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Abstract

Weaving frames have potential applications in wireless sensor networks that require
distributed processing of signals under different frames. In this paper, we study some
new properties of weaving generalized frames (or g-frames) and weaving generalized
orthonormal bases (or g-orthonormal bases). It is shown that a g-frame and its dual g-
frame are woven. The inter-relation of optimal g-frame bounds and optimal universal
g-frame bounds is studied. Further, we present a characterization of weaving g-frames.
Ilustrations are given to show the difference in properties of weaving generalized Riesz
bases and weaving Riesz bases.

Keywords Hilbert frames - Frame operator - Generalized frames - Riesz bases -
Weaving frames

Mathematics Subject Classification 42C15 - 42C30 - 42C40

1 Introduction

The concept of frames was introduced by Duffin and Schaeffer [11] and popularized by
Daubechies et al. [7] when they showed the importance of frames in data processing.
Frames can view as the generalization of bases but allow for over completeness.
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This redundancy of frames makes them play a vital role in numerous areas viz.,
noise reduction, sparse representations, image compression, signal transmission and
processing, image processing, wavelet analysis, etc. Frames also help to spread the
information over a wider range of vectors and thus it provides resilience against losses
or noises. For basic theory and applications of frames, we refer [3,6,8,12,14].

The concept of generalized frames or g-frames was introduced by Sun [18]. G-
frames are generalization of many frames like ordinary frames, frames of subspaces,
pseudo-frames, etc. These frames are useful in many applications. In this paper, we
study weaving generalized frames and weaving generalized Riesz bases. The notion of
weaving frames was introduced by Bemrose et al. [1]. Weaving frames have potential
applications in wireless sensor networks that require distributed signal processing
under different frames, as well as preprocessing of signals using Gabor frames.

2 Preliminaries

Throughout the paper, H is a separable Hilbert space and {H,, };,en is a sequence of
subspaces of a separable Hilbert space. L(H, H,,) is the space of all linear bounded
operators from H to H,,. If U € L(H, K) then U* denotes the Hilbert-adjoint operator
of U, where H and /C are Hilbert spaces. w.r.t. is the abbreviation used for with respect
to.

2.1 Frames

Suppose {h,,}men 1s a countable sequence of vectors in H. Then, {&;, },,en is called a
frame (or ordinary frame) for ‘H if there exist positive constants A < B such that for
any h € ‘H,

AlRI* = ) [tk hw)|> < BIA|. ey

meN

If {h, }men satisfies only upper inequality in (1), then it is called a Bessel sequence
and B is called a Bessel bound.

If a frame {h,, };neN ceases to be a frame when an arbitrary element is removed then
{hm}men is called an exact frame.

Associated with a Bessel sequence {4, },.¢en, the frame operator S : H — H is
defined by

S(hy =Y (. hy)hn.

meN

The frame operator S is linear, bounded and self-adjoint. If the Bessel sequence
{hm}men is a frame then the frame operator is invertible. Using the frame operator, we
have a series representation of each vector 4 € H in terms of frame elements which
is given by
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h= " (hS ) = (h hp)S™ .

meN meN

If a frame {h,,}en 1S not exact then there exist a frame {g,,}men other than
{S~ i hmen such that

h=""(h,gm)hm. forallh € H.

meN

Here, {g }men is called a dual frame of {h,,},en. Thus, a frame can provide more
than one series representation of a vector in terms of the frame elements.

A sequence {h,,}men C H is called a Riesz basis for H if {h,,}en is complete in
‘H, and there exist positive constants A < B such that for any finite scalar sequence

{cm),

AY fenl? < ”Zcmhmn2 <BY lenl®

Riesz bases are the images of orthonormal bases under bounded invertible operators
[6]. Thus, these can be viewed as generalization of orthonormal bases.

2.2 Weaving Frames

We start with the definition of weaving frames which was given by Bemrose et al. [1].

Definition 2.1 Frames {¢,, };men and {Y, }nen for H are called woven if there exist
positive constants A < B such thatforany o C N, {¢, }meo U{¥m}meose is a frame for
‘H with lower frame bound A and upper frame bound B. Each {¢,; };nee U {Vm }meoc
is called a weaving.

Bemrose et al. presented one interesting result in [1] which says that a Riesz basis
and a frame (which is not a Riesz basis) are not woven.

Theorem 2.1 [1] Suppose {¢y; }meN is a Riesz basis and {, }men is a frame for H. If
{dmtmen and {Vm }men are woven, then {Vy, }men is a Riesz basis.

Following result presented in [1] says that if two Riesz bases are woven, then every
weaving is a Riesz basis.

Theorem 2.2 [1] Suppose {¢pn}men and {, }men are Riesz bases for H and there is a
uniform constant A > 0 so that for any 0 C N, {¢n}meo U {W¥mtmesc is a frame with
lower frame bound A. Then, for any 0 C N, {¢m}tmeo U {¥m}mesc is a Riesz basis.

Many interesting properties of weaving frames were studied by Casazza et al. [5].
Then, the notion of weaving frames in Hilbert spaces was extended to Banach spaces
in [2]. A characterization for the weaving of approximate Schauder frames in terms
of C-approximate Schauder frame was presented. The concept of weaving frames in
different settings was studied by many authors in [9,10,15,19,20].
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2.3 Generalized Frames in Hilbert Spaces

Sun [18] gave the concept of generalized frames or g-frames which is the generalization
of ordinary frames, fusion frames, bounded quasi-projectors, etc., see [4,13,16,17].

Definition 2.2 [18] A sequence {A,, € L(H, Hy) : m € N} is a generalized frame
(or g-frame) for H w.r.t. {H,,}men if there exist positive constants A < B such that

AlRI? < Y IAwhI? < BIA]?, forall h € H. @)

meN

The constants A and B are called lower and upper g-frame bounds, respectively. The
supremum of all lower g-frame bounds is called the optimal lower g-frame bound, and
the infimum of all upper g-frame bounds is called the optimal upper g-frame bound.

If { A }men satisfies the upper inequality in (2) then it is called a g-Bessel sequence
for H w.r.t. {H,,}men and B is called a g-Bessel bound.

If a g-frame { A, };nen ceases to be a g-frame when an arbitrary element is removed
then {A;,; }men is called a g-exact frame.

Associated with a g-frame {A,, },;,en, the g-frame operator S : ' H — H is defined
by

S(hy =Y Ay Ah.
meN
The g-frame operator S is linear, bounded, self-adjoint and invertible.

Definition 2.3 [18] Suppose {A;}men and {I},;}nen are g-frames for H w.rt.
{H, }men such that

h=>" AnTuh="Y IyAyh, forallheH.

meN meN
Then, {I},}men is called a dual g-frame of { Ay, }men.

Sun [18] introduced the concept of generalized Riesz basis or g-Riesz basis which
is the generalization of Riesz basis.

Definition 2.4 [18] A sequence {A,, € L(H, H,;) : m € N} is called a generalized
Riesz basis (or g-Riesz basis) for H w.r.t. {H,; }men if

(1) {Am}men is complete in H thatis {h : A,,;h = 0, m € N} = {0}
(i) There exist positive constants A < B such that for any finite set 7 C N and
hm € Hn’b

A Wl < | X A =B Y Wl

meJ meJ meJ

The constants A and B are called lower and upper g-Riesz bounds, respectively.
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Definition 2.5 [18] A sequence {A,, € L(H, H,,) : m € N}iscalled a g-orthonormal
basis for H w.r.t. {H;; }men if

) <A;,k11hm17 A;knzhmﬁ = 8m1,m2<hm1»hm2>7 for all my, my € N, hml € Hmp hmz €

ma

(i) Y en lAmhl? = ||R]1?, forallh € H.

Sun [18] characterized g-frames, g-orthonormal bases and g-Riesz bases using
orthonormal basis for H,,,.

Theorem 2.3 [18] Let A, € L(H, Hy)and {ey m}necy, be an orthonormal basis for
Hupm, where Jy, €N, m € N. Then, { A} men is a g-frame (respectively, g-Riesz basis,

g-orthonormal basis) for H if and only if { A} en mney, .meN is a frame (respectively,
Riesz basis, orthonormal basis) for 'H.

3 Weaving Generalized Frames

We begin this section with the definition of weaving g-frames in separable Hilbert
spaces.

Definition 3.1 [15] Two g-frames {A,; }men and {§2,; }men for H w.rt. {H,,; men are
called woven if there exist positive constants A < B such that for any 0 € N,
{Amtmes U {2 }meoe 1s a g-frame for H with lower g-frame bound A and upper
g-frame bound B.

The constants A and B are called universal lower g-frame bound and universal
upper g-frame bound, respectively. The supremum of all universal lower g-frame
bounds is called the optimal universal lower g-frame bound, and the infimum of all
upper g-frame bounds is called the optimal universal upper g-frame bound.

The following proposition gives the existence of universal upper g-frame bound
for any two g-frames {A,,; }nen and {2, }meN-

Proposition 3.1 [20] Suppose {An}men and {2, }men are g-frames for 'H w.rt.
{Hm}men with upper g-frame bounds By and Bj, respectively. Then, By + By is
a universal upper g-frame bound of { Ay Ymen and {2, }men.

In Theorem 2.3, g-frames are characterized using orthonormal basis for 7,,. Fol-
lowing theorem is an extension of Theorem 2.3 but it characterizes weaving g-frames
using frames for H,, instead of orthonormal bases.

Theorem 3.1 Let { A, }imen and {82, }men be g-frames for H w.r.t. {H;; }men. Suppose
{fu.mInes,, and {gn.miney, are frames for H,, with lower frame bounds A\, A2 m
(respectively) and upper frame bounds B1 ;, B2, (respectively). If there exist positive
constants A1 < By and Ay < By suchthat0 < Ay < A1m < Bim < B1 < oo and
0< Ay <Ay, <Bry < By <oo,forallm €N, then { Ay} meN and {$2;n}men are
weaving g-frames for H if and only if { Ay, fu.m}ne ,y.men and {82}, 8n.m}ne s, .men are
weaving frames for H.
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Proof First suppose that {A,,}en and {2, }men are weaving g-frames for H with
universal lower and upper g-frame bounds A and B, respectively.
Let o be any subset of N. Then, for any & € H, we compute

AllRI? <Y 1 AwhI* + ) 120k

meo meo¢
SZ Z|Ahfnm|+z Z'thnm
mGU Lm ney meo*© 2m nedy
s—ZZm Al ) +—Z D Ik 2 gnm)?
meo nely, meaf nedy
N P 11] P2 IRV IR o T
meo nelj, meo‘ nely
Similarly,
Blh* = Y [ Anhl* + ) 12k
meo meo®
>Z D Ak famdP+ Y 2 thgm
meo Bim nedy meo‘ 2m T
>“"“{ } D2 W A fam)P 4 30 3 Ve g
meo nel, meo€ nely

Therefore, {A fn m}ne]n meN and {ngn m}ne]m meN are Weavmg frames for H.

To prove the converse part, suppose {A}, fu.mlnes, .men and {2 ¢, mlnes,, meN
are weaving frames for 7{ with universal lower and upper frame bounds « and S,
respectively.

Let 0 € Nand i € H be arbitrary. Then,

al > <Y [ Al fun) P4 D0 D 1 25 gnm)

meo nel, meo€ neldy,
=YD WAwh, )P+ Y Y {Ruh, gnm)
meo nel, meo€ nely,
<> BuallAwhl* + ) BamlQ2uhl?
meo meo*¢
< > BillAwhI? + ) Ball2uhl?
meo meo*¢
< max{By, By} (Z 1Amhl> + ) ||9mh||2> :
meo meo¢
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Similarly,

BIRIZ = Y 3 [ Al fun) P+ D D 1, 25 gnm)

meo neJ, meo‘ nedy,

=D > HAwh, )P+ D0 D (R, gum)

meo nel, meo‘ nely,

> min{A, Az} (Z 1A+ ||9mh||2> :

meo meo‘
Therefore, { A, }men and {£2,,},,eN are weaving g-frames for H. O
Next example illustrates the above theorem.

Example 3.1 Suppose H is a separable Hilbert space with orthonormal basis {ey, },eN.
Form € N, let H,,, = span{ey, €;+1, €nm+2} and define A, € L(H, H,,) by

Ap(h) = (h,en)en

Here, A,, is the orthogonal projection of H onto span{e,}, so A% = A,, and
{2em, 2em+1, 2em+2} is a frame for H,, with lower and upper frame bounds both
equal to 4. For any h € 'H, we have

D o MAk1? =) 1 h, endenll® = D 1th, en)* = IIR]I>.

meN meN meN

Therefore, {A;; }men is a g-frame for H w.r.t {H, }men-
I. For m € N, define §2,, € L(H, H,,) by

(h,er)er + (h,er)er, ifm=1
(h, em+1>em+l, ifm > 2.

Since £2,, is an orthogonal projection, so £2,% = £2,,. Also {£2,}men is a g-frame
for H w.r.t {H;; }men.
For 0 = {1} and h = e, we compute

> (h. A 2em) 1> + [, A 2em 1) > + (b, Afy2em12) 1)

meo

+ 2 (100 252em) 2+ 111, 25200 + (1, 2526m2) )
meo©

= (1n, 2000 + (1, 22012) 2 + [, 24163) )

oo
+ 3 (1. 22nem) P + 11, 22nems )P + 1(h, 22men2) )
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o0
= l{e2. 2e1)* + ) _ I{e2, 2emy 1)
m=2

=0.

Thus, {A;Zem, Ay 2epq1, A;2€m+2}men U {Q;';lzem, .Q;;Zeer], Q;ZzeerZ}menf
is not a frame for H. Hence, {A}2e,, A 2en+1, A} 2emi2}meny and
{27 2em, 2,7 2e1m41, £2,52€m42}men are not weaving frames for 7, so by Theorem
3.1, {Am}men and {£2,,},,en are not weaving g-frames for H .

II. For m € N, define 2, € L(H, H,,) by

2, (h) = (h, ep)en + (h, em+l>em+1-

Here {2, }men is a g-frame for H w.r.t. {Hy }men and 2, = £2,,.
Foro € Nand h € 'H, we have

D (Uth, A 2em) ) + [, A 2em 1) P + (b, Al 2em12) 1)

meo

+ 3 (100, 2526+ 10, 220 +1(h, 2526n2) )

meo*©

=Y h 2en)P+ Y (1h, 2em) P + (7, 2em 1))

meo meo®

=4hI1>+4 > (h emsn)I?

meo®

Therefore,

11> <Ytk A 2em)* + [(h, AL 2em i) + |(h, Af2em2) 1)

meo

+ 3 (Ith, 252em) P + 1th, 2320 + 1, 252121 < 8lIAI.

meo©

Hence, { A}, 2e, Ay 2emt1, Ay 2emi2tmenand ($2,2ey, 25 2em 11, 82,5 2€m+2}meN
are weaving frames for H, so by Theorem 3.1, { A, };men and {£2, };nen are weaving
g-frames for H .

In the following theorem, we show the relation between optimal g-frame bounds
and optimal universal g-frame bounds.

Theorem 3.2 Let { Ay} men and {2y} men be g-frames for H w.rt. {H,;;}men with
optimal lower g-frame bounds Ay, A, (respectively) and optimal upper g-frame
bounds B, Bj (respectively). If { A }men and {$2,,}men are weaving g-frames for H
with optimal universal lower and upper g-frame bounds A and B, respectively, then
A <min{A1, A2} and B > max{B1, B>}.
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Proof Choose o = N. Then, for any & € H, we have

ALRIP < D 1 AnhIP + Y 12uhl* = ) 1 Anhl* < Bllk]*.

meo meo® meN

Thus, A and B are lower and upper g-frame bounds, respectively, of {A;;}nen-
Since A and Bj are optimal g-frame bounds of {A,,},;en, A < A; and B > Bj.

Similarly, A < A; and B > B,. Hence, A < min{A1, A3} and B > max{By, B>}.

O

Let us illustrate an example of Theorem 3.2 where strict inequalities follow.

Example 3.2 Suppose H is a separable Hilbert space with orthonormal basis {e;, },eN.
Let H; = span{e;1}, Ho = H3 = span{ez}, Ha = Hs = span{es} and for m €
N\{1, 2, 3, 4, 5}, let H,,, = span{e;;,—>}.

For m € N\{2,3,4,5}, A,, and £2,, are orthogonal projection of H onto H,,.
Define Ay, A3, Ag, As, $27, §23, 24, §25 as

Ax(h) = (h, %)ez, As(h) = (h, %)62, Ag(h) = (h, e3)es, As(h) =0

§22(h) = (h, e2)ez, 235(h) =0, 24(h) = (h, %M, 25(h) = (h,

e3

E)e}

For any h € 'H, we have

DAk =) [ en)? = Y I12uh] = 1217

meN meN meN

Therefore, { A, }men and {§2,,; }men are g-frames for H w.r.t {H,, },men With optimal
lower and upper g-frame bounds equal to 1. Thus, A; = Ay = B} = By = 1. Further
for any & € H, we have

| —

3
[(h, en)|> < | Ah)? = 12107 < §|<h,e1>|2

2

N < ALR < [(h, ex) P for Ay = Aoh, S50

& %>

—_—

1
§|<h,ez>|2 = ‘

0 < [ A2)l* < =|(h, e2)|*, for Ay = Ash, 23h

N =

1
5|<h,e3>|2 < |1A3]I* < [(h, e3)|?, for A3 = Agh, 24h

IA

—

0 < [|Agl*> < =|(h, e3)?, for Ay = Ash, 2sh

N =

1 3
~[(h, em—2)1* < 1 Amh)? = [12uh]* < Z1(h, em—2)|*, forallm > 6.

2 2!
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Let o € N be arbitrary. Then, by using the above inequalities, we have

1 2 1 2
SIAIZ =2 D 1k, em)l

meN

Akl + Y 12wk

meo meo¢

3 3
<32 W em)? = Ik,

IA

Thus, {A;,}men and {$2,,}men are weaving g-frames for H with universal lower
and upper g-frame bounds % and %, respectively.
For o1 = {2}, op = {4}, h1 = ey, hp = e3, we have

1
S = 3 Awhil® + 3 2w I

meoy meay

3

Sl =3 Awhal® + 3 12nha?.
meoy meoy

Therefore, optimal universal upper g-frame bound is % and optimal universal lower
g-frame bound is % Hence, A = % < min{A;, Ab}and B = % > max{Bj, B»}.

In the next theorem, we show that the sum of the optimal g-frame bounds of two
weaving g-frames is never the optimal universal g-frame bounds.

Theorem 3.3 Let { A, }en and {$2,, }men be g-frames for H w.r.t. {H,;, }men with opti-
mal lower g-frame bounds A1, A, (respectively) and optimal upper g-frame bounds
B1, B> (respectively). If { Apm}men and {82, men are weaving g-frames for 'H, then
A1 + Ay is not the optimal universal lower g-frame bound and By + Bj is not the
optimal universal upper g-frame bound.

Proof Suppose {A;;}men and {§2,, }men are weaving g-frames for H with universal
lower and upper g-frame bounds A and B, respectively. Since min{Aj, A2} < A1+A»,
by Theorem 3.2, optimal universal lower g-frame bound is not equal to A| + A».

Suppose that By 4+ B, is the optimal universal upper g-frame bound of weaving
g-frames { A, }nen and {§2,, }pen. For any € > 0, By + B> — € is not a universal upper
g-frame bound. Thus, there exists 0 C N and & € H such that

D AR+ Y I12nh]> > (Bi + By — )|

meo meo*©

Take hy = ﬁ Then,

Y oM+ Y 12nhi > > Bi+ By —€ = Y Akl + ) I12uh1 | — e

meo meo¢ meN meN
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Thus, we have

A<D N Awhi 1P+ D I12nhi |7 < e.

meo¢ meo

Since € > 0 was arbitrary, so A = 0, a contradiction. Therefore, B + B> is not the
optimal universal upper g-frame bound. O

Dual g-frames provide the series representation of each vector in H in terms of
g-frame elements. Following theorem shows that a g-frame and its dual g-frame are
woven.

Theorem 3.4 Let { Ay} men be a g-frame for H w.r.t. {Hy}menN with upper g-frame
bound B and let {I},}men be its dual g-frame with upper g-frame bound B>. Then,

{Amtmen and {1}, }men are weaving g-frames for H with universal lower g-frame

bound min {ﬁ, 2—11;2} and universal upper g-frame bound By + Bj.

Proof Let o be any subset of N. By using Cauchy—Schwartz inequality, we compute

IRlI* =[Gk, 1)
2
= <Z A;“nth,h>
meN
2
= |> (A5 Tuh, h) + Y (A% Tuh, h)
meo meo¢
2
=D (Th, Aph) + Y (Tnh, Ayh)
meo meo¢
2 2
< 2| Y (Ths Anh)| +2| 3" (Tuh, Auh)
meo meo¢
<2 LAl Y N AwhIP +2 ) I5akl* D Akl
meo meo meo¢ meo©
<2By||A)1* Y 1 Awh ] + 2B1lAI1* Y 1wkl
meo meo¢€

< max{2By, 2By} ||h|? (Z I Amhl* + ) ||th||2> , forall h € H.

meo meo®

Therefore,

: 1 1 2 2 2 2
mm{ﬁ,ﬁ}nhn < D M AnhI> + Y IITwhl* < (By + By)l|h|)?, forall h € H.

meo meo*¢

O
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Since the g-frame operator S and its inverse are self-adjoint and positive, so their
square roots exist. In the next theorem, we construct a new family of weaving g-frames
using the existing family of weaving g-frames and the square root of S~!.

Theorem 3.5 Let { A }men and {2, }men be weaving g-frames for H w.rt. Hy,. If S is
1

the g-frame operator of { Ay }men, then { Ay S_% tmeN and {82, S™ 2 }en are weaving

g-frames for H w.r.t. Hp,.

Proof Suppose {A;}men and {§2,,}men are weaving g-frames for H with universal
lower g-frame bound A and universal upper g-frame bound B. Then, {A,,}eN is @
g-frame for H with lower g-frame bound A and upper g-frame bound B, and hence
B~ < S! < A~!], where I is the identity operator on H.

For any subset o of N and & € H, we compute

1 1 1
D NARSTIRIP + Y 12w S 2RI = AlIST 2R

meo meo¢
— A(S"2h,S™2h)
— A((S™2)*S”2h, h)
— A(S"2S"2h, k)
= A(S7'h, h)
= 2P,

For the universal upper g-frame bound, we have

1 1 1
D NAnSTIRIF 4+ D 1208 20> < BIIS”2h|?

meo meo*¢

Therefore, {A,, S_% tmen and {$2,, S_% }menN are weaving g-frames for 7 with uni-
versal lower g-frame bound % and universal upper g-frame bound % O
4 Weaving Generalized Riesz Bases

We start this section with the definition of weaving g-Riesz bases and weaving g-
orthonormal bases.

Definition 4.1 Two g-Riesz bases {A,; }men and {§2,,; }men for H w.rt. {H,; }men are
called weaving g-Riesz bases if there exist positive constants A < B such that for any
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o CN, {Anlmes U {2} mesc is a g-Riesz basis for H with lower g-Riesz bound A
and upper g-Riesz bound B.

The constants A and B are called universal lower g-Riesz bound and universal
upper g-Riesz bound, respectively.

Definition 4.2 Two g-orthonormal bases {A,}neny and {£2,}men for H wort.
{Hm}men are called weaving g-orthonormal bases if for any 0 C N, {A;;}mes U
{821 }meoc 1s a g-orthonormal basis for H.

In the next theorem, we show that weaving g-orthonormal bases remain to be woven
even after applying unitary operator.

Theorem 4.1 If{ A, }men and {$2,, }men are weaving g-orthonormal bases for H w.r.t.
{Hm}men and U is any unitary operator on H, then { AU },uen and {§2,,U } e are
weaving g-orthonormal bases for H.

Proof Suppose o is any subset of N. Then,

D IAnURIP + " 12uURI* = |UR|? = ||k])%, forall h € H.

meo meo®

Suppose my, my € N are arbitrary. Then, for any &, € H,,, and hy,, € Hy,, we
have

(A U himy s (2, U) ) = (U*A;fnlhml, U ‘Q;;kuh'm)

= Ay hmys 2 Biny) = Sy oy (himy s himy) ifmy € 0, ma € 0°,
(A Ul (A, U) ¥l = (U* Afnlhml, U*A;;thz)

= (Ap By s A Bony) = 8mymy (s Bimy) i my, my € o,
(2 U)* himy s (2, U) hmy) = (U™ 82, hiny s U™ 25 i)

= (.Q,’;lhml,ﬂ;flzh 5) = Smymy By, Bmy) ifmy, mo € o€,
Therefore, {A,, U }nen and {$2,,U },,en are weaving g-orthonormal bases for H. O
We obtain the following corollary to the above theorem for g-orthonormal basis.

Corollary 4.1 If { Ay} men is a g-orthonormal basis for H w.r.t. {Hy}men and U is
any unitary operator on 'H, then { A;, U }en is a g-orthonormal basis for 'H.

Unitary operators are surjective isometries. Both surjectivity and isometry are nec-
essary in Theorem 4.1 and Corollary 4.1 is justified in the following example.

Example 4.1 Suppose H = £2(N) with canonical orthonormal basis {e,}ncn. For
m € N, let H,,, = span{e,,} and define A,, € L(H, H,,) by

Ap(h) = (h, en)en
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Here, A,, is the orthogonal projection of H onto H,,, so A} = Ap.
For any i € 'H, we have

D ARk = emden > =Y I(h, en)* = A1,

meN meN meN

Suppose m, my € N are arbitrary. Then, for any h,,, € H,,, and hy,, € H,p,, we
have

(AL Ty Ay ) =

o (A himy s Amyhims,)

= (hmy, emi)em, s (hmys €my)em,)

= (hmy, €m; ) (€my, hmy) (€my, €ms)
m1a9m1><emz )(eml,em2>(eml,em2)

=(h
Sm 1,m2 (hm| > €my ><emzv hmz><em| s 3m2>7
(
= (h

(hmys hmy) =

(h mis em1>em17 (hmz, em2>em2>
h

mis em1><em2’ mz)(emla em2>~

Thus, (A,’;lhm,,Amzh ») = Smymy(hm,, hm,) and hence, {A,;}men 1S a g-
orthonormal basis for H w.r.t. {H,,}meN.
I. Define U : H — H by U(h) = 2h. Then, U is a bounded, linear and surjective

operator but U is not an isometry. For i € H, we have

D NARURI =" 1142k = ) 12k, em)enl® = D |2k, en)* = 4|11

meN meN meN meN

Therefore, {A,,, U} N is not a g-orthonormal basis for 7. Hence, isometry of U
is necessary in Corollary 4.1.

If 2, = Ay, m € N, then {A,}men and {§2),}men are weaving g-orthonormal
bases for H. But {A,,U};uen and {$2,,U },,en are not weaving g-orthonormal bases
for H as {A,,U}men is not a g-orthonormal basis for H. Hence, isometry of U is
necessary in Theorem 4.1.

I. Define U : H — H by U(ay, az, a3, aa, ...) = (0,a1, a2, a3, as, ...). Then, U is
a bounded, linear and isometry operator but U is not surjective. Here U is a right shift
operator, so U™ is the left shift operator.

Since {ey} is an orthonormal basis of H,, and ||[(A1U)*e1|| = |[U*Ajer] =
IU*er]l = [1(0,0,0,...)] =0, so {(A,U)*em}men is not an orthonormal basis for
‘H.By Theorem 2.3, { A, U },,en is not a g-orthonormal basis for . Hence, surjectivity
of U is necessary in Corollary 4.1.

If 2,, = Ay, m € N, then {A,}men and {£2), }men are weaving g-orthonormal
bases for H. But {A,,U};uen and {£2,,U },,en are not weaving g-orthonormal bases
for H. Hence, surjectivity of U is necessary in Theorem 4.1.

G-Riesz bases are generalization of Riesz bases but still some properties of weaving
g-Riesz bases and weaving Riesz bases are different. Next two examples highlight
these differences.
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It is shown in Theorem 2.1 that if a frame and a Riesz basis are woven, then the
frame must be a Riesz basis. However, this is not in the case of g-Riesz basis.

Remark 4.1 If a g-frame and a g-Riesz basis are woven then the g-frame need not be
a g-Riesz basis.

Next example justifies the above remark.

Example 4.2 Suppose H is a separable Hilbert space with orthonormal basis {€, i }n.meN-
Form € N, define A, 2, : H — ¢2(N) by

ifm=2
Ay (h) = {(h, en.k)}reN lm n
{(h,en)lkeny ifm =2n—1
ifm=2
2, (h) = {{h, en,2k) ken lm n
{(h, enok—1)}keny ifm =2n —1.

For any h € 'H, we have

D IAhI? =2 It enidbenl® =2 Y 1th, en i) =201

meN neN neN keN

Thus, {A;}men is a g-frame for H. Since {A;;}nen(2) 18 also a g-frame for H,
s0 { A }men 18 not a g-exact frame and hence it is not a g-Riesz basis for H as every
g-Riesz basis is a g-exact frame.

Let {e;}icny be the canonical orthonormal basis for £2(N). Then,

2 (&) = eni—1 ifm=2n—1
" en.2i if m = 2n.

Since {2, €;}ieN,meN = {€i m}ieN,meN is a Riesz basis for H being an orthonormal

basis, so by Theorem 2.3, {£2,,},nen 1s a g-Riesz basis for H.
For any 0 € N and i € H, we compute

S A+ Y 12wk

meo meo*©
2 2
= Y Mhendhenl®+ Y It eni)ienll
meo,m=2n meo,m=2n—1
2 2
+ Y Mhensmdhenl®+ D A en 1) kenll
meo€,m=2n meo€,m=2n—1
2 2
= > DK+ Y. D Hhens)l
meo,m=2n keN meo,m=2n—1keN
2 2
+ Y D e+ Y Y e enai)]
meo€,m=2n keN meo¢,m=2n—1keN
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=Y lhena)P )Y I enai1)I?

neN keN neN keN
+ ) D e )P+ Y Y I enan)
meo,m=2n keN meo,m=2n—1keN
=3 > M)+ Y D Khenn- )P+ D D Khoena)l
neN keN meo,m=2n keN meo,m=2n—1keN
=1hP+ D Y lhen 0P+ D D heww)) 3)
meo,m=2n keN meo,m=2n—1keN
<HRIP+ YD s ense- )P+ Y ) 1ty en i)
neNkeN neN keN
= [A12+ DD [h. ens))* = 2[1A]1%
neNkeN

From (3), Y ,co 1 Amhl? + 3 coe 12mhl* > ||h]|%. Hence, we have

IAI> < > 1Akl + D 12uh]* < 2]R].

meo meo©

Therefore, { A, }men and {2, }nen are weaving g-frames for H, where {£2,,},,en
is a g-Riesz basis and {A,;, },;en is not a g-Riesz basis.

Itis presented in Theorem 2.2 that if two Riesz bases are woven, then every weaving
is a Riesz basis. Since exact frames are same as Riesz bases, so conclusion of Theorem
2.2 also holds for exact frames, i.e., if two exact frames are woven, then every weaving
is a Riesz basis (or an exact frame). But this is not true for g-exact frames.

Remark 4.2 If two g-exact frames {A,, }en and {£2,,},nen are weaving g-frames for
‘H, then for 0 C N, {A;1}mes YU {2} meoe need not be a g-exact frame and hence
need not be a g-Riesz basis for H.

Next example justifies the above remark.

Example 4.3 Let H be a separable Hilbert space with orthonormal basis {e, },cn. For
m € N, define A,,, 2,, : H — C* by

((hvez) ( 4)’ <h’ 6]>, ) if m = 1
gy < e e hen.0) it =2
((h, €2), (h, e4), (h, es), (h,ec)) if m =3
((h, em+3),0,0,0) if m>4
(h.e1). (h. e3), (h. €3). 0) ifm=1
Qm(h)z ((h,€1> (h e3)1<h7e4)70) lfm:2
((h,€1> <h €2),<h,65),<h,€6>) if m=3
((h, em+3),0,0,0) if m > 4.
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Then, {A;;}men and {$2,,}men are g-exact frames for H. Further for any h € H,

we have

Leto

Thus,

2 4
D Ik el < AP <Y [¢h, e, for Aj = Arh, 21k
i=1 i=1
4 4
D Ik el < lAall> < Y 1th, eI, for Ay = Ash, 25k
=3 i=1
6 6
D Uk el < 1Asl> < Y [¢h, e[, for Ay = Ash, 23h
i=5 i=1

[y emt3)|* = | Amh|* = |2k )1* < 3|(h, ems3)|?, forallm > 4.

C N be arbitrary. Then, by using the above inequalities, we have

1RI1P =" [(h. em)?

meN

Sl AwhI* + Y 12wk

meo meo®

<3) I(hen)l?

meN

=3||h|%.

IA

{Am}men and {£2,,};nen are weaving g-frames for H.

For o = {1, 2}, {Am}mes U {£2m}meoe is a g-frame for H. Since {Ap}meo\(2) U
{$2n}meoe s also a g-frame for H, therefore, {A;;}mes U {2m}meoc 18 nOt a g-exact
frame and hence not a g-Riesz basis for H.
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