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1 Introduction

As a generalization of the classical Lebesgue space, the mixed-norm Lebesgue space
LP(R™) with p := (p1,..., pu) € (0,00)", which is defined to be the set of all
measurable functions f on R” such that

1/pn

p2/p1
I fllLe ey := A~--[A|f(x1,...,xn)|”‘ dm} .dxy < 00,

was introduced by Benedek and Panzone [3]. After that, on the mixed-norm Lebesgue
spaces as well as their weighted counterparts, the boundedness of some classical oper-
ators such as fractional integrals and Calderén—Zygmund operators (see, for instance,
[3,8,10,46]), various inequalities such as Hardy—Littlewood—Sobolev inequalities and
geometric inequalities (see, for instance, [7,9,65]), interpolations (see, for instance,
[37,53]) and convergence problems of summability means (see, for instance, [35]) were
considered. In recent years, there also exists an increasing interest in various mixed-
norm function spaces based on mixed-norm Lebesgue spaces, including mixed-norm
weak Lebesgue spaces (see, for instance, [7-10]), mixed-norm Morrey spaces (see,
for instance, [56,61]), mixed-norm Hardy spaces (see, for instance, [12,13,30-34]),
mixed-norm Besov spaces (see, for instance, [20]), and mixed-norm Triebel-Lizorkin
spaces (see, for instance, [38,39]). Moreover, Bennett and Sharpley [4] considered
a more general class of mixed-norm function spaces generated by Banach function
spaces (see also [5]), which was further studied and developed in [1,2,11,28,50,62].
For more developments of mixed-norm function spaces, we refer the reader to the
survey [36].

The main purpose of this article is to give a general result on the interpolation
properties of mixed-norm function spaces generated by quasi-Banach lattices. Under
certain conditions, we show that many mixed-norm function spaces, such as mixed-
norm Lebesgue spaces with variable exponent, mixed-norm Lorentz spaces (and hence
mixed-norm weak Lebesgue spaces), and mixed-norm Morrey spaces, are closed under
the Calder6n product and the + interpolation method. These interpolation results might
find potential applications in the study on the boundedness of operators on those mixed-
norm function spaces.

Let (X, i) be a measure space, namely, X is a non-empty set and p¢ a non negative
measure. Let M (X) be the set of all extended complex-valued measurable functions
on X and LY(X) the space of all equivalence classes of almost everywhere finite
measurable functions on X with the topology of convergence in measure on sets of
finite measure. A quasi-Banach space X c L°(X) is called a quasi-Banach lattice
of functions (in short, quasi-Banach lattice) if, for any f € X and any g € M(X)
satisfying |g| < | f| almost everywhere, it holds true that g € X and ||g|lx < || fllx-
Let (X, X1) be a pair of quasi-Banach lattices on (X, ) and 8 € (0, 1). Then, their
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Interpolations of Mixed-Norm Function Spaces 155

Calderon product X(l)_e X (19 is defined by setting

X(])*QX? = {f eMX): |f] < |f0|1_9|f1|9 almost everywhere with
fie X, ief0,1}} (1.1)

and, for any f € X(l)_g X‘lg, its norm ”f”X(',“’X‘{ is defined by setting

1o = inf {1l 571115, | (12)

where the infimum is taken over all the presentations as in (1.1). Calderén [6] proved
that, if Xo and X are two quasi-Banach lattices, then X(l)_eX? is a quasi-Banach
lattice as well.

Let X := X(X,n) and Y := Y (), v) be two quasi-Banach lattices. Then, the
mixed-norm function space Y (X), in the sense of Benedek and Panzone [3] (see
also [5]), is defined to be the set of all measurable functions f on the product space
(X x Y, u x v) satisfying

I lveo = [1F e x|y, < oo (1.3)

Here and thereafter, || f(x, y)|lx, denotes the norm in X of f(x, y) on the variable x
and || f(x, ¥)|ly, thenormin Y of f(x, y) on the variable y. Observe that, if f € Y (X)),
then, for almost every y € )V, f(-,y) € X. Itis also known that the mixed-norm
function space Y (X) generated by quasi-Banach lattices is still a quasi-Banach lattice
with the quasi-norm | - ||y x) (see, for instance, [5]).

Recall that a Banach space E on (X, ) is called a Banach ideal if there exists
a function f € FE such that f > 0 almost everywhere on X, and ||gllg < ||hlE
whenever g, h € E satisfying |g| < |h| almost everywhere on X (see, for instance,
[50, p.282]). Clearly, any Banach ideal is a quasi-Banach lattice.

In [50], Maligranda studied the Calderén—Lozanovskii construction for mixed-
norm function spaces generated by Banach ideals, which also describes their Calder6n
product. However, it is unknown how the Calderén product behaves on mixed-norm
function spaces generated by quasi-Banach lattices. The first main result of this article
answers this question as follows.

Theorem 1.1 Let 6 € (0, 1). Assume that (Xo, X1) and (Yo, Y1) are two pairs of
quasi-Banach lattices, respectively, on (X, u) and (), v). Then,

[Yo(Xo)' (Xl = Y (X)
with equivalent quasi-norms, where X := Xé_ng andY = Y01_9 Ylg.
The proof of Theorem 1.1 is given in Sect. 2. Applying Theorem 1.1, we further

obtain some interpolation properties of mixed-norm function spaces generated by
quasi-Banach lattices via some different interpolation methods.
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156 S.Wuetal.

To see this, we let Xo and X be two quasi-Banach spaces on (&, i), which are
continuously embedded into a larger Hausdorff topological space Y. Let

I £llxonx, == max {II fllxy: 1 fllx,}, V. feXonXi.

By [6, p. 114], we know that (Xo N X1, || - [[x,nx,) is complete. The space Xo + X
is defined by setting

Xo+X1:={heY: h=ho+h withh; € X;, i € {0,1}} (1.4)
equipped with the norm
180 xo+x, := inf {lIkollx, + IB1llx,} . ¥Yh € Xo+ X1, (1.5)

where the infimum is taken over all the representations as in (1.4). Notice that Xo+ X
is a quasi-Banach space; see [6, p. 114].

Next, we recall the definitions of the Gagliardo—Peetre interpolation method (see,
for instance, [19]) and the = interpolation method (see, for instance, [55,60] and also
[22,23]).

Definition 1.2 Let (X, X1) be a pair of quasi-Banach lattices and 6 € (0, 1).

(i) (The Gagliardo—Peetre method) We say a € (Xo, X1)¢ if there exists a sequence
{ai}iez C XoN Xy suchthata =), ,a;in Xo+ X1,) ;o7 ;210=g; for any
bounded sequence {¢;};cz C C converges in X; with j € {0, 1}, and, moreover,
there exists a nonnegative constant C such that, for any j € {0, 1},

Z Eizi(j_e)ai

i€eZ

= Csup gl (1.6)
i€eZ

Xj
where C is independent of F {a;};cz and {¢;};cz. Let
llallxo.x,)y = inf{C},

where the infimum is taken over all the nonnegative constants satisfying (1.6).

(ii) (The £ method) We say a € (Xo, X1, 0) if there exists a sequence {a;}icz C
XoN Xy such thata = ) ;5 a; in Xo+ X1, ) ;cp £;2/0=9g; for any finite
subset F C Z and any bounded sequence {&;};cz C C converges in X; with
j € {0, 1}, and, moreover, there exists a nonnegative constant C such that, for any
J €10, 1},

Z 8i2i(j70)ai

ieF

< Csup &, (1.7)
i€eZ
Xj
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where C is independent of {a;};cz and {¢;};cz. Let
llallxo.x,.0y := inf{C},

where the infimum is taken over all the nonnegative constants satisfying (1.7).

Below, for any two spaces X and Y, X C Y means that X is a subset of Y,
and X — Y means that X is continuously embedded into Y. It is easy to see that
(X0, X1)o — (X0, X1, 0) for any 6 € (0, 1) and any pair (Xo, X1) of quasi-Banach
lattices.

Definition 1.3 Let (X, X) be a pair of quasi-Banach lattices. Then, a quasi-Banach
space X is called an intermediate space with respect to (X, X1) if and only if Xo N
X1 —> X< Xo+ X;.

Assume that X is an intermediate space with respect to (Xo, X1) and X° denotes
the closure of Xo N X in X. The Gagliardo closure of X with respect to Xo + X1,
denoted by X, is defined in the following sense: a € X~ if and only if there exists
a sequence {a;};eN C X such that a; — a in Xo + X as i — oo and there exists a
positive constant A such that, for any i € N,

llaillx < A. (1.8)

The norm ||a|| x~ of @ in X" is defined by setting ||a|| x~ := inf{A}, where the infimum
is taken over all A € (0, co) satisfying (1.8) (see, for instance, [19]).

Let X be a quasi-Banach lattice and p € (0, 0o0). The p-convexification of X (see,
for instance, [55, p. 140]), denoted by X (P), is defined by setting f € X”) if and only
if | f|? € X. Moreover, for any f € X@ let

1
1 o == |1F17 37 (1.9)
The following definition is just [55, Definition 1.7].

Definition 1.4 A quasi-Banach lattice X := (X, || - ||x) is said to be of type € if there
exists an equivalent lattice quasi-norm ||| - |||x on X such that, for some p € [1, 00),
X (P) is a Banach lattice with respect to the norm defined as in (1.9) with || - | x replaced

by I - [llx-

Let (X, u) be a o-finite measure space. For any sequence {a}jeny C Randa € R,
aj 1 aasj — oomeansthat{a;}cn is anon-decreasing sequence and lim; . a; =
a. Denote by 1g the characteristic function of E for any set E C X.

The following definition of the quasi-Banach function space is from [4, Definitions
1.1 and 1.3] (see also [5, Subsection 3.1]).

Definition 1.5 A quasi-Banach space X C M (X’) with the quasi-norm || - || x is called
a quasi-Banach function space if it satisfies the following assertions:

(i) forany f € X, || fllx = 0 implies f = 0 almost everywhere on X’;
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(i) g. f € X and |g| < | /| almost everywhere imply [Igllx < | fx:

(iii) if {f;}jen C M(X) is a sequence of nonnegative functions and f € M(X), then
fi 1 f almost everywhere as j — oo implies || f;llx 1 | fllx as j — o00;

(iv) for any measurable set E C X with finite measure, 1g € X;

(v) for any measurable set E C & with finite measure, there exists a positive constant
C(g), depending on E, such that, for any f € X,

/Elf(x)ldu(x) < Cwllflx. (1.10)

Additionally, if X is a product space, we require E C I for some rectangle I C X
with finite measure in (iv) and (v).

In some situations, the condition (1.10) is a bit restrictive because some classical
function spaces, such as Morrey spaces, may violate it (see, for instance, [63]). To
overcome this and unify more function spaces, Sawano et al. [64] introduced the
following ball quasi-Banach function spaces.

Definition 1.6 A quasi-Banach space X C M (X)) with the quasi-norm || - || x is called
a ball quasi-Banach function space if it satisfies the following assertions:

(i) forany f € X, || fllx = 0 implies f = 0 almost everywhere on X’;
(ii) g. f € X and [g| < | f| almost everywhere imply [Igllx < | £ x:
(iil) if {f;}jen C M(X) is a sequence of non negative functions and f € M(X), then
fj 1 f almost everywhere as j — oo implies || fjllx 1 | fllx as j — oo;
(iv) for any ball B C X with finite radius, 15 € X (if X is a product space, we require
B C I with I being the product of two balls with finite radius).

In addition, a ball quasi-Banach function space X is called a ball Banach function
space if its norm satisfies the triangle inequality and, for any ball B C X" with finite
radius, there exists a positive constant C(p), depending on B, such that, forany f € X,

/B [f)]dux) < Cpllfllx

(if X is a product space, we require B C I with [ being the product of two balls with
finite radius).

Remark 1.7 Observe that, in Definition 1.6, if we replace any ball B by any bounded
measurable set E, we obtain its another equivalent formulation of ball quasi-Banach
function spaces.

Compared with quasi-Banach function spaces, ball quasi-Banach function spaces
contain more function spaces. For instance, Morrey spaces, mixed-norm Lebesgue
spaces, weighted Lebesgue spaces, and Orlicz-slice spaces are all ball quasi-Banach
function spaces, but not quasi-Banach function spaces (see, for instance, [64]).

Bennett and Sharpley established several basic properties of quasi-Banach function
spaces in [4, Chapter 1]. With some arguments similar to those used in [4, Chapter 1],
we obtain the following properties of ball quasi-Banach function spaces and we omit
the details.
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Proposition 1.8 Let X be a ball quasi-Banach function space on (X, ). Then, for
any f, g € M(X) and sequence {f;}jen C M(X), the following statements hold
true:

(i) (the lattice property) If |g| < | f| almost everywhere and f € X, then g € X and
llgllx < IIfllx-

(ii) (the Fatou property) Assume that {f;}jen C X is a sequence of nonnegative
functions satisfying f; 1 f almost everywhere as j — oo. If f € X, then
I fillx t I1fllx as j — oo; whereas, if f ¢ X, then || fillx * o0 as j — oo.

(iii) (the Fatou lemma) Assume that {fj}jen C X satisfy lim; .o f; = f almost
everywhere and liminf; . | fillx < oo. Then, f € X and |fllx =<
liminf ;o0 I 1 x-

Moreover, if X is a ball Banach function space and f; — f in X as j — oo, then
there exists a subsequence { fj, }xen such that limy_. fj, = f almost everywhere on
(X, ).

Remark 1.9 Let X := X(X, u) and Y := Y (), v) be two ball quasi-Banach function
spaces and Y (X) the mixed-norm function space generated by X and Y defined as in
(1.3). Using iteration, we find that the mixed-norm function space Y (X) is also a ball
quasi-Banach function space as well (see [5, p.158] for the case of Banach function
spaces).

The following theorem is the second main result of this article.

Theorem 1.10 Let 6 € (0, 1). Assume that, for any i € {0, 1}, X; and Y; are ball
quasi-Banach function spaces defined, respectively, on (X, u) and (), v), and Y; (X;)
is of type €. Let X 1= X(l)_QX? andY = Y01_0 Yle. Then

Fo(Xo), i(XD)g = (X0l ™ xnl’) = xeoy® (.1

with equivalent quasi-norms. Moreover, if (Xo, X1) and (Yo, Y1) are two pairs of ball
Banach function spaces, then

(Yo(X0), Y1(X1),0) = [Yo(X)I'[Y1(X1)]’ = Y(X) (1.12)

with equivalent norms.

The remainder of this article is organized as follows.

In Sect. 2, we give the proofs of Theorems 1.1 and 1.10. In the proof of Theorem
1.10, we need two key tools: one is the relation between the Calderén product and
the +-interpolation space established in [55, Theorem 2.1], and the other one is the
behavior of limits of pointwise convergent sequences in ball quasi-Banach function
spaces mentioned in Proposition 1.8. In Sect. 3, we show several examples of function
spaces falling into the scope of Theorem 1.10, including mixed-norm Lebesgue spaces
with variable exponent, mixed-norm Lorentz spaces (and hence mixed-norm weak
Lebesgue spaces), and mixed-norm Morrey spaces. Some of them are new even for
the classical function spaces, for instance, the Calderén product results for mixed-norm
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160 S.Wuetal.

Lebesgue spaces with variable exponent (see Proposition 3.3 below) and mixed-norm
Lorentz spaces (see Propositions 3.7 and 3.9 below).

Throughout this article, we always adopt the following notation. Let N :=
{1,2,...}. We always use C to denote a positive constant which is independent of
the main parameters. The symbol f < g means that there exists a positive constant C
such that f < Cg. The symbol f ~ g is used as an abbreviation of f < ¢ < f.If
f <Cgandg =horg < h, wethen write f < g ~ hor f < g < h, rather than
f<g=hor f < g < h.Forany set E, let 1g be its characteristic function. For
any p € [1, 00], let p’ be the conjugate index of p, namely, 1/p+1/p’ = 1.

2 Proofs of Theorems 1.1 and 1.10
We begin with proving Theorem 1.1.
Proof (Proof of Theorem 1.1) We first show that
[Yo(Xo)l' "1 (X1)1” = Y(X). @1
Indeed, by the definition of the Calderén product, we know that, for any f €

[Yo(Xo)1'0[Y1(X1)]?, there exist functions fo € Yo(Xo) and fi € Yi(X1) such
that, for almost every (x,y) € X x ),

Lf e W< oG, DI fiGe, If (2.2)

and

1-6 0
I follyycxo) 11y, cxy ~ I llpvgcxoni=e vy e < ©0- (23)

Since two functions differing only on a set of measure zero are the same in the Calderén
product, without loss of generality, we may assume that (2.2) holds true for any
(x,y) e X x ).

Notice that, for almost every y € ), fo(-, y) € Xo and fi(-, ¥) € X. From this,
the definition of the Calderén product, and (2.2), we deduce that, for almost every
yeV, feyeXy 'x{ =X and

£l = 17 G lgaoxs < 1AC DI A1, (24)
furthermore, by the fact that fo € Yo(Xp) and f; € Y1(X1), we conclude that

Il foC-, )Ix, € Yoand || f1(-, ¥) |l x, € Y1, which, together with (2.4) and (2.3), implies
that || £ (-, »)llx € ¥, °Y/ =Y and

1y = 1FC D x Dy < W follyy e 1A, ey ~ 1 lpyvoeon=e v ceny < 0°-

This shows that (2.1) holds true.
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Next, we prove
Y (X) < [Yo(Xo)I' Vi (X D1’ 2.5)
Observe that, for any f € Y (X), there existsaset E C ) with v(E) = 0 such that, for
any giveny € V\E, f(-,y) e X = X(l)_eX?. Then, by the definition of X(l)_eX?, we

know that, for any y € Y\ E, there exist two functions go(-, y) € Xpand g1(-, ¥) € X
such that, for almost every x € X,

Lf (e, W1 < lgoe, I Ig1(x, »)1, (2.6)

and

lgoC- g g1 G %, < 20£C »lix .7
Again, since two functions differing only on a set of measure zero are the same in X
and X1, we may assume that (2.6) holds true for any (x, y) € X x (V\E). Similarly,

from the fact that || f (-, y)||x € ¥ = YO1 -0 Yf) , it follows that there exist two functions
ho € Yp and hy € Y; such that, forany y € ),

£ Collx < Tho) 117, (2.8)

and

oy, I, ~ If v cx)- (2.9)

Let

Ag:={y € V\E : llgo(-. llx, > 0} and A;:={y e V\E: |ig1(. )lx, > 0}.
Define

folx,y) = ZgO(x’y—)hO(y)lAO(y) and fi(x,y) = 281()57 Vhi(y)
”gl(U y)”X]

1
g0 (s M llx, A ()

for any (x,y) € X x (V\E), and fp(x,y) := 0and fi(x, y) := 0 for any (x, y) €
X x E. Clearly, fy € Yo(Xo), f1 € Y1(X1), and, moreover,

Il follvoxo) < 2llholly, and [ filly,xpy < 201y,

We claim

<1l Al (2.10)
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162 S.Wuetal.

holds true almost everywhere on X' x ). Assume for the moment that the claim holds
true. Then, from the definition of the Calderén product and (2.9), we deduce that

IS v (o)t =1y, (x )1

1-6 1-6
< I folly, o 1119, 0,y < 2MR0lly, 1115, ~ 1 £y x) < o,

which implies f € [YO(XO)]l’H[Yl (Xl)]‘9 and hence (2.5) holds true.
It remains to show (2.10). By (2.8) and (2.7), we know that, for any (x,y) €
X x (V\E),

lgoCr. M1 11 e, I 1o (I 0 1y ()17

Lo, M1 A If =2 - 5
llgoCs Wy, lg1 ¢ M,

iy ()14, ()

~ 5180 NI 1g1 e IPIFC I
- 1-6 [
g0, Ml g1 ¢, W%,

> 1900 I 7 1g1 (e 01714, ()14, ). (2.11)

IA()(y)lAl )

Observe that, by Definition 1.6(i), we may assume that, forany y € Y\E and y ¢ Ay,
gox,y) =0, Vxed; (2.12)
similarly, forany y € Y\E and y ¢ Ay,
g1(x,y) =0, VxeX.

From this, (2.12), and (2.11), it follows that
| foCe, I A G 017 = 180G, I 11 (e, 91714, ()14, ()
lgoCe, WI'1g1(x, 17, VyeAgN A N\E), Vx € X,

=10=goCx, NI ?Igix, Y, Yy e W\A)N\E), Vx € X,
0=lgo(x, VI gi(x, I, VyeW\ADNQ\E), Vx € X.

Thus, by this and (2.6), we conclude that
| foe, DA M = 1, 0], V(x,y) € X x (V\E),

and hence (2.10) holds true almost everywhere on (X x ), u x v). This finishes the
proof of Theorem 1.1. O

To prove Theorem 1.10, we first recall the following result from [55, Theorem 2.1].

Lemma 2.1 Let (Xg, X1) be a pair of quasi-Banach lattices which are both of type €.
Then, for any 0 € (0, 1),

(Xo, X1)o = (X7 x7)
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and
X\ X% < (X0, X1,0) — (X(‘;Qxf)

hold true.
Now, we can show Theorem 1.10.

Proof (Proof of Theorem 1.10.) Notice that (1.11) is a direct consequence of Proposi-
tion 1.8(i), Theorem 1.1, and Lemma 2.1, and we omit its details.

Next, we prove (1.12). By Proposition 1.8(i), Theorem 1.1, and Lemma 2.1, we
find that

Y(X) = [Yo(Xo)l'[Vi(XD]’ = (Yo(Xo). Y1(X1).0)
= (M ) =)™
Thus, to show (1.12), it suffices to prove
Y(X)™ — Y(X). (2.13)
From Theorem 1.1 and the discussion in [55, p.139], we deduce that Y (X) is an
intermediate space with respect to (Yo(Xo), Y1(X1)). By this and the definition of

(Y(X))™, we conclude that, for any f € (Y (X))™, there exists a sequence { f}}jen C
Y (X) such that

Iim || f; = fllvoxo)+rixy) =0 (2.14)

and, for any j € N,

I fillyao < 20 flleyooy~- (2.15)

Observe that (2.14) implies that, forany j € N, f; — f € Yo(Xo) + Y1(X1). Thus, by
(1.4) and (1.5), we find that, for any j € N, there exist functions fj(o) € Yo(Xp) and

f;l) € Y1(Xy) satisfying
0 1
fi—f=r"+r" (2.16)
and
0) )] .
”fj ”YO(XO) + Hfj “YI(XI) S Wi = flivexo+rixny — 0 as j — oo. (2.17)

On the other hand, by Remark 1.9, we know that Y;(X;) with i € {0, 1} is a ball
Banach function space on the product space (X x Y, u x v). From this, Proposition

1.8, and (2.17), it follows that there exists a subsequence {f j(kO)}keN c {f ]_(0)} jeN
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164 S.Wuetal.

such that limg_, oo f © — 0 almost everywhere on (X x ), u x v). Repeating this
argument on {f( )}keN, we obtain a subsequence {f( )}geN C {f( )}keN such that

limyg— o0 fj(k; = 0 almost everywhere on (X x )Y, u x v). Thus, for any i € {0, 1},

lim f() = 0 almost everywhere on (X x Y, u x v),
{—o00

which, together with (2.16), implies that limy_, o, f iy = f almost everywhere on
(X x Y, u x v). Combining this with Proposition 1.8(iii) and (2.15), we conclude
that

1Flvoo = [ Jim Fi [y, < Bminf il £ llvoo S 0F ooy~ < oo,

This shows f € Y (X), which, combined with the arbitrariness of f, implies that
(2.13) holds true and hence finishes the proof of Theorem 1.10. m]

3 Several Examples

In this section, we give several examples of function spaces which fall into the scope
of Theorem 1.10.

3.1 Mixed-Norm Lebesgue Spaces with Variable Exponent

The mixed-norm Lebesgue space with variable exponent, which was originally intro-
duced and studied by Ho [29], is a generalization of Lebesgue spaces with variable
exponent. First, we recall some notation related to Lebesgue spaces with variable
exponent (see, for instance, [15,17,44]).

Let P(R") be the set of all measurable functions p(-) : R" — (0, oo] satisfying

0<p_:= essmf p(x) <esssup p(x) =: py < oo.
xeR"

For any given p(-) € P(R") and x € R", define

PO i p(x) € (0, 00),
Ppo) (@) =10 if p(x) =ooandr € [0, 1],
oo if p(x) =ocoand t € (1, 00).

Moreover, the variable exponent modular ¢ ,()(f) of a measurable function f on R"
is given by setting

0p()(f) = /Rn Pp) (Lf (X)) dx.
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Now, we recall the definition of Lebesgue spaces with variable exponent.

Definition 3.1 Let p(-) € P(R") and E be a measurable subset of R”. The Lebesgue
space with variable exponent, LP (‘)(E ), is defined to be the set of all measurable
functions f on E such that

£l prer gy == inf {& € (0,00) : @p() (F1E/A) < 1} < o0. 3.1)

The following definition of mixed-norm Lebesgue spaces with variable expo-
nent (see, for instance, [66]) generalizes [29, Definition 3.1], where a restriction
p1(), pa() : R — [1, 00) was needed.

Definition 3.2 Let p((-), p2(-) € P(R"). The mixed-norm Lebesgue space with vari-
able exponent, LP>O (LP1O)(R" x R™), is defined to be the set of all measurable
functions f on R” x R” satisfying

||f”an(-)(Lm(-))(RnXRn) = H||f(x, y)”Lf](')(R") sz(')(R") < Q.

Recall that, in [44], Kopaliani considered the complex interpolation between
Lebesgue spaces with variable exponent and Hardy spaces or BMO; furthermore,
in [45, Proposition 3.1], Kopaliani and Chelidze obtained the Calderén product of
LPOO(R™) and LP'O(R™) with 1 < (pi)— < (p;j)4+ < oo forany i € {0, 1}. Via an
argument different from that used in the proof of [45, Proposition 3.1], we get rid of
the restriction 1 < (p;)— < (p;)+ < oo and prove the following result.

Proposition 3.3 Ler 6 € (0, 1) and p(-), po(-), p1(-) € P(R") satisfy ﬁ = ﬁ +
%. Then,

[Lpo(-) (R")] 1-9 [LPI ) (Rn)]0 = PO (R™)
with equivalent quasi-norms.

Proof First, we show that
[LPO@®Y] LI O®RD] s LPORY). 3.2)

For any f € [LPOO@RMIO[LPO (R, there exist fo € LP°O(R") and fi €
LP'O(R™) such that, for almost every x € R”,

L < 1 fo)I 01 A1) (3.3)

and
||f0|| ”f] || S ”f” LP n —orLp 0 ( )
[[70(')(Rn) l]ﬂ(’)(Rn) ~ [ 0()(R ) 1 [l l(‘)(R?l)] . 3 I
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Let

Ap = ”fO”LP()(»)(Rn) and Ay = || fi “L”](')(R”)'

Then, by (3.3) and the Young inequality, namely, for any a, b € [0, 00) and g, ¢’ €
(1, 00) with 1/g + 1/q' =1,

al b4
ab < — + —, 3.5
q
we conclude that
[ | "o [ | A=00)  f (x) (PP
CH PR N “Jrr| ko A
_ [ U=0p@ [fo | / Op@) | f1x) |71
“Jrr pox) Ao R p1(x) | Ap
_1=0p / folx) [P pr [ L@@
— (po)- Jre| Ao (p1)— Jrr | A
< (1-60)p+ Op+ ) (3.6)
(Po)— (p1)—

We claim that, for any A, a € (0, 00), g(-) € P(R"), and any measurable function
fonR",

/ |f )/ dx < a implies | £l g0 @n < Amax{l,a/%}.  (3.7)
]Rn

Assume for the moment that (3.7) holds true. Then, from (3.6), (3.4), and the definition
of A9 and X1, we deduce that

1-6,6 1-6 6
1710 eny = 204 ~ 101 003 oy 111 10 ey 1 2000 yg1-6 201 gy < -

Thus, f € LPY)(R"). Combining this with the arbitrariness of f, we obtain (3.2).
Now, it remains to prove (3.7). Indeed, if @ € (0, 1], then (3.1) directly leads to
I £l a0 gny < A-Ifa € (1, 00), then, forany x € R", (1/a)!/4- < (1/a)'/4™) Thus,

we have
q(x) q(x) 1
dx < / dx = —/
Rn a Jrn

\/Ién

which, together with (3.1), implies || | Lq) gy < Aa'/?- and hence (3.7) holds true.
Now, we show that

q(x)

J(x) dr < 1.

ralla-

S )
ral/a@)

/@
A

LPO®R") — [LPO®RN] [ O®Y]’. (3.8)
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Let f € LPO(R™). Without loss of generality, we may assume || f || p¢) gy = 1. Let

foC) = 1£ OO and fi1() = ()P0,
Clearly, | f| = | fol'=?| f11. Notice that
f | fo(x) [P0 dx =/ |f)PDdx <1
Rl‘l Rn
implies that fo € LPO(R") and Il foll Loty ey < 1. Similarly, we know that fi €

LPYO@R") and || fi oo @n < 1. Thus, by (1.1) and (1.2), we have

1-6 0
”f”[Lp()(«)(Rn)]l—e[Lpl(A)(]Rn)]e = ”fO”LI’O(‘)(R")”fl”Lpl(')(]R”) <1,

which implies f e [LPoORM1=0[LP1)(R")] and hence (3.8) holds true. This,
combined with (3.2), then finishes the proof of Proposition 3.3. O

By Theorem 1.10 and Proposition 3.3, we obtain the following interpolation prop-
erties of mixed-norm Lebesgue spaces with variable exponent.

Corollary 3.4 Let 6 € (0,1) and p(-), q(-), pi(), qi(-) € PR™") withi € {0, 1}
satisfy

PG po()  piC) 90) @O @)
Then
<qu<-> (Lpo(») R" x R, L410) (Lpl(») ®" x Rn)>0
= ([L%(') (LP0O) " x R")]H [mm (17O @ x R")]g)o = (299 (L70) ®" ®)”.
Moreover, if, additionally, p—, q—, (pi)—, (gi)— € [1,00] with i € {0, 1}, then
<L(10(-) (LPO(')) (R" x R™), L) (Lpl(-)> (R" x R"), 9)
— I:LQO(') (LPO(')) (R" x R")]l_e [LQI(-) (LPI(')) (R" x R”)]e
=190 (L70) ®" x R").
Proof By [15, Theorems 2.17 and 2.59, Lemma 2.39, and Proposition 2.41] (see also
[17, p.77]), we know that, for any p(-) : R" — [1, o0], LPO(R") is a ball Banach
function space, which, together with the fact that, for any measurable function f on
R",
|||f|r||Lp(«)(]Rn) = ||f||2rp(<)(Rn)v Vre (O, 00)7
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implies that, for any p(-), g(-) € P(R") and § € (0, min{l, p_, g_}), the 1/5-
convexification of the mixed-norm variable Lebesgue space LI (LPO)(R" x R") is
a Banach space. Namely, the mixed-norm Lebesgue space with variable exponent is
of type €. Combining these with Proposition 3.3 and Theorem 1.10, we obtain the
desired conclusions and hence complete the proof of Corollary 3.4. O

Remark 3.5 (i) As a special case of Corollary 3.4, we obtain the following interpo-
lation properties of classical mixed-norm Lebesgue spaces: for any 6 € (0, 1) and
P, q. pi, qi € (0,00] withi € {0, 1} satisfying % = ‘p;of’ + % and [ll = ‘(];09 + qil
it holds true that

(L90 (LPO) (R" x R™), L91 (LP1) (R" x ]R"))G

- ([Lf/o (LPO) ®" x RM]' O [L91 (LP1) (R" x R")]")° = (L7 (LP) (R x R"))°;
in particular, when p, ¢, pi, qi € [1, oc] with i € {0, 1}, one has

(L®(LPo) (R" x R™), L9 (LP') (R" x R"), 6)
= [L% (LP) R x RM)]' 7 [L9 (LP) R" x RM]” = L9 (LP) (R" x R").

(i) We also recall that, recently, Tan [66] studied the off-diagonal extrapolation on
Lebesgue spaces with variable exponent.

3.2 Mixed-Norm Lorentz Spaces

The mixed-norm Lorentz spaces were originally introduced by Fernandez [18]. Later,
Milman [51,52] studied the properties of interpolations of operators on mixed-norm
Lorentz spaces. Recently, Chen and Sun studied the mixed-norm weak Lebesgue
spaces intensively (see, for instance, [7,8,10]), which are special cases of mixed-norm
Lorentz spaces; in particular, Chen and Sun considered the real interpolation properties
of mixed-norm (weak) Lebesgue spaces via the K-functional. In this subsection, we
consider the interpolation properties on mixed-norm Lorentz spaces via the Calder6n
product, the Gagliardo—Peetre method, and the £ method.

Recall that, for any given p € (0, 0c0) and ¢ € (0, o¢], the Lorentz space L?9(R™)
is defined to be the set of all Lebesgue measurable functions f on R” such that

00 g d\Va
1/ Neragan = {/0 (4 e R 2 17 (0] > 2)7] 7} <00
with the usual modification made when ¢ = oo (see, for instance, [21, Section 1.4]).
Notice that, when g € (0, 00) and ¢ = oo, the Lorentz space LP-*°(R") is just the
weak Lebesgue space.
Also, recall that, for any given pg, p1 € (0, 00) and go, g1 € (0, o], the mixed-
norm Lorentz space LP*490(LP1-91)(R" x R™) is defined to be the set of all Lebesgue
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measurable functions f on R” x R" such that

£ 1l Lrodo (oo y e ceny == || 11 £ (x, W 2090 gy }Lgl-fu Ry < 00

Remark 3.6 Clearly, for any given p € (1, 00) and ¢ € (1, oo], LP*4(R") is a Banach
space (see, for instance, [21, Remark 1.4.12]) and, for any given p, r € (0, co) and
q € (0, oo], and for any measurable function f on R",

|||f|r||Lp*q(R”) = ||f||err,qr(Rn) (39)

(see, for instance, [21, Remark 1.4.7]). Thus, for any given pg, p1 € (0,00),
q0, q1 € (0,00], and 6 € (0, min{1, po, g0, p1, q1}), the 1/5-convexification of
LP1ar(LPo-90)(R" x R") is a Banach space, which means that the mixed-norm Lorentz
space is of type €.

Recall that Calderén [6, p. 124] showed that, for any 6 € (0, 1), and p; € (1, 0c0)
and g; € [1, co] with i € {0, 1} satisfying

1 1—6 0 1 1-06 0
~ = +— and — = + —, (3.10)
p Po P1 q 40 q1

it holds true that
[LPO;QO (R")] 1-6 [Lpl »q1 (Rn)]9 = LP9(R")
in the sense of equivalent norms. Notice that the argument used in [6] depends heavily

on the characterization of Lorentz spaces L”-9(R") with p € (1, 00) and ¢ € [1, o]
that, any measurable function f belongs to L?-9(R") if and only if

o dt 1/q
I f Lo ey 2= / 14/p sup / lfeoldx | —
0 f ECR", |E|<t t

(with usual modification made when g = 00) is finite, and || - || .p.) (gny s equivalent
to || - llLr.a@ny on LP-4(R") (see, for instance, [4, Lemma 4.5 in p. 219]).

Via an argument different from that used in [6, p. 124], which does not need the
aforementioned equivalence, we establish the Calderén products on Lorentz spaces
for some more ranges as follows.

Proposition3.7 Let 6 € (0, 1) and p;, gi € (0,00) withi € {0, 1} satisfy (3.10).
Then,

[Lpo,qo (R”)] 1-9 [Ll’l"]l (Rﬂ)]a = LP9(R"
with equivalent quasi-norms.
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Proof By [16, Theorem 3] and [14, Theorem 3], one knows that, for any couple of
quasi-Banach spaces, (Ag, A1), and for any Q; € (0, oo] withi € {0, 1},

[(A0. A1), 00, (Ao, A1)x1,Q]],, = (Ao, ADx.0 (3.11)

with Ao, A1, n € (0, 1), L = (1 — n)Ao + Ay, and L 0= l_—" + Q1 where, for any
two quasi-Banach spaces X and X1, (X, X1), ¢ denotes thelr real interpolation and
[Xo, X1]; their complex interpolation. Recall that, for any A € (0, 1), Py € (0, 00),
and Q € (0, o0],

(LP"(]R”), L°°(R")>A .= LPO R, (.12)
where 1/P = (1 — L)/ Py (see, for instance, [59] and [43, Theorem 4.1]). Choose
6p, 01 € (0, 1) and r € (0, c0) such that

1 1 —06 1 1 -6,
= and — = .
Do r D1 r

From this, (3.11), (3.12), and (3.10), we deduce that, for any 6 € (0, 1), and p; €
(0, 00) and g; € (0, oco] with i € {0, 1},

[L[’O,QO(RH)’ L[’lﬂl(Rn)]e — I:(Lr(Rn)’ LOO(]R")) i (Lr(Rn)’ LOO(Rn))(-)])q,:IG

= LP1[R"). (3.13)

00,490
_ [o/e]
= (Lr (R™), L (Rn))(1—9)90+991,q

On the other hand, by [41, Theorem 7.9] (see also [40, Theorem 3.4]) and the fact
that, forany p, ¢ € (0, 00), the Lorentz space L”-9(R") is separable (see [42, p.290]),
we find that, for any 6 € (0, 1), and p;, ¢; € (0, co) withi € {0, 1},

[LPo-doR™), LPI’QI(R")]G — [Lpo,qO(Rn)]l—" [Lm,ql(Rn)]@ 7

which, together with (3.13), then completes the proof of Proposition 3.7. O

Remark 3.8 Notice that, in Proposition 3.7, we exclude the case that ¢; = oo (namely,
the weak Lebesgue space) for at least one i € {0, 1}, because the weak Lebesgue
space is not separable (see, for instance, [42, p,296]). So far, it is still unknown how
[LPO’OO(]R")]I_G [Lpl*q(]R")]a behaves for any 8 € (0, 1), po, p1 € (0,00), and
q € (0, 00). However, for gy = g1 = oo, we have the following Calderén product for
weak Lebesgue spaces via an argument different from that used in [6, p. 124].

Proposition3.9 Ler 6 € (0, 1) and py, p1 € (0, 0o) satisfy % = lp;oe + %. Then

[Lroe @] [Lro@®] = L7 R

with equivalent quasi-norms.
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Proof The desired conclusion is a consequence of the Young inequality (3.5), (3.9),
and the fact that, for any given 6 € (0, 1), any pair (Xo, X) of quasi-Banach lattices,
and any f € X(l)*GXG,
||f||X1_9X9 ~ inf {A € (0,00): |fl < Mfollfé)lfl |9 almost everywhere with f; € X;
0 1
and [lfyllx; < 1. i € (0.1}

(see, for instance, [6, Section 13.5] and [67, Lemma 2.3(ii)]), and we omit the details.
This finishes the proof of Proposition 3.9. O

As a consequence of Theorem 1.10, Remark 3.6, and Propositions 3.7 and 3.9, we
obtain the following results, and we omit its details.

Corollary3.10 Let 6 € (0, 1) and, for any i € {0, 1}, p;, ri € (0, 00) and, either
qi = si = oo orqj, s;i € (0,00) satisfy

1 1-6 6 1 1-6 6
— = +— and — = + =,
0 1 0 1
f 150 g 1q 1—q9 Qq
- = + — and - = + —.
r ro r1 s 50 51

Then,

(LSO,ro (Lpo,qo) (R” X R"), LSt (LPI‘(II)(RH % Rn)>9
_ ([LSOJO (LP0-90)(R" x Rn)]l—g [stl (LPT91)(R" x Rn)]")o
= (L*" (L7 (R x RM))°.

Additionally, if p;, ri € (1,00) and, either g; = s; = 00 or g;, s; € (1,00) with
i € {0, 1}, it also holds true that

(LSOJ’O(LPOJIO)(R" x R™), LS (PR (R x R, 9)
— [LSOJ’O (LPO»QO)(R" X Rﬂ)]l_g [stl (L”“’“)(R" X Rn)]9
= L (LP9)(R" x R").

3.3 Mixed-Norm Morrey Spaces

The study of the Morrey space can be traced to [54]. The Morrey space M, (R") with
0 < p <u < oo is defined to be the set of all locally p-integrable functions f on R”
such that

1/p
£ | pts ey = sup [ BI'/H1P [f If(x)lf’dx} < o0,
BCR" B
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where the supremum is taken over all balls in R”. Clearly, MZ(]R”) = LP(R") for
any p € (0, oo].

As is well known, there has been a series of works on the interpolation properties of
Morrey type spaces (see, for instance, [24-27,47-49,67] and the references therein). In
recent years, there also exist an increasing interest in the mixed-norm Morrey spaces in
the sense of (1.3). Forinstance, Ragusa and Scapellato [61] studied the regularity of the
solutions of the non-divergence form parabolic equations via the mixed-norm Morrey
spaces, and Nogayama et al. [56-58] studied the boundedness of several operators
and commutators on mixed-norm Morrey spaces, such as the maximal operator, the
fractional integral operator, and the Calder6n—Zygmund operator.

However, the interpolation properties of mixed-norm Morrey spaces are still
unknown. In this section, we establish the interpolation results on mixed-norm Morrey
spaces in terms of the Gagliardo—Peetre method and the 4= method.

Recall that Lu et al. [49, Proposition 2.1] established the following Calderén product
result in Morrey spaces.

Lemma 3.11 Let X be a quasi-metric measure space, 0 € (0, 1) and, foranyi € {0, 1},
0 < pi <u; < oo. Assume that pouy = p1u,

1 1-60 6 1 1-6 0
= 4+ — and — = + —.
Po p1 u uo ui

Then

[M 0] (M5 0] = M)
with equivalent quasi-norms.

From Lemma 3.11 and Theorem 1.10, we immediately deduce the following con-
clusion.

Corollary3.12 Let 6 € (0,1) and, for any i € {0,1}, 0 < p; < u; < o0 and
0 < g;i < v; < o0. Assume that voq1 = v1qo, Uop1 = U1 po,

1 1-06 @ 1 1-0 6
= + 2 and - = z.
u u u V v
1 120 129 h
— = + — and — = —
P P p ¢ 9@ q

Then,

(Mg (M52) @ x B, Mg (M) ®" < RY)

- ([M;g (M59) ®" % ]R”)]l_e (M) (M) R R")]e)o = (M (M) ®" xRD)”.
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Moreover, if, additionally, 1 < p; <u; <oocand1 < ¢g; <v;i <ocowithi € {0, 1},
then

(e (M) R xR, Myt (Mar) R” xR, 6)
_ [M};g (M;g) R" x R")]l_e [M;{ (M;ll) R" x R")]G
=M (M‘;,) (R" x R").

Proof Observe that, forany 1 < p < u < oo, M‘[‘,(R") is a ball Banach function
space (see, for instance, [64, Subsection 7.4]). This, together with the fact that, for
any given r € (0,00) and 0 < p < u < o0, and for any measurable function f,
IFI IIML;,(R") = ||f||;\/t;;(R")’ shows that the mixed-norm Morrey space is of type

¢. Thus, from Lemma 3.11 and Theorem 1.10, we immediately deduce the desired
conclusions and hence complete the proof of Corollary 3.12. O
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