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Abstract

The objective of this paper is to investigate the third and fourth Hankel determinants
for the class of functions with bounded turning associated with Bernoulli’s lemniscate.
The fourth Hankel determinants for 2-fold symmetric and 3-fold symmetric functions
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1 Introduction

Let H represent the family of analytic functions in the region D := {z € C : |z| < 1}.
By the notation A, we mean a set consisting of functions f € H of the Taylor series
form:

f@=z2+) a" (zeD). (1.1)

n=2

The symbol S denotes a family of functions f € A which are univalent in D. It is
familiar that for the function f € & of form (1.1), the coefficients of this function
satisfy the sharp inequality |a,| < n foralln € N := {1, 2, 3, ...}. This outstanding
result was proposed by Bieberbach [12] as a conjecture in 1916 and it remained a
challenge for researchers for a long period of time. Finally, after almost 69 years, de-
Branges [16] in 1985 proved this fundamental result. Many subfamilies of the set S of
univalent functions were introduced with respect to geometric point of view of their
image domains, such as the families C, S*, IC of convex, starlike and close-to-convex
univalent functions, respectively, and these are defined as:

C=13f:feSandN M >0 (zeD)y,
(@

S* = f:feSand?R(Zf/(Z)> >0 (ZED)},
[ @

Ki=3f:f eSand?ﬁ(Zf/(Z)
g(2)

>>O (gES*;ze]D))}.

In particular, let R denote the subclass of K with g(z) = z.
In 1996, Sokét and Stankiewicz [43] introduced a subfamily SL of the set S,

defined as:
(Zf '(2) )2 .
f(@

The geometrical interpretation of f € SL is that, for any z € D, the ratio zf'(z)/ f (z)
lies in the region bounded by the right half side of the Bernoulli’s lemniscate

SE::{f:feSand

<1 (ZED)}.

(wz—l}zl.

Equivalently, by using the familiar subordination, a function f € SL satisfies the
relationship

D (z € D).
f(@)
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This set was further studied by different researchers, see the work of Ali et al. [1],
Kumar et al. [24], Omar and Halim [34], Raza and Malik [39] and Sokét [44]. We
now define a subclass ICL of univalent functions f of form (1.1) as follows:

<Zf’(z)>2 .
8()

Alternatively, a function f € L if and only if

ICE::{f:feSand

<1 (geSE;zeID))}.

zf'(2)

<1+z (geS8SL;, zeD). (1.2)
8(2)

We note that if g (z) = z, then the family KL reduced to the class R L which is defined
in terms of subordination as:

RL::{f:feSandf’(z)<\/1+z (ZED)}. (1.3)

For the given parameters g, n € N, the Hankel determinant H, , (f) for a function
f € S of form (1.1) was defined by Pommerenke [36,37] (see also [3,4]) as:

An dp+1 - .- Aptg—1
an+1 ap42 ... an+q

Hyn (f) = |, : : . (1.4)
n+q—1 An+q - - - An+42qg-2

The growth of H; ,, (f) for different fixed integer ¢ and n has been studied for different
subfamilies of univalent functions. We include here a few of them. The sharp bounds
of |H2,2 f | for the subfamilies S*, C and R of the set S were investigated by Janteng
et al. [19,20]. They proved the bounds:

1 (fes,
|Hao (f)| < § (f €0,

The problem of this determinant was studied by many researchers for different sub-
families of analytic and univalent functions, see [10,18,23,28,30,33,35,45].
The third-order Hankel determinant is given by:

1 ap a3
3 2 2
H3 1 (f) =|a2 a3z as | = 2ara3zas — a3 — aj + azas — ajas, (1.5)
as a4 as

the estimation of |H3,1 (f )| is so hard as to find the value of |H2,2 (f )|. The first

article on H3 1 (f) shows up in 2010 by Babalola [8], in which he got the upper bound
of ]H3,1 f )] for the groups of §*, C and R. Later on, many researchers distributed
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326 Z.-G.Wang et al.

their work concerning |H3,1 f )| for various subfamilies of analytic and univalent
functions, see [2,3,6,11,14,39-42].
In 2017, Zaprawa [46] improved the consequences of Babalola [8] by proving

1 (fes&,
|Hs1 ()] < %—90 (f e,
o (feR).

and asserted that these inequalities are as yet not sharp. Further for the sharpness, he
thought about the subfamilies of $*, C and R comprising of functions with m-fold
symmetry and acquired the sharp bounds. Recently, Kowalczyk et al. [22] and Lecko
et al. [27] get the sharp inequalities

|H31 (f)] < 135 and |H31 ()] < §.

for the familiar sets C and S* (1/2), respectively, where the symbol $* (1/2) indicates
to the family of starlike functions of order 1/2. Additionally, in 2018, the authors [26]
obtained an improved bound |H3,1 (f )| < 8/9 for f € &*, yet not the best possible.
Moreover, in 2018, Arif et al. [5] studied the problem of fourth Hankel determinant
for the class of bounded turning functions at the first time and successfully obtained
the bound

73757
H. < —— ~(0.7805.
| 4’1(f)|—'94500

Recently, this determinant was studied in [7] for a subclass of starlike function con-
nected with Bernoulli’s lemniscate.

In this paper, we make a contribution to the subject by deducing the third and fourth
Hankel determinants for the class RL of bounded turning functions associated with
Bernoulli’s lemniscate.

2 A SET OF LEMMAS

To derive the bounds of Hankel determinants, we need the following results involving
the class P of functions with positive real part.

Lemma 2.1 If p € P and of the form
o0
PR =1+ cn2" (zeD), @.1)
n=1
then, for n, k € N, the following sharp inequalities hold,

lenik — Acpcr]l =2 (0= = 1), 2.2
lenl <2, (2.3)
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(c? —2e1en + 63‘ <2, (2.4)
and for a complex number |,
‘cz — ,uc%‘ < 2max{l, 2 — 1]}. (2.5)

Inequalities (2.2), (2.3), (2.4) and (2.5) are givenin [13,29,31] and [32], respectively.

Lemma 2.2 ([38]) Let the parameters §, X\, p and o satisfy the conditions0 < § < 1,
0<o <1, and

80(1 = o) [(5% = 20 + (3(o +8) — ?]

+8(1=8)(A —208)* <48%(1 —8)%>0 (1 — o). (2.6)
If p € P, then
pc‘l‘ + UC% + 28cic3 — %Ac%cz —cy| < 2.
Lemma 2.3 ([25,29]) Ifh € P and ¢ > O, then
o= %[c% + (4 —cpxl, .7

1
3 = Z[cf + 2014 —chx —c1(d—eHx® + 264 — DA =[xy, (2.8)
and

1
ey = g[c;‘ +33@4 —cDHx + (@4 —3cH(@ — cHx® + 34 — chHx’

+ 4 —cH = [x[P(e1y — crxy —xp?) + 4@ — cH(1 — [x[H(1 = |yH)z],

(2.9)
hold for some x, y, z € D= {z: |z] < 1}.
3 Bound of |Hs, 1 (f)| for the Class R.L
In this section, we derive the bound of |H3,1 (f )| for the class RL.
Theorem 3.1 Let f € RL. Then
laal < 1, lasl < 1, Jaal < &, las| < 4, 3.1)

and these inequalities are the best possible.
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328 Z.-G.Wang et al.

Proof If f € RL, then we can rewrite (1.3) in terms of Schwarz functions w(z) as

ff@=Vv1i+wk (reb). (3.2)

Also, if the function p € P, then

1+ w(@)

pR)=——"=l4ciz+cz’+..., (3.3)
1 —w(z)
and this further gives
-1
w =291
p)+1

Putting the value of w in (3.2), we obtain

/ _ 2p (2)
TO=Toe @4

Using the series form (3.3) of p, we have

2p (2) 1 1( 5 2) 2 1< 5 13 3> 3
——— =14+ -ciz+-|aa—=ci |2+ - |3 —-cica+ —=c] )z
V1+p@ 47T\ e 45T Rn 33)

+1 5, 5 N 39 141 , i
= |c4— =5 — —cic3 + —=cjc2 — —=c
g\ TR as T Rae T spal)s
Similarly, using (1.1), we know that
() =1+ 2arz + 3a32°> + dasz® + 5asz* + -+ . (3.6)

From (3.4), (3.5) and (3.6), we can easily obtain the following coefficients,

1

a = zei, (3.7
1 5

“B=1 (Cz - §C%> ’ o
1 5 13

as = 1e (63 —gaet 3_ZC?> ] (39

and
1 5 5 39 141
as = % <C4 — gc% — ZCICS + 3—26'%6'2 — 536'?) . (310)
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By virtue of (2.2) and (2.3), we get the bounds
laz| < 3 and Jas| < §.

To prove the sharpness of the fourth coefficient, we consider

1 5 13 4
|a4|=16 cz—ZC1cz+3—2€1
1 |13 5
= E 32 (C3 —2ci1c2 +C1> + — (C3 —ci1c3) + 3—263
<1 13‘<c — 2cyqc +c)) lc —ccl—l—ilcl]
=16 |32 3 1€2 1 T6 43 162 3 163

<1 13 n 7 n 50 1
—8\32 16 32) ¢
where we have used (2.2) , (2.3) and (2.4) . For the proof of |as| < 1—10, consider

relationship (3.10) and compare it with (2.6), yields

_4 5 513
P=512° T8 78 " T 16

These constants satisfy all the conditions of Lemma 2.2, and hence, the result follows.
To see the sharpness of the results, consider the function f;, : D — C defined by

fu (@) = /\/l—i—é"d{—z—i-z( 14_1) s n=1,2,3,4), (3.11)

we know that f,, € RL, it follows that the inequalities in (3.1) are sharp by taking
n=1,2734. O

From (3.11), we conjecture the following result.
Conjecture 3.2 Let f € RL. Then

1
las] < E (n >2).

Theorem 3.3 Let f € KL. Then forn > 2,

n—1
Inay —bal? < Y (Ikvax = bul? = kg — bel?) (3.12)
k=1
where by, are the coefficients of g € SL given by
o
g@) =2+ byt" zeD), (3.13)

n=2
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and
y=+v2-1. (3.14)

Proof From (1.2), we have

4
1
O <R
g(2) l1+vyz

where g € SL. So we can rewrite

f'2) 14w
g2 l+yw@’

o0
where w(0) =0, |lw(z)| < 1and w(z) = Y ¢,z" for z € D. Thus, we know that
n=l1

2f'(z) — g(2) = w(2)g(2) — yzf' ()]

Now, using (1.1) and (3.13), we get

D kar — bt =w(@) Y (b —kyan)t (a1 =by = 1).
k=1 k=1

Rewrite it as

> kap — b+ > (kay — bt

k=1 k=n+1

n—1 oo
= w(2) [Z(bk —kya +) (i — kyak)zk} :

k=1 k=n

it follows that

n oo o0
> kar — b+ > (kay — bt —w@) Y (b — kyap)*
k=1 k=n+1 k=n
n—1

=w() Y (b —kyap)z~.

k=1

By applying the same method as in Clunie and Keogh [15], we now write

n 00 n—1
> tkar — b+ > did =w@)) bk — kyap,
k=1 k=n+1 k=1
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for some di (n + 1 < k < 00), where dj can be expressed in terms of the coefficients
ai, by and ¢ as

k—n
dy = (kap — b) = Y (bi—j — (k = jyar—j)c;.
j=1
This gives
n—1 2
Z(kak — bt + Z de = |w(@) Y (b — kyap):*
k=n+1 k=1
n—1 2
< Dk —kyap*
k=1

Now, we consider

Z(kak—bk)z + Z de —Zekzk,

k=n-+1 k=1

which is an analytic function in ID. Parseval’s theorem [17] gives

2T o

0/ k=1
For any r (0 < r < 1), by integrating the above relation with respect to 6 from 0 to
27, we obtain

i9)k

do = 2nZ|ek|2 2k,

n o0 n—1
D lkay = bt 4 D 1dl Pt <Y Ibk — kyar*rt

k=1 k=n+1 k=1

Therefore,

n n—1
D lkag — belPr?* <Y lby — kyarPr?E.
k=1 k=1

When r — 1, we deduce that

n n—1
Y lkax — bel* <Y b — kyail?,
k=1 k=1

which leads to the desired result. O
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If we take g (z) = z, thenb; = land by =Oforallk =2,3,...,n— 1. We easily
get the following Corollary.

Corollary 3.4 Let f € RL. Then forn > 3,
n—1
i < (1= + (v = 1) Y Rlail. (3.15)
By settingn = 6 and n = 7 in (3.15), we obtain the following bounds of |ae| and

laz].
Corollary 3.5 Let f € RL. Then

las| < and la7| < (3.16)
Theorem 3.6 Let f € RL. Then, for A € R,
1
‘ Aa2‘<8max{ |2+3A|}
and this inequality is sharp.
Proof From (3.7) and (3.8), we have
1 10 4 34 1 2+ 3x
‘ag—ka%‘:—cz— + c%f—max 1, +— ,
12 16 6 8
where we have used inequality (2.5) . This result is sharp for the functions
1
fi(z) = /\/1+ d;_z+4z —az +- (3.17)

and

1
fz(z)=fmd;—z+ S S S (3.18)

40

For A = 1, we obtain the following Corollary.

Corollary 3.7 Let f € RL. Then

2 1

‘613—612‘ = (3.19)
6

and this inequality is sharp for the function f> given by (3.18).
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Theorem 3.8 Let f € RL. Then

1
lazas — aq| < 3’ (3.20)
and this bound is the best possible.

Proof From (3.7), (3.8), (3.9), we know that

1149 , 17

laras — a4| = Te )%Ci — Eclcz +c3
1 149 3 19 3
ZR %<C3—261C2+C]>+&(C3—61C2)+§C3
E%{;Lz’(03—201024‘0%)‘4‘%|(C3—Clc2)|+%|03|}
S
“ 16 \48 24 16 8’

where we have used triangle inequality along with Lemma 2.1. This result is sharp for
the function

Z

1 |
fs(z)=/md§=z+§z4—%z7+m. 3.21)
0

(]
The result given below has been proved in [28], but we still present it for the reader.
Theorem 3.9 Let f € RL. Then

1
dray — a%’ <5 (3.22)

This inequality is sharp.

Motivated by the papers [9,21,22,27], we now determine the sharp bound of third-
order Hankel determinant for the family R.L of bounded turning functions connected
with Bernoulli’s lemniscate.

Theorem 3.10 Let f € RL. Then

1
|H3.1 ()] < a (3.23)

This result is sharp.
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Proof From (1.5), we have
Hs3 1 (f) = 2aza3a4 — ag — af + azas — a%as. (3.24)

Putting the values of a; (j =2, 3,4, 5) in (3.7)=(3.10) to (3.24), we get

() = (c? IS0k, 8640, 19392 5, 119808
: 35389440 3479 347913 T 3479 127 3479 €
207360 112640 , 147456 138240
3479 19 ~ 3375+ 3475 2%~ g5 3)'

By using (2.7)—(2.9) and letting c; = c € [0,2],t =4 — 2, also, by straightforward
algebraic computations, we have

3479 [25 36864, 5 14080 5
Hyi(f) = —o 253 = Bx
35380440 | 497° 3479 3479
23040, 5 ST60 4 s, 6480 4
3479 3479 3479
120 576 19008
4tx —62t2x4 - —c2t2x3
T 297 3479 3479
7536 5 5 5 34560 , A2,
it T2 (=
T3 T ! ( &l ) y
144
347(9) 3t(1 - 'x|2)y
23040 2) oy 23040 5 2\ 2
x(1— ) y (1 —
3479 ¢ x( Al 3479 < 'X|)y
23040 ) X
T 3479 ¢ t(l_”| )(1 — 1l )Z
2304 , , 5 36864 N o
379 (1 — Il ) 3479 ”( — Il )y
19584 ) 36864 , , s
et (1= 1eP) v+ ot (1= 16P) (1= P) 2
Therefore,
3479
H31(f) = Se3g00a0 |01 (€ 0) +va(e. 0y +v3 (€0 )7 + Wi, x, )z
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where x, y, z € D, and

V1 (¢, x) = gc +(4 )[(4_Cz)< 19456 3 7()402)63

497 3479 % T 497
576 54 7536 5
34795 T 3479
23040
_ 2t 5760c4x3 6480C4 2 @c“x
3479 3479 3479 497

e = () 1)

[( 2 <l9584 2304 2> 23040 3y 1440 4 i|
4—c) —cx — + i

3479 3479 3479 3479
= (1=)(1-18)[fo=0) (G- 350) 0]
and
vien =) (- ) [ S0 - Fta(4-)]

Now, by using |x| = x, |y| = y and utilizing the fact |z| < 1, we get

|31 (D] = zeme = (lor (o)l + 2 e )y + s (e 015 4+ 1 .. )
~ 35389440 ' ' ' Y
LM
35380440 0 Y
(3.25)
where
G (.5, ) = 1 (€.3) + g2 (e, %)y + g3 (e, )y + ga (e, 0) (1 -32),
(3.26)

with

g1(c,x) = j§ic¢ +—(4 ) [(4-— ) (12f§§ 34 zgfczx3

497 3479 497
576 24, 7536 5 5

+3479 + 3479
23040 5760 6480 120
—02x2 + c4x3 + c4x2 + —c4x s
3479 3479 3479 497
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g (c,x) = (4 c2> (l |x|2)

9584 2304 23040 1440
(4 Cz)( 3479 T 3479“(2>Jr 3479 ° T 375° }
g3(c,x) = (4 02> (1 |x|2)

2304 , 34560\ 23040
4 — 2 2 2
( ¢ ) <3479 3479 ) REVTN ]

and

gie.n) = (4=¢) (1= F) [233407490 T 336487694x (4- 02)} '

Let the closed cuboid be A : [0, 2] x [0, 1] x [0, 1]. We have to obtain the points of
maxima inside A, inside the six faces and on the twelve edges in order to maximize
G.

(D Let (¢, x,y) € (0,2) x (0, 1) x (0, 1). Now, to find points of maxima inside A,
we take partial derivative of (3.26) with respect to y and get

G _ﬁ _ 2 . N 2 2
3 = 33754~ PO =6 = DI = 19 =) +107)

+ c[4x (4 — H)(17 + 2x) + 5¢2(1 + 16x)]}.

For %—(; = 0, yields

_c[4x(d — cAH(1742x) +5c2(1 + 16x)]
T 16(x — D[4 — ) (15 —x) — 10¢2] T

If yo is a critical point inside A, then yo € (0, 1), which is possible only if

5¢3(1 + 16x) + dex (4 — ¢2)(17 + 2x)

+16(1 — x)(4 — ¢*)(15 — x) < 160c*(1 — x), (3.27)
and
25 5-0 (3.28)
25 — x

Now, we have to obtain the solutions which satisfy both inequalities (3.27) and (3.28)
for the existence of the critical points. Let

4(15 — x)

gx) = 75—
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Since g'(x) < 0 for (0, 1), g(x) is decreasing in (0, 1). Hence ¢ >7/3anda simple
exercise shows that ( 3.27) does not hold in this case for all values of x € (0, 1) and
there is no critical point of G in (0, 2) x (0, 1) x (0, 1).

(II) To find points of maxima inside the six faces of A. We deal with each face
individually.

When ¢ = 0, G(c, x, y) reduces to

hi(x,y) := G0, x,y)
4096 [9(1 — x?)(y*(x — D)(x — 15) + 16x) + 76x]

3479
(x, y € (0, 1)). (3.29)

h1 has no optimal point in (0, 1) x (0, 1) since

ohi 73728 [y(1 — x%)(x — D)(x — 15)]
e 3479

#0 (x, ye€ (0,1)). (3.30)
When ¢ =2, G(c, x, y) reduces to
1600
2 = — 1)). 31
G2,x,y) 197 (x, y€ (0, 1)) (3.31)

When x =0, G(c, x, y) reduces to G(c, 0, y), given by

34560 23040 1440
hale,y) = | o4 — 22 = 2220 g 2 (2 g 23
2(c, y) [3479( ) 3479( et |y +3479( )y
25 5, 23040 oo (332
—c —— (@4 — )7, .
497 3479

where ¢ € (0,2) and y € (0, 1). We solve % = 0 and % = 0 to find the points of

dhy

= 0, we obtain

maxima. By solving

3

C
91 (3.33)

YT T e(12 =502

For the given range of y, y; should belong to (0, 1), which is possible only if ¢ > ¢y,
co ~ 1.549193338. % = 0 implies that

(—24576 + 7680c%)y? + (576¢ — 240¢%)y + 35¢* — 3072¢% + 6144 = 0,3.34)
By substituting (3.33) into (3.34), we get

— 40368¢% + 415¢8 + 263424¢* — 589824¢2 + 442368 = 0. (3.35)
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A calculation given in the solution of (3.35) in (0, 2) is ¢ approximately equal to
1.420061367. Thus, k3 has no optimal point in (0, 2) x (0, 1).

When x = 1, G(c, x, y) reduces to
h3(c,y) :==G(c, 1,y)
311296 + 145152¢% — 55584¢* + 135¢°
- + 2479 A e0.2). 336)

By solving 23 — 0, we obtain that the critical points are ¢ =: ¢y = 0 and
y g 3¢ p

4
c:=c = B\/1930 — 54146161 ~ 1.145412714.

Here, ¢ is the minimum point of 43. Thus, &3 achieves its maximum

—457485033472 + 11973509127/146161 _ 1 16.804
2348325 A

at cy.

When y =0, G(c, x, y) reduces to
ha(c, x) := G(c, x,0)

175¢% + (4 — H)[(4 — ¢*)(7536¢%x% 4 576x*c?

= 327 —17408x3 4 4928x3¢? 4 36864x) + 840c*x + 5760c*x3
+6480cx? + 23040c? ]

A calculation shows that there does not exist any solution for the system of equations
%4 = 0and ¥4 = 0in (0,2) x (0, 1).

When y = 1, G(c, x, y) reduces to

175¢% + (4 — A)[(4 — ¢2)(576x*c? + 2304cx? + 19584cx
! —2304x%*c + 19456x3 4 7536c2x% — 19584x3¢ + 34560
Glc,x, 1) = —— | —32256x2 4+ 4928x3¢? — 2304x*) + 5760c*x3 — 1440x2¢3
34791 _23040x3¢3 + 840¢*x + 23040¢2x + 23040c2x2 + 6480 x2
4230403 x + 1440¢3 — 23040x3 2]

=: hs(c, x).

A calculation shows that there does not exist any solution for the system of equations
o5 = 0and &5 = 0in (0,2) x (0, 1).

(IIT) Now, we are going to find the maxima of G(c, x, y) on the edges of A. By
putting y = 0 in (3.32), we have

175¢% 4+ 92160c¢2 — 23040¢*
G(c.0.0) = my(c) = 2 F ¢ ¢
3479
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We note that m/ (¢) = 0 for ¢ =: 19 = 0 and

c =: A1 = (4/35)4/ 3360 — 70+/2094 =~ 1.431005319 € [0, 2],

where A¢ is minimum point and maximum point of 721 is achieved at A . We can see
that

G(c,0,0) < (—6256852992 + 137232384+/2094) /852355 ~ 26.90720149 (c < [0, 2]).

Solving equation (3.32) at y = 1, we get

175¢0 + 5760¢3 — 1440¢ + 552960 — 276480c% + 34560c*
3479 :

G(c,0,1) =my(c) :=

Since m/z(c) < 0 for [0, 2], we know that mj(c) is decreasing in [0, 2] and the
maximum is achieved at ¢ = 0. Thus,

552960
Ge.0.1) < —-0= ~ 158.9422248 (c € [0.2)).

By taking ¢ = 0 in (3.32), we get

552960y?
G0,0,y) = ————
©0.0.9) =379
A simple calculation gives
552960
G(@0,0,y) < 3479 A 158.9422248 (y € [0, 1]).

As we see that Eq. (3.36) is independent of y, we have

311296 4 145152¢% — 55584¢* + 135¢°

G(c, 1,1) = G(c, 1,0) = m3(c) = T

Now, m’(c) = 0 for ¢ =: A9 = 0 and

4
c=:1\ = E\/1930 — 5V146161 ~ 1.145412714 € [0, 2],

where Ao is minimum point, and maximum point of m3(c) is achieved at A;. We
conclude that

G(,1,1)=G(c1,0)
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_ —457485033472 + 1197350912/146161

- 2348325
~ 116.804 (c € [0,2]).

By setting ¢ = 0 in Eq. (3.36), we get

311296

G, 1,y) = 3479

~ 89.4785858.

As (3.31) is independent of x and y, thus, we have

G2,1,y) =G(2,0,y)

=G2,x,0)=G(2,x,1)
1600

= —— ~3.21931 1.
297 3.219315895 (x, y € [0, 1])

By taking y = 0 in (3.29), we get

—278528x3 4 589824x
3479

G0, x,0) =mq(x) :=

Now, m/;(x) = 0 for

24/51
X =ixp= T ~ (0.8401680504 € [0, 1],

we know that m4(x) is an increasing function for x < x¢ and decreasing for xo < x.
Hence, m4(x) has its maximum at x = xq, and we conclude that

786432+4/51

0.x.0) <
GO, x.0) 50143

~ 94.96048292 (x € [0, 1]).

By putting y = 1 in (3.29), we get

—36864x* + 311296x3 — 516096x2 + 552960

G@0,x,1) =ms5(x) = 3479

By observing that m’s(x) < 0 for [0, 1], ms(x) is decreasing in [0, 1] and hence
achieves its maxima at x = (. Thus,

552960

GO, x, 1) < ~ 158.9422248 (x € [0, 1]).

From above cases, we conclude that

552960

G 9 9 S
(x5 = =379
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on [0, 2] x [0, 1] x [0, 1]. It follows from (3.25) that

1
G(c,x,y) < — ~0.01562.
(¢, x,y) aa

9
H -
31 () = 35350420

If f € RL, then sharp bound for this Hankel determinant is determined by

1
Hs 1 (f) = ¢ ~ 0.01562,

with an extremal function

1
fa(z)=/md;—z+ L (3.37)

56

4 Bound of |Ha,1(f)| for the Class RL

In this section, we investigate the bound of ]H4,1 (f )] for the class RL.

Theorem 4.1 Let f € RL. Then

a5 —a3| < @.1)
>TB =0 '
The bound is sharp.

Proof From (3.8) and (3.10), we obtain

‘ 2‘_ 1 (1519 , 401 , 5

_ 42
a4 46081 288 4.2)

Comparing the right side of (4.2) with

3
,oc‘lt + 28cic3 + ac% — E)»c%cz —c4),

we get p = S_g §= %, o=z and A = j— It follows that
80 (1 — o) [((n 202 4 (80 +8) — x)z] £ 8(1— 8)( — 208)% = 0.014429,
and
482(1 — 8)’0 (1 — o) = 0.03963.
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By Lemma 2.2, we deduce that
1
_ 42 <
“’5 “3‘ =10

For the sharpness, we consider the function fs : D —C defined by

Z
1 1
f4(z)=/\/1+§4d§=z+—zs——z9+---.
10° 72
0

Theorem 4.2 Let f € RL. Then
lazas — azas| < 0.02645871784. 4.3)

Proof From the coefficient bounds given in (3.7), (3.8), (3.9) and (3.10), along with
c1 = ¢, we have

laras — azas| = —49¢° 4+ 176¢3 ¢y — 560¢?c3 4 320cc? 4 768ccy — 640cyc3 | .

1
122880
Letr =4— c% and using Lemma 2.3, we obtain

|azas — azaa|
= 122380 {—56‘5 +96¢3x31 + 80cxt? — 384ctx <1 — |x|2) y2 — 384c%tx (1 — |x\2> y
— 68x%1¢% — 1601 (1 - |x|2> xy — 80x212¢ + 384ct (1 — |x|2) (1 - |y|2> P

—56¢%1 (1 - |x|2> v+ 161xc3 + 384tx2c] .

Since t = 4 — 2, we get

laxas — asas] = o (i @0 + ey + fi (@0 ¥ + fie.x.3)2).

where
fi (e, x) = =565 + (4 — cz) [(4 - c2> <8Ox3c — 80x2c)
+96x7¢ - 68x%¢" + 16xc” + 384x%c]
fr (e x) = (4 _ c2) (1 _ |x|2> [—160 (4 _ cz) X — 384xc? — 56c2] ,
f3 (¢, x) = —384c¢ (4 - c2) (1 - |x|2> 7,
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and
futeox,y) =384 (1= o) (1= 1yP2).

Now, by using |x| = x, |y| = y and taking |z| < 1, we obtain

(/1 0l + 1f2 01y + 163 (e, 01 + 1 fa (e, x, 1))

lazas — azas| <

122880
= 0(c, x,y), (4.4)
where
Q(c,x,y) = 177880 [ql(c, xX) + qa(c, X)y + g3(c, )y* + qale, x)(1 — y2)]
4.5)
with
g1 (. x) = 56 + (4 - c2) [(4 - (:2) (80x3c n 80x2c>
+96x7¢ 4 68x%¢” + 16x¢” + 384x%c]
4 (¢, x) = (4 _ cz) (1 _ xz) [160 (4 _ cz) X +384xc? + 56c2] ,
g3 (¢, x) = 384c (4 - c2) (1 - x2> x,
and

qa (c, x) := 384c (1 — xz) .

Let the closed cuboid be A : [0, 2] x [0, 1] x [0, 1]. We have to obtain the points of
maxima inside A, inside the six faces and on the twelve edges in order to maximize

0.
(D Let (¢, x,y) € (0,2) x (0, 1) x (0, 1). Now, to find points of maxima inside A,
we take partial derivative of (4.5) with respect to y and get

0 1 2 2 2.2
oy = 15360(1 X ){[966(4 c?)x —96¢cly +20(4 — ¢*)“x

+48(4 — cz)czx +7(4 — c2)c2} .

For % = 0, yields

_20(4 — cH)?x +48(4 — A cPx + T(4 — )c?
r= 96¢[1 — (4 — )x]

= )0-
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If yg is a critical point inside A, then yo € (0, 1), which is possible only if
2004 — ¢*)%x + 484 — A)x +7(4 — cH)c? < 96¢[1 — (4 — cH)x],  (4.6)
and

4x — 1
02> *

=: g1(x). 4.7

We have to obtain the solutions which satisfy both inequalities (4.6) and (4.7) for the
existence of the critical points. A simple exercise shows that (4.6) does not hold in this
case for all values of x € (0, 1), and there is no critical point of Q in (0, 2) x (0, 1) x
O, D).

(II) To find points of maxima inside the six faces of A. We deal with each case
individually.

When ¢ =0, Q(c, x, y) reduces to

1 — 2
ne ) = 00,6, =0 (e 48)
#1 has no critical point in (0, 1) x (0, 1) since
)
0 _xA=X) L0 (x. ye . 1)), (4.9)

ay 48
When ¢ = 2, Q(c, x, y) reduces to

24(1 —x3)(1 =y +5
3840

nx,y):=0Q2,x,y) = (x, y € (0, 1). (4.10)

1> has no critical point in (0, 1) x (0, 1) since

o (1—xD)y
5;___7%——#0(nyewJD. (4.11)

When x =0, Q(c, x, y) reduces to

—384cy? 4+ 56(4 — c2)c?y + 5¢7 + 384c
122880 ’

53(c,y) = 0(c.0,y) = (4.12)

where ¢ € (0,2) and y € (0, 1). A calculation shows that there does not exist any
solution for the system of equations %—’; =0and %‘ =0in (0,2) x (0, 1).
When x = 1, Q(c, x, y) reduces to

4096¢ — 944¢3 — 15¢°

t4(c,y) == Q(c, 1,y) = 122830 (c € (0,2)). 4.13)
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Jaty

Solving 5% = 0, we obtain optimal point at

2
c=ico= E\/—1062 + 6436129 ~ 1.181018790.

Thus, t4 achieves its maximum at cg that is

5081 594/36129
450000 1350000

) . \/—1062 + 6436129 ~ 0.02643184534.

When y =0, Q(c, x, y) reduces to

t5(c, x) := Q(c, x,0)
1 5¢% — 384cx? 4 384c + (4 — )[4 — ¢*)(80x3c + 80cx?)
122880 \ +96x3¢3 + 384cx? + 68x2c3 + 16xc3] )

A calculation shows that there exists a unique solution (c, x) R
(1.894283613, 0.3232411338) for the system of equations 35 = 0 and %5 = 0

in (0, 2) x (0, 1). We conclude that
t5(c, x) := Q(c, x, 0) =~ 0.006930539679.
When y = 1, Q(c, x, y) reduces to

+384cx — 384cx3 + 384cx? + 68x2c3 + 16xc3 + 96x3¢3
—384x3¢% + 384c2x + 56¢% — 56x2¢?]

Q(c,x,1) =

565 + (4 — A4 — c2)(—160x3 + 160x + 80cx> + 80cx?)
122880

=:1g(c, x).
A calculation shows that there exists a unique solution
(c,x) ~ (1.176425264, 0.9758744867)

for the system of equations % =0and %Lf =01in (0, 2) x (0, ). We deduce that

t6(c, x) 1= Q(c, x, 1) ~ 0.02645871784.

(IIT) Now, we are going to find the maxima of Q(c, x, y) on the edges of A.
By putting y = 0 in (4.8), we get Q(0, x, 0) = 0, where x € [0, 1].
By setting y = 1 in (4.8), we get

x—x3

Q. x, 1) =ns(x) = — ¢
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By noting that n/s(x) =0forx =: xy = 1/«/5 in [0, 1]. Since ns(x) is increasing for
x < xo and decreasing for xo < x, it achieves maxima at xo. Hence

3
Q0@0,x,1) < 2_\/1—6 ~ 0.008018753741 (x € [0, 1]).
By taking y = 0 in (4.10), we get

29 — 24x2

QQ2,x,0) =n4(x) := —0

Since ng(x) < O for x € [0, 1], we know that n4(x) is decreasing in [0, 1]. Thus, it
achieves maxima at x = 0. Hence

29
2 < —— =~ 0.007552 1.
02,x,0) < 2840 0.007552083 (x € [0, 1])
By putting y = 1 in (4.10), we get
1
02,x,1) < 768 ~ (0.001302083 (x € [0, 1]).

By setting y = 0 in (4.12), we have

5¢° + 384c

0. 0,0y =t mi(e) = —57e85

Since n/1 (¢) > 0 for ¢ € [0, 2], we see that ni(c) is increasing in [0, 2] and hence
attains its maximum value at ¢ = 2. Thus,

29
0(c,0,0) < 3020 ~ 0.007552083 (e < [0,2).

Solving Eq. (4.12) at y = 1, we get

5¢9 — 56¢% 4 224¢2

Q. 0. 1) =m(e) := 122880

It is easy to verify that the function n/(c) = 0 for ¢ =: ¢o = 0 and
¢ =:c] & 1.555704593

in the interval [0, 2]. We observe that ¢ is the point of minima and the maximum value
of ny(c) is approximately equal to 0.002113230011, which is attained at ¢y, thus,

Q(c,0,1) <0.002113230011 (c € [0, 2]).
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By putting ¢ = 0 in (4.12), we get
0(0,0,y) =0 (y €10, 1]).
By setting ¢ = 2 in (4.12), we obtain

29 — 24y?

2.0,y) =
0@.0.» 3840

A simple calculation gives
R 3840 e Y ’ '

As we see that Eq. (4.13) is independent of y, so we have

4096¢ — 944¢3 — 15¢°
122880

Q(c, 1,1) = Q(c. 1,0) = n3(c) :=

Now, n(c) = 0 for

2
c=ico= E\/—1062 + 6436129 ~ 1.18101879 € [0, 2]

and n3(c) achieves its maximum at cy. We conclude that

5081 59
LD =0, 1,0) < = V36129 )/~ 1062 + 6+/3612
0 1,1)= 0 10) <450000 1350000 9) V * ?

~ (0.02643184534 (c [0, 2]).
By putting ¢ = 0 in Eq. (4.13), we get
00,1,y) =0 (y €0, 1]).

By setting ¢ = 2 in Eq. (4.13), we have
1
02,1,y) < 768 ~ 0.001302083 (y € [0, 1]).

Therefore, by virtue of all the above cases, we deduce that inequality (4.3) holds. O
Theorem 4.3 Let f € RL. Then

1
< —. 4.14
= (4.14)

aszas — QZ

The bound is sharp.
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Proof From (3.8), (3.9) and (3.10), along with ¢; = ¢, we have

1
lasas — af| = ———[285¢° — 1392¢%; +320¢%c3 + 2368} — 10240¢%y

3932160
+ 17920ccyc3 — 10240¢3 + 16384c¢a¢4 — 153605 .

Lett =4 — c% and using Lemma 2.3, we obtain

’a3a5 — a%)
= m { 5¢8 — 56¢txt + 368c %21 + 464¢2x212 — 1024¢%1x% — 256¢ 123
1472031262 + 6482542 — 384012 (1 . |x|2>2 2+ 1024215 (1 - |x|2) 32
11024631 (1 - |x|2) xy — 1024¢%t (1 - |x|2) (1 - |y|2) Z + 896¢x1> (1 - |x\2> y
— 256¢12x2 (1 - |x|2> y + 4096x1> (1 - |x|2) (1 - |y|2) 2 — 22463 (1 - |x|2> y

— 1280x33 + 4096x312 — 4096x1%5 (1 - |x|2) yz}.
Since t = 4 — ¢2, we know that

1
~ 3932160 (”1 (e, ) +uz (e, x) y +us (¢, ) y* +ua (e, x, ) z) ,

‘a3a5 — af‘
where

ui(c,x) = 5¢% + (4 — 2)2(64x*c? — 192x3c? + 464x%c* — 1024x%)
+ (4 — ) (—1024x%c? 4+ 368¢*x* — 56¢*x — 256 %),
ur(c, x) = =32¢(4 — A1 — [xH)[A(=32x +7) + (4 — H)x(8x — 28)],
uz(c, x) = —256(4 — A1 — |x|H)[E — ) (15 + x?) — 4c*x],
and

ug(c, x, y) = 10244 — (1 — |x[H(1 — [yP)[4x 4 — c») — .

Now, by using |x| = x, |y| = y and taking |z| < 1, we obtain

1
‘613615 - af‘ = m <|M1 (¢, )|+ |uz (¢, x)| y + luz (c, x)| y2 + |ug (c, x, )’)|)
<S8, x,y),
where
1
Sex.3) = gy [$1 @0 + 520y 453 @0y +si e (1-57) ]
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(4.15)
with
si(c, x) = 5¢% + (4 — P2 (64x*c? +192x3 ¢ + 464x2c? + 1024x7)
+ (4 — *)(1024x%¢? 4 368¢*x% + 56¢*x + 256¢* %),
s2(c, x) =32¢(4 — A1 = xD[*B2x +7) + (4 — P)x(8x +28)],
s3(c, x) = 256(4 — *)(1 — x2)[4 — ) (15 + x?) + 4cx],
and

sa(e, x) = 10244 — A)(1 — xH)[4x (4 — &) + 2.

Let the closed cuboid be A : [0, 2] x [0, 1] x [0, 1]. We have to obtain the points
of maxima inside A, inside the six faces and on the twelve edges in order to maximize

0.
(D Let (p,x,y) € (0,2) x (0, 1) x (0, 1). Now, to find points of maxima inside
A, we take partial derivative of (4.15) with respect to y and get

s 1
dy 122880
+ c[4x (@ — A (T +2x) + (7 + 320)]1}.

@ — A = xH{16y(x — D[4 — A (x — 15) + 4c?]

For % =0, yields

_c[4x(d = A (T +2x) + (T +320)]
Tl — D@ — (15 —x) —42 v

If yg is a critical point inside A, then yo € (0, 1), which is possible only if

(74 32x) + dex (@ — ) (T +2x) + 16(1 — x)(d — (15 — x) < 64c*(1 — x),
(4.16)

and

4(15 —
2o dds—x

4.17
19 — x ( )

Now, we have to obtain the solutions which satisfy both inequalities (4.16) and (4.17)
for the existence of the critical points.
Let

4(15 -
o) =g
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Since g5(x) < 0 for (0, 1), g2(x) is decreasing in (0, 1). Hence 2 >28/9,a simple
exercise shows that (4.16) does not hold in this case for all values of x € (0, 1), and
there is no critical point of S in (0, 2) x (0, 1) x (0, 1).

(IT) Now, to find points of maxima inside the six faces of A. We deal with each case
individually.

When ¢ =0, S(c, x, y) reduces to

(= xH( (x — D(x — 15) + 16x) + 4x3

hu(x, y) =S80, x,y) 960 (x, y € (0, 1)).

(4.18)

h1 has no optimal point in (0, 1) x (0, 1) since

. y(I —xH)(x —1(x —15)
— = 0 , vy e (,D). 4.19
oy 430 #0 (x, ye€ (0, 1) 4.19)

When ¢ = 2, S(c, x, y) reduces to
1

S2,x,y) = —— (x, y€(0,1)). (4.20)

12288
When x =0, S(c, x, y) reduces to S(c, 0, y), given by

256y2(240 — 136¢% + 19¢*) + 224c3 y(4 — ¢2) + 5¢° + 4096¢% — 1024¢*
3932160 ’

fac.y) =
4.21)

where ¢ € (0,2) and y € (0, 1). We solve % =0 and % = 0 to find the points of

maxima. By solving % = 0, we obtain

73
Dyl (4.22)

YT 71660 — 1962)

For the given range of y, y; should belong to (0, 1), which is possible only if ¢ > co,
co ~ 1.777046633. A calculation shows that "aﬂ = 0, which implies that

c

(—34816 + 9728¢%)y? + (1344¢ — 560¢>)y + 15¢* + 4096 — 2048¢* = 0.
(4.23)

By substituting (4.22) into (4.23), we get
—377160c® + 1311¢® + 3083408¢* — 8355840c% + 7372800 = 0.  (4.24)

A calculation gives the solution of (4.24) in (0, 2) that is ¢ &~ 1.413134655. Thus f;
has no optimal point in (0, 2) x (0, 1).
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When x = 1, S(c, x, y) reduces to

Fate, y) = S(e. 1, ¥) = 45¢0 — 3040c* + 7424¢* + 16384 € € (0.2){4.25)
306, Y) = ¢ L,y)= 3932160 Cc : 4.

By solving % = 0, we obtain the critical point are ¢ =: ¢y = 0 and

4
c:=c = E\/%SO — 15+4/32185 ~ 1.120751931,

where c( is minimum point and maximum point of /3 is achieved at ¢ that is

45071 6437+/32185

_ ~ 0. 4108401.
209952+ 5248800 0.0053410840

When y =0, S(c, x, y) reduces to

hy(c,x) := S(c, x,0)
1
"~ 3932160
5¢9 + (4 — A)[(4 — ) (64x*c? + 464x2c* — 3072x3 + 4096x
<+192x3c2) +368c%x? + 56¢x + 256¢*x3 + 10247 ) ‘

A calculation shows that there does not exist any solution for the system of equations
%4 — 0and 2% = 0in (0,2) x (0, 1).
When y = 1, S(c, x, y) reduces to
1
3932160
5¢8 + (4 — cH[(4 — ?)(896cx + 256¢x? + 192x3¢? — 896¢x3
+1024x3 — 256¢x* 4 64x*c? + 3840 + 464x%¢? — 256x* — 3584x2)

+368c*x? — 224¢3x2 + 256¢*x3 — 102433 + 1024¢3x + 56¢*x
+224¢3 + 1024x%¢? — 1024x3¢? + 1024¢%x ]

S, x,1) =

=: hs(c, x).

A calculation shows that there does not exist any solution for the system of equations
s —0and 25 = 01in (0,2) x (0, 1).

(IIT) We are going to find the maxima of S(c, x, y) on the edges of A. By taking
y =01in (4.21), we have

5¢® + 4096¢% — 1024¢*

§(,0,0) = 1) = 3932160

Now, [{(¢) = 0 for ¢ =: 1o = 0 and

8 /
c=iA] = 15 240 — 15+/241 &~ 1.424846645 < [0, 2],

@ Springer



352 Z.-G.Wang et al.

where A¢ is minimum point and maximum point of /1 is A1, we see that

— 7472 + 482/241
5(c,0,0) < ;5125 ~ 0.0010520697 (c € [0, 2]).

By solving Eq. (4.21) at y = 1, we get

5¢% — 224¢% + 3840¢* + 896¢3 — 30720¢% + 61440

S(c,0,1) =h(c) = 3932160

Since lé(c) < Ofor [0, 2], we know that [>(c) is decreasing in [0, 2] and hence maxima
is achieved at ¢ = 0. Thus,

1
S(c,0,1) < o ~ 0.015625 (c € [0,2]).
By setting ¢ = 0 in (4.21), we get S(0, 0, y) = y?/64. A simple calculation gives
1
S0,0,y) < a ~ 0.015625 (y € [0, 1]).

As we see that Eq. (4.25) is independent of y, we have

45¢5 — 3040c* + 7424¢% + 16384

S(e, 1,1) = S(c, 1,0) = I3(c) == 3932160

Now, /5(c) = 0 for ¢ =: cop = 0 and

4
c=:c1 = E\/2850 — 15+4/32185 ~ 1.120751931,

where c¢( is minimum point and maximum point of /3 is achieved at c¢;. We conclude
that

45071  6437+/32185

1L1)=58(c,1,0) < —
Ste. 1) =S 1.0) = =555055 + ~5228800

~ 0.00534108401 (c € [0, 2]).
By taking ¢ = 0 in Eq. (4.25), we get
1
S0,1,y) = 720 ~ 0.004166666667 (y € [0, 1]).

As (4.20) is independent of ¢, x and y, thus we have

S2,1,y) =52,0,y) =52,x,0) =S2,x, 1)

1
= — =~ (0.00008138 , 0, 1D).
15288 (x, y€[0,1]
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By putting y = 0 in (4.18), we get

—3x3 +4x

S0, x,0) =l4(x) == 220

Since li(x) = 0 for x =: xop = 2/3 in [0, 1], we know that I4(x) is increasing for
x < xo and l4(x) is decreasing for xo < x. It achieves maximum at xo. Hence

1
S0, x,0) < a5 ~ (0.007407407 (x € [0, 1]).
By setting y = 1 in (4.18), we get

—x* +4x3 — 14x%2 4+ 15

SO0,x,1) =:l5(x) = 960

Since lg (x) < O for [0, 1], we see that /5(x) is decreasing in [0, 1] and achieves its

maxima at x = 0. Thus,

1
S0,x,1) < Pl ~ 0.015625 (x € [0, 1]).

By means of all the above cases, we deduce that inequality (4.14) holds. The result

is sharp for the function f3(z) given by (3.37).

Theorem 4.4 Let f € RL. Then
|Ha,1 (f)] < 7.9206 x 1073,
Proof 1t is easy to see that
Hy (1) = a7H31 (f) —as A1 +asAr — asAs,

where Ay, As, A3 are determinants of order 3 and given by

Al = ag (a3 — a%) + as (araz — aq) + ag <a2a4 — a%) ,

Ay = ag (a4 — azaz) — as (as - a%) + a4 (axas — azay) ,
and

A3z = ag (a2a4 — a%) —as (apas — azag) + aq <a3a5 - a2> .

By applying triangle inequality on (4.28) , (4.29) and (4.30) , we get

arag — a?

’

2
811 < lag] |a3 — a3 + las| lazas — aal + laa]

m}

(4.26)

4.27)

(4.28)

(4.29)

(4.30)

4.31)
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182 < lag| las — axas| + las| [as — a3| + |as] lazas — azaal, (4.32)
and

|A3] < |ag]

aras — a%‘ + las| |axas — azas| + |aa| ‘a3a5 — af‘ . (4.33)
From Theorem 3.1, along with (3.16), (3.20), (3.22), (4.1), (4.3) and (4.14), we obtain

[A] <3.2244 x 1072,
|As| <2.5511 x 1072,

and
|Az] < 7.3110 x 1073,
Clearly, it follows from (4.27) that
|Hay ()| < la7| |H3 1 ()| + lasl 1A1] + las| [A2] + las| [A3] . (4.34)

By putting the values of |H3 1 (f)|, A1l |A] and |A3] into (4.34), as well as
with the help of Theorem 3.1, it follows that

22 1 2-2
Va1 ‘/_x(3.2244x10*2)
7 64 6
|

+ % x (2.5511 x 10—2) + 3 (7.3110 x 10—3) ~7.9206 x 1073,

|Ha ()] <

m}

5 Bounds of |Ha,1 (f)| for the Classes RL® and RL®
For given m € N, a domain A is said to be m-fold symmetric if A is taken on itself

by a rotation of A around the origin by an angle 2 /m. It is easy to observe that the
analytic function f is m-fold symmetric in D, if

f <e2ni/mz) —2TM () (zeD).

By S, we specify the collection of all univalent m-fold functions having the Taylor
series expansion

f@=24) amna™ (eD). (5.1)

n=1
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The subclass RL" of S™ is the set of m-fold symmetric functions with bounded
turning subordinated with 4/1 4 z. More precisely,

L™ = [f eSM . f(z) = /% with p e P™  (z € D)} . (5.2)

where the set P is defined by

P(”’):{peP:p(z)=1+ch,nz’"" (ze]D))}. (5.3)

n=1

Theorem 5.1 If f € RL®, then

1
|H4,1 (f)| = 500"

Proof Since f € RL®P, there exists a function p € P@ such that

TeoN 2p (2)
f(Z)_‘/—p(z)—i-l'

For f € RLP, using the series form (5.1) and (5.3) with m = 2, we can write

() =14 3a32% + Sasz* + Tazzb + -+, 54
and
2p (2) 1 1 5 1 5 13
FIEES R (z“ - 5) i (166 BT @) SR

(5.5)

Comparing (5.4) with (5.5), we obtain

1
az = €2,

12
RV
=54 n2)

and

Y2 Sy 13
=3\ 1674 T 1282 )
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while ay = a4 = ag = 0, so it is clear that for f € RLD,

Hy1 (f) = (as - a%) (aaa7 - a?) .
Therefore, we get

, 11 5, 1, 1 1, 1 55 ,
as—a3=—-|-c4— == | ——c =4 ———=c;=—|cs — =7 | .
STHB TS 4T . 14427207 28827 20\ 722

By using (2.2) of Lemma 2.1, we have

1
’a5 - ag\ < (5.6)

Furthermore, we see that

o 5,0, 125, 21, 25
T 2100 \ T4 T 952 T g 4T 200

1 5, 25 5\ _ 25 )+25 21 ,
=— |- |lcsa— =7 ) — — (cg —cac — s —=—=ci )|,
2100 | 42\ T ga2) T g BT BT 95

and then with the help of triangle inequality, (2.2) and (2.3), which yields

azay — ag

) 1
aza7 —as| < 50" 5.7
From (5.6) and (5.7), we conclude that
|Ha1 (f)] < L .
’ ~ 600

Theorem 5.2 If f € RL®), then
|Hai (f)] < L
’ — 896
Proof Let f € RL® . Then there exists a function p € P® such that
2p (2)
ff@=|—"-—.
p()+1
For f € RLD, by using the series form (5.1) and (5.3) when m = 3, we can write

') =1+4az® +Tarzb + - -, (5.8)
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2p(2) | 1 5 5\ 6
|22 14— 4 e = = N 5.9
D11 1632 1667 3,93 )¢ (5.9

By comparing (5.8) and (5.9), we get

and

1
= —cs, 5.10
a4 = 723 (5.10)
and
1/1 5
ay = ? <ZC6— 56‘%) s (511)

while a» = a3 = as = ag = 0. So it is clear that for f € RL®, we have
Hyi (f) = —d} (a7 - a%) .

From (5.10) and (5.11), we obtain

By the virtue of triangle inequality and (2.2), it follows that

2 l
’a7 . a4) <= (5.12)

Also, we observe that
1
lag| < 3’ (5.13)

therefore, in view of (5.12) and (5.13), we deduce that

1
|Ha1 ()] < 396"

O
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