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Abstract

In this paper, we study a class of Finsler metrics called Finsler warped product metrics.
We prove that every Finsler warped product metric is of isotropic E-curvature if and
only if it is of isotropic S-curvature. Moreover, we prove that if the metric is of Douglas
type and has isotropic S-curvature, then it must be Randers metric or Berwald metric.
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1 Introduction

Finsler geometry is just Riemannian geometry without the quadratic restriction on
its metrics [6]. For a Finsler metric F = F(u, v), its geodesics curves are given by
the system of differential equations ¢4 + 2G4 (c, ¢) = 0, where the local functions
G* = G*(u, v) are called the spray coefficients. F is called a Berwald metric if G*
are quadraticin v € T, M forany u € M.
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Z. Shen, while studying volume comparison in Riemann—Finsler geometry, intro-
duced the S-curvature, which is one of the most important non-Riemannian quantities
in Finsler geometry, [20]. A Finsler metric F is said to be of isotropic S-curvature if

S=m+ Dxw)F,

for some scalar function x = « (u).

The Randers metric, which is the solution of Zermelo’s navigation problem [1],
has the form F = « + 8, where « is a Riemannian metric and 8 is a 1-form with
l1Blle < 1. In [3], X. Cheng and Z. Shen investigated Randers metrics of scalar
flag curvature and isotropic S-curvature. For more research on Finsler metrics with
S-curvature and isotropic S-curvature, one can see [21,22,26].

The E-curvature is another the most important non-Riemannian quantity which has
the following relation with the S-curvature [4]:

1
EAB = ESUAUB.

Moreover, F is of isotropic E-curvature if there is a scalar function x = « () on an
n-dimensional manifold M such that

F~'h,

where £ is the angular metric defined by hap := FFya,s. It has been known that
if a Finsler metric F' is of isotropic S-curvature, then it is an isotropic E-curvature.
However, the converse is not true in general. Recently, many authors have studied this
problem for some special Finsler metrics [5,8,12,17,22].

In this paper, we mainly study warped product metrics which have been introduced
by Chen—-Shen—Zhao using the concept of the warped product structure on an n-
dimensional manifold M := I x M, where I is an interval of R and M is an (n —
1)-dimensional manifold equipped with a Riemannian metric, [7]. The Finsler warped
product metric F can be expressed in the following form:

1
Flu, v) = &, §)¢ (ul, U—> (1
o(u, v)

where u = (u!, 1), v = v! 337 + ¥ and ¢ is a suitable function defined on a domain

of R2. According to [7, Lemma 3.1], this class of Finsler metrics includes spherically
symmetric Finsler metrics.
Below are three important examples:

(1) Funk warped product Let B" denote the unit open ball in R”. The metric

VIV = (xPIy? = (x, 9)2) + (x, )

F =
1 —|x|?

. yeLB"=R",

@ Springer



On Finsler Warped Product Metrics with Special Curvatures... 975

is a Randers metric, called the Funk metric on B". Its warped product form can be
expressed in the following

s24+7r2(0 = r?) +sr

F=d. ;

1—r

where r = u!
sn=L

(2) Berwald warped product Define

1 .. . . .
,8 = 5—+ and o is the standard Euclidean metric on the unit sphere

2
[V = PP = (32 + (., )]
A= P2V = (kPP = (0D

where y € T \B" = R", [24]. We call F the Berwald’s metric. Its warped product
form is

2
[ s24+r2(1—r3) + rs]

(=2 /524 72(1—2)

(3) Bryant warped product Denote

F=d,

2 2
A =[1yPeost + (xPlyP = (x, D]+ (yPsing)
B = |yl cos6 + (Ix*[y|* — (x, y)?),
C = (x, y)sin0,
D = |x|* 4+ 2|x[>cos6 + 1.

For an angle 6 with 0 < 6 < m, the Bryant’s metric is defined by

VA+B c* ¢

F= — 4+=
o o to

)

on the whole region R”. Putting

_ 2 2
A= (r2~|—s2)0056’+r4] ~|—[(r2+s2)sin9] ,
B = (r2 +s2)c059 +r4,

C =rssinb,

D =r*+2r%cosh + 1,
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the warped product form is

vA+B C* C
—_+ =
2D D D

™

Il

Q¢
+

In[7], B. Chen, Z. Shen, and L. Zhao have obtained the formula of the flag curvature
and Ricci curvature of Finsler warped product metrics and characterized these metrics
to be Einstein. H. Liu and X. Mo have gave a local characterization of the metrics with
vanishing Douglas curvature [14]. Then, H. Liu, X. Mo, and H. Zhang have found
equations that characterize the metrics of constant flag curvature and have constructed
explicitly many new warped product Douglas metrics of constant Ricci [15]. In [10],
M. Gabrani, B. Rezaei, and E.S. Sevim have obtained a differential equation which
characterizes a Finsler warped product metric with isotropic E-curvature. Moreover,
they have characterized the Landsberg Finsler warped product metrics [11]. For more
progress on the warped and doubly warped product structure in Finsler geometry, see
[2,13,18,19,25].

Throughout this paper, our index conventions are as follows:

1<A<B<...<n, 2<i<j<...<n.

. 1 .
Theorem 1 Let F = a¢(r,s),r = u',s = % be a warped product metric. Then, F
is of isotropic S-curvature if and only if it is of isotropic E-curvature.

It is known that any spherically symmetric metric is a Finsler warped product metric,
[7]. One of the examples of Finsler warped product metrics is given as follows, [16]:

F(u,v) =ay |:\/(r2 + 52 f(r) +k2r2 f(r)2s2 + krf(r)s] ,

1 .o . . .
wherer = u!, s = &’—+ and & is the standard Euclidean metric on the unit sphere §” .

One can be easily seen that the metric has isotropic S-curvature, S = (n + 1)cF, with

Kk 2f()+rf ()

T2 F ) where k is a constant. Hence, the example satisfies Theorem 1.

Cc =

Theorem2 Let F = a¢(r, s) be a Douglas warped product metric, where r = u'

1 . . .
and s = UE If F has isotropic S-curvature with respect to the volume form dV, then
either

1. F is a Randers warped product (Riemann warped product included), or
2. F is a Berwald warped product which can be formulated by

F =aY[s2 0], )
where T is any differentiable function.
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It is known that if F is Riemannian or Berwaldian, then F is a Douglas metric and
has a vanishing S-curvature. Also, if the Randers warped product metrics satisfy (32)
and (33), then it is obviously seen that it is a Douglas metric of isotropic S-curvature
with respect to the volume form dV'.

Corollary 1 Let F = a¢(r,s) be a Douglas Finsler warped product metric, where

r=u'ands = % If F has vanishing S-curvature with respect to the volume form
dV, then F must be Berwaldian.

2 Preliminaries

Let G4 be the geodesic coefficients of a Finsler metric F on an n-dimensional manifold
M, which are defined by

1
GA = ZgAB{[FZ]uch V€ — [F?),s},

AB) —

where gag(u, v) = [ F?] 4,5 and (g (gap)~".

Lemma 1 The spray coefficients GA of a warped product metric F = a¢(r, s) are
given by [7]

G'= o&%, G = G +wal, ©)
where [l = '(’Y—[ and
b = Sz(wra)xs*wxwrs)*zw(wrfswrs)
- 2Qwwss —w?) ’
“4)
_ S(wros—wswr5)tosor
V= 2Qwwss —w?) ’
where w = ¢*. @ and W can be rewritten as follows:
D =5V + A, 5
w30 Oy (6)
2 @
where
A= M (7
2¢SS

The Berwald curvature B = B4, .du® ® du” @ duf ® % of a Finsler metric
F is defined by

3
A .0 G4
CDE ™ 5uCovPvE"
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F is called a Berwald metric if B = 0. Furthermore, F is said to be of isotropic
Berwald curvature if its Berwald curvature BCA pg satisfies

BA g = t(u)(Fye 8% + Fye e 8 4 Fupyed’s + Fyoyp ev?),

where 7(u) is a scalar function. H. Liu and X. Mo have characterized the Finsler
warped product metrics to be Berwaldian. They have obtained the following lemma:

Lemma2 [14] Let F = a¢(r,s) be a warped product metric, where r = u' and
s = 't;—l Then, F is a Berwald metric if and only if

@ =a(r)s>+br), ¥ =c@r)s, 8)

where a = a(r), b = b(r) and c = c(r) are differentiable functions and @ and ¥ are
defined in (4).

Substituting (5) into (8), we obtain
A =m(r)s® +b(r), ¥ =c(r)s,

where m(r) = a(r) — c(r).
The E-curvature E = E pdu® ® du® of F is defined by

1 92 aG¢
EAB . ( ) (9)

T 2904908 \ 90C

Moreover, F is said to have isotropic E-curvature if there is a scalar function k = « ()
on M such that

1
E= E(n+1)KF—1h, (10)

where £ is a family of bilinear forms h, = h Apdu? ® du®, which are defined by
hap := FF,a,5.
The well-known non-Riemannian quantity, S-curvature, is given by

d
S, v) = lr(c®), ¢(@)] li=o,

where c(¢) is the geodesic with ¢(0) = u and ¢(0) = v, [20]. According to the given
definition, S-curvature measures the rate of change of the distortion on (7, M, F,,) in
the direction v € T, M. For Berwald metrics, the S-curvature is zero, [21]. In local
coordinates, the S-curvature is defined by

3G¢ 9
=5,C Y au—c[lnasﬂ], (11
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where dVr = opu)du' A -+ A du” is the Busemann—Hausdorff volume form. A
Finsler metric is of isotropic S-curvature given by

S=m+ 1)cF, (12)

where ¢ = c¢(u) is a scalar function on M.
Moreover,

D = Djp pdx? @ dx€ ® dx?

is atensor on T M \ {0} which is called the Douglas tensor, where

DA 93 oA 1 aG¢ , a3)
= - v ).
BCD dvBavCovP n+1 9v€

A Finsler metric F is called Douglas metric if D = 0. For a Berwald metrics, the
spray coefficients G# are quadratic in y. It follows that D = 0, (13). The Berwald
metrics are Douglas metric. H. Liu and X. Mo have proved that a warped product
Finsler metric F' = &¢(r, s) is of Douglas type if and only if

O —s¥ = E(r)s® +1(r),

where & = £(r) and n = n(r) are two differential functions, [14].

3 S-Curvature of Finsler Warped Product Metrics

In this section, we study the S-curvature and isotropic S-curvature of the warped
product metrics:

The concept of the S-curvature in Finsler manifold can be determined by the volume
form dV = o (u)du. Hence, in a local coordinate (uA, vA), the Busemann—Hausdorff
volume form dVpy = oppy (u)du given as follows:

Vol(B"(1))
Vol{(vd) e R" : F (u, UAL) < 1}’

dul

opH(U) =

where Vol denotes the Euclidean volume and B” (1) is a unit ball in R”.
For a warped product metric, we have the following lemma:
Lemma3 Let F = ap(r,s),r = u',s = 'jx—l be a warped product metric on an

n-dimensional manifold M = I x M. Then, the Busemann—Hausdorff volume form
dVpy on M is obtained as follows:

dVpy = h(r)dVy, (14)

@ Springer
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where

Iy sin” 2 (t)dt

h
(r)= T4,

(15)
r 1/ oo¢”(rs)

and

dVy = r"logdv!'dv? ... dv", oy = /det(d;)). (16)

Proof Note that

oo 1 g
/ —  _du= / sin" 2 (1)dt,
—o0 (1 +u?)2 0

where u = tan t. Thus,

o0 1 1 T
/ cds = — / sin” 2 (¢)dr.
—o0 (r2+s2)2 "= Jo

Let
a=+(hH?+ra?, (17)

where @ = /Y7, (%)%, Here, we have considered the special coordinate system

at (r, ﬁ) € M such that the Riemannian metric « is expressed in the form (17),
V=" 3r+2 U 55 ,,and

=avs?+r2, (18)

where s = %. Consider a warped product metric F = a¢(r,s),r =u',s = % . The
Busemann—Hausdorff volume form dVzy = o (r, it) dv! dv? ... dv" is given by

iy = VOB )
o= TN o1@2)

3

where

—

a

9:{(v‘,52,...,5")em<"|&¢<U ,r) <1}
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and Vol (22) = [, dv'dd?---di". Let 2" := {(s, 2, ..., ") € R" | ap(s,r) < 1}.
Define

2 —e

y .
(s,0") — (v ,0"),

by
vl = sa,
vi=
Then,
vOz(:z)Z/ dv'dp? ... dv"
2
9
=f fv. dsdi? - - di"
2 |0(s,v")
=/ & dsdv?- .- dv”.
Ql
Note that
of [« s%l
as, vy \0 & )"
Thus,
af y
n = .
a(s, V')

2" is a family of disks. For each —00 < s < 00, ¥' is controlled by & < 3

1
(r,s)°
Let Dy := {(¥,...9") e R"" ! < m}. Then,

Vol(2) = / & dsdv? .- do"
_Q/

o0
=/ U &dﬁzmdﬁ"}ds
_ Dy

[} R 1
= /_00/0 [/Snz(t)tdA]dtds (Where R = ¢(r,s))

[} R
= f / " Vol(S"72(1))dr dA
—00 J0

@ Springer
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o) Rn I
= / —Vol(S"=(1))ds

00 N
/00 Vol(S"2(1))
= — s

—oo N P(r,s)
Vol (S~ 2(1))/

oo¢(r s)

By (18), it follows that

Vol(S"2(1
Vol(2) = 0( ( ))/ ds
(s? +r2)2
Vol(§"%(1)) 1 i
_ Yols" ") 1[ sin" 2 (r)dt.
n "=t Jo
Then,
Vol (B"(1
av, = Mdvld,ﬂ din
Vol (£2)
= VolB (D) dv'di? .- dir".
Vol(S"=2(1)) [, sin"~2(1)dt
Note that

Vol(B" (1))

1
/ Vol(S" ' (1))dt
0

lvOl(s"—l(l))
n

1 /n sin” " 2(1)dr. Vol (S"2(1)).
0

n
Then, dV, = r*~'dv'dv? - - - dv". Go back to F = &¢ (r, s), we obtain

Vol(B"(1))
Vol (£2)
_ Vol(B"(1)n 1
~ Vol(S"2 (1) [

_ Iy sin”~2(r)dt

dVgy = dv'dv? ... dv"

dv'dy? ... dv"

[ee) ¢"(r s) 7o ds

dv'd? ... dv"
00 1
f—oo ¢"(r,s)ds
o sin"2(1)dt
= — ) 1
r' 1ffoo ¢"(r,s)ds
= h(r)dV,.

dVy

@ Springer



On Finsler Warped Product Metrics with Special Curvatures... 983

In the above formula, dVj, is given in a special coordinate system. Thus for a general
base, we have

dV, = r"lozdv'do? - - - dv".

Now, we prove the following propositions:

Proposition 1 Let F = a¢(r,s),r = u',s = %1 be a warped product metric. Then,

the S-curvature of F with respect to the volume form dV is given by

S=a[(n+ DY + Ay +s¢g(r)], (19)

where g(r) := — J;((rr)) and ¥ and A are defined by (6) and (7), respectively.

Proof By (3), we have
aG! aG™  IG™

W = CPS&, avm = W + (}’llp _SWS)&. (20)

By Lemma 3, dV = h(r)o,du = r”_lh(r)a&du = f(r)ogzdu. Thus we have

vAiA [Inou)] = vli [In f(r) +Inog] + vmi [In £(r) + Inog]
du ar u™
G N T
= sa o) + v e (Inoy). 21
Plugging (20) and (21) into (11) yields
S=u« |:d>s + (n¥ — s¥;) — s%} . (22)
By (5), it is easy to see that (22) is equivalent to (19). O

Proposition2 Let F = a¢(r,s),r =u',s = %1 be a warped product metric. Then,

F is of isotropic S-curvature if and only if

(n+ DY + As +58(r) = (n+ e, (23)

_ — _fo

where ¢ = c(u) and g(r) == — GR
Proof By (12) and (19), we complete the proof. O

By using (6) and (7), one can see that (23) is equivalent to the following equation

¢(¢ - S¢S)r¢xss + [(n + 1)¢S‘ (¢ - S‘Ps)r + S‘p(prss] ¢ss
+ [0+ D59, — 206 + 258078 ] 92, =00.
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4 E-Curvature of Warped Product Metrics

In this section, we characterize warped product metrics with isotropic E-curvature.
Throughout this section and the next section, we always assume that the dimension is
greater than two.

The following identities are obvious for a warped product metric F = a¢ (r, s):

Gy =0, sy=41, sy =—2 & =20, LJ"=1, (24)

where [ 1= @,;.

The E-curvature of a warped product Finsler metric is computed in [10], and it is
given at below:

E =EABdMA X du®
=Endu' @ du' + Eyjdu' @ du/ + Ejdu’ @ du' + Ejjdu’ @ du/,  (25)

where

g [0 3G1+8 9G™\

1= 2 | svlao! \ au! avltavl \ gum ) |
1
= _5[ [(n — 2)Wss — W55 + Diss]

2
g 1[0 (3G N CIGAY
V= 2 [ avtawi \ vl ) T avlavi \avm ) |

S -
= _2., [(n — 2)Wss _Slpsss'f“psss]ljv
o

g L[ 0 8G1+8 IG"\1
1= 2 Laviau! vt avigvl \ dvm ) |

s v
= Z [(n —2)Ws — sWsgs + Dygs] i,

17 9 aG! 9 3G™\ T
Eij = | T —] + . i
2 [ dviov/ \ dv av'dv/ \ dv™ /|

1 oo
= ﬁ {52 [(n — 2)Wss — sWss + ¢sss]lilj

+ [n(l]/ —s¥) + szl[/” + &, — Sd)ss:l ilij} s

where fz,-j = &(Z[)vj.
We have characterized the warped product Finsler metrics of isotropic E-curvature
by the following proposition, [10]:

Proposition 3 The warped product metric F = a¢(r, s) is of isotropic E-curvature
if and only if
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(n+ D —s¥) + Ay —sAg = (n+ Di(d — s¢), (26)

where ¥ and A are defined by (6) and (7), respectively, and k = k(u) is a scalar
function on M.

5 Proof of Main Theorems
Proofof Theorem 1 Let F = a¢(r,s),r = ul, s = 1;_1 be a warped product metric.

Suppose that F is of isotropic S-curvature. That is, (23) holds. Differentiating (23)
with respect to the variable s, we have

n+ DY + Ags + g(r) = (n + Dcgs. (27)
(23)- s x (27) yields (26). Hence, F is of isotropic E-curvature.
_Conversely, suppose that F' is of isotropic E-curvature. Then, (26) holds. Let ¥ =
s¥, Ay = sAg, and ¢ = s¢. Then, we have
W —sW, = =52, Ay —sAg = —s Ay, (28)
and
¢ —s¢s = —570;. (29)
Plugging (28) and (29) into (26), we obtain (for s # 0)
(n+ D + Ags — (n + Digy = 0. (30)
Integrating (30) with respect to s yields
n+D¥ +A;—(n+ Dk +y@r)=0,
where y (r) is an integration constant. Thus,
m+D¥ +A;— m+ Do +sy@) =0.

Take «(u) = c(u), y(r) = g(r), we obtain (23). Therefore, F is of isotropic S-
curvature. O

To prove Theorem 2, we first prove the following proposition:

Proposition 4 Let F = ¢ (r, s) be a Finsler warped product metric, where r = u'

1
and s = = If F is a Douglas metric and has isotropic E-curvature, then either

1. F is a Randers warped product (Riemann warped product included), or
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986 M. Gabrani et al.

2. F is a Berwald warped product which can be formulated by
F = ar[setV E0d], 31)

where T is any differentiable function.
To prove Proposition 4, we need the following lemma:

Lemma4 [11]Let F = a¢(r, s) be a Douglas warped product metric, where r = u'

and s = %. Then, F has isotropic E-curvature if and only if
¥ = k(u)p + sd(r), (32)
A= £+ (). (33)

where ¥ and A are defined by (6) and (7), respectively.
Proof Let F = a¢(r, s) be a Douglas Finsler warped product metric with isotropic
E-curvature. By [14, Lemma 3.3] and (5), F has vanishing Douglas curvature if and
only if
A=E)s* + (). (34)
By Proposition 3, F is of isotropic E-curvature if and only if
(n+ D —sW) + Ay — sAg, = (n+ D (¢ — sépy). (35)
Plugging (34) into (35), we get
U — sW; = k(¢ — soy). (36)
Thus, there exists a C*° function d = d(r) such that

VU =k¢+sd(r). 37

Conversely, suppose that (34) and (37) hold. By (34) and (37), (35) holds. Hence,
we obtain that F is a Douglas metric with isotropic E-curvature. O

Proof of Proposition 4 Suppose that (32) and (33) hold. Using (6) and (32), it yields

s s
2% ¢

A = k¢ +sd(r).

Plugging (33) into the above equation, it yields
20E(r)s® + 1D 1gs — s¢r + 25d(r)¢ + 26> = 0. (38)
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Differentiating (38) with respect to the variable s, we get

2AE(r)s® 4+ ()]s — S¢rs — b +2d(1)P + 25[26(r) + d(r)I¢hs
+4xpgps = 0. (39)

On the other hand, by (7) and (33), we have

£(r)s? + () = %. (40)
From (40), it follows that
20E(r)s> + n(r)1dss — s¢rs + ¢ = 0. (41)
By (39)—(41), we have
S[26(r) + d(1)]gs — ¢y + d(1)P + 2k pgps = 0. (42)
By (42) xs—(38), it follows that
[d(r)s® + 2s¢ — 20 ()]s = d(r)sd + 2k °. (43)

Hence, (43) can be written as follows:

s o]0

(1) Ifds? — 2n # 0, then the solution of (44) is given by [9, Theorem 4.2]

b= 2ks + /(4k2 + od(r))s? — on(r)
. )

It follows that

_ 2kv! + /(42 + od(r)) (w12 — on(r)a?

o

F (45)

We define the metric a = /(4k2 + od(r))(v))? — on(r)&%/o and 1-form B =

1 - . . .
2"7” on M := I x M. Therefore, F is a Randers warped product metric. In this
case, when k = 0, then the metric F in (45) becomes a Riemannian warped product
metric.

(2) If ds> — 2n = 0 and « # 0, then integrating the equation (44) concludes that
4 < : ) +1(r)=0
ks | — r) =0,
¢
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988 M. Gabrani et al.

where 7(r) is a positive smooth function. We omit this, since the corresponding
warped product metric is a singular Kropina metric.
(3) Ifds? — 2n = 0 and « = 0, note that ¢ > 0 and s # 0. By (43), we have
d(r) =0, d(r)s*>—2n@)=0. (46)

By (46), it follows that

d@r)=0, n@)=0. (47)
Plugging (47) into (42), it yields

2s&(r)¢s — ¢ = 0. (48)

In this case, we only solve (48). The characteristic equation of (48) is

dr  ds

-1 25&(r)’
which is equivalent to

S 2k)

—=— r).

dr g

Hence, the solution of (48) is
¢ = T[Sze‘*(fé(r)dr)],
where 7 (.) is a differentiable function [23, Lemma 4.1]. O
Proof of Theorem 2 Theorem 1 and Proposition 4 yield the proof of Theorem 2. O
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