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Abstract

In this paper, we classify all isolated, completely isolated, and (left/right) convex
subsemigroups of C,, the semigroup of all order-preserving and decreasing transfor-
mations on X,, = {1, ..., n} under its natural order. Moreover, we find the rank of
each convex subsemigroup of C,,.

Keywords Order-preserving/decreasing transformation - Rank - Nilpotent
subsemigroups - Isolated subsemigroups

Mathematics Subject Classification 20M20

1 Introduction

For an arbitrary set X, the set 7x of all transformations of X, that is of all maps
from X to itself, is a semigroup under composition, and called the full transformation
semigroup on X. If X = X,, = {1, ..., n} with its natural order, then 7 is denoted
by 7,,. A transformation « € 7}, is called order-preserving if x < y implies xa < y«
for all x, y € X,, and decreasing (increasing) if xa < x (xa > x) forall x € X,,.
The subsemigroup of all order-preserving transformations in 7, are denoted by O,
and the subsemigroup of all order-decreasing (order-increasing) transformations in
7, is denoted by D,, (D;"). The subsemigroup of all order-preserving and decreasing
(increasing) transformations in 7, is denoted by C, (C,;)), i.e.,Cy, = O, N D, (C;/ =
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O, N D,f). In [14, Corollary 2.7.], Umar proved that D, and D,f are isomorphic, and
it is also well-known that C, and C, are isomorphic semigroups (for example, see
Remarks on [8, page 290]).

For any transformation o € 7,,, the kernel, the image, the fix, and the shift of « are
defined, respectively, by

ker() = {(x,y) : xa = ya forall x, y € X}, im(x) = {xa:x € X},
fix (@) = {x € X, : xa = x}, and shift (@) = {x € X, : xa # x}.

The set of all idempotent elements of S is denoted by E(S), that is, E(S) = {e €
S | €2 = e). Forany a € 7,, it is clear that « is an idempotent if and only if
fix (0) = im («). The set of all nilpotent elements of a semigroup S with zero 0O is
denoted by N(S), thatis, N(S) = {a € S | ak = 0 for some k € N}. It is a known
fact that a finite semigroup S with zero is nilpotent, S = {0} for a positive integer
m, if and only if the unique idempotent of S is the zero element (see, for example [5,
Proposition 8.1.2]). It is clear that

(12---n + (12---n
8‘(11...1) and ¢ _<nnn)
are the zero elements of C,, and C,‘," , respectively. As shown in [10, Lemma 1.4.], an

element « of C, is nilpotent if and only if fix () = {1}. As on [4, page 241], for any
a € C,, we can use the following tabular form:

A -+ A,

a= (00, 0
where im (o) = {l = a; < --- < a,}, and a,-o{_1 = A; foreach 1 < i < r. Thus,
{A1,..., A} is an ordered convex partition of X,,, thatis x < y for all x € A; and
y € Ajy1 where 1 <i <r —1,and moreover, each A; (1 <i < r)is aconvex subset
of X, provided that for all x,y € A;, x < z < y implies z € A; (for example, see
[1,2,8]). As proved in [11, Theorem 2.1], |C,| = |C,}| = Cp, n-th Catalan number
(see, for example [6]). For this reason, C, is also called the Catalan monoid on X,

under its natural order.
For a non-empty subset A of a semigroup S, the subsemigroup generated by A, the
smallest subsemigroup of S containing A, is denoted by (A ). If there exists a finite

subset A of S such that § = (A ), then S is called a finitely generated semigroup. The
rank of a finitely generated semigroup S is defined by

rank (§) = min{ |A]| : (A) = S},
where |A| denotes the cardinality of A. An element s of a semigroup S is called
indecomposable, if s # xy for all x,y € S, that is, if s € S\ S>. An element s of

a semigroup S is called irreducible provided that the condition s = xy forx,y € §
implies s = x or s = y. It is clear that every generating set of S must contain all
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indecomposable and irreducible elements of S. Thus, if A is a non-empty finite set
which consists of irreducible elements and S = (A), then A is the minimum generating
set of S, and so rank (S) = |A].

A semigroup S is called a band if S = E(S). If S is a commutative band, then § is
called a semilattice. For any non-empty set X, let SLy be the set of all subsets of X.
With the multiplication in SLy defined by A - B = AN B, SLx is a semilattice: it
is called the free semilattice on X. Notice that SLx can be defined to be the set of all
subsets of X with the multiplication A- B = AU B, which is more common definition
of the free semilattice on X, but the first definition is more useful for this research. If we
considerthemap ¢ : (SLx,N) — (SLx, U) definedby Ap = X\ A, then we see that
these two definitions of the free semilattice on X are equivalent up to the isomorphism.
If X is a finite set with n elements, then we suppose that X = X,, = {1, ..., n}, and
we denote the free semilattice on X, by SL, instead of SLyx, . (For other terms in
semigroup theory, we refer to [7].)

A proper subsemigroup of a semigroup S is called maximal if it is not contained
any other proper subsemigroup of S, and it is called the maximum subsemigroup if it
is unique. A subsemigroup 7" of a semigroup S is called

e isolated provided that for all x € S, the condition x" € T for some n € N implies
xeT;

completely isolated provided that, for all x,y € S, xy € T implies x € T or
yeT;

right convex provided that, for all x, y € S, xy € T implies y € T}

left convex provided that, for all x, y € S, xy € T implies x € T}

e convex provided that, forall x,y € S,xy € T impliesx e Tandy € T.

It is clear from the definitions that every completely isolated subsemigroup is isolated
that every left (right) convex subsemigroup is completely isolated, and that every
convex subsemigroup is both left and right convex. Moreover, any left (right) convex
subsemigroup of a monoid S must contain the identity of S. We refer the readers to [3—
5] for details and more properties on these subsemigroups. The (completely) isolated
and (left/right) convex subsemigroups of some special semigroups have been stud-
ied by several authors, (for examples, see [12,13]). In [12], all (completely) isolated
and (left/right) convex subsemigroups of 7, are classified. In [13], all (completely)
isolated and (left/right) convex subsemigroups of ZS,, all injective partial transforma-
tions in X, are classified. As we have recently focused in C,, (see [9,15,16]), we are
concerned with the classification of all (completely) isolated and (left/right) convex
subsemigroups of C;,.
Given ¢ € E(C,), it is known that

Ch(C)={a e, :a™ = ¢ for some m € N}

is a subsemigroup of C,, with zero element ¢ (see [16, Proposition 2]). In the second

section, we firstly show that for any ¢ € E(C,), C,(¢) is the unique isolated nilpotent

subsemigroup of C,, with zero element ¢{. Then, we show that a subsemigroup 7' of

Cpisisolated ifand only if T = |J C,(¢) andsl(T) = {fix(¢) : ¢ € E(T)}is
CeE(T)
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a subsemigroup of the free semilattice SL,. For any isolated subsemigroup 7 of C,,
we prove that T is completely isolated if and only if sl (T') is a completely isolated
subsemigroup of SL,(1) = {Y : 1 € Y C X,}, which is clearly isomorphic to
SLy_1. In the third section, for a (completely isolated) subsemigroup 7' of C,, we
prove that T is convex if and only if 7 = C,[Y] = {@ € C, : Y C fix (v)}, where

Y = () fix(¢). Finally, we find the cardinality and the minimum generating set
CeE(T)
of C,[Y1], and so we conclude that rank (C,[Y]) =n — |Y |+ 1.

2 Completely Isolated Subsemigroups of C,
Let ¢ be any idempotent element of a semigroup S and let
S(¢)={a e S:a™ =¢ forsome m € N}.

The following lemma, which was proved in [5, Lemma 5.3.4], is very useful to classify
all isolated subsemigroups of C,.

Lemma 2.1 Let S be a semigroup, and let T be a subsemigroup of S.

(i) If T is isolated, then S(¢) € T, forall ¢ € E(T).
(ii) If T is isolated, and if S is finite, then T = | J S(¢). O
CeE(T)

For any ¢ € E(C,), it follows from [16, Proposition 2] that
Ch(¢) ={ax €Cy:a™ = ¢ for some m € N}

is a subsemigroup of C, with zero element ¢. Furthermore, if 7 is a nilpotent sub-
semigroup of C, with zero ¢, then it is clear that T is a subset of C,(¢), and so
Cn () is the maximum nilpotent subsemigroup of C, with zero element ¢. Notice that
Cn,(e) = N(Cy), where ¢ = <i T

The following proposition from [16] plays a major role throughout this paper.

Proposition 2.2 Let ¢ be any idempotent, and let o be any element of Cy,. Then, a €
Cn () if and only if fix (@) = fix (¢). O

It is known that for any «, 8 € D,, fix (@f) = fix (@) N fix (B) (for example, see
[10, Lemma 1.1]), and so we are able state the following technical proposition, which
also plays an important role throughout in our paper.

Proposition 2.3 (i) Forany o, B € C,, fix (af) = fix (@) N fix (B).
(ii) For any a € Cy, and for any k € N, fix (%) = fix ().

Proof (i) Since C,, is a subsemigroup of D,,, it is an immediate consequence of Lemma
1.1 from [10].
(ii) The result follows from (i) by induction on k. ]
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Notice that Proposition 2.3 is not valid for all transformations in 7. Next, we have
the following result:

Theorem 2.4 Forany¢ € E(C,), Cy(C) is the unique isolated nilpotent subsemigroup
of C,, with zero element ¢.

Proof We have just noticed that C,,(¢) is the maximal nilpotent subsemigroup of C,,
with the zero element. Let fix () = {l =a; <ax < --- < ap}. Givena € C, and
k € N, suppose that oX € C,(¢). Then, it follows from Propositions 2.2 and 2.3 (ii)
that fix (@) = fix( @) ={l =a) <ap < -+ < ap}, and so a € Cy(¢). Therefore,
C,(2) is isolated.

Let T be any isolated nilpotent subsemigroup of C,, with zero element ¢. Since T
is nilpotent, E(T') = {¢}, and so it follows from Lemma 2.1 (ii) that T = C,(¢), as
required. O

The following example shows that the union of isolated subsemigroups does not
need to be even a semigroup.

Example 2.5 Let ¢ = (1 23 4) and H = < 23 4) , which are two idempotents

1114 1222
of C4. Then, C4(¢1) and C4(&2) are two isolated subsemigoups of Cy4, but {1¢ =
1234). .
(1 11 2) is not in C4(Z1) U C4(£2). O

To complete the classification of isolated subsemigroups of C,,, we state and prove
the following lemma:

Lemma 2.6 Let T be an isolated subsemigroup of C,,.

(i) For any idempotent element ¢ of T, C,(¢) is a subsemigroup of T.
(ii) If &1 and & are two idempotents elements of T, then there exists an idempotent
element &3 of T such that fix (§1) N fix (&) = ix (§3).

Proof (i) It is an immediate consequence of the concerning definitions.

(ii) For any ¢1, & € E(T), let {142 = «. Since T is a finite subsemigroup, there
exists a positive integer k such that o* is an idempotent element of 7', that is there
exist a positive integer k and an idempotent {3 € E(T) such that of = 3. Therefore,
it follows from Proposition 2.3 that

fix (£1) N fix (£2) = fix (£122) = fix (@) = fix (@) = fix (£3).

as wanted. O

Notice that for any non-empty subset Y of X,,, there are many idempotents in 7,
whose fix setis Y. Notice also that, for every « in C,, we have 1 € fix («). However, for
Y C X, which contains 1, there is a unique idempotent ¢ in C, such that fix (¢) =Y.

Namely, if ¥ = {1 = a; <a2<-~-<ar}§Xn,then§:<All 22.”2r)where
5 e ay
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A ={aj,a;i+1,...,ai+1 — 1}, withl <i <r —1and A, = {a,,a + 1,...,n}.
Moreover, it is clear that the subset of X,

sL(Cp) = {fix (§) : ¢ € ECD}={Y S X, : 1 €Y}

is a subsemigroup of SL,,. Furthermore, forn > 2, sl (C,) and S£,,_| are isomorphic
semigroups. Now, we state and prove one of our main results: it presents a complete
description of all isolated proper subsemigroups of Cj,.

Theorem 2.7 Let T be a non-empty subset of C,,. If E(T') is not empty, then T is an
isolated subsemigroup of C, if and only if the following two conditions are satisfied:

(@) T= U Cu()and
¢eE(T)
(b) sI(T) = {fix(¢) : ¢ € E(T)} is a subsemigroup of the free semilattice SL,,.

Proof (=) Since Cy, is finite, it follows from Lemma 2.1 (ii) that T = |J C, ().
CeE(T)
For any ¢y, ¢ € E(T), it follows from Lemma 2.6 (i7) that there exists an idempotent
element ¢3 of T such that fix (¢1) Nfix (¢2) = fix (£3), and so sl (T') is a subsemigroup
of SL,.
(<) For a non-empty subset T of C,, suppose that E(7T) is not empty, T =

U Cu(¢), and that sl(T) = {fix(¢) : ¢ € E(T)} is a subsemigroup of SL,.
CeE(T)
For o, B € T, there exist two idempotents {1, {» € E(T) such that « € C,(¢;) and
B € C,(&). From Proposition 2.2, we have fix («) = fix (1) and fix (8) = fix ({&2).
Then, it follows from Proposition 2.3 (i) that

fix (B) = fix (&) N fix (B) = fix (£1) N fix (£2).

Let ¢3 be the unique idempotent in C, with fix (¢3) = fix (¢1) N fix (£2). It follows
from (b) and (a) that fix (£3) € s1(T) and C,(¢3) € T. Since fix (a¢fB) = fix (¢3), it
follows Proposition 2.2 that 8 € C,(¢3). Therefore, T is a subsemigroup, and from
Theorem 2.4, is clearly isolated, as required. O

For a subsemigroup T of C,, notice that if 7 = {1,}, where 1,, denotes the identity
element of C,, then, since 1, is irreducible, T = {1,} is isolated. If 1, € T # {1,},
then it is clear that 7 is isolated exactly when T \ {1,} is an isolated subsemigroup of
Cn.

Now, we focus on completely isolated subsemigroups of C,,. The following example
shows that for any non-identity ¢ € E(C,), C,(¢) is not a completely isolated, and so
is not, in general, (right/left) convex subsemigroup of Cj,.

12345

Example 2.8 Let ¢ = <1 1333

) , which is an idempotent element of Cs. If we

dor two transforma b (12345) . (12345
consider two transrormations, namely o« = 11345 an ,3 = 12334)
12345

then we have o8 = (11334

) . It follows from Proposition 2.2 that & € Cs5(¢).
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However, neither o nor g are in Cs(¢). Therefore, C5(¢) is not completely isolated,
and so not (left/right) convex. O

The following lemma is given in [5, Exercise 5.3.1] which is an immediate conse-
quence of the considered definitions.

Lemma 2.9 A proper subsemigroup T C S is completely isolated if and only if its
complement T = S\ T is a subsemigroup. In particular, if T is completely isolated,
then T is completely isolated as well. O

Since the permutation group S, and the singular transformation semigroup Sing,, =
T, \ S, are both subsemigroups of 7,,, it follows from Lemma 2.9 that both S, and
Sing,, are completely isolated subsemigroups of 7,,. Moreover, since C, \ {1,} and
{1,} are both subsemigroups of C,, similarly, both C,, \ {1,} and {1, } are completely
isolated. It is also clear that a subsemigroup 7 # {1,} of C, with 1, is completely
isolated if and only if 7'\ {1,,} is completely isolated. Furthermore, if T is a completely
isolated subsemigroup of C,, then since every completely isolated subsemigroup is
isolated, it follows from Theorem 2.7 (b) that s1(T) = {fix(¢) : ¢ € E(T)}isa
subsemigroup of SL,. For n > 2, we define the set

csl(T)={Y:1eYCX,, Y ¢&sl(T)},
sothatsl (T)Ncsl (T) =W and sl (T)Ucsl(T) = SL, (1), where
SL,(1)={Y:1eY CX,}

Itis clear that S£, (1) is a subsemigroup of S£,, and isomorphic to S£,,—1. Since com-
pletely isolated subsemigroups are isolated, we consider only isolated subsemigroups
in the following theorem:

Theorem 2.10 For any isolated subsemigroup T of C,, T is completely isolated if and
only if sl (T') is a completely isolated subsemigroup of SL,(1).

Proof First of all, since 1 € fix («), for every @ € T, it follows from Theorem 2.7 (b)
that sl (T') is a subsemigroup of SL,,(1).

(=) Suppose that 7' is completely isolated, and that, for Yy, Y, € SL, (1), Y1NY, €
sl(T). Let ¢, ¢ and ¢3 be the idempotent elements in C, such that Y1 = fix (¢y),
Y> = fix ({&2) and Y1 N Y2 = fix (&3), respectively. Since Y1 N Y2 = fix (§3) € sl (T),
it follows from the uniqueness of ¢3 that {3 € T, and so from Lemma 2.6 (i), C,(£3)
is a subsemigroup of 7. From Proposition 2.3 (i), since we have

fix (¢142) = fix (&) Nfix (§) = Y1 N Y2 = fix (£3),

it follows from Proposition 2.2 that ¢1¢> € C,(¢3), and so 1¢ € T. Since T is
completely isolated, {1 € T or & € T, and so ¢y € E(T) or &, € E(T). Thus,
Y1 €sl(T) or Y € sI(T), as required.

(<) Suppose that sl (7') is completely isolated, and that, for &, 8 € C,, a8 €
T. As above, let ¢1, {» and &3 be the elements in C, such that fix (@) = fix (1),
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fix (B) = fix (&2) and fix («¢B) = fix (£3), respectively. From Proposition 2.2, we have
a € Cu(21), B € Cy(&2) and @B € Cy(£3), and so since ¢ € T, it follows from
Proposition 2.3 (ii) that ¢3 € T. From Proposition 2.3 (i), since we have

fix (£3) = fix (¢f) = fix (@) Nfix (B) = fix ({1) Nfix (&2) € sl(T),

and since sl (T') is completely isolated, it follows that fix (¢1) or fix (&) is in sl (T),
and so ¢; or & is in T. Then, since « € C,(¢1) and B € C,(&2), it follows from
Lemma 2.6 (i) that o or B is an element of T, as required. O

Forn > 2, let Y be a subset of X,, containing 1. Then, we consider the sets:

ColY]={ael,:Y Cfix(w)} and
CalY1={a €Cp,: Y \fix(a) £0)}.

First recall that if & € C,, then 1 € fix (). Then, it is clear that C,l{1}] = Cy is
isolated, and that C,,[{1}] = @. Moreover, C,[X,] = {1,} and C,,[X,,] = C, \ {1, } are
both completely isolated. Now, we state and prove a less trivial result:

Lemma 2.11 For every proper subset Y # {1} of X,, containing 1, C,[Y] and E,,[Y]
are both completely isolated subsemigroups of C,.

Proof Given «, B € C,, it follows from Proposition 2.3 (i) that for every i € Y,
i € fix (ap) if and only if i € fix (@) and i € fix (8), and so C,[Y] is a subsemigroup
of C,,. Similarly, since

Y\ fix (@f) =Y\ (fix () Nfix (B)) = (¥ \ fix () U (Y \ fix (8)),

it follows that C,[Y]is a subsemigroup of C,,. Now, the result follows from Lemma 2.9.
[m}

In the above proof, it is also shown that C,[Y1is an ideal of C,,.

Proposition 2.12 [f T is a completely isolated subsemigroup of Cp, then T is a sub-

semigroup of Cy[Y] where Y = [ fix (¢).
¢eE(T)

Proof For o € T, it follows from Theorem 2.7 (a) and Proposition 2.2 that there exists
¢ € E(T) such that o € C,(¢) and fix (o) = fix (¢). Thus, ¥ C fix (@), and so
o € CylY]. O

In general, itisnotthe casethat 7 isC,[Y]where Y = (] fix (¢). To demonstrate

CeE(T)
this fact, we give the following counter-example:

T— 1234 1234 1234
- 1222)°\1223)°\1233)/]|"

Example 2.13 Let
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It is easy to check that T is a subsemigroup of C4, and moreover, sl(T) =
{{1,2},{1,2,3}} and csl(T) = {{1},{1,3}, {1, 4} {1,2,4},{1,3,4}, {1, 2,3, 4}}
which are both subsemigroups of SL£4(1). Therefore, it follows from Lemma 2.9

and Theorem 2.10 that T is completely isolated. However, < } ; 3 j) e C4[{1, 2}1,

and so C4[{1,2}] #T. O

In the next section, we characterize all situations where the example does not occur.

3 Convex Subsemigroups of C,

Next, we focus on (left/right) convex subsemigroups of C,,. Since every (left/right) con-
vex subsemigroup is completely isolated, in this section, we only consider completely
isolated subsemigroups of C,.

Lemma 3.1 For any completely isolated subsemigroup T of Cy,, T is left (right) convex
if and only if sl (T) is a left (right) convex subsemigroup of SL,(1).

Proof The proofs are similar to the proof of Theorem 2.10. O

Since SL, (1) is acommutative semigroup, a subsemigroup of SL, (1) is left convex
if and only if it is right convex, and so from Lemma 3.1, a subsemigroup of C, is
left if and only if it is right convex. Therefore, it is enough to classify only convex
subsemigroups of C,,. Moreover, if T is a convex subsemigroup of C,, then since for
anyaeT, l,a=al,=aeT, 1, € T.Fromnow on, we consider only completely
isolated subsemigroups of C, with identity.

Theorem 3.2 Let T be a (completely isolated) subsemigroup of C, with identity. Then,

T is convex if and only if T = Cy[Y] where Y = () fix (¢).
CeE(T)

-
Proof Let E(T) ={¢1,...,¢ ). Y = () fix (&), and let ¢, be the unique idempotent

i=
with fix (¢,) = Y. Since ¢ --- ¢ € T, it follows from Proposition 2.3 (i) and (ii),
and Theorem 2.7 (a) that fix ({1 --- ) = Y, and that £, € T. Moreover, since every
completely isolated subsemigroup is isolated, it follows from Lemma 2.6 (i) that
Cn(¢,) is a subsemigroup of 7.

(=) Suppose that T is a convex subsemigroup of C,. Given @ € C,[Y], since
fix (a¢,) = fix (a) Nfix (¢,) = fix(¢,) = Y, it follows from Proposition 2.2 and
Theorem 2.7 (a) that ¢, € C,(¢,), and so @, € T. From convexity of 7', we have
a € T,and so C,[Y] C T. It follows from Proposition 2.12 that T = C,[Y].

(«=) First of all, from Lemma 2.11, T' = C,[Y] is completely isolated. For «, 8 €
Cp, suppose that af € C,[Y]. Since Y C fix (@B), it follows from Proposition 2.3
(i) that Y C fix («) and Y C fix (8), and so both @ and 8 are elements of C,[Y], as
required. O

For every proper subset Y # {1} of X, containing 1, we know from Lemma 2.11
that both C,,[Y] and C,,[Y] are completely isolated. From Theorem 3.2, we know also
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672 E. Korkmaz and H. Ayik

that C,[Y] is convex. However, C,[Y] is not convex in general. To illustrate this fact,
we give the following counter example:

Example 3.3 Letn =4 and Y = {I1, 2}. Then,
SL4(1) = {1}, {1, 2}, {1, 3}, {1,4}, {1, 2,3}, {1,2,4}, {1, 3,4}, {1, 2, 3, 4}},

and so a € Cu[{1,2}] if and only if fix (@) € {{1}, {1, 3}, {1, 4]}, {1,3,4}}. If we

consider two elements 8 = <1 23 4) and y = (1 234

1233 1 134 ) then we see that By =

1133
54[{1, 2}], and so 54[{1, 2}] is not convex. O

yB = < 123 4), which is an element of 54[{1, 2}]. However, 8 is not an element of

Moreover, from Lemma 2.11, Theorems 2.7 and 3.2 , we have the following imme-
diate result:

Corollary 3.4 A subsemigroup T of SL,, is convex if and only if
T =1{YeSLy,:Yr CY)}

where Yr = (| Y, that is, Yt is the zero of T. O
YeT

For every proper subset ¥ == {1} of X, containing 1, suppose that E(C,[Y]) =
{¢1, ¢, ..., ¢} Then, it is clear from Lemma 2.1 (ii) that C,[Y] is the union of its
disjoint subsemigroups C,(¢1), -..,Cn(gr). Foreach 1 <i < r,letfix (g) = {1 =
aj,1 <ajp <---<ajp} Then, foreach 1 <i < r,itfollows from [16, Theorem 3]

pi
that |C, (&) = [] Ck j—1 (recall that C,, is n-th Catalan number), and so we have
j=1

r pi
Cal¥1 =Y [T Cr
i=1 \j=I

where kj = a; jy1 —aj jforl < j < pi—Tlandky =n—ajp +1.
Forall 1 <i <n — 1, we consider the transformations

£ = 1--vii+1i4+2---n
T\l -evi 0 i+2-en )
which are idempotent elements of C,. It is known that {&], &, ..., &,—1} is the mini-

mum generating set for Cy, \ {1,}, and so rank (C, \ {1,}) =n — 1 forn > 2 (see [5,
Theorem 14.4.5]).

Lemma 3.5 For every proper subset Y # {1} of X,, containing 1, C,[Y] is generated
bytheset{& :i+1€ X, \Y}U({l,}.
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Proof If |Y| = n — 1, then it is clear that C,[Y] = {§;} U {1} forsome 1 <i <n—1,
and so the result is clear. Suppose that2 < |Y| <n—2 (andthatn > 4).Let A = {§; :
i+ 1€ X, \Y}. Then, we show that A is a generating set for C,[Y] by induction on
the cardinality of shift. First of all, if « € C,[Y]\ {1,,}, then 1 < |shift (®)| <n— Y],
and moreover, if [shift («)] = 1, then it is clear that « € A. Now, we suppose that
[shift ()] > 2. Let i be the maximum element of shift («), and let i« = j. Hence,
we have the inequalities 1 < j < i — 1, and (j + 1) < j. Then, consider the
transformation ¢; defined by
xw:{xa if x<i—1
! x  otherwise

Then, it is clear that «; € C,[Y] and |shift (;)| = |shift ()] — 1. Moreover, since
J+1...i—1lieX,\Y,wehave& 1,§ >,...,& € Aand

a=qa§ 185-2---§,

as required. O

-
From the above proof, if shift («) = {x] < xp < --- < x,}andifk = Y (x; —x;a),
i=1
then we also have o € Ak, that is, & can be written as a product of £ many elements
of A.

123456789
111255588

_ (123456789,
“=\111255589)°%8

Example 3.6 If « = < ) € Co[{1, 5}], then we have

123456789
(111255789>&%&

= £15661835285668583,

and 2 —20) + 3 —-3a)+ @4 —4a)+ (6 —6a) + (7 —Ta) + (9 — 9a) = 9, as
claimed. O

Theorem 3.7 For any subset Y of X, containing 1, the set of idempotents {&; : i +1 €
X \ Y} U {1,} is the minimum generating set of C,[Y], and so if |Y| = m, then
rank (C,[Y]) =n—m + 1.

Proof If Y = {1}, then C,[{1}] = C,, as indicated above, {&, &, ...,&,—1} U {1,}
is the minimum generating set of C,[{1}]. If Y = X,,, then C,[X,,] = {1,}, and so
{1,} is the minimum generating set of C,[X,]. Since &, &, ..., &,—1 and 1, are all
irreducible elements of C,, the result follows Lemma 3.5. O
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For every subset Y of X,,, since the convex subsemigroup
SLplYI=1{Z:Y CZC Xy}

of SL, plays a crucial role to classify convex subsemigroups of C,, we should give
the next result:

Theorem 3.8 For any subset Y of X,, the set {X, \ {i} : i € X, \ Y} U{X,} is
the minimum generating set of SL,[Y], and so if |Y| = m, then rank (SL,[Y]) =
n—m+ 1.

Proof If Y = X,,, then SL,[X,] = {X,,}, and so {X,,} is the minimum generating set
of SL,[X,]. IfY C Z ; X, then one can easily prove that

Z= () Xa\li}.

ieX,\Z

Therefore, the set { X, \ {i} : i € X,,\ Y}U{X,}, which contains irreducible elements,
is the minimum generating set of SL,[Y]. O
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