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Abstract

We consider a Dirichlet problem driven by a (p(z), g(z))-Laplacian and a reaction
involving the sum of a parametric singular term plus a superlinear perturbation. We
prove a bifurcation-type result describing the changes in the set of positive solutions
as the parameter A > 0 varies. Also we show that for every admissible parameter the
problem has a smallest positive solution and obtain the monotonicity and continuity
properties of the minimal solution map.
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1 Introduction

In this paper, we study the following anisotropic singular Dirichlet problem
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—Apu(2) — Ay (z) = 2u(z) "9 + f(z,u(z)) inQ
. P)

u‘ =0, u>0,2>0
02

In thii problem, 2 C RY is a bounded domain with a Cz—boundary 0QIfE =
{r e C(2) : 1 <minr},thenforr € E,by A,(,) we denote the anisotropic r-Laplace
Q

differential operator defined by
Ariey = div <|Du|’<2>—21)u) for all u € W, ().

In contrast to the isotropic r-Laplacian (that is, r(-) is constant), the anisotropic
one is nonhomogeneous. In (P,) we have the sum of two such operators. So, even
in the isotropic case, the differential operator of (P,) is not homogeneous and this
makes the study of (P;) more difficult. In the reaction [right-hand side of (P,)],
we have the combined effects of two nonlinear terms of different nature. One is the
parametric singular term u > Au~"@ with A > 0 being the parameter, with

C(Q)and 0 < n_ = miny < maxny = ny < 1. The other is a Carathéodory
Q Q
perturbation f(z, x) (that is, for all x € R, z +— f(z,x) is measurable and for

aa. z € Q,x — f(z,x) is continuous). We assume that for a.a. z € 2, f(z,-) is
(p+ — 1)-superlinear (p4 = max p), but need not satisfy the usual in such cases
Q

Ambrosetti-Rabinowitz condition (the AR-condition for short). We search for the
existence of positive solutions, and our goal is to produce a precise description of the
changes in the set of positive solutions as the parameter A varies in the open semiaxis
Ry = (0, +00).

Anisotropic boundary value problems have been studied extensively in the last
decade. We refer to the books of Diening—Harjulehto-Histo—Ruzicka [4] and
Rédulescu—Repovs [19] and the references therein. The study of singular anisotropic
problems is lagging behind. Very few works on the subject can be found in the liter-
ature. We mention two recent ones by Byun—Ko [2] and Saoudi—-Ghanmi [22] which
are closely related to our work here. Both papers deal with equations driven by the
Dirichlet anisotropic p-Laplacian and their hypotheses on the data are more restrictive
(see hypothesis (pys) in Byun—Ko [2] and hypotheses (H;)—(H4) in Saoudi—~Ghanmi
[22]). In addition, our approach is different.

A main difficulty that we encounter when we deal with singular problems is that the
corresponding energy (Euler) functional is not C!, and so we cannot use the results
of critical point theory directly on it. Therefore, we need to find a way to isolate the
singularity and deal with C! functionals. For this reason, first we study an auxiliary
purely singular problem for which we prove an existence and uniqueness result. Using
this solution we are able to bypass the singularity and then, using variational tools from
the critical point theory together with truncation and comparison techniques, we prove
a bifurcation-type theorem describing the changes in the set of positive solutions of
(Py.). According to our theorem, there exists a critical parameter A* > 0 such that

e forall A € (0, \*) problem (P;) has at least two positive smooth solutions;
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Positive Solutions for Anisotropic Singular Dirichlet Problems 1143

e for A = A™ problem (P, ) has at least one positive smooth solution;
e forall A > A* problem (P, ) has no positive solutions.

Moreover, we show that for every admissible parameter A € (0, 1*], problem (P;,)
has a smallest positive solution u} (minimal or barrier solution) and we establish the
monotonicity and continuity properties of the map A > uj.

For further details on the study of singular equations, we refer the reader to the
papers [20, 21, 23].

2 Mathematical Background: Hypotheses

The study of problem (P,) requires the use of Lebesgue and Sobolev spaces with
variable exponents. A comprehensive presentation of the theory of these spaces can
be found in the book of Diening—Harjuletho—Histo—Ruzicka [4].

Let M(2) be the vector space of all measurable functions from 2 into R. We
identify two such functions which differ only on a Lebesgue-null set. Given r € E,

the anisotropic Lebesgue space L™ @ () is defined by
L'OQ) = {u eEM): / lu|"@ dz < oo}.
Q

We equip this space with the so-called Luxemburg norm defined by

r(z)
lull) = inf |:19>0:/ ('“f;”) dZ§1:|~
Q

Closely related to this norm is the modular function p,(-) defined by

or (1) =f ul"@dz forallu e L"@(Q).
Q

Evidently || - ||,z is the Minkowski functional of the set
C={uelPQ: p <1}

Also, we have the following proposition which illustrates the close relation between
Il - ll-z) and p,(-). Recall that, if r € Ey, thenr_ = minr, ry = maxr.
Q Q

Proposition 2.1 Ifr € E| and {u,, u},en € L™ (Q), then

(@ lulyey =0 <o (5)=1

(b) llull;) < 1(resp.=1,>1)& pr(u) <1(resp.=1,>1);
T r—
(©) llullrie < 1= el < pr @) <l
lullry = 1= lull,) < pr@) < llull,g,)

(d) llunllyz) — 0 (resp. — o0) & p,(u,) — 0 (resp. — o0);
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1144 N.S. Papageorgiou, A. Scapellato

(e) luy, —ullrz — 0< pr(up —u) — 0.

The space L"@(Q) (r € E;) is a Banach space which is separable, reflexive (in
fact uniformly convex). Also, if ¥’ € Ej is given by r'(z) = "G forall z € Q (that

o r(z)—1
= 1forall z € 2), then

. 1 1
St
L'O@)* = L"O(Q).

Moreover, we have the following version of Holder’s inequality

f luv|dz < <— ) lully vl forallu € L' (), allv e L”@(Q).

We know that, if ¢, 7 € Ej and ¢(z) < r(z) for all z € , then
L"D(Q) — LI9(Q) < L'(Q) continuously.

Using the anisotropic Lebesgue spaces, we can define also anisotropic Sobolev
spaces.
Given r € E| we define

W@ (@) = {u e L'D(Q) : |Dul € L’(Z)(Q)} .
We equip this space with the following norm:

lullir@ = lullr@ + 1Dullr ).

Here || Du|l, ;) = Il |[Dul ||;(z)- Suppose that r € E; N CO'1(§) (that is, assume that
the variable exponent is Lipschitz continuous). We define

Wé’r(Z)(Q) _ WH'”LMZ}.
Both spaces whr@ () and W(} @) (£2) are Banach spaces which are separable and
reflexive (in fact uniformly convex), Moreover, for the space W(} @ (£2) the Poincaré
inequality holds, namely

lull, ;) <ENDully) for somee> 0, allu € Wy @ ().

Ifr € E; N C%1(Q), then we define

forall z € Q.

Nr(z)
o= | T @ <N
+oo  ifN <r(2)
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Positive Solutions for Anisotropic Singular Dirichlet Problems 1145

This is the variable critical Sobolev exponent corresponding to r(-). Suppose g €
C(2) and assume that

1<g-<q@) =<r*(z) (resp.1<g_ <q(z) <r¥(z)) forallz € Q.

Let X = W'@(Q) or X = W, ¥ (Q). Then, we have that X < LI@(Q)
continuously (resp. X < L4@(Q) compactly). This is the so-called anisotropic
Sobolev embedding theorem. Forr € E1 N C%1(Q), we have

Wy Q@) = w0 @),

Consider the nonlinear operator A, (;) : WOl @ Q) —» w-br /(z)(Q) defined by
(A (), ) =/ |Du|"@~2(Du, Dhygy dz forallu, h € Wy @ (Q).
Q

This operator has the following properties (see Gasinski—Papageorgiou [8], Propo-
sition 2.5 and Radulescu—Repovs [19], p. 40).

Proposition 2.2 The operator A,;)(:) is bounded (maps bounded sets to bounded
sets), continuous, strictly monotone (hence maximal monotone too) and of type (S)4,
that is, it has the following property

"If uy, S ouin WOI’V(Z)(Q) and lim sup(A, ) (u,), up —u) <0,

n—o0

then u, — uin WOI’V(Z)(Q) asn — oo".

Another space that we will use (as a result of the anisotropic regularity theory) is
the space C(% (Q) = {u € C'(Q) : ulyq = 0}. This is an ordered Banach space with
positive (order) cone C; = {u € Cé () : u(z) > 0 forall z € Q). This cone has a
nonempty interior given by

0
intCy = {u € Ct :u(z) >0forallz € 2, a_u
n

<O},
a2

with n(-) being the outward unit normal on 9€2.
Our hypotheses on the exponents involved in problem (P; ) are the following:

Ho: p.q € C*'(Q), 7 € C(Q),q- < qy < p— < py and 0 < n(z) < 1 for all
7€ Q.

Consider i1, ho € M(2). We write h1 < hpifandonlyif forevery K € 2 compact
we have 0 < cx < hy(z) — hi(z) for a.a. z € K. Note that if hy, hy € C(2) and
h1(z) < ha(z) forall z € 2, then iy < hj. Using this ordering notion and following
the argument in the proof of Proposition 2.4 of Papageorgiou—Radulescu—Repovs [17],
we obtain the following strong comparison theorem for singular problems.
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1146 N.S. Papageorgiou, A. Scapellato

Proposition 2.3 If hypotheses Hy hold, € € L™(Q2), £(z) > Ofora.a.z € Q hy, ha €
L2(RQ), hy < hy, u € Wy"P(Q), u > 0, u # 0 and v € int Cy satisfy
— Aptt — Dgoit +E@uPOTN =T =y in Q,

— ApV — Agv +E@QUPOT 1@ =y inQ, —| <0,

thenv —u € int C4.

For every u € M(2), we set u™ = max{du, 0}. If u € Wol’p(Z)(Q), then u* €
Wy Q) u = ut —u, Jul = ut +u. Also, if u, v € M(R) with u(z) < v(z)
for a.a. z € €2, then we introduce the following order intervals in Wol’p (Z)(Q):

[u,v] = {h € Wé’p(Z)(Q) cu(z) < h(z) <v(z) foraa.z e Q} ;

1) = {h e WPD(Q) 1 uz) < h(z) foraa. z € sz}

intc (g lu, v] = the interior in CH(Q) of [u, v1N CA(RQ).

Throughout this work, by || - || we denote the norm Wé’p @ (€2). On account of the
Poincaré inequality, we have

1,
lull = | Dull ) forall u € Wy ().
Suppose X is a Banach space and ¢ € C!(X, R). We set
Ky ={ue X :¢'(u)y=0} (the critical set of p).

We say that ¢(-) satisfies the C-condition, if the following property holds:

"If {uplnen S X is such that {¢(uy)len S R is bounded and (1 +

lunllx)@' (uy) — 0in X* as n — oo, then {u}uen has a strongly conver-
gent subsequence".

Now we will introduce our hypotheses on the perturbation f(z, x).

Hi: f:Q xR — Ris a Carathéodory function such that f(z,0) = 0 fora.a.z € Q
and

() fzx) < a@l+|x["@ " foraa z € Q allx =0, witha € L¥(Q),
a(z) > 0foraa.z € Q,r € C(Q), p(z) <r(z) < p*(z) forall z € Q;
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Positive Solutions for Anisotropic Singular Dirichlet Problems 1147

F(z, x)
xP+

vy . _rx .
(ii) if F(z,x) = [; f(z.s)ds, then xkr}rloo

z € Q and there exists T € C(Q) such that

= +00 uniformly for a.a.

1(z) € ((r+ — p_) max {pl’ 1} ,p*(z)> forallz e Q

A — . F
0 <5 <liminf L& 0¥~ P+FED

x—+00 xT(Z)

uniformly for a.a. z € €;

(i) lim M = 0 uniformly for a.a. z € 2 and we have
x—0+ x4@-1

0< f(z,x) foraa.ze, allx >0;
(iv) for every p > 0, we can find Ep > 0 such that for a.a. z € €2, the function

x> f(z,x) + Epx @71
is nondecreasing on [0, p].

Remarks Since our goal is to find positive solutions and all the above hypotheses
concern the positive semiaxis Ry = [0, +00), without any loss of generality, we
may assume that f(z,x) = 0 for a.a. z € , all x < 0. Hypothesis H;(ii) says that
for a.a. z € Q, f(z,-) is (p+ — 1)-superlinear. We do not use the AR-condition,
which is common in the literature when dealing with superlinear problems (see, for
example, Chang [3], p. 147). Hypothesis Hj (ii) is less restrictive and incorporates in
our framework also superlinear perturbations with "slower" growth as x — +o0. For
example, consider the following function

(x+)t(z)71 _ (x+)s(z)4 ifx <1

xP+~Mnx ifl<x’

f(z,X)={

where 7,5 € C(Q) and ¢(z) < t(z) < s(z) for all z € Q. This function satisfies
hypotheses Hj but fails to satisfy the AR-condition. Our hypotheses also incorporate
the nonlinearity f(z, x) = (x7) @~ withr € C(Q) and p(z) < r(z) forall z € Q.
This is the perturbation used by Byun—Ko [2], where the equation is driven only by
the p(z)-Laplacian with p(-) satisfying stronger conditions (see hypothesis (pys) in
[2]). Similarly, our hypotheses are more general than those used by Saoudi-Ghanmi
[22] (see hypotheses (H3), (H4) in [22]), who also deal with equations driven by the
p(z)-Laplacian only. The function f(z, x) given above lies outside the framework
provided by the hypotheses in [22].
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1148 N.S. Papageorgiou, A. Scapellato

3 A Purely Singular Problem

As we already indicated in the Introduction, in order to handle the singular term, we
will first consider a purely singular problem. The solution of this problem will allow
us to bypass the singularity and deal with C!-functionals.

So, in this section, we study the following purely singular problem

—Apu(z) — Agmu(@) = du(z) " inQ
(Auy)

u‘ =0, u>0, >0
02

For this problem, we have the following existence and uniqueness result.

Proposition 3.1 If hypotheses Hy hold, then for every . > 0 problem (Au,) has a
unique positive solution u, € int Cy and the map Ry > A +—> u, is nondecreasing
and 2l ey @ — Oasr — 0.

Proof Givend € (0, 1), first we solve the following approximation to problem (Auy ):

{—Ap(z)u(z) — Agou(2) = Mu(z) + 81719 inQ (aut)

u( —0.u=0 A>0
0

To solve this problem, we employ a fixed point argument. So, let g € Cé (Q) and
consider the following Dirichlet problem

— Apyt(2) — Agyu(z) = Mg+ 817" inQ, u =0 6D

The operator V = A, + Agy : Wy "P(Q) — W 17@(Q) is maximal
monotone (see Proposition 2.2) and coercive. So V (-) is surjective (see [15], p. 137).

-7 € L>(R2), we can find v§‘ € Wé""(Z)(Q) such that

; A
Since el

V}) = Aoy () + Ago () = MlIg] + 8110,

On account of the strict monotonicity of V (-) (see Proposition 2.2), this solution vg\ is
unique. We have

A A=y M=v)”
(V(vy), —(vy) )—/;ZW z =

= pp (D7) =<0
= vg\ >0, v(’g\ # 0 (see Proposition 2.1).
From Theorem 4.1 of Fan—Zhao [6], we have that vg‘ € L°°(R2). Then Theorem 1.3

of Fan [5] implies that v§ € C4 \ {0}. Finally, Proposition 4 of Papageorgiou—Qin—
Rédulescu [14] says that vg\ eintCy.
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Positive Solutions for Anisotropic Singular Dirichlet Problems 1149

We can define the solution map o : C}(Q) — CL(Q) by setting
of(g) = v} €intCy.

We will show that this map is continuous. To this end, let g, — g in C} (<) and set
(vg)n = 05A (gn), for all n € N. We have

Mh
A L.p(2)
(V ((UB )n) Jh) = / i 3_]17(Z) dz forallh e WO (). (3.2)

In (3.2) we use the test function (v}), € Wé’p(Z)(Q). We obtain

Pp (D(vg‘)n) + pq (D(vé)n) <cp ||(v§),,|| for some ¢y > 0, alln € N,

= {(vg)n }neN C Wol""(Z)(Q) is bounded (see Proposition 2.1.).

This implies that we can find ¢; > 0 such that

(see [6] and [8], Proposition 3.1).

W), € L¥(Q) and [[(v])alleo < ¢z foralln € N

Then Lemma 3.3 of Fukagai—Narukawa [7] says that there exist « € (0, 1) and
¢3 > 0 such that

Wha € CH¥ @) = @) ncl@. ||(v§),,||cé,a(m <c¢3, foralln eN.

Recall that Cé’a (Q) — Cé (Q) compactly. So, by passing to a suitable subsequence
if necessary, we may assume that

(W), — vp in C{(R) as n — oo. (3.3)

Then, if we pass to the limit as n — oo in (3.2), we obtain

M
Vb h) :/ dz forall h € WoP@ (<),

o llgl +817@
= v} =0}(g),

= 05)‘(-) is continuous.
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1150 N.S. Papageorgiou, A. Scapellato

Also for every g € CL(Q) and with v} = 0} (g), we have

/)
(V. h) =/

I 1.p(2)
LG dz forallh € W, (),

A A 1 A
= pp(Dvy) + pg(Dvg) < ——Ilvs |l

— 5+
= o} (Ch(Q) € W, PP () is bounded
(see Proposition 2.1 and recall that 1 < p_). (3.4)

As above, using (3.4) and the anisotropic regularity theory, we infer that

——— g _
oM (CH@) 9P < CL(R) is compact.

Then, the Schauder_—Tychonov fixed point theorem (see [15], p. 298) implies that
there exists ﬁg € Cé (€2) such that

of(uk) =uy eint Cy.

This ﬁ§ € int C4 is a solution of the approximate problem (Aui). We show that
this solution is unique. To this end, let 7()3‘ be another solution of (Aui). We have

0 < (V@}) — VE},a) — v

1 1
=[x - wy —y;)dz <0
/sz [[ﬁgw]"@ [§§+6]’7(Z)}(5 Yde=

—\ <A
= MB =y8'

This proves the uniqueness of the solution ﬁg‘ € int C of problem (Aui).
Claim:0 < § <8 = uj <uj.
We have

—h —A —A —n(z)
— A,,(Z)ua, - Aq(z)ué, =A [ua, + 5/]

> il +68]7"7 inQsinces <8).  (3.5)
We introduce the Carathéodory function e(’} : Q x R — R defined by

Axt 48171 if x <75 (2)

Al () + 61779 iful(z) <x (3.6)

e(’;\(z,x) =

@ Springer



Positive Solutions for Anisotropic Singular Dirichlet Problems 1151

We set E}(z, x) = [ eX(z, s) ds and consider the C'-functional y; : Wg’p(Z)(Q)
— R defined by

1 1
m(u)=f —|Du|"<z>dz+/ —|Du|‘1<z>dz—f E}(z.u)dz
o P() 2 q(@) Q

forall u € Wy"¥ ().
We have
1
vo(u) > —pp(Du) — cy forsomecy >0, allu € Wé’p(Z)(Q) (see (3.6)),
P+
= () is coercive (see Proposition 2.1 and recall the Poincaré’s inequality).

Also the anisotropic Sobolev embedding theorem implies that y; (-) is sequentially
weakly lower semicontinuous. So, by the Weierstrass—Tonelli theorem, we can find

i: € WyP'?(Q) such that

7, ) = min [0 w e Wy PO @)],
= (@), h) =0 forallh e Wy"? (),
= (Ap) @), h) + (A (@3), h) = / e}z, iphdz forallh € Wy " (Q)
Q
(3.7)

In (3.7) we choose the test function & = —(i?a’\)_ € Wol’p(Z) (€2). We obtain

pp(D@F) ™) + pg (D) ™) =0,
= >0, iy #0.

Next in (3.7) we choose h = [ﬁfs‘ — ﬁfs‘,]“' € Wol’p(Z)(Q). We have

(Apy@%), @ —u) ™) + (Agy %), iy —ws)™)

_ f 2wy +8]" @ —wh)Tdz (see (3.6))
Q

IA

(Apey @5, @y — )T + (Ag @), (@ — )™ (see (3.5)),
= iy <uy.
So, we have proved that

uy e [0,uy, uy #0,
= ur=u)eintCy (see(3.8),(3.6),(3.7),
= u; <uy. (3.8)
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1152 N.S. Papageorgiou, A. Scapellato

This proves the claim.
Next we let § — 07 to produce a solution of the auxiliary problem (Auy). Let
8, — 07 and set ﬁﬁ = ﬁgﬂ €int Cy, for all n € N. We have

0 <u} <u: foralln e N (see the Claim), (3.9)
_ _ _ 1)
(Ap) @), h) + (A @), h) = /Qx[uﬁ +6,] " hdz

forall h € Wy "9(Q), alln € N. (3.10)

In (3.10) we use the test function ﬁﬁ € W(;’p @ (€2). We obtain

NTIA
= pp(Du}) < Acs|ik|| forsomecs >0, alln € N

= {@} S Wy"?(Q) isbounded

njneN =

(see Proposition 2.1 and recall that 1 < p_). (3.11)

On account of (3.11), we may assume that

w5 i in Wy P9(Q) and

| Dt POt 4+ | Dut 992Dt 5 ¢ in LPO(Q,RY).  (3.12)
From (3.9) we have

1 1
< .
ﬁﬁ—i-f?n]"@ - (gfl\)n(z)

0<
[

Then, for every h € C2°(R2), we have that ﬁ’l\ (z) = ¢ > Oforall z € supp h (recall
that ﬁ%‘ € int Cy). Hence, for h € C2°(L2), we have

h
0< ﬁ < cg(h)|h| forsome cg(h) > 0, alln € N.
uy, M

So, if in (3.10) we pass to the limit as n — oo and use the dominated convergence
theorem [see (3.12)], we obtain

h
(—div ¢, h) =f ——dz forallh & CX(R). (3.13)
Q ﬁz z

The density of C2°(Q) in W, () implies that (3.13) holds for all & €
Wy " () and so —div ¢ = .

=|
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Positive Solutions for Anisotropic Singular Dirichlet Problems 1153

As above, we have

1

(o~ oy M| S Al forallh € CX(@), withey — 0. (3.14)
n n M)L

Exploiting the density of C°(€2) in Wé P (Z)(Q), we infer that (3.14) holds for all
h € Wy"@ (). It follows that

1

N in wLP'@ Q) (3.15)
[y + 8,170 7V

From (3.11), (3.15) and Theorem 2.1 of Boccardo—Murat [ 1], we have that Dﬁﬁ (2) =
Du; (z) for a.a. z € Q. It follows that

¢ = |Du P92 Dy, + | Dt 1997 Dy

and then

_ _ Ah 1,p(2)
(Ap(z)(u)»)a h) + (Aq(z)(u)»), h) = o Y forall h € W() (£2).
u

Since ﬁi‘ < u, (see (3.9), (3.12)), we infer that u) is a positive solution of (Au,).
Then, from Theorem B.1 of Saoudi—-Ghanmi [22] (see also Giacomoni—Schindler—
Takac [9], Theorem B.1), we have that u; € int C4. As before, we check that u; €
int C is the unique positive solution of (Au,).

Next we check that A +— u, is nondecreasing from R+ = (0, 00) into int C.. So,
let 0 < A < A’. We have

—Apytin — Doty = 21" = a1

We consider the Carathéodory function g : Q x I@Jr — ]10%4_ defined by

Ax 1@ if0 <x <uy(z)

3.16
M ()71 if Uy (z) < x .10

&z, x) :{

Note that from the proof of the Lemma of Lazer—McKenna [13], we have
()"0 e LY(Q) (recall that 7, € int CL). We consider the following Dirich-
let problem

—Apu(2) — Agyu(2) = gu(z, u(z)) inQ, u . 0, u>0.

Reasoning as in the first part of the proof (using approximations of this problem),
we show that it has a unique solution ) € int Cy and u) < u;,. We conclude that
Uy = u, [see (3.16)] and so u; < uy .
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Finally let A, — 0" and let u, = uy, €intC4, n € N, be the unique solution of
(Py,,) produced earlier. We have

(A (o) (@n)s h) + (Ag(z) (@), ) :/ donty;"@hdz forallh € Wy PP (Q), alln € N.
Q

Using the test function 4 = u,, € W(;’p ©(Q) we obtain

pp(Duy) + pg(Duy) < Apcrlluy| for some c7 > 0, alln € N,
= 1, — 0 in Wy ""?(Q) (see Proposition 2.1). (3.17)

Then, the anisotropic regularity theory (see [22]), implies that {u,},en C Cé Q)
is relatively compact. Therefore u,, — 0 in Cé () [see (3.17)]. O

4 Positive Solutions

We introduce the following two sets

% = {x > 0: problem (P,) has a positive solution},

Sy = set of positive solutions of problem(P, ).

Proposition 4.1 If hypotheses Ho, H; hold, then . # & and for every » > 0, S, €
int C+.

Proof Hypotheses H_1 (1), (iii) imply that given € > 0, we can find cg = cg(e) > 0
such that for7 € C(Q) with7 > r,7_ > p,, we have

F(z,x) < ex?@71 4 eex™ O~ foraa. z € Q, allx > 0,
= Fx) < —x10 4 B 70 foraazeq, alx>0.  (4.1)
p(2) r(z)

Let u) € int C4 be the unique solution of the auxiliary problem (Au, ). Recall that
()"0 e LY(Q). We introduce the Carathéodory function k; : 2 xR — R defined
by

M (2) 71D + f(z,xh) ifx <u(z)

AxT1@ 4 £(z, x) ifi,(z) < x 4.2)

k(z,x) = {
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We set K, (z, x) = [y kx(z, s) ds and consider the C'-functional v, : p(z)(Q)
— R defined by

WA(M)Z/ —|Du|p(z)dz+/ L|Du|q(z)dZ
@ 2 q()

_/ K;(z,u)dz, forallu € Wol’p(z)(Q)
Q

Using (4.1) and (4.2), we have

1 _
Vi) = —p,p(Du) — [ paitt, " dz —
P+ {0<u<u;}
A - € c
/ [ 7O @O dz = Spy ) = 2 ppw). (43)
i <uy 1 —1(2) q- r—

Let 3( ) = d(-, 0%2). From Lemma 14 16, p. 355, of G11barg—Trud1nger [10] we
know that we can ﬁnd 80 > 0 such that de CZ(ng) where Qs, = {z € Q: d(z) <
80}. It follows that de C4 \ {0}. Since u;, € int C, on account of Proposition 4.1.22,
p. 274, of Papageorgiou— Radulescu—Repovs [15], we can find cg9 > 0 such that

cod < Uy. “4.4)

Then we have

u _ u
Qu; 2 Q u;,

010/ % dz for some c1g > O (see (4.4))
Q

IA

IA

ciillull for some ci; > 0, 4.5)
where in the last inequality, we have used the anisotropic Hardy inequality due to

Harjuletho-Hésto—Koskenoja [11]. Returning to (4.3) and using (4.5), for all u €
Wy P (Q) with [|ul| = p < 1 we have

1 _
Y = —pP* —ciap’™ —c13[Ap +€p?-] forsomeciz, 13 > 0.  (4.6)
p+
Since p+ < 7—, choosing p € (0, 1) small, we have
—pP* —epp’~ > 0.

P+

Then choosing A > 0 and € > 0 small, from (4.6) we see that
Y () = my >0 forallu € Wy'" (@), [|ul| = p. 4.7

@ Springer



1156 N.S. Papageorgiou, A. Scapellato

Let v € intC. Since u, € intC4, we can find ¢ € (0, 1) small such that tv < u,
(see [15], p. 274). We have

q,
Vi (tv) < tq— [0p(DV) + pg(DV)] — /\t/ dz

v
Q ﬁz(z)
(see (4.2) and recall that F > 0,g_ < p_).

We have seen above that - € LY(). Hence
iy,

Y (tv) < c14t? — c15t  for some ¢4, c15 > 0.
Since g_ > 1, choosing ¢ € (0, 1) even smaller if necessary, we have
Yn(tv) <0 and |tv] < p. 4.8)
Consider the closed ball
By ={ueWy" @ :|lull < p}.

The reflexivity of WO1 P (£2) and the Eberlein—Smulian theorem imply that Ep is
sequentially weakly compact. Also, using the anisotropic Sobolev embedding theorem,

we check that 1, (-) is sequentially weakly compact. So, we can find u; € Wé P (2)
such that

Y3 (1) =min [y, (u) s u € Bp],
= Yu(un) <0=19,(0) (see(4.8)),
= u); #0. 4.9)
From (4.7), we see that

0 < [Jluprll < p. (4.10)

Then, (4.9) and (4.10) imply that

Y (up) = 0,
= (Apo) W), h) + (Age) (u3), h) =/Qk,\(z,ul)hdz forall h € Wy’ @ (Q).
4.11)
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In (4.11) we use the test function & = (), — u;)" € Wé’p(Z)(Q). Then

(Apy(up), (@ — w) ) + (Ago) (un), (@ —u)™)

- / [kﬁ;n@ + f(z, u;r)] (@, —u;) " dz (see (4.2).)
Q

v

/ )\ﬁ;w)(ﬁk —uy)tdz (since f > 0)
Q

(Ap) @), @ — u3) ") + (Ago) (@), (@ —u3)™)  (see Proposition 3.1)
= Uy < uy. (4.12)

Then (4.12), (4.2) and (4.11) imply that

u; €S, (A > 0small),
= Z#0.

Moreover, the anisotropic regularity theory (see Theorem B.1 of [22]) and the
anisotropic maximum principle (see Proposition 4 of [14]) imply that S C int C. for
all A € Z. O

The next proposition shows that .Z is connected.
Proposition 4.2 If hypotheses Hy, H; hold, ». € £ and u € (0, 1), then u € Z.

Proof Since A € ., we can find u; € S, C int C (see Proposition 4.1). Recall that

u;n(') e LY(Q). Also we have u,, < u) < u, (see Proposition 3.1 and use the fact
that f > 0). We introduce the Carathéodory function ¥, : 2 x R — R defined by

Wity (2) 719 4 f(z,uu(z)  ifx < 1,(2)
Bu(z,x) = L ux 19 4 £(z,x) if,(z) <x <wup(z). (4.13)
pup ()71 + f(z,un(z)  ifun(z) < x

We set ©,,(z, x) = [y Pu(z,5)ds and consider the C'-functional w,, : Wé’p(Z)

(2) — R defined by

1
= | —|DulP@d /
wy (u) /QP(Z)I ul z+ ;

forall u € Wy " ().

1
—|Du|q(z)dz—/ Ou(z,u)dz
q(2) o

From (4.13), it is clear that w,(-) is coercive. Also, it is sequentially weakly lower

semicontinuous. So, we can find u, € Wol’p (Z)(Q) such that

wy () = min [w, ) u € Wy P9 (@), @.14)
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From (4.14) we have

(A (), h) 4 (Agy (), b =/ 9z, up)hdz forall h € Wy "9 (Q).
Q
(4.15)

In (4.15) first we use the test function & = (i, —u,)" € Wol’p(Z)(Q). Then
(Ap(z) (”,u)a (ﬁu. - uu)+> + (A([(Z)(ult)v (ﬁ,u - “u)+>
= / [uﬁ;”@ + f(z,ﬁ,l)] (i —uy)tdz (see (4.13))
Q
> / it " @y — )t dz (since f > 0)
Q

= <Ap(z)(ﬁp.)a (ﬁu - uu)+> + <Aq(z)(ﬁu)a (ﬁp, - uu)+>
= Uy < uy.

Next in (4.15) we choose h = (u, — uy) " € Wol’p(Z)(Q). We have

(Apy (), wy — up) ) + (Agy (), (uy —up)™)

= /Q [,uu;"(Z) + f(z, ux)] (uy — uy) T dz (see (4.13))

IA

f [xu;’?(” + f uk)] Gty —uz)" dz (since ju < 1)
Q

= (Apy(un), (uy — ;) ") + (Agy(un), (uy —u;) ™) (since uy € Sp)
= Uy < u,.

So, we have proved that
uy € [uy, uyl. (4.16)
From (4.16), (4.13) and (4.15), we conclude that

Zm € SM - il’ltC+,
= unues.

O

A by-product of the above proof is the following weak monotonicity property for
the solution multifunction A — ;.

Corollary 4.3 If hypotheses Hy, Hy hold, > € £, u; € S, C intCy and pu € (0, 1),
then u € £ and we can find uy, € Sy, Cint Cy such that u, < u;.

Using Proposition 2.3, we can improve the assertion of this corollary.
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Proposition 4.4 If hypotheses Hy, Hy hold, ». € £, u) € S) € int C4 and p € (0, A),
then u € £ and we can find u,, € S, C int C such that

u) —uy €intCy.

Proof From Corollary 4.3, we already know that ;. € . and there exists u,, € S, €
int C4 such that

uy < uy. “4.17)

Let p = ||uy]l0o and let é\p > ( be as postulated by hypothesis Hj(iv). We have

— Aptp — Byl +§p”ﬁ(Z)_l — a1
= [ @ up) +Epul D7 = = "
< f(z,uy) +’§puf(”‘1 (see (4.17), hypothesis Hj (iv) and use that 1 < A)
= —Apits — Agyun + Epul O =31 (since uy, € ). (4.18)

Since u, € int C, we have
0= —pwu,".
So, from (4.18) and Proposition 2.3, it follows that

uy —uy €intCq.

O
Let A* = sup.Z.
Proposition 4.5 If hypotheses Hy, H| hold, then 1* < oo.
Proof On account of hypotheses Hj (i), (ii), (iii), we can find Ay > 0 such that
20x 1D + f(z,x) = xPO7! foraa.z e Q, allx > 0. (4.19)

Let A > Ao and suppose that 1 € .Z. Then we can find u; € S, C int C. Consider

an open set 29 € Q with C 2-boundary such that Qg € Q. We set mg = minu,; > 0
Qo
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(since u) € intC4). For § > 0, set mg =mg + 6, let p = |lu; |00 and 1et§p > 0 be
as postulated by hypothesis H;(iv). We have

_ Ap(z)mg +§p(mg)p<z)—l _ A(mg)_"(Z)
A
mg(z) 481
with x(8) — 0% as § — 0T (recall that 0 < n(z) < 1 forall z € Q)

A81@ A
mén(z) mg(z)

= -1
< EmlO7 44 ) -

IA

(€, + Im899 +

- 0@~ 1 A=A S A
= mg(Z) - Lom,, n(@) +.§pmg(2) '+ R - mn(z)o with X(8) = 0T as § — 0T
0

f(zmo) +E,mPP7" fors > 0 small (see (4.19) and recall that A > Ag)

IA

< f(z,uy) +§pufm_l (see hypothesis Hj (iv))
= p-1 .
= —A,,(z)u)\ - Aq(z)u)\ + épuf(z) n Q().

Invoking Proposition 6 of Papageorgiou—Radulescu—Repovs [18], we infer that

md < u;(z) forallz € Q, all § € (0, 1) small,

a contradiction to the definition of my.
Therefore A ¢ £ and so A* < A¢ < o0. O

Next we show that A € (0, A*) we have multiplicity of positive solutions for problem
(P2

Proposition 4.6 If hypotheses Hy, Hy hold and » € (0, A*), then problem (P, has at
least two positive solutions

up, u € int C+.
Proof Let 0 < u < A < & < A*. We know that u,8 € £ and on account of
Proposition 4.4, we can find us € Ss C intCy, ug € S) € intCy andu, € S, C

int C4 such that

us —ug € intCy and ug —u, €intCy
= up € 1ntcé(§>[uﬂ, usl. (4.20)

R Recallthatuﬂ()_”('), us ()"0 e L1(). We introduce the Carathéodory function
By : 2 x R — R defined by

Aty ()79 + f(z, uu(z)) ifx <wuy(z)
Br(z,x) = { Ax779 + f(z,x) ifu,(z) <x <us(z). (421)
Aus(z) "D 4 f(z,us(z))  ifus(z) < x
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We set B; (z,x) = I Bi(z, s) ds and consider the C'-functional ¢, : Wg’p(Z)(Q)
— R defined by

_ 1 1 .
é“x(u):/ —IDu|p<Z>dz+/ —IDqu(Z)dz—/ B).(z,u)dz
Q p@@) Q q(2) Q

forall u € Wy " ().

We have

~ 1
(1) = ——p(Du) =i for some c16 > 0, all u & Wy P9 (Q) (see (4.21)),
+

= a(-) is coercive (see Proposition 2.1).

Also E)»(') is sequentially weakly lower semicontinuous. Therefore, we can find
ugy € Wol’p(Z)(Q) such that

Z.(@o) = min [’;}(u) ‘ue Wol”’(Z)(Q)] : (4.22)
From (4.21) and the anisotropic regularity theory, we have
Ka C [uy, us]Nint C4. (4.23)
From (4.22), (4.21) and (4.20), we see that
ug, o € Kz,

If uo # uo, then we already have two positive smooth solutions of (P;) and so we
are done. Thus we may assume that

We consider the Carathéodory function 8 : 2 x R — R defined by

Mt (2D) 7D f(zouu(2) i x < uy(z)

Ax 1@ 4 f(z,x) ifu,(z) <x (425)

Bz, x) = {

We set By (z, x) = [ B.(z, s) ds and consider the C'-functional ¢, : Wé’p(Z)(Q)
— R defined by

1 1
mu):/ —|Du|f’<z>dz+f —|Du|q<z>dz—/ By (2. u) dz
o p@@) Qq(2) Q

forall u € Wol’p(Z)(Q).
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From (4.21) and (4.25), we see that

o~

= . 4.26
o} ‘[O’m O ‘[O,u(s] (4.26)
Combining (4.24), (4.22), (4.20) and (4.26), we see that
ug is a local C§($2)-minimizer of &, (-),
= ugis alocal W&’p(Z)(Q)-minimizer of &,.(+)
(see Gasinski-Papageorgiou [8], Proposition 3.3). 4.27)

From (4.25), it follows that K, C [u,) Nint C4. So, we may assume that K, is
finite or otherwise we already have an infinity of positive smooth solutions of (P;)
and so we are done. Then, from (4.27) and using Theorem 5.7.6, p. 449, of [15], we
can find p € (0, 1) small such that

$(uo) < inf [§.(u) : [lu — uoll = p] = m.. (4.28)
If u € int C, then on account of hypothesis Hj (ii), we have
g (tv) - —oo ast — 4o00. (4.29)
Moreover, Proposition 4.1, of Gasifiski-Papageorgiou [8], implies that
£, (+) satisfies the C-condition. (4.30)

Then (4.28), (4.29) and (4.30) permit the use of the mountain pass theorem. So, we
canfind @ € Wol’p(Z)(Q) such that

ue Ky Cluy)NintCy, & (uo) < my < §.(1),
= u € int C is a positive solution of (Py), & # u.

]

We produce a lower bound for the elements of S; . This will be helpful in proving the
admissibility of the critical parameter A* and also in producing the minimal positive
solution for every A € .Z (see Sect. 5).

Proposition 4.7 If hypotheses Hy, H| hold and . € £, thenu) < u forall u € S,.

Proof Letu € S C int C and consider the Carathéodory functiono : Qxﬁ&r — I@.Jr
defined by

X if0<x <uz

u(z)""@ ifu(z) <x “31)

0(z,x) =
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We consider the following Dirichlet problem

—A 7 — A z = A , in Q2
{ p(0)t(2) g0 (2) o(z,u(z)) in | (A

u‘ =0, u>0, A>0
02

As in the proof of Proposition 3.1, via approximations and fixed point theory, we
show that problem (Au}) as a unique positive solution

w, €[0,ulNint Cy  (see (4.31)).
From Proposition 3.1, it follows that

Uy =up,
= u), <u forallu € S,.

Using this bound, we can prove the admissibility of A*.
Proposition 4.8 [f hypotheses Ho, H hold, then A* € L.

Proof Let{X,}nen € £ suchthat}, 1 A*. From Proposition 3.1, we know thatu;, <
iy, foralln € N. Also let ity +1 € S3,,, € int C4. On account of Proposition 4.7, we
have i, < U,+1. Then we can introduce the Carathéodory function/, : @ x R - R
defined by

M, ()7 4 f(z,xT)  ifx <y, (2)
In(z, %) = { Apx ™19 + f(z, %) ifi,,(2) <x <Tpy1(2) . (432)
)\nﬁn+1 () + f(Z, gnJrl (z)) if ﬁnJrl (z) <x

WesetL,(z, x) = f(ff; (z, ) ds and consider the C'-functional ), : Wé’p(Z) (Q)—
R defined by

1 1 —~
yn<u>=/ —|Du|"<z>dz+/ —|Du|q(z>dz—/ Loz u) dz
Q p@) Q q) Q

forall u € Wy "9 ().

From (4.32), we see that x,(-) is coercive. Also it is sequentially weakly lower
semicontinuous. Hence we can find u,, € Wé P (Z)(Q) such that

Talatn) = min [ Gu(w) € Wy O]

= (Zy(w,), h) =0 forall h € Wy"® (). (4.33)
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If in (4.33) we use first the test function & = (i, —u,)" € Wol’p(Z)(Q) and then
the test function & = (u, — U,41)" € W(}’p(Z)(Q), then using (4.32) we obtain

un € [ﬁ)»piz}’H“l]’
= u, €8, CintCy (see(4.32).).

Letl, : @ x R — R be the Carathéodory function defined by

Ml ()71 + f(z,xh)  ifx <, (2)

" o . (4.34)
dpx 1@ 4 f(z,x) ifuy, (z) <x

ly(z,x) = {

Weset L, (z, x) = [ Is(z, s) ds and consider the C'-functional y,, : Wé’p(Z)(Q) —
R defined by

1 1
xn(u>=/ —IDMI”(Z)dZ—i—/ —|Du|‘1<z)dz—/ Ln(z, u)dz
Q p[) Q q(2) Q

forall u € Wy"¥(Q).

From (4.32) and (4.34), we see that

o~

/

Xn X

Xn

~ = Xn‘ -
[0,2+1] [0,2+1]

[O,ﬁ,1+1]

(4.35)

X o
" [0,2+1]

Also we have

~ ~ 1 _ _ —1— .
Tnlten) < Jn003y) < [pp(Dits,) + pg (D)) — / Jally "¥ dz (since f > 0)
- Q

A

1 _ _ _1- .
= = LoD + 0y (D)) - / Jaity "z (since A1 < )
- Q

IA

1
. [op(D0;,) + pg(Dur,)| — [pp(Dr,) + pg(Diiz,)]

(see Proposition 3.1)

<0 (since 1 < g-).
Then, from (4.35) we have
Xp(uy) =0 and x,(u,) <O foralln € N. (4.36)
As in Proposition 4.1 of Gasiniski—Papageorgiou [8], from (4.36) we deduce that
uy — uy in Wy P9 (@),
= (Ap) ), h) + (Agoy(ue), h) = fg (250" 4 f |z

forall h € W' (@)
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and
Uy, < Us.
Therefore u, € Sy C intC4 and so A* € .Z. O
So, we have proved that
Z = (0, \"].

We can state the following bifurcation-type theorem about the positive solutions of
problem (P;,).

Theorem 4.9 [f hypotheses Hy, Hy hold, then there exists \* > O such that

(a) forall ) € (0, A*) problem (P;) has at least two positive solutions ug, it € int C,
ug # u;

(b) for A = 1* problem (P,) has at least one positive solution u, € int C;

(c) forall A > A* problem (P;)) has no positive solutions.

5 Minimal Positive Solution

In this section, we show that for every A € . = (0, A*] problem (P;) has a smallest
positive solution u} € int Cy (minimal - or barrier - positive solution) and we prove
the monotonicity and continuity properties of the map A — u}.

Proposition 5.1 If hypotheses Hy, H hold and ). € £ = (0, A*], then problem (P;)
has a smallest positive solution u} € int Cy (that is, uy < u forallu € Sy).

Proof From Papageorgiou—Réadulescu—Repovs [16] (see the proof of Proposition 7)
we have that S is downward directed (that is, if u1, up € Sy, then we can find u € §,
such that u < uy, u < uy). Invoking Lemma 3.10, p. 178, of Hu—Papageorgiou [12],
we can find a decreasing sequence {u,},eny € Sy C int C such that
inf Sy = inf u,.
neN

We have

u) <u, <up foralln € N (see Proposition 4.7), 5.1
(g0 ) + g o) = [ 3579 4 7o) |t

Q
forall h € Wy'"'9(Q), alln € N. (5.2)

From (5.1) and (5.2), it follows that

{nlnen € Wy @ (Q) is bounded. (5.3)
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From (5.3) and Proposition 2.2 (in particular the (S)4-property), we obtain
* Lp()
up — u; in Wy (£2),
= (Ap(z)(u;i)’ h) + (Aq(z)(ui)a h)

=/ [;\(u;)—"@ +f(z,u;)]hdz forall i € Wy'"¥ (@),
Q

and

Therefore we conclude that
uy € S, CintCy and uj = inf S).
O

We consider the map A + u} from £ = (0, A*] into int C.. We will say that this
map is strictly increasing it 0 < A < 1’ < A*, then u}, —uj € intC.
Proposition 5.2 If hypotheses Ho, Hy hold, then minimal solution map A +— u7 is
(a) strictly increasing;

(b) left continuous.

Proof (a) Let 0 < A < A’ < A*. From Proposition 4.4, we know that we can find
u, € S, C intCy such that u}, — u; € intCy. Since uj =< u,, it follows
that u}, — u} € int Cy and this proves that the minimal solution map is strictly
increasing.

(b) Let {A;}nen € £ = (0, A*] such that A, — A~. We have

uy, <uy <u; foralln e N(see (a)), (5.4)

= (U] Juen € Wy P Q). (5.5)

From (5.4) and the anisotropic regularity theory (see [22]), we have that
{uf tnen S Cp(Q) is bounded with @ € (0,1) and Cy*(Q) = C'*(Q) N

Cé (). From the compact embedding of Cé’“ (Q) into Cé (), it follows that we
may assume that at least for a subsequence we have

i —> i in ().
Suppose i), # u}. Then we can find zg € Q such that

Uy (20) < (20,
= uj(z0) < uj (z0) foralln > no,
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which contradicts (a). So, i, = u} and by Urysohn’s criterion for the convergence
of sequences, we infer that for the initial sequence we have

ui — ujin Cj(Q),

= A — uj is left continuous.

O

So, we can state the following theorem for the minimal positive solutions of problem
(P3).

Theorem 5.3 [f hypotheses Hy, Hy hold, then for every A € £ = (0, 1*] problem
(Py.) has a smallest positive solution (minimal positive solution) u; € intCy and
the minimal solution map X > u} from £ into int C is strictly increasing and left
continuous.
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