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Abstract

This work deals with the study on the oscillatory behavior of solutions to a class of
nonlinear second-order functional differential equation with superlinear neutral terms.
It presents new sufficient conditions that ensure the oscillation of all solutions under
the assumptions that allow applications to differential equations with delayed and/or
advanced arguments. Illustrative examples are also provided to show applicability of
the results.
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1 Introduction

In this article, we restrict our attention to oscillation of a class of the second-order
functional differential equations of the form:

(m(t)a/(l))/ +aO) f(x(E@)) =0, 1>19>0, (1.1)
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where the neutral part a)(t) is defined by

o(r) =x() + F(r)x? (v(n) + r()x? (n().

Without further mention, we assume that the following hypotheses hold throughout
the whole paper:

(i) 0 is a quotient of two odd positive integers such that 6 > 1;

(i) m € C([to, 00), (0, oo)), q € C([to, 00), [0, oo)) and ¢ does not vanish identi-
cally on any half-line of the form [z,, 00), t, > fo;

(i) v, u, & € C([tg,00),R), v(r) <t < wu(t), v and p are strictly increasing
functions and lim;_, o V(¢) = lim;—, o £() = 00;

(iv) f € C(R,R) and, there exists k > 0 such that f(v)/v* > « forall v # 0,
where A is a ratio of odd positive integers;

W) r,re C([lo, 00), [0, oo)) with r (1) — oo ast — o0.

The study of the oscillatory behavior of solutions of various classes of the second-
order or higher order neutral differential equations and neutral dynamic equations on
time scales is an active area that has been extensively studied in the literature, and
we refer the reader to the papers [1,2,4,5,7-10,13,14,16-22,24,25,29,31-34,36,38—
43] and the references therein as examples of recent results on this topic. However,
oscillation results for neutral differential equations with a nonlinearity in the neutral
term are relatively scarce; some results can be found, for example, in [3,11,12,27,
30,35,37] and the references contained therein. Meanwhile, in reviewing the related
literature, it is clearly seen that most of such results are concerned with the sublinear
case, i.e., under the assumption that 0 < 6 < 1.

Recently, Bohner et al. [6] considered the second-order neutral delay differential
equation

(m) (e + p(t)x“(r(t)))/>/ g f(x@@)) =0, 121>0, (Bl

under the conditions with 7(¢) < ¢, /() > 0, and o () < t where lim;,_, oo T(¢) =
lim;_, » o (t) = 00, and they established some nice oscillation criteria for Eq. (E1),
for superlinear case @ > 1. One should also note that results reported by Bohner et al.
[6] do not apply to Eq. (E1) when t(¢) > ¢ and/or o (¢) > t.

The main objective of this paper is to establish some new sufficient conditions for
the oscillatory behavior of solutions of the second-order mixed neutral differential
equation (1.1) in the case & > 1. Note that Eq. (1.1) contains both delayed and
advanced arguments in the neutral term, so obtained results in this paper extend and
generalize related results reported in the literature, please see Remark 4.1. It should
be also pointed out that our results allow applications to differential equations in the
case when o (¢) is an advanced argument as well as when o (¢) is a delayed argument,
please see Remark 4.2.

By a solution of Eq. (1.1), we mean a function x : [Ty, c0) — R which has the
properties @ € C! ([Ty, 00),R), m(w') € C' ([Ty, 00),R) and satisfies (1.1) on
[Ty, 00) where Ty > fy. Without further mention, we will assume throughout that
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Oscillation of Second-Order Functional Differential... 85

every solution x(¢) of (1.1) under consideration here is continuable to the right and
nontrivial, i.e., x(¢) is defined on some ray [T, 00), for some T, > ty, and

sup{lx(¥)| :t > T} >0 forall T > T,.
We make the standing hypothesis that (1.1) admits such solutions. Such a solution of
(1.1) is called oscillatory if it has arbitrarily large zeros on [T, 0o) and otherwise it
is called nonoscillatory. Equation (1.1) is said to be oscillatory if all its solutions are
oscillatory.

We establish sufficient conditions for oscillation of all solutions in which both
canonical and noncanonical cases, that is, in the cases

/ m~ (i) dy = oo; (1.2)
t
and
/wm*‘(n) dn < oo. (1.3)
t

respectively.
For simplicity in what follows, we define the functions:

o) d77 /t d’?
= — . A() := _
a / m Y=

where #1 is large enough. We also define that

o) = 1 [ B () B 1 <1 N 0—1 >]
TP r(etww=t@))  oro(um (@) S(u=t@)
and

Fu @) x et ow )

1
valt) = r(u‘(t))[ T o0 x (e l@)
~ 1 (x(u—lw—l(r))) 6 —1 >]
Orl/f (u=1(u=1(@))) x (=) x2(n=1@))

where 1! denotes the inverse function of u and the function § is to be specified later.
Meanwhile, it is assumed that 1 (¢) > 0 and ¥»(¢) > O for all sufficiently large .

2 Preliminary Lemmas

First of all, we present some lemmas that will be used to prove our main results.
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86 0. Ozdemir, A. Kilig

Lemma 2.1 [15, Theorem 41] If ¢ is positive and 0 < < 1, then
ef < Be+(1-p8). 2.1

Lemma 2.2 Assume that (1.2) holds. If x(t) is a positive solution of Eq. (1.1) on
[to, 00), then the corresponding w(t) satisfies

w() >0, o' ®) >0 and (maw') () <0 (2.2)
fort > t1 € [tg, 00).
The proof of the above lemma is straightforward; hence, we omit the details.
Lemma 2.3 Let x(t) be an eventually positive solution (1.1) such that corresponding

w (t) satisfies (2.2). If there exists a positive decreasing function 5(t) which is tending
to zero, then

(1) = 1o @) (2.3)
fort >t >t.

Proof From condition (v) and the definition of w(¢), we have w (¢) > x(¢) and w () >
x(t) + F()x? (v(t)) forall r > #; > to. Meanwhile, we have

w(@®)  x(0)  FOxP @)

0 _ _ TN
CWO)= T T o)
—1 -1 S 0 -1 1/6
_om 1 [ew @) xwle)  Fu ol ee o)
ro o | o) e i) F 1)

(1) [w(ul(V(t))) x(n~ @)

@ | reTTo@))  reT o)

e oo e o))
r(u= 1))

=

o _ 1 oe o[ xet e e ot et on ]
r@)  r@ 9 ut@) o(u1(0)
_FOew ! em)

. 2.4
rr(u=w))) 24)

If we apply Lemma 2.1 in (2.4), we obtain

Py > 2O __ewlo) 1 LxwTlo) + e o ew o)
=00 T rorPeTay |8 w(u=1(0)

_FWew  v®)
r@Or(t )
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1
>

[ o (1)) f(t)w(u—l(vm))}
> w(t) — — .
)

r19 (u=t() r(p=tw))
Applying Lemma 2.1 in the last inequality again, we conclude that

x%(1) > 1 [w(u_l(t)) -
~ (@)

1
T (N (w1 (1))

Fiut )o@t ow=)))
rip=tw(r=1@))))

(1 () u) (2.5)
ewu n + 0 i| .

On the other hand, from condition (iii), we see that
w o) = pto (2.6)
and
@O < uo). 2.7
Since w(t) is increasing, we obtain from (2.6) and (2.7) that
o (@) o (ko) 238
and
) TGN A (R G) 2.9)
respectively. Using (2.8) and (2.9) in (2.5) gives

P (7 ) 1 [1+ 9_1]
r(w T @) o T () PITS0))

r(n=t @)

X > w(p~ (1) (2.10)

Since w(¢) is increasing and &(¢) is decreasing and tending to zero, there exists a
t» > t1 such that

w(r) = 8(1)

for all > t,. Substituting the latter inequality in (2.10) and rearranging we obtain
(2.3), which completes the proof. O

Lemma 2.4 Assume that (1.3) holds. If x(t) is a positive solution of (1.1), then the
corresponding w(t) satisfies eventually one of the following two cases:

D w>00 >0, (mv) <0;
) w >0, <0, (mo') <O.

The proof of the above lemma is straightforward; hence, we omit the details.
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88 0. Ozdemir, A. Kilig

Lemma 2.5 Let x(t) be an eventually positive solution of (1.1) and suppose that (1.3)
holds and w(t) satisfies Case (II) of Lemma 2.4. Then, there exists to > t| > ty such
that

(1) = Yo 1) 2.11)

forallt > t.

Proof Proceeding exactly as in the proof of Lemma 2.3, we again arrive at (2.5), (2.6)
and (2.7). Moreover, for n > t, we have

m(t)' (t)

@' (n) < )

and integrating the above inequality from ¢ to ¢, we have

¢
, dn
o) <o) +m)o' (1) —_
¢ m(m)
Letting ¢ — oo, we obtain

0 <@+ xOm@®a (1),
and we conclude from the last inequality that
t /
(“’_( )> =0 (2.12)
x (@)
for ¢t > t;. In view of (2.6) and (2.7), we obtain from (2.12) that

P (T (3))

R (2.13)

o (@) <

and

x( Tt M)
x(n=1()

respectively. Using (2.13) and (2.14) in (2.5) yields

o o)) < o) (2.14)

0 ! ety e tow ey
x(t)zrw—l(z))[“’(“ D= T owTom awtay CH O
1 xww oy ]
- +0—1
6r17% G (1) [ xa oy }

:ww‘(r))[l_ P o) xutow o)
r(u=t®) rto@=t@))  xwTlo)
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! e to) -1 ]
— + . (2.15)
0rt/8 (u=t(u=1) |: x(w=t) =)

Since % is positive and increasing and yx (¢) is decreasing and tending to zero, there
exists a rp > t1 such that

w(t)

— = x(@)

x ()

for all + > #,. Substituting this last inequality in (2.15) gives (2.11) which completes
the proof. O

3 Main Results

Now, we can give our first oscillation criterion.

Theorem 3.1 Assume that (1.2) holds, A > 6 and £(t) < u(t). If there exists a positive
and nondecreasing function ¢ € C' ([to, 00), R) such that

AME (=l Em)  m) (¢’(n))2> o

t
lim sup/; <¢ mamy’’ Em) AN () 4ic1p (1) -

1—>00

3.D

for every constant k1 > 0 and forallt > T > 11 € [ty, 00), then all solutions of
equation (1.1) are oscillatory.

Proof Letx (¢) be anonoscillatory solution of (1.1). Without loss of generality, we may
assume that there exists #; € [fg, 00) such that x (r) > 0, x (v(¢)) > 0, x (u(r)) > 0
and x (& (¢)) > O for ¢ > t1. The proof if x(¢) is eventually negative is similar, so we
omit the details of that case here as well as in the remaining proofs in this paper. It
follows from (1.1) and (2.3) that

(m()ef (1)) +ra@w}” € ) (i € an) <o, (3.2)

fort > 1, € [t;, 00). Since m(t)a)’(t) is decreasing on [t], 00), we obtain

o) =w() + /tt %

o))
(M) <0 (3.4)
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90 0. Ozdemir, A. Kilig

forall t > 1, € [t1, 00). Using (3.4) and the fact that wlE@) <t, we get

o EW) o0
A= E@) — A0

(3.5)

for t > 1. In view of (3.5), inequality (3.2) can be written as:

AMO (u=HE@)

g @ 0=0. 36

(m()e (1)) + a0} & @)

for t > ;. Define the Riccati-type substitution by

\If(t)=¢(r)%(‘:)“) for 1> . 37

Obviously W (¢) > 0 and from (3.6), we obtain

/ 2
v (;):‘“ ¥ @)+ o) (M) W)
@ (1) w (1) e m ()
_¢w /6 AMO (WHE@)) M) WR()
¢(t)w<t>—x¢(r)q(r)w (@) —57 ® PRy

(3.8)

for t > . Since w(¢) is positive and strictly increasing, there exists a C > 0 such
that w(f) > C > 0 for all t > t,. Completing the square with respect to W, it follows
from (3.8) that

AMO (L)) L (¢ ")’
AN (1) dp(r)

W (1) < =19 (g Y E@) 3.9)

where k| = kC*=9/? Integrating (3.9) from #, to  yields

AMO (1T E @)  m) (¢ ('7))2> dy < W (1)

‘
2/6
/tz<¢(77)41(77)1/f (&) AMO (1) 4k19(n)

which contradicts (3.1) and completes the proof. O

From Theorem 3.1, we can establish different sufficient conditions for oscillation
of (1.1), using different choices of the function ¢ (¢). For instance, letting ¢ (z) = 1
and ¢ (t) = t” with p > 1, we obtain the following corollaries, respectively.

Corollary 3.1 Suppose that (1.2) holds, A > 0 and £(t) < u(t). If

. 6 AM? (u= € m)
hgigp/ gy’ Em) ATy dn = o0 (3.10)
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forallt > T >t € [ty, 00), then Eq. (1.1) is oscillatory.
Corollary 3.2 Suppose that (1.2) holds, A > 0 and £(t) < p(t). If

t A
lim sup/T (n"q(n)wf/e EMm)

—00

Y TEm)  pPmne
AV () 4l "

(3.11)

for every constant k1 > 0 and for allt > T > t; € [ty, 00), then Eq. (1.1) is
oscillatory.

In the next theorem, we give an oscillation criterion for (1.1) by using the integral
averaging technique due to Philos [26]. First we need to introduce the function class
P.
Let So={(t,n) e R?:t>n=>1o}and S = {(r,n) € R? : t > n > 1p}. We say
that the function J € C (S, R) belongs to the class P, denoted by J € P if
(P1) J(,t) =0fort > t9and J(t,7n) > 0 on Sp;
(P2) J(t,n) has a continuous and non-positive partial derivative on Sy with respect to
the second variable.

Theorem 3.2 Assume that (1.2) be fulfilled, . > 6 and &(t) < u(t). Let j,J : S - R
be continuous functions such that J € P and

aJ
- 8—n(t, n) = j(t, /I, n) forall (z,n) € So. (3.12)

If there exists a positive and nondecreasing function ¢ € C (19, 00), R) such that

. 1 ' A/ AME (= Em)))
h,riilipJ(t,T)/T |:J(t, memaqmyy™ (E(m) AT ()
2
_pm ()@~ (1, 77)] dn = oo (3.13)
4K1
for every constant k1 > 0 and forallt > T > t1 € [ty, 00), where
o ¢ ()
@, n)=—jtn+ VI, ), (3.14)

o)

then every solution of equation (1.1) is oscillatory.

Proof Letx (t) be anonoscillatory solution of (1.1). Without loss of generality, we may
assume that there exists #; € [fg, 00) such that x (¢) > 0, x (v(¢)) > 0, x (u(¢)) > 0
and x (§ (r)) > O for ¢+ > t1. Proceeding as in the proof of Theorem 3.1, we again
arrive at (3.8). It follows from (3.8) that

AMO (Wl Em)))
A9 ()

1/6

t
/J(t, mki1¢mgmyy" (Em))
n

t
dy < —/ I () diy
n
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92 0. Ozdemir, A. Kilig

t / t 2
+/ IR LAl )\y(n)dn—/ Ty — g (3.15)
%)

¢ () 0 ¢ (m)m(n)

fort > 1y € [t1, 00). Using the integration by parts formula, we obtain

t
f J(&, MV (n)ydn = J (@, DV (1)

n

t raJ
—/ — @, MY (n) dy
%) t 87]

aJ
= —J(l,lz)‘lf(tz)—/ %(h mW¥ () dnp  (3.16)

19}

In view of (3.12) and (3.16), we have from (3.15) that

AMO (L Em)))

/tz e (g vy o) =T S dn < T )W ()
/ [ S TEm + I, n)ifﬂ%n)dn
15
! w2(n)
— J —dn. 3.17
/,2 K )¢(77)M(n) n G-17)

By completing the square with respect to W, it follows from (3.17) that

AMO (w1 EWm)))

t
/ T, mridmamvr’? €m))

0 AMO (i)
1 t
= J@ )V @)+ ¢ (Mm@ (1, n) dn. (3.18)
n
So, for all t > 1, we conclude that
1 ! /0 AP (€M)
J(
T ), [ (. memqmy” () AT ()
2
_¢mm( P (@, n)} dy < W(n).
4I(1
which contradicts (3.13) and completes the proof. O

Next, we give some oscillation results in the case when A < 6.

Theorem 3.3 Assume that (1.2) holds, A < 6 and £(t) < u(t). If there exists a positive
and nondecreasing function ¢ € C' ([to, 00), R) such that

AMO (u=! ) m(n)(qﬁ/(n))z) G —

13
lim sup / <¢><n>q<n>w“9 ¢ —— 1 4ic2gp ()

—>00

(3.19)
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Oscillation of Second-Order Functional Differential... 93

for every constant kp > 0 and forallt > T > t| € [ty, 00), then all solutions of
equation (1.1) are oscillatory.

Proof Letx (t) be anonoscillatory solution of (1.1). Without loss of generality, we may
assume that there exists 7| € [fg, o0) such that x (r) > 0, x (v(¢)) > 0, x (u(¢)) > 0
andx (€ (¢)) > Ofort > #;.Proceeding as in the proof of Theorem 3.1, we again arrive
at (3.2)—(3.4) and (3.5). Since A < 6 and the function w(r)/A(¢) is non-increasing on
[t1, 00), there exists a C; > 0 such that

(mn)kf o1
— = (3.20)
A -

A
6

fort > 1 € [t1, 00). Using (3.20) and (3.5) in (3.2), we obtain

AME (W= HE@))

2/0

(m(t)a)/(t)>/+l<2q(t)1//1 & (1) o) <0, (321)

A (1)
where ky = 1" —. The remainder of the proof is similar to that of Theorem 3.1, so
clb
we omit the de]tails here. The proof of this theorem is complete. O

Theorem 3.4 Assume that (1.2) holds, » < 0 and £(t) < u(t). Let j,J : S — R be
continuous functions such that J € P and (3.12) holds. If there exists a positive and
nondecreasing function ¢ € C' ([tg, 00), R) such that

. 1 ' A/0 AME (1 Em)))
timsup o [ [J(z,m«z)(n)q(n)wl € 4
2
_ mm P (@, n)] dy = 00 (3.22)
4K2

for every constant ko > 0 and forallt > T >t € [ty, 00), where ® (¢, n) is as in
(3.14), then Eq. (1.1) is oscillatory.

Proof The proof follows from Theorems 3.2 and 3.3. O

Next, we give following oscillation theorem for noncanonical case, i.e., when (1.3)
holds.

Theorem 3.5 Assume that (1.3) holds and (t) < wu(t). If the first-order delay differ-
ential inequality

0+ kgl €@) A (07 €)M (T Ee)) <0 (3.23)

has no positive solution, and

o 1 t
/T v ( fT a(nw3”” Em) M (™€) dn) dr=co  (324)
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94 0. Ozdemir, A. Kilig

forallt > T > 11 € [tg, 00), then all solutions of equation (1.1) are oscillatory.

Proof Suppose to the contrary that x(¢) is a nonoscillatory solution of (1.1). Without
loss of generality, we may assume that there exists #; € [fy, 00) such that x(f) >
0, x(v(®)) > 0, x(u(r)) > 0 and x(£(t)) > O for r > t;. Then, corresponding
w(t) satisfies either Case (I) or Case (II) of Lemma 2.4. We will consider each case
separately.

Case I. Assume first that ’(f) > 0 on [f], 00). Proceeding as in the proof of
Theorem 3.1, we again arrive at (3.2) and (3.3). Define z(t) = m(¢)w/(¢) fort > t,. It
is clear to see that z(#) > 0. Using (3.3), it follows from (3.2) that

1/6

£ +kq@¥"” €0) A (17N 60)) M (1 E@)) <0

for ¢ > t,. Then, z is a positive solution of the inequality (3.23), which is a contradic-
tion.

Case II: Suppose now «'(tf) < 0 on [t],00). Proceeding as in the proof of
Lemma 2.5, we again arrive at (2.12). From (1.1) and (2.11), we have

2/6

(m()o (1)) +rq@vd”” € ) (w ) <o,

for t > 1,. Integrating the latter inequality from 7, to ¢, we obtain

t
€ / a3 € ) o (u7'Em)) dn < —m() (). (325
n

On the other hand, since (2.12) indicates that the function w () / x (¢) is non-decreasing
on [t1, 00), there exists a C» > 0 such that

w(t)

—— >Cy >0 forallt >t € [t], 00).
x (@)

Hence, from (3.25), we conclude that
YV I

C
2 g € o (1 emn) dn = —'(). (326)

m(t) 15

Integrating (3.26) from #; to ¢, and passing to the limit as + — oo, we obtain a
contradiction to (3.24). This contradiction completes the proof. O

Corollary 3.3 Suppose that (1.3) holds, A = 6 and £(t) < u(t). If

! 1
timin [ g oA (wG@)) dr= oo 62D
iz ) ek

oo Juslea
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Oscillation of Second-Order Functional Differential... 95

and

o0 1 t
/T () (/T q(my2 (§(n) x (H_l(é(n))) dn> dt = oo, (3.28)

then all solutions of equation (1.1) are oscillatory.

Proof Suppose to the contrary that x(¢) is a nonoscillatory solution of (1.1). Without
loss of generality, we may assume that there exists #; € [fg, 00) such that x(¢) > O,
x(v()) > 0, x(u(t)) > 0 and x(&(¢)) > O for + > ¢;. Then, corresponding w(?)
satisfies either Case (I) or Case (II) of Lemma 2.4. The proof when Case (II) holds is
exactly the same as that of Case (II) of Theorem 3.5 with A = 6.

Case I: Assume that ’(t) > 0 on [f], 00). Then, z is a positive solution of the
inequality (3.23). On the other hand, applying condition (3.27) to (3.23), one concludes
that (3.23) cannot have positive solutions by [18, Theorem 2.1.1]. This contradiction
completes the proof. O

Corollary 3.4 Suppose that (1.3) holds, » < 6 and &£(t) < u(t). If

fT a9 E0) A7 (17 @) dr = oo, (3.29)

and (3.24) holds, then Eq. (1.1) is oscillatory.

Proof Suppose to the contrary that x(¢) is a nonoscillatory solution of (1.1). Without
loss of generality, we may assume that there exists | € [ty, o0) such that x(¢) > O,
x(v(t)) > 0, x(u(t)) > 0and x(£(¢)) > O for t > t1. Then, corresponding w(t)
satisfies either Case (I) or Case (II) of Lemma 2.4. The proof when Case (II) holds is
exactly the same as that of Case (II) of Theorem 3.5.

Case I: Assume that /() > 0 on [f], 00). Then, z is a positive solution of the
inequality (3.23). On the other hand, if (3.29) holds, Eq. (3.23) cannot have positive
solutions by virtue of Kitamura and Kusano [23, Theorem 2]. The proof is complete
in view of this contradiction. m|

Corollary 3.5 Assume that (1.3) holds, . > 0, £&(t) =t — b, v(t) = t — e and
w(t) =t +d, where b, e, d > 0 are constants. If

—>0o0

lim inf [(g)_w log (q([)wf‘/g (t—b) Ao (1 — b —d) )} >0, (3.30)

and (3.24) holds, then Eq. (1.1) is oscillatory.

Proof Suppose to the contrary that x(¢) is a nonoscillatory solution of (1.1). Without
loss of generality, we may assume that there exists #; € [fo, 00) such that x(¢) > O,
x(v()) > 0, x(u(z)) > 0 and x(&(¢)) > O for + > ¢;. Then, corresponding w(?)
satisfies either Case (I) or Case (II) of Lemma 2.4. If Case (II) holds, the proof is
exactly the same as that of Case (II) of Theorem 3.5.
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Case I: Assume that o’(¢) > 0 on [t1, 00). Then, from Sakamoto and Tanaka [28,
Lemma 2.2], the inequality (3.23) and the equation

O+ kg’ (=) A G —b—d) Pt —b—d)=0  (3.31)

have a positive solution, for # > #,. On the other hand, if (3.30) holds, Eq. (3.31)
cannot have positive solutions by virtue of Sakamoto and Tanaka [28, Corollary 1.2].
This contradiction completes the proof. O

4 Examples and Remarks

Remark 4.1 If we take 7(t) = 0 in Theorems 3.1-3.5 and Corollaries 3.1-3.5, then we
obtain sufficient conditions for the oscillation of all solutions of the equation

(m(t)(x(t) + r(t)xe(u(t)))/)/ +q@) f(xE@)) =0, t>19>0, 4.1)

in the case when 6 > 1, u(t) > t and &(t) < w(z). It should be pointed out that
obtained results in this paper are new even for the second-order advanced neutral
differential equation (4.1) under conditions (i) — (v).

Remark 4.2 We point out versatility of the obtained results in this paper with respect to
the behavior of the functions w(¢) and £(¢). Note that our conditions on the deviating
arguments are u(t) > t and &£(¢) < wu(t). Therefore, £(¢) can be a delayed or an
appropriate advanced argument.

Example 4.1 Consider the second-order neutral differential equation

(e_l [x(t) +x3(t/2) + e3tx3(2t)]/> +Qe¥ 32 —1) =0. 4.2)

for t > 2. Here, we have

e 0=1=3m@)=e', k=1andq(t) = Qe with Q is a constant;
o v(t) =1/2, u(t) =21, E(t) =2t — 1,7(t) = L and r (1) = €.

It is easy to see that conditions (i) — (v) and (1.2) hold, and A(¢) = €' — €. If we
choose 8(¢) = 4e~'/2, then §(¢) is a positive decreasing function such that tending to
zero as t — 00. So, we see that

5051/8 _ 0p31/8 _ gpt/4

fort > T > 2. Noting that w ' E@) =t —1/2 <t,and taking ¢ (¢) = 1, a direct
calculation shows that (3.10) is satisfied with Q > 0 and + > T > 2. Therefore,
Eq. (4.2) is oscillatory by Corollary 3.1, provided that 2 > 0.
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Example 4.2 Consider the second-order neutral differential equation

<z2 [x(t) + 1B = 1)+ 0P + 2)]/> +x(t+1)=0. 4.3)

for t > 7. Here, we have

e 0=5/3,2=1,m@t)=1>«k=1andq(t) =1°;
e v()=t—1L,u(t)=t4+2,Et)=1t+1,7t)=rand r(t) = 1.

It is obvious that conditions (i) — (v) and (1.3) hold. Then,

t —
A(t) =

7 1
and x(t) = .

If we choose (1) = 4(r — 2)~!, then 8(¢) is a positive decreasing function such that
tending to zero as t — oo. On the other hand, we see that

N 3 1 .
"’1()_(;_2)5[ _(t—5)5_5(t—4)3_10(t—4)2j|>
and
oo |:_(t—2)2_ 3 t—2+2(t—2)2 } 0
val) = 5 (1 —5)0 5(:—4)3<z—4 3 )>

fort > 7. Noting that u_l ((t)) =t—1 < t,and taking ¢ (¢) = 1, adirect calculation
shows that (3.24) and (3.29) are satisfied for > T > 7. Hence, Eq. (4.3) is oscillatory
by Corollary 3.4.

Remark 4.3 Assume that condition (v) is replaced by
w*) r,re C([to, ), [0, oo)) with 7 (t) — oo ast — .

In this case, if the functions ¥{(¢) and v (¢) are replaced by

s (t) = 1 [1— ro”' @) AT (o @)

Fo=1(1) FOlu=lm)  ACTI@0)

1 AV | 61
SR (T () < ACT®) 3@%)))}

and

o = 1 [1_ rv~ @) B 1 <1+ 6—1 >]
va C ) Fo-lue=lw@))  0F10 = Tw=1)) x2w=l@)

respectively, then one can obtain new oscillation results for Eq. (1.1) under assumptions
of (i) — (v*), E(t) < v(t), Y3(t) > 0 and Y4(z) > 0. The details are left to the reader.
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Remark 4.4 1t would also be of interest to study Eq. (1.1) with sub-linear neutral terms
and unbounded coefficients, i.e., under conditions of 0 < 6 < 1 andr (1) — oo and/or
F(t) > ooast — o0.

Remark 4.5 1t would also be of interest to study Eq. (1.1) for the cases where —oo <
r,r <Qor—oo <r,7 <—lor—1 < r,7 < 0 with superlinear neutral terms 6 > 1.

References

10.

11.

12.

14.
15.

16.

17.

19.

20.

21.

22.

23.

. Agarwal, R.P., Grace, S.R., O’Regan, D.: Oscillation criteria for certain nth order differential equations

with deviating arguments. J. Math. Anal. Appl. 262, 601-622 (2001)

. Agarwal, R.P,, Grace, S.R., O’Regan, D.: The oscillation of certain higher-order functional’ dfferential

equations. Math. Comput. Modelling 37, 705-728 (2003)

. Agarwal, R.P, Bohner, M., Li, T., Zhang, C.: Oscillation of second-order differential equations with a

sublinear neutral term. Carpath. J. Math. 30, 1-6 (2014)

. Baculikova, B., DZurina, J.: Oscillation theorems for second-order nonlinear neutral differential equa-

tions. Comput. Math. Appl. 62(12), 4472-4478 (2011)

. Bereketoglu, H., Seyhan, G., Karakog, F.: On a second order differential equation with piecewise

constant mixed arguments. Carpath. J. Math. 27(1), 1-12 (2011)

. Bohner, M., Sudha, B., Tangavelu, K., Thandapani, E.: Oscillation criteria for second-order differential

equations with superlinear neutral term. Nonlinear Stud. 26(2), 425-434 (2019)

. Bolat, Y., Akin, O.: Oscillatory behaviour of higher order neutral type nonlinear forced differential

equation with oscillating coefficients. J. Math. Anal. Appl. 290(1), 302-309 (2004)

. Candan, T., Dahiya, R.S.: On the oscillation of certain mixed neutral equations. Appl. Math. Lett. 21,

222-226 (2008)

. Grace, S.R., Agarwal, R.P.,, Bohner, M., O’Regan, D.: Oscillation of second-order strongly superlinear

and strongly sublinear dynamic equations. Commun. Nonlinear Sci. Numer. Simulat. 14, 3463-3471
(2009)

Graef, J.R., Tung, E., Grace, S.R.: Oscillatory and asymptotic behavior of a third-order nonlinear
neutral differential equation. Opuscula Math. 37, 839-852 (2017)

Grace, S.R., Graef, J.R.: Oscillatory behavior of second order nonlinear differential equations with a
sublinear neutral term. Math. Model. Anal. 23(2), 217-226 (2018)

Graef, J.R., Grace, S.R., Tung, E.: Oscillatory behavior of even order nonlinear differential equations
with a sublinear neutral term. Opuscula Math. 39(1), 39-47 (2019)

. Graef, J.R., Ozdemir, O., Kaymaz, A., Tung, E.: Oscillation of damped second-order linear mixed

neutral differential equations. Monatsh. Math. 194, 85-104 (2021)

Hale, J.: Theory of Functional Differential Equations. Springer, New York (1977)

Hardy, G.H., Littlewood, J.E., Polya, G.: Inequalities, Reprint of the, 1952nd edn. Cambridge University
Press, Cambridge (1988)

Karpuz, B., Manojlovi¢, J.V., Ocalan, O., Shoukaku, Y.: Oscillation criteria for a class of second-order
neutral delay differential equations. Appl. Math. Comput. 210, 303-312 (2009)

Karpuz, B., Santra, S.S.: New criteria for the oscillation and asymptotic behavior of second-order
neutral differential equations with several delays. Turk. J. Math. 44, 1990-2003 (2020)

. Ladde, G.S., Lakshmikantham, V., Zhang, B.G.: Oscillation Theory of Differential Equations with

Deviating Arguments. Marcel Dekker Inc., New York (1987)

Li, T., Senel, M.T., Zhang, C.: Oscillation of solutions to second-order half-linear differential equations
with neutral terms. Electron. J. Differ. Equ. 2013(229), 1-7 (2013)

Li, T., Rogovchenko, Y.V.: Oscillatory behavior of second-order nonlinear neutral differential equa-
tions. Abstr Appl Anal. 2014, 143614(2014), https://doi.org/10.1155/2014/143614.

Li, T., Rogovchenko, Y.V.: Oscillation of second-order neutral differential equations. Math Nachr. 288,
1150-1162 (2015)

Lin, X., Tang, X.H.: Oscillation of solutions of neutral differential equations with a superlinear neutral
term. Appl. Math. Lett. 20, 1016-1022 (2007)

Kitamura, Y., Kusano, T.: Oscillation of first-order nonlinear differential equations with deviating
arguments. Proc. Am. Math. Soc. 78, 64-68 (1980)

@ Springer


https://doi.org/10.1155/2014/143614.

Oscillation of Second-Order Functional Differential... 99

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Ozdemir, O., Tung, E.: Asymptotic behavior and oscillation of solutions of third order neutral dynamic
equations with distributed deviating arguments. Bull. Math. Anal. Appl. 10(2), 31-52 (2018)
Ozdemir, O.: Oscillation results for second order half-linear functional dynamic equations with
unbounded neutral coefficients on time scales. Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat.
69(1), 668-683 (2020)

Philos, Ch.G.: Oscillation theorems for linear differential equations of second order. Arch. Math. 53,
482-492 (1989)

Prabaharan, N., Dharuman, C.P., Graef, J.R., Thandapani, E.: New oscillation criteria for second order
quasi-linear differential equations with sub-linear neutral term. Appl. Math. E-Notes 19, 563-574
(2019)

Sakamoto, T., Tanaka, S.: Eventually positive solutions of first order nonlinear differential equations
with a deviating argument. Acta Math. Hungar. 127(1-2), 17-33 (2010)

Saker, S.H.: Oscillation of second-order nonlinear neutral delay dynamic equations on time scales. J.
Comput. Appl. Math. 187, 123-141 (2006)

Santra, S.S., Ghosh, T., Bazighifan, O.: Explicit criteria for the oscillation of second-order differential
equations with several sub-linear neutral coefficients. Adv. Differ. Equ. 2020, 643 (2020). https://doi.
org/10.1186/s13662-020-03101-1

Santra, S.S., Alotaibi, H., Bazighifan, O.: On the qualitative behavior of the solutions to second-
order neutral delay differential equations. J. Inequal. Appl. 2020, 256 (2020). https://doi.org/10.1186/
$13660-020-02523-5

Santra, S.S., Ghosh, A., Bazighifan, O., Khedher, K.M., Nofal, T.A.: Second-order impulsive differ-
ential systems with mixed and several delays. Adv. Differ. Equ. 2021, 318 (2021). https://doi.org/10.
1186/513662-021-03474-x

Santra, S.S., EI-Nabulsi, R.A., Khedher, K.M.: Oscillation of second-order differential equations with
multiple and mixed delays under a canonical operator. Mathematics 9(12), 1323 (2021). https://doi.
org/10.3390/math9121323

Santra, S.S., Khedher, K.M., Nonlaopon, K., Ahmad, H.: New results on qualitative behavior of second
order nonlinear neutral impulsive differential systems with canonical and non-canonical conditions.
Symmetry 13(6), 934 (2021)

Santra, S.S., Bazighifan, O., Postolache, M.: New conditions for the oscillation of second-order dif-
ferential equations with sublinear neutral terms. Mathematics 9(11), 1159 (2021). https://doi.org/10.
3390/math9111159

Santra, S.S., Sethi, A.K., Moaaz, O., Khedher, K.M., Yao, S.W.: Second-order impulsive differential
systems with mixed and several delays. Mathematics 9(10), 1111 (2021). https://doi.org/10.3390/
math9101111

Tamilvanan, S., Thandapani, E., DZurina, J.: Oscillation of second order nonlinear differential equations
with sublinear neutral term. Differ. Equ. Appl. 9(1), 29-35 (2017)

Tung, E., Graef, J.R.: Oscillation results for second order neutral dynamic equations with distributed
deviating arguments. Dyn. Syst. Appl. 23, 289-303 (2014)

Tung, E., Grace, S.R.: On oscillatory and asymptotic behavior of a second order nonlinear damped
neutral differential equation. Int. J. Differ. Equ. 2016, 3746368 (2016)

Tung, E.: Oscillatory and asymptotic behavior of third-order neutral differential equations with dis-
tributed deviating arguments. Electron. J. Differ. Equ. 2017(16), 1-12 (2017)

Tung, E., Ozdemir, O.: On the asymptotic and oscillatory behavior of solutions of third-order neutral
dynamic equations on time scales. Adv. Differ. Equ. 13, 127 (2017)

Tung, E., Ozdemir, O.: On the oscillation of second-order half-linear functional differential equations
with mixed neutral term. J. Taibah Univ. Sci. 13(1), 481-489 (2019)

Yan, J.: Oscillations of second order neutral functional differential equations. Appl. Math. Comput.
83, 27-41 (1997)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1186/s13662-020-03101-1
https://doi.org/10.1186/s13662-020-03101-1
https://doi.org/10.1186/s13660-020-02523-5
https://doi.org/10.1186/s13660-020-02523-5
https://doi.org/10.1186/s13662-021-03474-x
https://doi.org/10.1186/s13662-021-03474-x
https://doi.org/10.3390/math9121323
https://doi.org/10.3390/math9121323
https://doi.org/10.3390/math9111159
https://doi.org/10.3390/math9111159
https://doi.org/10.3390/math9101111
https://doi.org/10.3390/math9101111

	Oscillation of Second-Order Functional Differential Equations with Superlinear Neutral Terms
	Abstract
	1 Introduction
	2 Preliminary Lemmas
	3 Main Results
	4 Examples and Remarks
	References




