Tp. (20)

Due to Rog > 1, it follows from Proposition 1(d) that A; < 0. We can choose a
positive constant € small enough such that 11 (¢) < 0, and (A1(€), @) is the eigenpair
of the eigenvalue problem
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1124 L. Dong et al.

_ BOE™) —€)

—dj AP = = D —(ux)+nx) P+ 1D, x € £2,
14+ a(Skx) —e€)

0D

— =0, X €082.

av

Let w(x, 1) = 8e @ (x), where the positive constant § will be chosen below.
Then w satisfies

B_w_d Aw—ww—(u(x)—l-n(x))w, xef, t>0,

o TN T el —o

d

2@ o, xea.Q,t>0,(21)
av

w(x,0) =8D(x), x e .

It follows from (20) that the second equation of (4) satisfies

A _ 4 ar < BOBW =0
at 1+a@x) —e)

I — (u(x) +nx) I,

forx € 2, t > Tp. If we choose § small enough such that 6@ (x) < I(x, Tp) for
Xx € £2, we obtain that [ is an upper solution to the problem (21), that is, w(x, ) <
I(x,t + Ty) forx € 2 and t > 0. It follows from A;(¢) < O that I(x,t) — o0
uniformly on Q2 ast — oo, which contradicts Theorem 1.

Finally, we can use the argument of [40, 50] to derive the desired conclusion of (ii).
The proof is complete. O

2.4 The Global Stability of EE

In this subsection, we study the global stability of the EE of problem (4) in the spatially
homogeneous environment. That is, we consider

EN SI
——dgAS:gS—sz—'B——uS, xef,t>0,

Jt 14+aS

o gyar= P51 (w+n1 €N, >0

S — — s X 5 > U,

ar I fas AT (22)
s ol

— =—=0, x €082, t>0,

v av

S(x,0) = So(x), I(x,0) = lh(x), xef,

where y, «, B, t, n are positive constants and a > . Clearly, (22) has a unique EE,

denoted by (8, 1) if and only if Rg = > 1.

Bla—p)
[b+a(a—w)](n+n)
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By elementary calculation, we have from the two equations of (22) that

o mtn _ Ro-Dly+e@=—mwl+b
B—a(u+n a—u
i la—b3) - ) +ad) _ (Ro—DIG+at@—m) g+l
p (B —aln+ w1

Now, we consider the global stability of the EE under certain conditions as follows.

Theorem 3 Assume that Ro > 1 holds, then the EE is globally asymptotically stable
if
I
L _,, (23)
1+aS

Proof We choose the following Lyapunov functional

V) :=/ L(S(x, 1), I(x,t))dx, t>0,
2

where

L(S, 1) = /—d$+ /—dg

withk = 1 + aS.
For convenience, let us denote

f(S. 1) =aS —bS* — PS5 (S, 1) = — (u+mnl
= l+as M 8D =1 WTE
Then we have
e o[ D G D
Ls(S. DFS. D=5 = 9] s : ]
aBl a2 B A N
=(-b+ ———)(S =85 — S-S -1),
( +(1+as>(1+as>)( T Tras S OI=D
S, 1 S, 7
Li(S. Dg(S. 1) = (I — )[g(l) 8, )] “p (S =8I — D).
I (I+aS( —I—aS)
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where we used the fact that f(S’, f) = g(S‘, i) = 0. It follows that

d
—V) = / Ls(S,1)S; + L;(S, )1,dx
dr I?)

S_ s I— 1%
=/Q( S dsAS d1A1>dx

L o g (R
o) (I4+a8)A +as)

B kP 5 -
— — — (S =8I — D)d
/sz[1+aS (l+aS)(1+aS)]( ! dx

s* , )
:_f (§d5|VS| + 155 di V1| )dx
2

+/ (—b+ bl A)(S—S)de.
Q A4+aS)A +aS)

By (23), we have

/ e @Bl ) (g _ &2
V(1) < f_q( b+ (1+a§)(1+a§))(s $)2dx

_ apfl Y
<f_q( b+(1+a§)>(5 $)2dx < 0.

Moreover, V'(t) = 0 if and only if § = S and | VI |= 0. Denote
E:={xe H(2)V'(x) =0}

Then itis easy to see that the maximal invariant subset of E is ( S , I ). By some standard
arguments, we see that

(S, (-, 1) — (S, 1) in [H'(2)]%, ast — oo.

Moreover, since we have the L°° estimates of S and / in Theorem 1, by some standard
arguments, we know

1SCe, Dl 2oy + 1 x, D2y < Co, forall large 7,

for some positive constant Cy. Therefore, the Sobolev embedding theorem allows one
to assert

(S. DGty — (S.1) in [L®(2)]% ast — oo,
that is, (3‘, I ) attracts all solutions of (4). Furthermore, using a similar process as in

[43, Lemma 3.1], we see that the EE is globally asymptotically stable. This completes
the proof. O
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Remark 2 1f « = 0, condition (23) always holds, and thus (8, 1) is globally asymp-
totically stable as long as it exists. However, due to the appearance of the saturated
incidence rate (o« > 0), (S‘, f) may be unstable. Let us denote f(S, 1), g(S, ) asin
the proof of Theorem 3. Then the Jacobian of the system (22) evaluated at (S‘ , I ) can
be obtained easily as

_opo_ Bl BS

fs fr\ _ [ —2bS (+ed? M T

gs 8&1) _BI__ 0
(1+aS)?

By checking the conditions of Turing instability [41], (§ I ) is unstable if

difs+dsgr >0 and d;fs+dsg > 2Vdids(fsgr — gsf1),

which hold provided that

B
S
(1+aS)?

d{a—%ﬁ__li___@>4 didsp>Si

Howeyver, the above conditions fail when « = 0, because we have

a—2bS >0,

B

a—2b§— "1
(14 a8)?

—Mza—ZbS’—ﬂlA—uz—b§<O.

3 The Asymptotic Behavior of EE
This section is devoted to the investigation of the asymptotic behavior of the EE

of (4) for the small mobility of susceptible or infected individuals in the spatially
heterogeneous environment.

3.1 TheCaseofds — 0

In this subsection, we aim to establish the asymptotic profiles of any positive solution
of (4) as dg — 0 while d; > 0 is fixed. Our main result can be stated as follows.

Theorem 4 Assume that fix di > 0 and Ry > 1, let dg — 0, then every positive
solution (S, I) of (5) satisfies (up to a subsequence of ds — 0)

(S, 1) — (S**, I**) uniformly on 2,
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where

§** =G (x, ™ (x)) := [(ota(x) — b(x) — ap(x))

2ab(x)

+ \/(aa(x) — b(x) — apu(x))? + daba — B(x), I"*(x) — M(X))]
where I'** is a positive solution to

B()G (x, I**(x))

—dj AT = I (x) — (u(x) + nx) I''*(x), x € £2,
1 1+<xG(x,I**(x)) (x) — (u(x) +n(x)) I™(x) o
81**
:0, xE&.Q
av

Proof We divide our proof into three steps as follows.
Step 1. The estimates of (S(x), /(x)) of (5). Let S(x;) = maxS(x). As in
2

[39, Proposition 2.2] (or see [45]), we have AS(x) < 0. By the first equation of
(5), it follows that

a*(x1) _ BaDSG)I@)
4b(x1) —  1+aSk)

+ u(x1)Sx1) = p(x)S(x).

Thus, it holds that

S(x) < S(x)) < @)?
- Y= 4b. s .

=C. (25)

Here and in what follows, the positive constant C does not depend on ds > 0 which
varies from place to place.
We rewrite the second equation of (5) as follows

Bx)S m(x) + n(x)
1 — 1 =0, $2,
+ [d;(l Fas) 4 ] X e
ol
_— = 0, X € 052.
av
As
‘ BX)S  p(x) +nx) _ B et
d[(l +0[S) d] L%®(2) - Old[ d[ ’

we use the Harnack-type inequality (see, e.g., [38] or [43, Lemma 2.2]) to conclude
that

max / < Cmin /. (26)
2 2
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In view of (5), it follows that

Bx )51

f (n(x) +n(x)) I(x)dx —/ / [a(x)S — b(x)S? — u(x)S)dx
5/ a(x)S(x)dx,
2

which implies that

/;ZI(X)dx _m/ (n(x) +n(x)) I(x)dx

27
S—/ S(x)dx < C.
(ks +14) J2
Now, we use (27) and integrate the second equation of system (5) over 2 to get
ﬂ/ S1d<(*+ *)/Id <C (28)
X X .
“JoTras™ =M TR =
In view of (26) and (27), it follows that
1(x)<Cm1n1<—/1dx<C Vx € 2. 29)
2

Suppose that I has no positive lower bound, we can find a subsequence of dg — 0,
say dy := ds.p, satisfying d, — 0 as n — 00, and a corresponding positive solution

(Sns In) :== (Sus > Lag ,,) of (5) with dg = dy, such that min I, — 0. Then, we apply
’ Q
(26) to obtain that

I, — 0 uniformly on 2, asn — 0.

We may choose arbitrarily small € > 0 such that

0 < I,(-) <€ forall large n.

This fact, together with the first equation of (5), implies that for all large n, (S,, 1)
satisfies

0S,
ov

—d, AS, <ax)S, — b(x)S,% — u(x)S,, x € £2; =0, xedf2

and

S,

—dyAS, = a(x)S, — b(x)S; — €B*Sy — 11 (x)Sy, x € 2; 3
v

=0, x € 052.
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Given any large n, consider the following two auxiliary systems:

B
—dyAw = a(x)w — b()c)w2 —uX)w, x € £2; a—w =0, x€0d2 (30
v

and
2 " av
—dyAv = a(x)v — b(x)v" —€Bv — u(x)v, x € £2; ™ =0, x €982. (31)
v

Denote by w,, and v,, the unique positive solution of (30) and (31), respectively. Using
a simple comparison argument, we deduce that

wy < S, <u, ons2, forall large n. (32)
By the similar argument to those in [13, Lemma 2.2], it is not hard to show that

(a(x) = )+

uniformly on £, asn — oo
b(x)

n

and

(a(x) — p(x) —ef) 1
%

uniformly on 2, asn — oo.
b(x)

Letting n — oo in (32) gives

(a(x) — p(x) —ef)4

< liminf S, (x)
n—oo

" (a(x) = u(x)) &9
< limsup S, (x) < atx) = KX+ on 2.
n—00 b(x)
Due to the arbitrary choice of small €, one immediately gets
L —> M uniformly on 2, asn — oo. (34)

b(x)

From the second equation of (5), ,, satisfies

Spl, al,
—d;Al, = BX)Suln (wx) +n(x) I, x € 2; =0, xe€d2. (35
14+ aS, ov
Define
_ I,
SRR
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Then ||1~n||LOO(_Q) = 1foralln > 1, and I, solves

al,
v

B(x)Sy
14+ aS,

—di AL = [ — (n(x) + n(x))] ne X € §2; =0, x € 982. (36)

By a standard compactness argument for elliptic equations and passing to a further
subsequence (if necessary), we may assume that

I, > 1 inC' (), asn— oo, (37)

where I € C'(2) with I > 0 on 2 and ||[I||z=(2) = 1. In view of (34), (36) and
(37), it follows that [ satisfies

= | BX@l) —pux)y .
—diAl = [b(x) @) — p)s (e (x) + n(x))] I, x €2,
of =0 982
a_l) =0, x e .

From the Harnack-type inequality (see, [38] or [43, Lemma 2.2]), it follows that I > 0
on £2. For the uniqueness of the principal eigenvalue, it follows that A* = 0. This is
a contradiction with our assumption that )»*f < 0. Thus, I has a positive lower bound
C, which is independent of 0 < dg < 1.

Step 2. Convergence of I. Obviously, [ satisfies

x)S
—d; Al + (u(x) +nx) I = px) I, xef2,
1+aS$
(38)
ol
— =0, x € 052.
ov

In view of (25) and (29), we have

H ,B(X)S
1 ~|—(xS

<IBx)SIllpry =<C, VYp>1.
LP(£2)

By the standard L”-estimate for elliptic equations (see, e.g., [17]), we see that
IIIIIWz,p(_Q) < C forany given p > 1.

Taking p to be sufficiently large, we see from the embedding theorem (see, e.g., [17])
that

1l c1+6 ) < C forsome 0 <6 < 1.

Therefore, there exists a subsequence of dg — 0, say d, := ds ,, satisfying d, — 0
asn — 00, and a corresponding positive solution (Sy, I,) := (S4g,,» Lds,) of (5) with
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ds = d,,, such that
I, — I'** uniformly on £2, asn — oo, (39)

where I** € C!(2) and I** > 0.
Step 3. Convergence of S. From the first equation of (5), S, satisfies

x)S,1
—dy ASy = a(x)S, —b(x)S; — ’31+—as — w8y, x € £,
a5,
n = 0’ X € 3.9
av

Due to (39), given any small € > 0, we have for all large n that

_ 2 Bx)Suly _
a(x)S, —b(x)S; Tras, m(x)Sy
@ BWSUT—e
= aM)S, —b()S; — = — kS,
_ ¢ @) —b@)S) (1 +as) — U™ —e) — () (1 +asSy)
o 14+ aS,
g (850 1)) = S)(Sh — g1, I ()
o 14 as, '

Here, g}f (x, I**(x)) and g1 (x, I**(x)) are the root of the following equation with

respect to the unknown function g:

(a(x) —=b(x)g) (1 +ag) — B)UI™ —€) — u(x) (1 +ag) = 0.

For large enough n, we consider the following auxiliary problem

(g€ (x, I (x)) = W)(W — gh€(x, I**(x)))

—d, AW =W x e
14+aW (40)

ow

— =0, x € 082.

av

In view of the bounds of S and I in the proof of step 1, we can further assume that
glf > g]f > 0 on £2. In addition, S, is a subsolution to (40) and a sufficiently large
positive constant C is a supersolution. Hence, (40) has at least one positive solution
denoted by W,, which satisfies S, < W, < C.

By the similar argument as in proof of [13, Lemma 2.2] (or [32, Lemma 5.1]), we

find that
W, — g_lf uniformly on £2, as n — oo.
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Therefore, we have

limsup S, < g_l‘_’é, uniformly on £2. 41)
n—od

On the other hand, by (39), for all large n we have

Syl
a(x)S, — b(x)S, — IBl(j—)—aS,, — 1(x)Sy
B ) BEOSUT +e)
>a(x)S, —b(x)S, T 1tas, m(x)Sy,
_ @) —b@)S) (1 +asy) — U™ +6) — ) (1 +asSy)
o 14+aS,
. (83 (e, I (x)) — Su)(Sy — g2 (x, I™(x)))
o 1+aS, ’

Here, gi’e (x, I**(x)) and g>€ (x, I**(x)) are the root of the following equation with
respect to the unknown function g:

(a(x) = b(x)g) (1 +ag) — B)UI™ +€) — pux) (1 +ag) =0.

Consider the following auxiliary problem:

(85 (x, I (x)) — W)(W — g (x, I**(x)))

—d, AW =W € R
1+aW (42)

aw

— =0, x € 052.

av

In the same fashion, we also get g_zf > gz‘ > 0. Observe that S, and 0 is a pair of

upper and lower solution of (42). Hence, one can assert that (42) admits at least one
positive solution, and further get

€

lhrgioréf S, (x) > gi’é (x, I**(x)) uniformly on £2. (43)
2300, 17 () = g3, 1™ () = G (x, ™ (x)),
by the arbitrariness of €, it immediately follows from (41) and (43) that
S,(x) = G(x, I"*(x)) uniformly forx € 2, asn — oo.
Furthermore, it is easily seen that ** satisfies (24) by (35). O
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3.2 TheCaseofd; — 0

We now fix ds > 0 and analyze the asymptotic behavior of positive solution of (5)
as dj — 0. Due to mathematical difficulty, we will consider one space dimension
case by taking £2 = (0, 1). By Proposition 1 (al) and Theorem 2 (ii), to ensure the
existence of positive solutions of (5) for all small d, it is necessary to assume that
{B(x)S/(1 4+ aS) > (n(x) + n(x)) : x € [0, 1]} is nonempty.

Theorem 5 Assume that the set {,B(x)g/(l +al) > nx) + nx)) : x € [0,1]} is
nonempty and fix ds > 0, let dj — 0 then every positive solution (S, I) of (5) satisfies
(up to a subsequence of di — 0) that

s — S50 uniformly on [0, 1],
where SO € C([0, 1]) and SO > 0on [0, 1], and fol Idx — 19 for some positive
constant I°.

Proof 1Tt is easy to check that (25), (27) and (28) remain true for all d; > 0. Note that
S satisfies

PIST 0. 1),

. ” 2 _ _
dsS +bx)S*+pux)S=ax)S 1+(¥S’ (44)

§'(0) = S'(1) = 0.

One can use the well-known elliptic Ll—theory [3] (or see [42, Lemma 2.2]) to (44) to
find that

ISIw1.r@.1) < C forany given p > 1.
By taking a properly large p and using the Sobolev embedding theorem, we have
1SNl co 0,17y < € forsome 0 <6 < 1.

This tells us that there exists a subsequence of d; — 0, say d, := dj ,, satisfying
dy — 0asn — oo, and a corresponding positive solution (Sy, 1) := (84, 1a;,) of
(5) with d; = d,,, such that

S, — S% in C([0,1]) as n — oo.

On the other hand, by (27), up to a further subsequence of d,, if necessary, it follows
1 0
that [, I,dx — I asn — oo.
In what follows, we are going to show 7%, SO > 0. We first prove 1° > 0. To this
end, we use a contradiction argument and suppose that I° = 0. By integrating (44)
from O to x, we have

B Su(W) 1 (y) _

T as.0) w(»)Su(y)]dy

1 X
(50 =~ /0 [a()Sa(y) — b(;)S2(y) —
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uniformly on [0, 1]. Letting n — oo, due to fol I,dx — 0, one can infer that

1 X
S,i,<x)=—% fo [a(1)S°(») — b (S (») — u(3)S°(»)]dy uniformly on [0, 11.

By means of S,(x) — S,(0) = fox S/ (y)dy for any n > 1, it is easily seen that So
satisfies

x y
$°(x) — $°(0) = —di / { / [42)8°) = b = n()$°@)]dzdy,
S JO 0

which in turn gives
—ds(59)" = a(x)S°(x) — ) (59 (x) — n(x)S°, x € (0, 1), 45)
(8% (0) = 0.

Again, one can integrate (44) from x to 1 and apply a similar process as before to
deduce that (SO)’ (1) = 0. Hence, by virtue of (45), we can conclude that s0 =8,
which means that S,, — S uniformly on [0, 1] as n — oo.

One can easily observe that A = 0, Vn > 1, where A/ is the principal eigenvalue
of the following eigenvalue problem

() Sy (x) .
A + T S = (W) + 00 A =0, x € 0.1,

¥'(1) =¢'(0) = 0.

Applying the same analysis as in [1, Lemma 2.3], it follows that

0= -
. B(x)S
xler%(lfll] (;L(x) +nx)) " ch') asn — oo.

Clearly, this leads to a contradiction because {/S(x)S’/(l + ozS’) > (n(x) + n(x)) :
x € (0, 1)} is non-empty by our assumption. Thus, we must have 7° > 0.

To show S° > 0 on [0, 1], we proceed indirectly again and suppose that S(x) = 0
for some x € [0, 1]. Then, applying the Harnack inequality to the S-equation, one will
see immediately that S%(x) = 0 forall x € [0, 1]. As a result, we have fol Sydx — 0
as n — oo. Integrating the second equation of (5) from 0 to 1, one gets

LS,
o 1+as,

1
(N« + u*)/ I,dx < B* dx — 0, uniformly as n — oo,
0

which yields fol I,dx — 0. This arrives at a contradiction with fol I,dx — 19 > 0.
The proof is complete. O
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4 Discussion

In this paper, we have studied the SI epidemic model (4) with logistic source and
saturation infection mechanism. For the parabolic problem (4), we have established
the uniform boundedness and the extinction and persistence of the infectious disease
in terms of the basic reproductive number . We also obtained the global stability of
the unique endemic equilibrium when the spatial environment is homogeneous. For
the steady-state solution problem (5), we have investigated the asymptotic behavior
of the endemic equilibria in the heterogeneous environment when the movement rate
of the susceptible and infected populations is small.

In what follows, we first want to compare the influence of immigration rate, logistic
sources, and incidence rate on the basic reproduction number of models (1)—(4).

Allen et al. [1] introduced the epidemic model (1) with standard incidence rate SS—JFII
and defined the basic reproduction number

Ro=  sup
0#£peH!(£2)

[o B(x)g?dx
[o(diIVe2 +y(x)eHdx [

It is clear that the R defined here depends on the immigration rate of infected indi-
viduals d;, the transmission rate 8(x), and the recovery rate y (x). Then, Li et al. [32]
added the logistic source a(x)S — b(x)S? to system (1); but the basic reproduction
number is the same as the one that without logistic source. In other words, the logistic
sources have no influence on the definition of the basic number of the epidemic model
with standard incidence rate.

As the infection mechanism changes to the saturated incidence rate %’ Huo and
Cui in [22] defined a basic reproduction number of system (3) as

[0 B)S(x)¢dx
Jo@IVe> + y(x)eHdx |

Ro=  sup
0#peH!(£2)

where $ is the unique solution of (7) with p(x) = 0. It is easily seen that such R
depends on S, which is continuously dependent on the logistic sources and parameter
ds, except the coefficients dy, f(x) and y (x). However, the basic reproduction number
R of our model (4) not only depends on the parameters ds, dy, a(x), b(x), B(x) and
y (x) but also depends on the death rate (x) and the saturated coefficient «.

In the spatially heterogeneous environment, we have obtained that threshold dynam-
ics in terms of the basic reproduction number, that is, the uniform persistence property
holds if Ry > 1, and the disease extinction occurs if Rg < 1. Based on the ultimately
uniform boundedness in Theorem 1, we established the uniform persistence property
of (4), that is, there existed at least one EE when Ry > 1. Moreover, the disease will
die out if the saturation factor « is large enough. Biologically, the epidemic will be
extinct in the long run provided that the effective prevention measures («) are taken.
For example, people disinfected, washed, and blocked the market of infected food dur-
ing the outbreak of the COVID-19. Therefore, we know how important the effective
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prevention and control strategy is in the absence of sufficient medical treatment and
vaccines.

Finally, we discussed that the global stability and asymptotic profiles of the endemic
equilibrium. When the environment is spatially homogeneous, that is, all the parame-
ters in (4) are positive constants, the global stability of endemic equilibrium has been
shown by establishing suitable Lyapunov function for the basic reproduction number
Ro > 1; see Theorem 3. By Remark 2, when o = 0, condition (23) always holds.
Hence, (S, I) is globally asymptotically stable as long as it exists. However, if the
saturated incidence rate o > 0, (S’ , I ) may be unstable.

Furthermore, in the case of dg — 0, Theorem 4 shows that the disease exists in the
entire habitat. On the other hand, Theorem 5 suggests that the susceptible population is
positive while the total infected population tends to a positive constantasd; — 0inthe
one-dimensional interval. The results have suggested that the density of the infected
population will not vanish when the mobility of the susceptible or infected population
goes to zero. The above discussion reveals that more effective measures « should be
taken to control the sources of infection and cut off the channels of transmission so as
to eradicate the disease.

Indeed, [22, Theorems 4.2 and 4.3], [32, Theorems 4.1-4.2] and Theorems 4-5
here have shown that the infectious disease does not die out for the low diffusion
rate of susceptible or infected individuals, and thus the epidemic disease cannot be
eliminated by controlling the mobility of individuals. Combined with the discussion
in [22, 32], we can conclude that the logistic source enhances the persistence of the
disease, and the infectious disease will become threatening and harder to control. Our
results here, together with the other two related epidemic models [22, 32], show that
the logistic growth, the infection mechanism, and the population movement play an
important role in the transmission dynamics of disease.

In summary, our discussion above shows that, in order to eradicate the disease mod-
eled of the susceptible individuals, instead of reducing the mobility of the populations.
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