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Abstract

For a graph G with vertex set Vg and edge set Eg, the general Randi¢ index Ry (G) is
defined as the sum of items (d,,d,)* of all edges uv € Eg, where d,, and d, denote the
degrees of vertices u, v € Vg, respectively, and « is an arbitrary real number. In this
paper, we determine the upper bound on R, (G) with @ € [«y, 0) of trees in terms of
domination number, where oy ~ —0.5287 is the unique nonzero root of the equation
27% — 6% — 4% 4+ 2% = (. Moreover, the lower bound on R, (G) with a € [a?2, 0)
of trees in terms of domination number is also obtained, where oy ~ —0.5696 is the
unique nonzero root of the equation 2 - 4% 4+ 2¢+1 — 3¢ _2.6% — | = 0. Finally, the
corresponding extremal trees are characterized.
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1 Introduction

The Randi¢ index, also known as the connectivity index or the branching index, was
introduced by the chemist Randi¢ [22] in 1975, which has been extensively utilized in
applications for chemistry, biology, and complex network [8,12,13,23]. In addition,
various mathematical, physical, and chemical properties of the Randi¢ index have been
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established in decades [7,14,18,24,27]. The formula of the Randi¢ index for a graph
G = (Vg, Eg) is given by

R=RG) =Y (dudy)?,

uveEg

where d,, and d, denote the degrees of vertices u, v € Vg, respectively.
Ballobas and Erdos [2] generalized the Randi¢ index by replacing —% with a real
number « and named it the general Randi¢ index, which is defined as

Ry =Ra(G) = ) (duch)".

uveEg

A key turning point involving the mathematical investigation of the general Randié
index appeared in the second half of the 1990s, when a significant and ever growing
research on this matter started, causing numerous publications (see [4,9,10,14,20] and
the reference therein).

Regarding the problem of extremal trees on the Randi¢ index and the general Randi¢
index, researchers have tried to find precise bounds of R(G) and R, (G) with some
given graph parameters, such as the matching number [16,21], the number of pen-
dent vertices [5,28], and the degree sequence [25]. Recently, the relationship between
topological indices and domination number has become an interesting research topic
and has attracted lots of attention [3,6,11,15,17,19,26]. Bermudo et al. [1] got the
extremal trees of Randi¢ index with a given domination number. Naturally, we intend
to generalize their results by considering the general Randi¢ index.

First, some terminology and notations need to be introduced. A set D C V; is called
a dominating set in G if every vertex in V\ D is adjacent to at least one vertex in D.
The domination number of G, denoted by y (G), is defined as the minimum cardinality
among all dominating sets D of G, i.e., y(G) = minpcy;{|D]|}. A vertex v € Vg is
called a pendent vertex if d,, = 1, while it is called a support vertex if v is a neighbor
of a pendent vertex. The set of neighbors of v is N(v) = {u € Vg| uv € Eg}. The
diameter of a tree is the longest path between two pendent vertices. Besides, G — {v}
denote the graph obtained from G by deleting the vertex v together with its incident
edges.

In this paper, we determine the upper bound of R, (G) with « € [a1, 0) of trees in
terms of domination number, where «; &~ —0.5287 is the unique nonzero root of the
equation 27% —6% —4%+2% = 0. Moreover, the lower bound of R, (G) witha € [a2, 0)
of trees in terms of domination number is also obtained, where oy ~ —0.5696 is the
unique nonzero root of the equation 2 - 4% 424+ — 3% _2.6% — 1 = 0. Finally, we
characterize the corresponding extremal trees.
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Fig. 1 Two trees in the graph family 7;

2 The Upper Bound on the R, (G) with a € [a4, 0) of Trees in Terms of
Domination Number

To characterize extremal n-vertex trees of the Randi¢ index with a given domination
number y, Bermudo et al. [1] constructed two graph families 77 and 7, which are
described in Definitions 2.1 and 3.1, respectively. In this section, we determined the
upper bound on the general Randi¢ index R, of trees with a given domination number
y for a € [ay, 0), where o) &~ —0.5287 is the unique nonzero root of the equation
27% — 6% — 4% 4 2% = 0. Then, we prove that the corresponding extremal trees also
belong to 7;.

Definition 2.1 [1] Let 7] be a set of trees and the path with 3¢ vertices (Ps;) all belong
to 71, where ¢ is a positive integer number. The following are two ways to construct a
new graph that belongs to the graph family 7;:

(1) If there exist a tree T’ € 7; and a pendent vertex v € V7/, we take a path
Ps3;, whose consecutive vertices are wi, wy, ..., w3, then the tree 7', such that
Vr =V UVp, and E7 = E7» U Ep,, U {vwy}, belongs to 7; (see Fig. 1a).

(ii) If T’ € 7T satisfies that there exists a vertex v € D(T’) such that N (v) = {u1, us}
and dy, = d,, = 2, where D(T") is a minimum dominating set in 7”, we take a
path P41, whose consecutive vertices are wy, wo, ..., w341, then the tree T,
such that Vy = Vp» U Vp,, ., and Er = E7 U Epy, | U {vw;}, belongs to 7;
(see Fig. 1b).

To simplify the proof of the following theorem giving upper bound on Ry (7T'), we
first give a lemma to show the monotonicity of two functions.

Lemma2.2 Letyr1(z) =z%(z—1Dand ¢p1(z) = yn (@) —v¥i1(z—1) =z@z—-1)—(z—
D*(z—=2). Ifa € (—1,0), the function yr1 (z) increases monotonically for z € (0, 00)
and the function ¢1(z) decreases monotonically for z € (1, 00).

Proof Since ¥r{(z) = (e + 1)z* — az® ! > 0fora € (—1,0) and z > 0, we obtain
that v1 (z) is a monotonically increasing function for z € (0, o0) if & € (—1, 0). Note
that ¥/ (z) = az* ?[(@ + 1)z — (@ — 1)] < O for & € (—1,0) and z > 0. Suppose
that @ € (—1, 0) and there exist z; and z; such that zp > z; > 1, then by Lagrange
mean value theorem, we get
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$1(22) — ¢1(21) = P (51 (22 — 21)
= [y (&1) — Y& — DI(z2 — z1)
=y (m)(z2—z1) <0,

where 1 < z1 <& <z2and 0 < & < 1 < &. Hence, if @ € (—1,0), ¢1(2) is a
monotonically decreasing function for z € (1, 00).
This complete the proof. O

Theorem 2.3 Let T be an n-vertex tree with domination number y. Then,

4 3y — 15
Ru(T) = V22 e 00 -3y

19
~<3~6°’+2°‘—?-4‘x>, for a € [ay,0), 2.1

with the equality holding if and only if T € 71, where oy ~ —0.5287 is the unique
nonzero root of the equation 27 — 6% — 4% 4 2% = (.

For convenience, we denote f(n, y, o) = w 444224+ (n—-3y)-(3-
6% 4+ 2% — 15—9 - 4%). Next, we introduce a necessary lemma.
Lemma 2.4 Let T be an n-vertex tree with domination number y. Suppose that there

exists a vertex v € Vr such that d, > 3, N(v) = {uy,uz,...,uq,}, dyy = 2 and
dy, =1fori =2,3,...,dy. Take T_y =T — {ug,}, then

() Ifdy >4, a € (—=1,0)and Ry (T—1) < f(n—1, v, ), then Ry(T) < f(n,y, ).
(i) Ifdy =3, dy,, =2, a € (—1,0) and Ry(T-1) < f(n — 1, y,a), then Ry(T) <
Sy, @)

Proof (i) By calculation, we have

Ro(T) = Ro(T—-1) = (dy = 2) - (dy — D* = [dy, - (dy — D]* + (dy — 1) - (dy)"
+ (dy, - dv)®
= Ro(T-1) + [(dy)* = (dy = D*] - [(dy = 2) + (du))*] + (d)”

An—1) +3y — 15
< Ao );r V=2 44229 (n—3y —1)

1
-(3-6"4—2“—?9-4"‘)

+[(@)® = (dy — D] - [(dy — 2) + (du))*1 + (dn)*
= f(n,y, @) +3-4%—3.6% — 2% + [(dy)* — (dy — 1)?]
[(dy = 2) + (dy)*] + (dy)”
< f(n,y,a) +3-4%=3.6% =2% + (d))*(dy — 1) — (dy — D*(dy — 2).

From Lemma 2.2, we get 3-4% —3.6% — 2%+ (dy)*(dy — 1) — (dy — 1)¥(dy, —2) =
3.4%-3.6% =2+ ¢1(dy) <3-4%—3.6%=2%+¢;(4) =6-4*—3.6%—2.3% 2%
for any d,, > 4.
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Fig.2 The two functions of « in Lemma 2.4

It can be checked, using computer program, that 6 - 4 —3.6% —2.3% — 2% <0
for every o € (—1, 0) (see Fig. 2a), i.e., Ry (T) < f(n,y, a).

(i) Ifdy, = 3,dy, =2, wehave3-4%—3-6% =2+ [(d,)* — (dy — D*]-[(dy—2)+
(du ) %1+ (dy)* = 3-4%=3.6% =29+ (3% =2%)- (142%)4+3% =2-(2*—1)- (2 =3%).
It can be checked that 2 — 1 < 0 and 2% — 3% > O for « € (—1, 0), which implies
that 2(2* — 1)(2% — 3%) < 0 for every @ € (—1,0) (see Fig. 2b). Thus, we get
Ro(T) < f(n,y, ).

This proves the lemma. O

Proof of Theorem 2.3 For any tree with 4 vertices (S4 or P4), wehave Ry (S4) = 3-3% <
f@4, 1,a),and Ry (Ps) = 4% +2-2% < f(4,2,a) if e € (—1, 0). Suppose that the
inequality (2.1) holds for any (n — 1)-vertex trees and then we consider a tree with
n vertices. We take a diameter path of 7', denoted by viv; - - - v4. By Lemma 2.4, we
can suppose that d,,, < 3. Then, we discuss the following two cases.

Caseld,, =3.
From Lemma 2.4, one can assume that d,; > 3. Denote N (v2) = {vy, v3, u1} and
N (v3) = {v2, v4, wy, wo, ..., wdm_z}. Then, we take 7_3 = T — {v1, v2, u1}. There

exists a dominating set D(T') such that v; € D(T) and v3 € N[D\{v;}], implying
y(T) = y(T-3) + 1. Note that d,, < 3 fori = 1,2,...,d,, — 2. By the above
consideration, we have

dyy =2
Ro(T) = Ry (T-3) — [dy, - (dy; — D]* — (dyy — D - Z (dw)* + (dv, - dy)”
i=1
dyy—2
+(dy)® - Y () + B dyy)* +2-37
i=1
- 4n—=3)+3(y —-1)—15
- 5

1
~<3-6°‘+2°‘—?9-4°‘>

A% 227+ [n—3=3(y — 1]
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dyy—2
— [(dv; = D* = (dy;)*] - [(dyy)* + Z (dw)*1+ [(dvy)® +2] - 3¢
i=1
< f(n,y,0) = [(dy; = D* = (d)*] - [(doy —2) - 3%] + [(duvy)” + 2]

3% 3.4
= f(n,y,a) +[(dy; = 1) - (dy)* — (dyy —2) - (dy; — D¥ + 2]
3% 3.4,

By Lemma 2.2, we calculate that [(dy, — 1) (dy;)* —(dy; —2) - (dy; —1)%+2]-3% —3.
49 = [¢1(dv3) + 2]~3°‘—3~4“ <[$1(3) +2]-3%9—-3.4%* =2.9*—6%42.3*-3.4% < (
for any dy; > 3 and @ € (—1,0) (see Fig. 3a). Thus, for o € (—1,0), Ry(T) <
fn,y, o).

Case 2 For any diameter path of T', d,, = 2.

Case 2.1 d,; > 3. Denote N (v3) = {v2, v4, wy, wo, ..., wdv3_2}. Then, we take
T_» = T — {vy1, v2}. Obviously, there exists a dominating set D(T) such that v, €
D(T) and v3 € N[D\{v>}], implying y(T) = y(T-2) + 1. By calculation, we get

dyy—2
Ro(T) = Ro(T-2) = [dy, - (duy = DI* = (duy = D+ D (du)* + (dy, - du)"
i=1
dyy—2
H(di)® - Y () + (2 dy)® 42
i=1
_4n=2+3(y -1 15
- 5

19
-(3.6“+2“——-4“>
5
dyy—2

— [(dyy = D* = (dy)*] | [@do)* + Y (du)* | + [(dy)* + 1] -2
i=1
< fy, @) = [(dyy = D* = (dy)*]- [(doy = 2) - 2°T + [(dyy)” + 1127
—6-4% +3.6% 42
= £, 7, @) + [([dyy — D)(diy)® = (dys — 2)(dyy — 1)*]-2°
—6-4%43.6% +2.2¢

4 42.2% 4 [n—2—3(y — 1)]

Combining Lemma 2.2, we calculate that [(dy; — 1)(dy;)* — (dv; — 2)(dy; —
DY - 2% —6-4% +3.6% 420t = <z$1(dv3)-20’—6'4"‘~|—3-6"‘+2"“rl <
$1(3) 2% —6-4% +3.6% +29F =5.6% —7.4% 429+ < 0 for d,, > 3 and
a € [—0.68, 0) (see Fig. 3b). Hence, for o € [—0.68, 0), Ry (T) < f(n, v, o).

Case 2.2 d,; = 2. Denote N (v4) = {v3, vs5, X1, x2, ... ,de4—2}- For any x; (i =
1,2,...,dy, — 2), if there exist two vertices y;, y» such that y, € N(x;) and y| €
N (y2), then we get a new diameter path of T, that is y1, y2, X;, v4, Vs, ..., V4, then
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Fig.3 The two functions of « in Case 1 and Case 2.1 of Theorem 2.3

by the above cases, we can assume that d,, = dy, = 2. Moreover, if x; is a support
vertex, from Lemma 2.4, we can suppose that d,;, = 2 or dy;, = 3.
Case 2.2.1d,, > 4. Take T_3 = T — {v1, v, v3}, then we have

dyy—2
Ro(T) = Ra(T—3) — [(dv4 -D 'dvs]a - (dv4 - D% Z (dx,-)a
i=1
dyy—2
+ (g - dg)™ + (o)™ - Y ()™ + 2+ dy))* +4% +2°
i=l1
_4n=3)+3(y-D-15
- 5

1
~<3-6“+2°‘—?9~4“)

4% 2.2 4 [n—3—=3(y — D]

dyy—2
— [(dyy = D" = (du)*] - | (dvs)* + Z (de ) |+ 2-dy)* +4% 427
i=1
< f(n,y, @) = [(dy, — DY = (dp)*] - [(dy, —2) - 3°]
(2 dy)* —2-4% 42¢
= f(n,y, o) + [(dy, — D(dy)* = (dy, — 2)(dy, — D*]- 3%
(2% = 3%)(dy,)* —2-4% 427,

If « < O, the function (2% — 3%)(d,,)* monotonically decreases for d,, > O.
Combining Lemma 2.2, we calculate that [(d,, — 1)(dy,)* — (dv, —2)(dy, — D] -
3% (2% =3 (dy)* —2-4% 2% = 1 (dyy) - 3% + (2% = 3%)(dy,)* —2- 4% +2% <
@1(4)-39 4+ (2% =3%)-4% =2.4% 2% =212 =2.9* 8% —-2.44-2% < Oford,, > 4
and o € [—0.64, 0) (see Fig. 4a). Hence, for o € [—0.64,0), Ry(T) < f(n,y, ®).
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Fig.4 The two functions of « in Case 2.2.1 and Case 2.2.2 of Theorem 2.3

Case 2.2.2 d,, < 3. If there exists a minimum dominating set D(7T) such that
vq € D(T), then we take T_» = T — {v1, v2}. By calculation, we have

Ro(T) = Ro(T-2) — (dy,)* + (2- dy))” +4% +2°
4n—2)+3(y —1)—15
= 5

19
.(3.6"‘—1—2"‘—?.4"‘)—(dv4)°‘+(2.dv4)°‘+4°‘+2°‘

A4Y 4224+ [n—2-3(y — 1]

=f(,y,a) = (dp)*+Q2-dp)*—=5-44+2-2+3.6%

Note that —(dy,)* +(2-d,,)* —5-4%+2-243.6% < —5-4942.24+4.6*-3% <0
foranyd,, < 3anda € [—-0.6395, 0) (see Fig. 4b), then we have R, (T) < f(n, y, )
for @ € [—-0.6395, 0).

Next, we suppose that v4 ¢ D(T) for any minimum dominating set D in 7.

Case 2.2.2.1 d,, = 3. Denote N (vs) = {vs,ay, ..., adv5,1}, then we study the
following three cases, which are depicted in Fig. 5.

(D If dys > 9, we take T_7 = T — {vy, v2, v3, v4, X1, Y1, y2}. One can check that
y(IT—7) = y(T) —2 and

dys—1
Ry(T) = Ro(T—7) — [(dys — D* — (dv5)*]- Z (da))™ + (3 - dys)*”
i=1
+2.6%+2.-4%+2.2¢
_4n=T+3(y =215
- 5

1
-<3-6°‘+2“—?9-4°‘>
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Fig.5 Three trees for Case 2.2.2.1

dys—1
~[(dus = D* = (du)®1- Y (da)® + B-dyy)® +2-6% +2-4% 42.2°

i=1

dyg—1
= f(n,y, @) =[(dos = D* = ()T D (da)* + B - dug)® — 6% — 4% 42%.

i=1

Easily, it can be checked that (3 - dy;)* — 6% —4% +2% <27 —6% -4 +2% <0
for any d,; > 9 and @ € [—0.5287, 0) (see Fig. 6a). Hence, for o € [-0.5287,0),
Ro(T) < f(n,y,a). Ford,, <8, wetake T_3 = T — {v1, vz, v3}. One can see
y(IT-3) =y(T)—land

Ry(T) = Ry(T—3) —4% — (2-dy)* +2-6% + (B dy)* +4% + 2%
_ 4n—-3)4+3(y —-1)—15
- 5

-(3~6"‘+2"‘—?-4‘”>

4% = (2 dy)* +2-6% + (B dyg)® + 4% +2%
= fy ) —3-4% 4 (3% —2%) - (dyg)® +2- 6% +2°.

4% 422 4 [n—3—=3(y — D]

Since the inequality —3 - 4% 4+ (3% —2%) - (dy5)* +2-6% +2% <24* —16% -3 -
4% 4 2. 6% + 2% < 0 holds for any dy; < 8 and « € [—0.6241, 0) (see Fig. 6b), we
have R, (T) < f(n,y,a) fora € [-0.6241, 0).
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Fig.6 The two functions of « in Case 2.2.2.1 (I) of Theorem 2.3

(IT) Assume that dys; > 4, then we take 77 = T — {v1, v2, v3, V4, X1, Y1, Y2}
Similarly, we get

dys—1
Ra(T) = Ro(T-7) — [(dys — 1)* = (dv5)*] - Z (da))* + (3 - dys)* +9°
i=1
+2-3% 4 6% 4% 42
_4n=T+3(y -2 15
- 5

4% 422 4 [n—T-3(y —2)]

dys—1

o o 19 o o o o
-<3~6 12 —?.4>—[(dv5—1) — (dys)*]- ;(da,-)

+ B dyg)* + 9% +2-3% + 6% 4% 427
dys—1

= f(, . @) = [(dys — D = (ds)*] - Y (da))* + B+ dyg)* +9°
i=1

+2.3%—2.6% —2.4%,

It can be compute that (3-dy)* +9%4+2-3% —2.6% —2.4% < 129 +9%42.3% -2.
6% —2-4% is always negative for dy; > 4 and @ € [—0.7773, 0) (see Fig. 7a). Thus, for
a €[-0.7773,0), Ry (T) < f(n,y,a). If dy; <3, wetake T_3 =T — {vy, v2, v3}.
Then,

Ry(T) = Ry(T—3) — (2-dys)* — 6% + (B - dys)® + 9% + 6% + 4% 4+ 2¢
- 4n—3)+3(y —1)—15
- 5

1
~<3-6°‘+2°‘—?9~4°‘>

A% 227+ [n—3=3(y — 1]
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Fig.7 The two functions of « in Case 2.2.2.1 (II) of Theorem 2.3

_}_(30{_20()'(dv5)0[+9a +4a+2a
=f(n,y,a) —2-4% 4+ (3% —2%) - (dys)* + 9% +27.

Since —2 - 4% + (3% —2%) - (dyg)* +9% +2% <2-9% —6% —2-4% +2% <0
for any d,,; < 3 and o € [—0.6894, 0) (see Fig. 7b), we have for « € [-0.6894, 0),
Ra(T) < f(n,y. ).

(III) In this case, we assume that dy; > 5. Let T_¢ = T — {vy, v2, v3, v4, X1, Y1},
then we have

dys—1
Ry (T) = Ry (T—6) — [(dps — D — (dvs)“]- Z (dg))* + (3 - dy)*
i=1
+2.6Y+4Y+2.2%
_4n -6 +3(y =2~ 15
= 5

1
-(3~6“+2“——9.4°‘)
5
dys—1
— [(dys = D — (dys)“] - Z (da))* + (3 -dys)* +2-6% +4% +2.2%

i=1

A4Y 4 2.2 4 [n—6—3(y —2)]

dyg—1

= f(, . @) = [(dys — D = (ds)*]- Y (da))* + (B dyy)"
i=1
+2-6%—5-4%+2.2%,

Since the inequality (3-dys)*+2-6% —5-494-2.2% < 1594-2.6% —5-494-2.2% <
0 holds for any dy; > 5 and a € [-0.5336,0) (see Fig. 8a), we have R, (T) <
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@ a

-0.55 -05 -0.45 -04 -0.35 -03 -0.25 -0.2 -0.15 -0.1 -0.05 O -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0
T T T T T T T T T T 0.01 T T T T T T T
T

(@)15% +2-6% —5-4% +2.2% (b)12% — 8% +2.6% +2% — 3.4~
Fig.8 The two functions of « in Case 2.2.2.1 (III) of Theorem 2.3

Fig.9 The tree for Case 2.2.2.2

f(n,y,a)fora € [-0.5336, 0). For d,; < 4, wetake T_3 = T — {vy, v2, v3}. Then,

Ry(T) = Ra(T-3) — (2 dug)® — 4% + (3 dyg)® +2- 6% 4% 4 2°
_4n=3)+3(y-D-15
- 5

-(3.6“+2“—?-4“>

(3% = 2% (dyg)* +2- 6% +2%
:f(n’y’a)+(3l¥_2(¥)_(dvs)a+2.6a+2a_3.4a.

4% 422 4 [n—3—=3(y — D]

Since (3% —2%) - (dys)* +2-6% +2% —3.4% <12 —8* +2.6%4+2% -3 -4%1s
negative for dy; < 4 and a € [—-0.747, 0) (see Fig. 8b), we get Ry (T) < f(n,y, a)
for o € [—0.747, 0).

Case 2.2.2.2 d,, = 2. The corresponding tree is depicted in Fig. 9. We denote
N(vs) = {vg,ay, a2, ..., ad, —1} and consider the following two cases:

Case 2.2.2.2.1dy; =2.Let T_3 = T — {vy1, v2, v3}, then we have

Ro(T) = Ry(T_3) — 2% + 3. 4% 4 2%
_4n =343 -D—15
= 5

19
~<3-6°‘+2"‘—?-4°‘>+3-4"‘

A% 227+ [n—3=3(y — 1]
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_4n+3y —15
N 5

= f(n,y,a).

19
.4“+2.2“+(n—3y).<3.6“+2“—?-4“)

Case 2.2.2.2.2 dy, > 3. If dy;, <2 withi = 1,2,...,dy; — 1, we take T_4 =
T — {v1, v2, v3, v4}, then

dys—1
Ro(T) = Ry(T—4) = [(dos — D* = (dus)*]- Y (da)® + (2 dy)* +2-4% +2°
i=l1
- 4n -4 +3(y —1)—15
- 5
19
. <3.606 42% ? _401) _ [(dv5 _ l)a _ (dv5)a] . (dU5 _ 1)
2% 4 2.4% 2%
= f(ns V, Ol) + [(dvg)a+l - (dv5 - 1)O(+1] : 20[ + 2 . 40( — 3 . 6a.

AY 4 2.2 4 [n—4—3(y —1)]

One can check that [(dy)*T! — (dyy — 1)¥F1]. 2% +2.4% —3.6% <
(30t —20F1) .20 4 2.4% —3.6% = 0 for any dy; > 3. Hence, Ry(T) < f(n, v, ).

Based on the above discussion, we suppose that d,, = Max|<;<d, -1 dg; > 3.
Denote N(ay) = {vs, b1, by, ..., bdal_l}, then by all above cases and Lemma 2.4,
one can see that 1 < dp; < 3 and all vertex in N (b;)\{a1} are pendent vertices. For
convenience, the number of vertices in {b1, by, ..., bdal _1} with degree i is written
by n;; then, we obtain nj + na +n3 = dy, — 1. Next, we construct two subgraphs 7,
T" of T such that Vi = Vi U Vyr and Er = E7 U E7» U {vsa}. By calculation,
we have

Ra(T) = Ra(T") + Ra(T") — [(dys — D — (du5)"]

dys—1
2% 4 Z ) | —n1 - (day — D* —n2 - [2(da, — D]*
i=2
—n3-[3(dyy — DI* +n1 - (da) +n2- (2-de)* +n3-(3-dy)*
+ (da] 'dv5)a
4n+3y —15 19
§n++~4“+2~2“+(n—3y)- (3-6“+2“—?~4°‘)

+2-2% —=3.4% 4 (dg, - dys)®
— [(dvs — D* = (dys)*1- [2% + (dys — 2) - (da))”]
— [(da; — D)¥ = (da))*1- (n1 +na +n3) - 3¢

< f(n,y,0) = [(dos — D* = (dys)*]- [2% + (dg))*]
= [(dgy = D)¥ = (da)*]- (dg, — 1) - 3%
+2-2% —=3.4% 4 (dg, - dys)®
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Now, we consider the function g(z) = —[(z — 1)* — 2] [2% 4 (dg,)*1 + (dq, - 2)*.
Since

g@=a [ =@ = D 27+ )]+ @) M 2 0
& [ = @ = DU 2+ [@a)*] + @) T <0
T2 42 (da)"] = 0 = DT [2" + (da))*]

—1
- z o - 2a+(dal)01
7—1 =20 42 (dg))?

1—
<=>< : ) a>—2a+2'(da1)a

z—1 2% 4 (da))”
1
o . o1
o ° 2[2 +2- (da)) }
z—1 2% 4 (dgy)™
2(dy )" 429 Ta
Kz
<z

T T 2da 20 T 1,
(da) )% +2% o

1
2-(day)*+2% | T-o
. . . (da))T+27
we have that g(z) attains its maximum value if ; = -—— = Hence,
[2‘(11111 )& 424 ]m 1

(day )™ +2¢%

= [(dys = D¥ = (dv)*1- 2% + (da))*] = [(da; — D* = (da)*] - (dg; = 1) -3 +2-2% =3 .4%

+ (dal : dv5)a
1 o 1 o
[24(@1)@20‘] T—a |:2-(da1)°‘+2°‘ ] T
(dal )*42% (day )% +2%
<2.2%—3.4%_ 1 1t - :
[2~<da1)a+2a } e [2-@,1 )Hza]m |
) )7 127 - oy 7727 -

S[2% + (da))?]
1 o
2:(da )20 | T2

(dal )¥ 429 ]

7[(da1 71)a7(dal)a]'(dal 71).301+(da1)0l : |: 1
2-(day ) +2¢ T-a
Wy 772 -1

:7[([1111 71)a7(da1)a]'(dal 71)'3a+2.20{73.4a
1

_ : :
2. (dgy @ +2% ] T2
Wy 27 -1

= —[(da; — D" = (da))*1- (da; — 1) -3% +2-2% = 3.4%

2 (day)® +29 7T
2% + (da)*] = [2% + 2+ (da)*] - [¥] }

(day)® +2¢

@ Springer



Extremal Trees for the General Randi¢ Index with a Given Domination... 781

2% 4 (dgy ) 2 (day)® +2 775 1
+ ( 1 \@ [ (day)® + 2 ] -
|:2A(dal)a+2ot:| T—a _

a2

= —[(ay = D* = (da))*] - (day = 1) - 3% +2.2% =3 . 4

1 1—a
o o 2 (dg))* +2¢ mi
) ]([Ww ] )

= —[(day — D* = (da))*] - (day — 1) - 3% +2-2% = 3.4%
2% dg)* 1 2 ﬁ 1 -
+ 2% + (da))”] [ +W:| - .

1
Note that the function ¢(z) = 2.2% —3.4% 4 (2% 4 z%) <[1 + ,2;] =

l—«

7TUH2Y
always decreases for z > 0 if « < 0. By calculation, we obtain ¢(16) < O for o €
[—0.5287, 0) (see Fig. 10a), which implies that the function w(dy,) = —[(dg, — 1 —

1 l—«a
(o)1 (dgy — 1)-3% 4229 —3.4% £ [2% +(d,, )] ([1 + (dl)%ﬁ] Y1) s
always negative for any d,;, > 16 and « € [—0.5287, 0). Therefore, we only check the
value of w(d,,) for 3 <d,, <15 (see Fig. 10b, c). So, we have Ry (T) < f(n,y,a)
for @ € [—0.5287, 0).

Next, we will prove that Ry (T) = f(n(T), y(T), «) if and only if T € 7;. For
any path Ps;, we have Ry(P3) = f(Bk,k,a). If T’ € T; such that Ry(T") =
f (T, y(T"), a), we take a pendent vertex v € T’ and a path P3; = wiwy - - - w3,
and consider a new tree T such that V7 = VU Vp,, and Er = E7 U Ep;, U {vw1}
(Definition 2.1 (i)). By calculation, we have

Ro(T) = Ry(T") + Ro(P3) —2-2% +3- 47

4n(T’ T') -1
_ 4n( )+35y< )= o 0 00 4 (1) — 3y(T)]

-(3~6"‘+2"‘—15—9-4"‘>

+2.24 (3t —3)-4% —2.2% 43.4%
dn+3y — 15
- 5
= f(T), y(T), ).

-4“+2-2°‘+(n(T)—3y(T))~<3~6°‘+2°‘—15—9~4°‘>

Suppose that there exists a tree T’ € 77 such that Ry (T') = f(n(T"), y(T), )
and a vertex v € Vy satisfies that N(v) = {u1, u2}, dy, = dy, =2, and v € D(T'),
where D is a minimum dominating set in 7”. Then, we construct a new tree T € 7.
Let P31y = wiwa - w3sy1, Vr = Vpr U VP3:+1 and Er = Ep/ U EP3¢+1 U {vw;}
(Definition 2.1 (ii)). Hence,

Ro(T) = Ro(T') + Ra(P3r11) —2-4% = 2% +3. 6% +4%
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@ «
055 -05 -045 0.4 -035 0.3 -0.25 0.2 045 -0.1 -0.05 0 055 -05 -045 -04 -035 0.3 -0.25 0.2 045 -01 -0.05 0
T T T T T T T T T T 0.02 T T T T T T T T T T 0
[l [l
I I
N T T T TTTTTTTTT T 0 la = —0.5287
| -0.02 4-0.05
I
} -0.04 }
I I
i -0.06 | 1-0.1
I I
i -0.08 i
I
| 0.1 I|——w(3) -0.15
I }
| |——w@)
! 0.12 ! w(5)
Fi -0.14 | ——w(6) 1-02
lar = —0.5287 ! w(7)
F -0.16 | w(8)
l I|——w(9)
0.18 -0.25

(a) (16) (b) w(da,) for doy, = 3,4,---,9.

«
-0.55 -05 -045 -04 -035 -03 -025 -0.2 -0.15 -0.1 -0.05 O

[l
I
ja = —0.5287
} 4-0.05
I
I
| 1-0.1
I
I
I
I
1 -0.15
——a(10)
|——w(11)
[ w(12) 1-0.2
|——w(13)
| ——w(14)
! w(15)
. -0.25

(€) w(da,) for dgy = 10,11,--- ,15.

Fig. 10 Several functions of « in Case 2.2.2.2.2 of Theorem 2.3

_ @+ 35”(T V71 e 4220 4 (1) — 3y (1)

-<3~6“+2“—15—9-4“>

—2.2% 4 (B —2) 4% —2.4% 2% 4+3.6% + 4%

:w.4a+2-za+(n(ﬂ_3y(ﬂ)'(3.6a+2a_?.4a>
= f(n(T), y(T), ).

Finally, we need to prove that any tree 7 will belong to the family 7; if
Ry (T) = f(n(T), y(T), ). Suppose that there exists a tree T such that R, (T) =
fn(T),y(T),a),and T ¢ 7. Let T be the tree with the minimum number of ver-
tices, which satisfies the above assumptions. If vjv; - - - vy is a diameter path of T,
by above proofs, we suppose that d,, = dy, = dy, = 2,2 < dy; < 3,d, < 2and

da,

< 2. Then, we investigate the following cases.
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Ifdy, =3andd,, <2,weletT_4 =T — {v1, v2, v3, v4}. Then,

Ry(T) = Ry(T—4) — (2% — 3%) - [(da))* + (dg))*1 + 6% +2-4% 4+ 2¢
4n =4 +3( =D = 15
= 5

1
-(3-6“+2°‘—?9-4°‘>

— (2% = 3%) - [(da)* + (da)* 1+ 6% +2 - 4% 427
=f(n,y,a)— Q2% =3% - [(da)* + (dx,)*1—2- 6% +2-4%.

444224+ (m—3y — 1)

Ifd,, = lord, = 1,thenwe get —(2% —3%)-[(dg)* +(dy,)*] —2-6%4+2-4% < 0
for @ < 0, a contradiction. If d,;, = d;, = 2, then —(2% — 3%) - [(dy)* + (dgy)*] —
2-6%+2-4° =0and Ry(T_4) = f(n(T—4), y(T—4), @). If T_4 € 7}, based on the
definition of T_4, one can check that T € 7;, a contradiction. If T_4 ¢ 77, we have
|Vr_,] < 1Vrl, a contradiction.

If dy, =2, wetake T_3 = T — {vy, v2, v3}. Then, we get

Ro(T) = Ry(T_3) — 2% + 3. 4% 4 2%

4n—3)+3(y — 1) — 15
A=) F3 - 4% 122 4+ (n — 3y)

= 5
19
~<3~6"‘+2"‘—?~4°‘>+3~4“
4n + 3y — 15 19
=n++-4°‘+2~2°‘+(n—3y)o(3-6"‘4—2"‘—?4‘)‘)
= f(n,y,a).

Note that R, (T—3) = f(n(1-3), y(T-3), o). Analogously, we can assume that
T_3 € 7). Since v4 is a pendent vertex in 7_3, we can conclude that T € 7;. If
T_3 ¢ 71, we obtain a contradiction with minimality of 7.

This completes the proof. O

3 The Lower Bound on the R, with @ € [a3, 0) of Trees in Terms of
Domination Number

In this section, for @ € [w2, 0), the lower bound on the general Randi¢ index R,
of trees using not only the order, but also the order and the domination number, is
obtained, where ax ~ —0.5696 is the unique nonzero root of the equation 2 - 4% +
20+l _ 3¢ _ 2. 6% — 1 = 0. Moreover, we prove the corresponding extremal trees
belong to 75.

Definition 3.1 [1] Let 7> be a set of trees with order n and domination number y,
which are obtained from the star S,_, 1 by attaching a pendent edge to its y — 1
pendent vertices (see Fig. 11).
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o— e

(a) The extremal tree in 72(11,4) (b) The extremal tree in 73(14,5)
with Ro(T) =3-14% +4-7%+3-2%.  with Ro(T) =4-22%+2-9% +4.2%,

-n—2y+1

(¢) The extremal tree in 73(n,v) with Ra(T) = (n — 2y + 1)(n — )" +
2%(v = DA+ (n = 7))

Fig. 11 Several extremal trees in graph family 75

Theorem 3.2 Let T be an n-vertex tree with a domination number y. Then,
Ry(T) = (n=2y + D(n—y)* +2%(y = D1+ —y)*], for a € [az,0), 3.1)

with the equality holding if and only if T € 15, where ap ~ —0.5696 is the unique
nonzero root of the equation 2 - 4% + 2%+ — 3% _2.6% — 1 = (.

Proof To simplify the computations, we denote h(n, y,a) = (n — 2y + 1)(n —
)¢ + 2%y — D[1 + (n — y)*]. For any 4-vertex tree, one can see that Ry (S4) =
3.3% = h(4,1,a), and Ry(Py) = 4% +2-2% = h(4,2, o). We suppose that the
inequality shown in (3.1) is always true for any tree with n — 1 vertices. Next, we
will consider an n-vertex trees. We take a diameter path viv; - - - vz in T, and denote
N(wp) = {vy,v3,ug,ug,..., “dv2*2}’ N(3) = {v2, v4, Wy, wo, ..., wd%,z}. Let
T_; =T — {v1}, then we investigate the following two cases.
Case 1If y(T—1) = y(T), we obtain

Ro(T) = Ro(T—1) + (dyy, — 1) - (dy)® + (dy, - dpy)® — (dy, —2) - (dy, — D
—[(dy, = 1) - dyy]*
>n=2y)-n—y =D+ -D-2-n—y-DI"+(y —-1-2°
+ (dy, = 1) - (d)® + (dy, - dpy)* — (dyy —2) - (dy, — D
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—[(dy, = 1) - dys 1"
=hm,y,0)+[(n =2y + D+ —D -2 [(n—y - D*

—=y)l-m—-y-D"

- [(dvz - l)a - (dvz)a] : [(dvz - 1) + (dvs)a] + (dvz - 1)a~

Since T = S, ifn =dy, + 1and T € 75 if n = d,,, + 2, we only need to study the
case that n > d,, + 3. Consider the following function:

kW) =lm-2y+D+@-D-21" [n—y—-D*—n—pP)l1—m—y -1
=[n-2)+@-D-2m—-—y -D*—[n =2y + D+ —1-2%
(n —y)~.

By calculation, we get

K(y)=—am—y —D*Nn -2+ @ -1 2]+ —y — D*Q* —2)
tam -y M -2y+ D+ -1 21— —y)*Q* -2
=m-—y—-D""-alm -2+ -1 21+ (n—y — DQ* —2)}
—m=y* Mool =2y + D+ — 1) 2"1+ (. — )" - D)}.

Let ) (y) = —a[(n =2y) +(y = 1) - 2]+ (n —y — D(2* = 2) and ta(y) =
—af(n =2y + D)+ (y = 1) - 2°1 + (n — y)(2% — 2). It follows that ¥{(y) =
() =—aR*-2)+2-2%) =14+ a)2—-2% > 0fora € (—1,0). Hence,
Ny) <h(5) =—a(z -D2+ (5 -DQR*=2) = (3 — DI(1 —a)2* =2] <0
fora € (=1,0), and ¥2(y) < 92(5) = —a[l + (57 — D2°] + 52% = 2) = (5 —
DI —a)2* =2]+(2* =2 —a) < O0fora € (—1,0).

Suppose that « € (—1,0), then we consider the inequality «'(y) = (n — y —
D* 191 (y) = (n — y)*~'92(y) < 0. Since

n—y—D*""9() - —y)* '0ay) <0

M (y) n—y ol

< o) (n—y—l)
—el(n=27) +(y =1 2]+ =y —D@*=2) (n—y—l)““
—a[(n -2y +1D)+ @y —-1-2%4+n—y)2%¥ —2) n—y

. 2-2% 4 ><1_ 1 )1‘“
n=—y)2-24+a)+ (1 —-y)(a—a- 2% n—y

1 1 l—a
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Note that the inequality % > 0 holds for @ € (—1,0) and y > 1; one
can check that

1 1 -«
1— — > 1— > (1 - > ,
(n—y) + S n—y n—y

fora € (—1,0)and y > 1.So the function x’(y) is always negative ifa € (—1, 0) and
y > 1, which implies that if « € (—1, 0), the function x () monotonically decreases

fory > 1.

Note that y < % and du3 > 2, then we have k(y) > « (n,d;2+2) and

[(n=2y+ D+ -D-2°- [n—y =D = =p)*]-(n—y - D*
— [(dy, = D = (d,)*] - [(dv, — D) + (dv;)“T+ (dv, — D

> [(d - %) - (dvz + %)] . (dvz S 2a>

1 o
+ [(dvy)” = (dv, = D]~ (dy, +2% = D) + (dy, — D* — (dvz - 5)

1\ 1\
= ”(dvz - 5) - (dvz + 5) } —[(dy, — D* — (dvz)a]} (dy, +2% = 1)
1\ 1\ 1\
+ 201 [(dv2 - 5) - <dv2 + 5) } + (dy, — D* — <d,,2 - 5) )

Consider functions ¥ (z) = z% and ¢2(z) = ¥2(z — 1) — ¥ (z) = (z — D* — z*.
Note that ¥}(z) = az®~! < 0 and ¥ (z) = a(a — 1)z%2 > 0. Suppose that
o < 0 and there exist zo > z1 > 1, then we obtain

$2(22) — P2(21) = P3(62)(z2 — 21)
=3 — 1) — ¥y (E)(z2 — 21)
= -y () (z2 —z1) <0,

where 1 < z1 <& <zand0 < & — 1 < g < &. Thus, if @ < 0, ¢po(z) is a
monotonically decreasing function for z € (1, 00). One can see that for any d,, > 2
anda € (—1,0), p2(dy, +3) — $2(dy, +1) > 0, Y2(dy, — 3) = Y2(dy, +3) > O and
Yo (dy, — 1) —¥2(dy, — %) > 0. Obviously, ifd,, > 2 and @ € (—1, 0), the inequality
{[(dv, — 5)* — (dy, + %)"‘] — [(dv, — D¥ = (d,)*1} (dy, + 2% — 1) +2*7"[(dy, —
D% = (dy, + D+ (dy, — D% = (dy, — $)* > 0 holds, i.e., Ry(T) > h(n, y, ).

Case 2 Suppose that y(T_1) = y(T) — 1. Obviously, there exists a minimum
dominating set D(T') such that v3 € D(T') and d,,, = 2. Then,

Ra(T) = Ra(T-1) = (dvy)” + (2 - dyy)® +2°
>n—1-2(/—D+1]-(a—1—y+D*+(y —2)-2*
n—1—y+D"+ (-2 2%
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- (dv3)a + (2dv3)a + 20(
=h(n,y,e)+ 0 —y)* —[2-(n— )" = (dp)" + (2 dyy)".

Itis easy to see that (n — y)* —[2(n — y)]* — (dy;)* + 2dy;)* = 0if dyy > n—y.
However, this only happens when d,,; = n — y which implies that T € 75.

If dy; < n—y —1, we denote N(v3) = {v2, v4, wy, wo, ..., deS_z}. By the
above investigations, we suppose that w; (i = 1,2, ..., d,, — 2) is a pendent vertex
or a support vertex with degree 2. Besides, if v4 is a pendent vertex or a support
vertex with degree 2, we can conclude that 7' € 7;. Without loss of generality, we let
dy, =dy, == dw,] = 1anddwl1+1 =...=d =2,wherel| +I = d,, —2.
Then, we discuss the following two cases.

Case 2.1/; > 2. Wetake T_1 = T — {w}, implying y(T—1) = y(T). Note that

—(dpat1+D) . _ .
y—Q+Db)< W,l.e., y < %, we obtain

Wi+

Ro(T) = Ry (T—1) — (dypy; — D¥ - [(du)* + (L1 = D) + (2 + 1) - 2°T+ (dyy)”
[dy)* + 1+ (4 1) - 27]
>m=2y)-m—y =D+ -D-2"-n—y-D*+(y - 1)-2%
—[(dy; — D* — (dy))*]- [(dp)* + 11 + (b + 1) - 2%] + (dy; — D?
=h(n,y,0)+n—=2y+14+@ -2 [(n—y—1*
=) -m—y -1
—[(dvy = D* = (dp)*]- [l1 + (2 +2) - 2°] 4+ (dy, — D*

There exists/ > Osuchthatn = [142l,+5+(,thenwehave y < w =
hL+3+ % By the above consideration, we get

n=2y+14+@x—-D-21[n—y =D —(m—p)*]—(n—y -1
—[(dvy; — D* = (dp)*1- [l + (2 +2) - 2%] 4+ (dyp, — D*

l l @ I\“
2| (2w g) 2] (e 5o1) - () ]
l o
— dv3+5—1

—[(dyy = D* = (do)*] - [l1 + (2 +2) - 2°] + (dyy — D*

L\ e a L) Ay
[ (e 5) ez (5 -1) - (ar5) |
l o
—(dv3+§—1>

—[dyy - 2% + (1 =291 - [(dy; — D* = (dyp)*]+ (dyy — D*.
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Next, we consider the function r(z) = 2%+ (1 —=2%)1]-[(z— D* —z%]— (z — D*.
If (1 —2%); <2 'zand a € (—1, 0), we have

’ 2¢ o o a—1 a—1 a—1
r(z)=(—a)-{—g~[(z—1) -]+ GE@=D"" = [(z=D"" ="}
2% - (2% - 1)11]}

20[ o o a—1 a—1 a—1
= (—a)- —;'[(Z—l) -+ @-D" —[-D" =]

@]

=(—a)- <3 ety %) 2% —(z— DT+ (1 =3-2"H(z - 1)“_1}

26(
= (~a) - (3 207 4 ;) [Y2(2) = 2z = D]+ (1 =3-2971)
1 Yz —1)
o 2%
Suppose that z > 2 and o € (—%, 0), we consider the following inequality:

ot 2% 1-3.2071
(3 2070+ —) [¥2(2) = Y2z = DI+ ————¥c - D >0

o
V2(2) = Y2z -1
Yy(z —1)

41}(3-2“_1+2—>~1ﬁ£(z—1)-
o

1—-3.2071
+TW2(Z—1)>O

Y2(2) — Y2z — 1) - 3.2071 1
Yz —1) 3o - 201 4 pa”

_ V@=Yoz=D) _  *=(E=D*
Let 1(2) = =2~ = et

a—1 1 o 1
(ﬁ) +;“<L> — 5 > 0, then we get

o z—1

z a—1 1 —a 7 o 1
+ ——>0
z—1 o z—1 o
z a—1 7 o
sa — +d-a)——) —-1<0
z—1 z—1

1—«
sat+(l-a)— <=
z—1 z—1

1\ 1
1) — (11— > 1.

z—1

Consider the inequality #'(z) =
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Let p(s) = (1 + )% — (1 — a)s, where s € (0, 1]and « € (—%, 0). Since p/(s) =
(1—a)[(1+5)™@ —1] > 0fors € (0, 1] and p'(0) = 0, we have p(s) > p(0) = 1

1—«a
for s € (0, 1], which implies that the inequality <1 + Z_%) — (1 - oz)Z_L1 > 1

holds for z > 2.

Based on the above discussion, one can see that #(z) is a monotonically increasing
2%—1 32071

function for z > 2 if o € (—%, 0). We calclulate that 1(2) = =— > PR TENET for
anyo € (— % 0) (the function % - ﬁ%;;a is depicted in Fig. 12a), what implies

that 7'(z) > Oforany z > 2 and @ € (—%, 0). If [ = 0, one can check that T € 75.
Moreover, d,, + % >dyy, > +2 > 11(21_“ — 2) with [ > 0, and thus, we get
r(dy, + §) > r(d,,), which implies that

=2y +1+( =D 2 [n—y =D —(n =)= (n—y - D"
> [(dy; — D* = (dy)*]- [l + (2 +2) - 2°] + (dvy; — D

It is easy to conclude that Ry (T) > h(n, y, «) fora € (—% O).
Case2.2[) <1.LetT_» =T — {v1, vy}, then we have

Ra(T) = Ra(T-2) — [(dyy — D = (du;)?] - [(duy)* + 1+ (dy; — 3) -2°]
(2 dyy)* +27
>Sh—2-20—=D+1]-m—=2—y+ D%+ (y —2)-2¢
m=2—y+ DY+ (y—2)-2%
— [y = D* = (@)1 (o) + 1+ (duy — 3) - 277 + (2 diy)* +2°
=h(.y.0)+[n =2y + 1+ =121 [(n =y = D* = (1 = y)°]
—2% (n—y — 1)
— [y = D = (dy)*]- [1 4 (duy = 2) - 2°T 4 (2 dyy)*

Note that y < 7 for any graph, we get

=2y +1+@—-D- 2 [n—y-D*—(n—=y)*1-2"-(n—y - D"
(1) 6 -G () -
)] G ) ()

Consider functions ¥3(z) = 2% -z + 1 —2%) - z% and ¢3(z) = ¥3(z) — Y3(z + 1),
then we calculate that ¥(z) = [(«@ + 1)2% - z + (1 —2%)] - z* ' and ¥} (z) =
2920 [( 4+ 1D2% - 24+ (@ — (1 = 29)].

Suppose that o« € (—%, 0) and z > 0. Since (=) —2%)

(a+1)2%

o € (—Z, 0) (see Fig. 12b), it can be checked that if z > 3 > %, the
inequality (o + 1)2% - z 4+ a(1 — 2%) > 0 holds, implying wé (z) > 0 and w_é/(z) <0

foroa € (—%, 0) and z > 3.

< 3 holds for every
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80 T T T T T T T 3

460

420

)

{10

10.5
~-60
. . . . . . . . . -0 . . . . . . o
1 09 -08 -07 -06 -05 -04 -03 -02 -01 0 0.65 0.55 0.45 035  -0.25 015  -0.05
« «
2—1 3271 (1—a)(1-2%)
(a) « 3a-20— 1420 (b) T (at2®
0.04 T 0.06
I
I
0.035 ! 0.05
|
I
003 } a = —0.5696 0.04
0.025 |
| 0.03
I
0.02 }
| 0.02
0.015 i
| 0.01
0.01 |
I
0.005 I/ 0
I
A s s s s L s 0 1 s s s L s 001
-0.65 -0.55 -0.45 -0.35 -0.25 -0.15 -0.05 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0
@
(€) 3(3) — ¢3(2) (d) ¢3(2) — ¢3(1)

Fig. 12 The four functions of & in Theorem 3.2

Suppose that o € (—2, 0) and there exist zp > z; > 3, we obtain

$3(22) — ¢3(21) = P5(E3)(z2 — z1)
=—[Y3(&+ 1) — ¥3E3)](z2 — 21)
= —y3i(m)(z2 —z1) > 0,

where 3 < 71 < & < zp and 3 < & < 13 < & + 1. In addition, we calculate that
¢3(3) —p3(2) =469 +2-3%—-3.8%—2.4% — 2% > O for o € [—0.65,0) and
»Q2) —P3(1) =244 =201 _2.6% —3% — 1 > 0 fora € [—0.5696, 0) (see
Fig. 12c, d). Based on the above discussions, we conclude that ¢3(z) is a monotonically
increasing function if @ € [—0.5696, 0). Then, we get ¢3(% —1) > ¢3(dy; — 1) for
n > 2d,,. The equality holds if and only if n = 2d,,,, which implies that T € 75. On
the whole, the equality in (3.1) holds for every tree in 75, and if T ¢ 75, the inequality
(3.1) is strict.

This completes the proof. O
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T g

(a) The tree 73(7,3) with Ro(T) = (b) The tree T'(7,3) with
h(7,3,a) =2 (8% +4% +2%). Ro(T) =946 +3 3“ + 2%,

Fig. 13 Two non-isomorphic 7-vertex trees with domination number 3

4 Conclusions

The extremal problem of the general Randi¢ index of trees in terms of domination
number is investigated in this paper. For any n-vertex tree 7 with domination number
y, we show that Ry (T) < f(n, y,a) ifa € [-0.5287,0) and R, (T) > h(n, y, ) if
a € [—0.5696, 0). In each case, extremal graphs are also characterized.

For P4 and Ps, it can be calculated that Ry (Py) > f(4,2,«) and R, (Ps5) >
f(5,2,a)ifa < —1. Moreover, we construct a 7-vertex tree with domination number
3, written as 7'(7, 3) (depicted in Fig. 13b), and show that R, (T’ (7, 3)) = 9% + 6% +
3.3%42% < h(7,3,a) if o < —1.3568. By observing the above simple examples,
it can easily see that only when « is in a small interval, Theorems 2.3 and 3.2 hold.

The two ranges of the parameter « obtained in this paper may not be very accurate,
and two lower bounds on « (o] and «) are quite near — 5 L Ttis hoped that in the future,
one can discover new approaches to establish more extremal properties of the general
Randi¢ index and provide a more exact range of the parameter « about this issue.

Acknowledgements The authors would like to express their sincere gratitude to all the referees for their
careful reading and insightful suggestions.
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