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Abstract

In this article, some Bohr-type inequalities with one parameter or involving convex
combination for bounded analytic functions of Schwarz functions are established.
Some previous inequalities are generalized. All the results are sharp.
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1 Introduction

Let B denote the class of analytic functions f defined on the open unit disk D := {z €
C : |z] < 1} such that | f(z)| < 1 for z € D. The Bohr’s theorem states that if f € B
and f(z) = Y oo axz, then

o0
D lanllzl® <1 for |zl=r<1/3, (1.1)

n=0
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the constant 1 /3 is sharp and the above inequality is called the classical Bohr inequality.
Bohr originally established inequality (1.1) only for » < 1/6 in 1914 [16]. Later, the
value 1/3 was obtained independently by Riesz, Schur and Wiener. There are many
articles that have shown the constant 1/3 cannot be improved (see [29,31]).

For background information related to Bohr’s phenomenon, we refer to the recent
surveys by Ali et al. [8], Bénéteau et al. [10], Ismagilov et al. [21], Kayumova et al.
[27] and the references therein. In particular, [11] includes the Bohr phenomenon
on the subordination classes of concave univalent functions, [12] discusses some
Bohr inequalities for logarithmic power series, and [13] initiates a study of the Bohr
radius problem for derivatives of analytic functions. Some harmonic versions of Bohr’s
inequality were discussed in [18,24,26]. In recent years, many results related to Bohr’s
theorem are obtained in the setting of several complex variables. Boas and Khavinson
[15] obtained some multidimensional generalizations of Bohr’s theorem, and Aizen-
berg [5] extended it for further studies. For more information about Bohr inequality
and related investigations, we refer to the recent articles [7,15,23].

It is worth pointing out that the Bohr radius has been discussed for certain power
series in D, as well as for analytic functions from ID into other domains, such as convex
domains [1,6], concave wedge domains [4], the punctured unit disk [3] and the exterior
of the closed unit disk [2].

In order to state our main results, we recall the following several Bohr-type inequal-
ities.

Theorem 1.1 [22] Suppose that f(z) = Z,fio apz* is analyticin D and | f(z)| < 1 in
D. Then

F@I+ Y lallzlF <1 for |zg=r<v5-2

k=1

and the radius +/5 — 2 cannot be improved. Moreover,

[OSHI

o
F@P+ ) lallzl* <1 for |zl =r <
k=1

and the radius % cannot be improved.

Theorem 1.2 [28] Suppose that f(z) = Z,‘ZOZO akzk is analyticin D and | f(z)| < 1 in
D. Then

o
FOI+ D laxllzl* <1 for lzl=r<v2-1

k=1
and the radius /2 — 1 cannot be improved.

In [28], combining Theorem 2.5 and Remark 2.7, we get the following theorem.
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Theorem 1.3 [28] Suppose that f(z) = Y ;o apz¥ is analyticinD and | f (z)| < 1in
D. For s € N, then

o0
F@I+ Y lawllzl* <1 for |zl =r <R,
k=1

where R; is positive root of the equation ¢;(r) = 0, ¢5(r) = Pt 4305 4+ — 1. The
radius Ry is the best possible.

Theorem 1.4 [28] Suppose that f(z) = Y ;o apz¥ is analyticinD and | f(z)| < 1in
D. Then

IF@I+ 1 @Izl + Y lagllzl* < 1 for 1o =r< Y1172

k=2

ﬁ

and the radius IZ_3 cannot be improved.

In this paper, let B,, = {w € B: w(0) = --- = 0™ D (0) = 0, »"™ (0) # 0} and
B,={weB:w0) =-- =™ 10)=0,w"™(0) # 0} be the classes of Schwarz
functions, where m, n € N = {1, 2, - - - }. Our aims of this article are to generalize the
above theorems and establish some new Bohr-type inequalities with one parameter or
involving convex combination for bounded analytic functions of Schwarz functions.

2 Some Lemmas

In order to establish our main results, we need the following some lemmas which will
play the key role in proving the main results of this paper.

Lemma 2.1 (Schwarz-Pick lemma) Let ¢ (z) be analytic in the open unit disk D and
|¢(2)| < 1. Then

9D — @@ _ |z =2l
1—¢GDP(E)| ~ 11 -Fizl

for z1,22 €D,

and equality holds for distinct 71, zo € D if and only if ¢ is a Mobius transformation.
In particular,

1— ¢ (2)?

/
9" ()] = =2 for zeD,

and equality holds for some z € D if and only if ¢ is a Mobius transformation.

Lemma 2.2 ([19]) Suppose f(z) is analytic in the open unit disk D and | f (z)| < 1.
If f(2) = 302 g anz", then |ay| < 1 — |ag|? foralln € N.
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578 X.Huetal.
Lemma 2.3 For0 < x < xo < 1, it holds that

d(x)=x+A0 — x2) < ®(xg) whenever 0 <A <1/2, 2.1
and similarly,

Y(x) = X2+ Al — xz) < W(xg) whenever 0 <A <1. 2.2)

The proof is simple, we omit it.

3 Main Results

In Theorem 3.1, we give a kind of convex combination form for refined classical Bohr

inequality as follows.

Theorem 3.1 Suppose that f € B, f(2) = Y ;oo arz*, a := |ag| and w € B, for

m € N. Then fort € [0, 1), we have

Hf @)+ 0 =0 lallo@ <1

k=0

for |z| =r < Rt m, where

VI for 1 ef0, HUG, D,

1 3
’\"/; for t=1.

The radius R; , is the best possible.

3.1

Proof According to the assumption, f € B, a := |ag| and w € B,,, by the Schwarz

lemma and the Schwarz-Pick lemma, respectively, we obtain

lz| +a
w ()| < |z, )| <
lw(2)] < |z [ f ()] I+ al]

for z € D. It follows that

m
0@ +a _ r"+a

< , = 1.
| flw)] =  Falo@)] = T+arm lzl =r <

Using inequality (3.2) and Lemma 2.2, we have

Hf @@+ =0 larllo@[

k=0
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(G a1 — a?)—
—_— —1ta - —a
1+ arm

= Ap(a,r,t).

r

1—rm

Now, we need to show that A,,(a,r,t) < 1 holds for r < R, ,,. It is equivalent to
show A(a, r,t) <0, where

Aa,r,t) =[An(a,r,t) — 110 +ar™ (A —r™)
= —r?™"(1 = na’ + [—r?" (1 — 1)]a?
A =™+ A= 0r™a — "+ 2" — 1L

Obviously,

dAa,r, 1
% =321 = a® — 27" (1 — a + (1 — r™)? + (1 — )r2™
a

:=B(a,r,t).

Observe that B(a, r, t) is a continuous and decreasing function of a € [0, 1) for fixed
t €[0,1) and r € (0, 1). Then we have B(a,r,t) > B(l,r,t) = (4t — 3)r?" —
2r™ 4+ 1. Next, we divide it into two cases to discuss.

Case 1. 1f t € [0, 3)(J(3, 1), then we have B(a,r,t) > B(1,r,1) > 0 forr <

mf1=2/1— m[ 1=2/1—t

3 ! where 47— is the unique root in (0, 1) of the equation (47 — 3)r2m—
2r™ +1 = 0. It follows that the A(a, r, t) is an increasing function of a fora € [0, 1).

Thus, A(a, r,1) < A(L,r, 1) = 0 forr < /12070

4z
Case 2. If t = %, then we have B(a,r,t) > B(l,r,t) = —2r™ + 1 > 0 for

r < ’{/g Thus, A(a,r,t) < A(1,r,t) =0forr < %
Next we show the radius R; ,, is sharp. For a € [0, 1), let

a+z
1+az

=a+(1-a)) (- 'k zeD. (33)
k=1

w(@) =", f@=

Taking z = r, then the left side of inequality (3.1) reduces to

atr” + A =0a+ (-0 -a? rm
—ta — —a .
14+ arm™ 1 —arm

34

HEE™I+ A =0 farlr™ =1

k=0

Now we just need to show that if » > R; ,,, then there exists an a, such that the right
side of (3.4) is greater than 1. That is
(1 — )21 = a* — (2t — Dr*™ —r™ya +r"™ — 1] > 0. (3.5)
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580 X.Huetal.

Let
Cla,r, 1) =2r"(1 — )a® — (21 — D)r¥" —rMya+r" — 1.

Then we have

dC(a,r,t)

5 =4r*"(1 —tha — 2t — Dr*" + ™"
a

:=D(a,r,t).

Observe that D(a, r, t) is a continuous and increasing function of a € [0, 1) for each
fixedt € [0, 1) and r € (0, 1). Then we have

D(a,r,t) > D@O,r, 1) = (1 =20r" ++" >0
for any ¢ € [0, 1) and r € (0, 1). It means that
Cla,r,t) <C,r, 1) =GB —40)r +2/™ — 1= —B(1,r,1).
Furthermore, the monotonicity of B(1, r, t) leads thatifr > R, ,,,then B(1,r,t) < O.

Namely, if r > R; ,, then C(1,r,t) > 0. Hence, by the continuity of C(a, r, t), we
have

lim C(a,r,t)=C(,r,t) > 0.

a—1—

Therefore, if r > R; ,,, then there exists ana € [0, 1), such that inequality (3.5) holds.
This proves the sharpness and proof of Theorem 3.1 is complete. O

Remark 3.1 1. If w(z) = z, then Theorem 3.1 reduces to Theorem 3.1 of [32].
2. fw(z) = z,t = 0, then Theorem 3.1 reduces to the classical Bohr inequality.

Theorem 3.2 Suppose that f € B, f(z) = Z,fio arz, a = |ag| and wy, € B, wy €
B, for m, n € N. Then for A € (0, 00), we have
o0
|f@n@)]+ 1Y lallon@)F <1 (3.6)
k=1
for |z| =1 < Ry mn, where Ry is the unique root in (0, 1) of the equation
@r = D" L 2 -1 =0
and the radius Ry p p is the best possible. Moreover,
o0
|f@n @)+ 2 lallon@)F < 1 (3.7)
k=1
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Sfor |zl =1 < Rax m.n, where Ra j . is the unique root in (0, 1) of the equation
= Dr2m 7 L 20 e o+ D" 4+ —1=0

and the radius R2 j m n is the best possible.

Proof Firstly, we consider the first part. By the Schwarz lemma and the Schwarz-Pick
lemma, respectively, we obtain

r'4a

lon ()| < |2|",  lon(2)] < 12I", and | f(on(2)] < 1 —, (3.8)
+ ar
for z € D. Then by Lemma 2.2, we obtain
S m n
& a—+r A
Iﬂ@A@N+AZ;mHWAOISl+mm+kﬂ—a)1_w
=Apala,r,A).

We just need to show that A,, ,(a,r,A) < 1holds for r < Ry ;. That is to prove
A(a,r, ) <0, where

Ala,r,2) = (a+r™ (1 —r") + a1 —a>)r" (1 +ar™) — (1 +ar™)(1 —r")
(A = a)[r" " aa® + A+ r™Mya + r — P
(L= a)[r™h + AL+ ™) 4 " — P ]

(1 —a)[2x — Dr™™ £ 20" + 7™ 47" —1].

A

Obviously, it is enough to show that (24 — 1)r™*" + 247" + ™ + 7" — 1 < 0 holds
forr < Ry m.n-Let g(r) = QA — D)r™™" 4 207" + ™ 4 ¢ — 1, then we have

g(r) = m+n)2r— Dr" = L 2na" ! 4 ™ 4 !
= 2m 4+ A" ™ A = ) "N = )+ 2p0 !
> 0.

We conclude that g(r) is an increasing function of r € (0, 1) for fixed 1 € (0, 00).

Meanwhile, we observe that g(0) = —1 < 0 and g(1) = 4A > 0. Then there is a

unique root R ,,, » € (0, 1) suchthat g(r) = 0. Hence, g(r) < Oholdsforr < Ry ;5.
To show that the radius Ry ,, , is the best possible. For a € [0, 1), let

o (2) = Zm’ wp(z) = 7" and
a—+z

F@= 1+az

=a+(1—-a’)) ()" ' zeD. (3.9)
k=1
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582 X.Huetal.

Taking z = r, then the left side of inequality (3.6) reduces to

o0
a +rn1 rn
|£O™I+ 1) laglr™ = M1 —a?)

P 14+ arm 1 —ar®

(3.10)

Now we just need to show thatif r > R; ,, ,, then there exists ana € [0, 1), such that
the right side of (3.10) is greater than 1. That is

A=) +r'DA+ ™)+ A = r™a+r"A+r™ — 1) > 0. (3.11)
Let
B(a,r,}) = " xa® + r"[A(1 4+ ™) + (1 —r"™)a + A+ ™ — 1.

Obviously, B(a, r, A) is a continuous and increasing function of a € [0, 1) for each
fixed A € (0, 00)andr € (0, 1).Then B(a,r,A) < B(1,r,A) = CrA—=Dr" " +21+
Dr*++™ —1 = g(r) for A € (0, 00) and r € (0, 1). Meanwhile, the monotonicity
of g(r) leads to that if » > Ry ,, », then B(1,r, A) > 0. Hence, by the continuity of
B(a,r, 1), ifr > Ry ;.n, We have

lim B(a,r,)) = B(,r,A) > 0.

a—1—
Therefore, if r > Rj .5, then there exists an a, such that inequality (3.11) holds.

Next, we prove the second part. As in the previous case, by (3.8) and Lemma 2.2,
it follows easily that

ri’l

1=

a—+r"
14+ arm

o 2
|f@n @)+ larllon(2)* < ( ) +r(1—a®) (3.12)
k=1

We know above inequality (3.12) is smaller than orequal to 1 forr < Rj ; ., provided
As(a,r,A) <0, where
As(a,r,2) =(1 — a2 aa® 4+ 27 ha — P2 L 4 PP — 1

<(1 —a®)[(h — Dr*™™ 420 4+ (A + D' 4 72" = 1].
It is sufficient for us to prove (A — D)r?™ " 4 2™ 4 4+ Dr* +r2" -1 <0
holds for 7 < Ry . Letk(r) = (b — Dr2m 4 2™+ 4 (L + D" 472" — 1,
then we obtain

K (r) =@m +n)(x — Dr2™ 1 4 2(m 4 nyarm !

+n+ D" 4 2mp2n !
:(2m + n)kr2m+n71 + nrni] (1 _ r2m)

+ 2mr? N = ) 4 2(m + n)arm !

@ Springer
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+mr > 0.

Obviously, k(r) is an increasing function of » € (0, 1) for fixed L € (0, c0). And

we also have k(0) = —1 < 0 and k(1) = 4A > 0. Then there is a unique root
R> 3. .m.n € (0, 1) such that k(r) = 0. Hence, k(r) < 0 holds forr < R ) m.n-

The sharpness part follows similarly. Thus the proof of Theorem 3.2 is complete.

O

In Theorem 3.2, setting w,,(z) = w,(z) = w(z), then we have the following
corollary.

Corollary 3.1 Suppose that f € B, f(z) = Y 1o arz* and w € By, for m € N. Then
for A € (0, 00), we have

@@ +1 ) lallo@] <1
k=1

for |z| =1 < Ry m, where

m 2
w for xe©, UG, 00,

1 1
mg for )»Zj

The radius Ry is the best possible. Moreover,

f@@)P+1) lallo@ <1

k=1

for |z| =r < Ra ) m, where

m —/22+8%
,/W for xe (0, 1)J, c0),

I for A=1.

RZ,A,m -

The radius Ry j , is the best possible.

Remark 3.2 1. If w(z) = z, then Corollary 3.1 reduces to Theorem 3.3 of [32].
2. If w(z) = z, > = 1, then Corollary 3.1 reduces to Theorem 1.1.

Theorem 3.3 Suppose that f € B, f(z) = Z,fio arzF, a = |ag| and wy,(z) € B,
wy(z) € By, form,n € N. Then for A € (0, 00) and s € N, we have

|f@n @)+ 1Y lagllon @)1 < 1 (3.13)

k=1
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584 X.Huetal.

Jor |zl =1 < Ry m.n.s, where Ry s n.s is unique root in (0, 1) of equation
Qr—Dr™t £ Qa4+ D™ + 7" —1=0.

The radius Ry m n.s is the best possible.

Proof Inequality (3.8) and Lemma 2.2 lead to that

ns

Lﬂ@ﬂmﬂ+k§:MWWw@Wk5?5%?;+M1—a%

1 —rns
k=1
::Am,n,s(a, 7, A). (3.14)
We know (3.14) is smaller than or equal to 1 provided A;n,n’ s(a,r, 1) <0, where
A nslar i)

=@+ =)+ a1 —a>Hr™ A +ar™) — (1 +ar™)(1 —r™)
= (1= @) [r"™taa® + r" A1+ r™ya +r"n — ST g S 4 — ]
<A =a)[r™ TR 4+ A1 ™) A — ST e ]

= —a)[@r— Dr'™t + Qr+ Dr'™ + " —1].

Letl(r) = @h — D)™™ 4 Q1+ D™ 4+ 7™ — 1 < 0. Now, A’

m,n,s

[(r) <0, which holds for r < R ;;.n.s. When A € (0, 00), we have

(a,r,)) <0if

I'(r) = @A — D)(ns +m)r™ ™1 4 Qa4+ 1) (ns)r™ =1 4 mrm~!
= 2x(ns + m)r™ T L™ T A = ™)+ mr™ T A = P 4 2ansr™ ]
> 0.

We claim that for any A € (0, 00), I(r) is a monotonically increasing function of r €
(0, 1). Meanwhile, we have [(0)/(1) < 0. Thus, there is aunique root R;,_;, ».s € (0, 1)
such that /(r) = 0. Hence, [(r) < 0 holds for r < Ry s .n.s-

Now, we show that the radius Rj ,, s is the best possible, we still consider the
function wy, (z), w, (), f(z) as in (3.9). Taking z = r, then the left side of inequality
(3.13) reduces to

a-+rm 5 as—lrns
— 4+ Al —-a")————.
1+arm ( )1 —asr"s

o
£+ lalr™t =

k=1

(3.15)

Now to show that if » > Rj m.n.s, then there exists an a € [0, 1), such that the right
side of (3.15) is greater than 1. That is

A =)™+ [ ="+ ™ 4+ DAY + A = 1) > 0.
(3.16)
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Let
Bunsa,r,1) = PTG S — P P 4 DA + a4 e — 1

Obviously, By, » s(a, r, A) is a continuous and increasing function of a € [0, 1) for
each fixed A € (0, c0) and r € (0, 1). Then

Buns(@,r,A) < Byas(l,r,2) = Qh— D™ 4 2+ Dr™ +r" — 1 =1(r)

holds for 1 € (0, 00) and r € (0, 1). Furthermore, according to the monotonicity of
[(r), we have if r > Ry y.n.s, then By, , s(1,r, A) > 0. Hence, by the continuity of
Buns(a,r,A),if r > Ry .55, Wwe have

lim By ns(a,r,X) =By ps(1,r, 1) > 0.

a—1—

Therefore, if r > R;_,,.,.s, then there exists an a, such that inequality (3.16) holds. O
Remark 3.3 If A = 1, then Theorem 3.3 reduces to Theorem 3.3 of [20].

In Theorem 3.3, setting w,(2) = w,(2) = w(2); wu(2) = w,(z) = w(z) and
s = 2, then we have Corollaries 3.2, 3.3, respectively.

Corollary 3.2 Suppose that f € B, f(2) = Y 1o arz* and w € B,, for m € N. Then
for x € (0,00) and s € N, we have

o
|f@@)]+ 1Y lagllo@I* < 1
k=1
for |z| =1 < Ry m.s, where R _,, 5 is unique root in (0, 1) of equation
Qh— Dr™* 4 Q4+ D™ 4" =1 =0.

The radius R;,_ ;s is the best possible.

Remark 3.4 1. If w(z) = z, then Corollary 3.2 reduces to Theorem 3.2 of [32].
2. f w(z) = z and A = 1, then Corollary 3.2 reduces to Theorem 1.3.

Corollary 3.3 Suppose that f € B, f(z) = Y 1o ayz* and w € B, form € N. Then
for A € (0, 00), we have

|Fl@@)+1 ) laxllo@* <1

k=1

for|z| =r < Ry .2, where
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586 X.Huetal.

The radius Ry 2 is the best possible.
Remark 3.5 1If w(z) = z and A = 1, then Corollary 3.3 reduces to Theorem 1.2.
Theorem 3.4 Suppose that f € B, f(2) = Y jop arzX, a = |ag| and w € B,y for
m € N. Then for A € (0, 00), we have
o0
|f(@@)] + [ f (@@)e@)] + KZ lacllo@)F <1 (3.17)
k=2

for|z| =r < Ry, where

ryv, for A€ (%,oo)
R, =
r*, for re(0,4]

is the best possible, and the radii r and r* are the unique roots in (0, v ﬁ -1 of
the equations

20 @ — D"+ QA= D"+ 31" —1=0
and
pAm g p3m g 3m 1 =,

respectively.

Proof By inequality (3.2), Schwarz-Pick lemma, Lemma 2.2 and Lemma 2.3 (2.1),
respectively. Then we have

1 @@)] + 1 @@ 0@] + 4 Y lallo@)F

k=2
a—+rm a+rm 2 Fm 5 r2m
= 14 ar™ +|:1_(1+ar’"> j| 1 —r2m Al —a )l—r’"
a+rm 1 —a®)rm p2m
= ( )2+Aa—a%
14+ arm (1 +arm™) 1—rm

(1—a)®(a,r, 1)
(1 +arm?2(1 —rm)’

forr < V/+/2 — 1, where

O(a,r, 1) = r*aa® + Q3" a4 r0Na? + 2+ 2830 4 PP — My
3P P =2 — ]
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and V/+/2 — 1 is the unique root in (0, 1) of the equation r2” + 2™ — 1 = 0. Observe
that ®(a, r, 1) is a monotonically increasing function of a € [0, 1) for each fixed
X €[0,00)and r € (0, 1). Then we have

D(a,r,A) < D(1,r, 1) =2r% + @r — Dr¥™ + 2r — Dr?" + 37 — 1.

Now, we need to show that ®(1, », A) < 0 holds for r < R;.
Case 1.If L € (%, 00), (1, r, A) is a continuous and increasing function of r €

(0, 1) and
O(1,0,)D(1, VvV2—1,1) <O0.

Thus r;, is unique root in (0, V2 — Dofd(1,r,A)and ®(1,r,1) <Oforr <r,.

Case 2.1f ) € [0, 5], then we have (1,7, 1) < r¥" + 73 4+ 3/ — 1. Let j(r) =
P4 4 p3m 4L 3™ 1 One can verify that j(r) is a continuous and increasing function
of r € (0,1) and j(0)j(V~/2—1) < 0. Thus 7* is unique root in (0, v/+/2 — 1)
of j(r) and j(r) < O for r < r*. Then ®(1,r, 1) < j(r) < 0 for r < r*. Hence,
inequality (3.17) holds for » < R;.

To show the radius R, is sharp, we consider the function w(z) and f(z) is same as
(3.3). Taking z = r, then the left side of inequality (3.17) gives

0 2y,.m
+ " (1 —=a”)r

m /oo m m )\, mk: a
NGO VAGOTT RS ;wum Trarm t AT army

2m

(1 —a? .
+A( a)l—arm

Next, we show that if r > R, then there exists an a € [0, 1), such that the right side
of above equality is greater than 1. It is equivalent to show that

r4m)\‘a4 + (2r3m}\‘ + r4m)\‘)a3 + (er)\ + 2r3m)“ _ r3}’n)a2
+G" 4 A = rPMya 4+ 27" — 1 > 0. (3.18)

Let

Pa,r,2) = r"aa* + Q"+ r*0a’ + P a4 20" — rPa?
"+ PN = rPMya + 27— 1.

Next, we divide it into two cases to show that there exists an a € [0, 1), such that
(3.18) holds for r > R;.
Case 1. If 1 € (%, 00), one can verify that the function P (a, r, 1) is an increasing

function with respect to a € [0, 1) for each fixed A € (%, o0) and r € (0, 1). Thus
P(a,r,x) < P(1,r,A) = 22" +(4r—1)r" + QA= Dr?" 437" —1 = & (1, r, ).
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According to the monotonicity of ® (1, r, A),ifr > ry,then P(1,r,A) = ®(1,r, 1) >
0. In the same way, if » > ry, we have

lim P(a,r,2) = P(,r, 1) >0.

a—1-

Hence, if > r,, then there exists an a, such that inequality (3.18) holds.
Case 2.1f 1 € [0, 11, then

1
P(Cl,r,)\.)SP(a,r,E)

1 1
— Er4ma4 + <§r4m + r3m) a3

1 1
+ Erz’"a2 + (—Erm + rm> a+2r" —1

< pdmpImgem_ — j@r).
According to the monotonicity of j(r), if r > r*, then j(r) > 0. It means that

lim P(a,r,x) = j@r) > 0.

a—1—

Therefore, if r > r*, then there exists an a, such that (3.18) holds. We complete the
proof of theorem. O

Remark 3.6 1. If . = 1, then Theorem 3.4 reduces to Corollary 4.5 of [20].
2. If w(z) = z, then Theorem 3.4 reduces to Theorem 3.4 of [32].
3. If w(z) = zand A = 1 in Theorem 3.4, then it reduces to Theorem 1.4.

Theorem 3.5 Suppose that f € B, f(2) = Y jop arzX, a == |ag| and w € By, for
m € N. Then for A € (0, 00), we have
o0
| f @@ + | f (@@)lo@)] + A Z laxllo(2)F < 1 (3.19)

k=2

for|z| =r < Ry ), where
r.a. for Xe(l,00)

Ry ) =
ry, for re(0,1]

is the best possible, and the radii ) and ry are the unique roots in (0, y/ @) of
the equations

A QA= D A 2 — 1 =0
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and
r4m +r3m +r2m S, P 0,

respectively.

Proof By inequality (3.2), Schwarz-Pick lemma, Lemma 2.2 and Lemma 2.3 (2.2),
respectively. Then

|f @@+ 1f @@)llo@] + 1) lallo @)

k=2
a+r" 2 a+r" 2 r’" 5 rm
< 1— A1 —
_<1+arm) +|: <1+arm) 1—r2’"+ ( a)l—rm
a+rm\? 1 —a?)rm r2m
= ( ) S+ Al —ah)——
1+ arm (14 ar™) 1—rm

(1 —=a®>W(a,r,1)
(1 +arm?2(1 —rm)’

forr < 4/ @ where

Y(a,r,\) = P + 2k a — P P 2 —

and 1/ @ is the unique root in (0, 1) of the equation 7> + r™ — 1 = 0. Observe

that W (a, r, A) is a monotonically increasing function of a € [0, 1) for each fixed
A €[0,00) and r € (0, 1). Then we have

W(a,r, ) <W(,r ) =r"r+Qr—Dr¥m 470+ 27" — 1.

Next, we show that W (1, 7, ) < 0 holds for r < Ry ;.
Case 1.If 1 € (1, 00), W(1, r, 1) is a continuous and increasing function of » € (0, 1)
and

wl /5 — 1
2

v(,0,0)=-1<0, Ww|I, Al =2>0.

Thus r;; is unique root in (0, Y @) of W(l,r,A) and W(1,7,A) < O for
r<r.
Case 2. If 1 € [0, 1], then we have W(1,7, 1) < r" 4 3 4 p2m £ 2™ _ 1, Let
s(r) = r¥ 4 3™ 42 4 2p™ — 1. One can verify that s(r) is a continuous and
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increasing function of r € (0, 1) and

s(0)=-1, = =1>0.

Thus r3 is unique root in (0, ,'"/@) of s(r) and s(r) < O for r < rj. Then
W(l,r, 1) <s(r) <0forr <rj. Hence, inequality (3.19) holds for r < R ;.

The sharpness part is similar to Theorem 3.4, and we omit it. Thus the proof of

Theorem 3.5 is complete. O
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