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Abstract
We give explicit evaluations of the linear and non-linear Euler sums of hyperharmonic

numbers hf,r) with reciprocal binomial coefficients. These evaluations enable us to
extend closed form formula of Euler sums of hyperharmonic numbers to an arbitrary
integer r. Moreover, we reach at explicit formulas for the shifted Euler-type sums of
harmonic and hyperharmonic numbers. All the evaluations are provided in terms of
the Riemann zeta values, harmonic numbers and linear Euler sums.
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1 Introduction

The classical linear Euler sum ¢y (p) is the Dirichlet series
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where Hn(r) is the generalized harmonic number defined by
H" = Z—, reN={1,2,3,...},

with H,El) H, and H(O) =n.Whenr =1, p =r and p + r is odd, and for special
pairs (p,r) € {(2,4), (4, 2)}, the sums of the form (1) have representations in terms
of the Riemann zeta values ¢ (r) (see [4,10,13,18]). In particular, the case r = 1 yields
to the well-known Euler’s identity [13,18]

p—2
2€H(P)=(17+2)C(P+1)—ZC(P—J')§(J'+1), peN\{l}. (2
j=1

Many extensions of the Euler sums (so called Euler-type sums) involving harmonic
and generalized harmonic numbers have been studied extensively ([4,5,10,20-27,29—
36]). These studies include the shifted Euler sums

> o Y
A p’
n=r+1 (n r) n=l1 (n +m)

and the linear and non-linear Euler sums with reciprocal binomial coefficients

o]

n=1 np("?[) n=1 np(”;rl)

Recent studies also include hyperharmonic numbers with the connection of the
Dirichlet series

00 4 (r)
= o
Speny () 1= Z PR >0and p > r,
n=1
which is called the Euler sums of hyperharmonic numbers. Here h,(f) is the nth hyper-
harmonic number of order r for r € N, which is defined by [9]
n
(r=1) 1
h}(/lr)zzhkr 3 h,(,l>=Hn7
k=1
and can be extended to negative order by [12]
(="
TESTOR n>r>1,
RS =1 -1 3)

YOS rzazl,
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On Evaluations of Euler-Type Sums... 115

with the usual convention h(o) 1/n. The Euler sums of hyperharmonic numbers

were first studied in [17] with some particular values in terms of the Riemann zeta
values. Later, Dil and Boyadzhiev [11] extended Euler’s identity (2) to the Euler sums
of hyperharmonic numbers as

1 +1 d .
Sporny (p) = Z|:]’;+i| CH(p—k)—Hré'(p—k)‘FZM(P_k,J) ’

j=1
“)
where [ ] is the Stirling number of the first kind and
o0 p—1 1 -1
, (-1 )” (=DF
, = 1-— —F—FH;.
w(p,j) = szn,,(nJ”) 2 ——¢(p+1=n)+ T (6))

We remark that a slightly different form of (4) appears in [15]. Besides, the series

00 h(r) 00 h;r) 00 h,(,,r)
, , m, N
Z n(n+r Z (n+r+1) ;12:; (n+m) (n+rrn+r) m,r €

n=1 n=1 n

are evaluated explicitly or represented as closed form formulas ([6,8,11]).
One of the main theorems of this paper covers results on the foregoing series.

Theorem 1 For an integer r and non-negative integers [, m and p with p +1 > r, the
linear Euler-type sum

et ]’l(r)
Z (n +m)? n+rln+l)

n=1

can be written as a finite combination of the Riemann zeta values and harmonic
numbers.

The proof depends on the evaluation of the series

00 hﬁzr) 00 h;—r)
Z P n+l\’ Z p n+l
n=1”( ) n=1”(z)

1

which we discuss them first. In particular, a perusal of the evaluation of the second
series reveals a closed form formula for the Euler sums of negative-ordered hyperhar-
monic numbers: For p, r € N,

Gyon ()= 3 -;<p+1)+2< ¥ () k_;+zkkaEj(J)

n=I j=2
(6)
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Thus (4) and (6) provide closed form evaluations for the Euler sums ¢, (p), and
hence of the shifted Euler sums (Hurwitz-type Euler sums)

e (r) m
hn nm
Z (n+m)? = Z <k) (_l)kgh(r*/d (p),m,peNand p >r

k=0

for arbitrary integer r.
Our second result, motivated from [1,14,16,28,29,32,34,36], is on the non-linear
Euler sums of hyperharmonic numbers with reciprocal binomial coefficients.

Theorem 2 For an integer g and non-negative integers p, [ and r with p +1 > r + g,
the non-linear Euler-type sum

o hl('tr)hizq)
; np (n+l)

[

can be written as a finite combination of the Riemann zeta values, harmonic numbers
and linear Euler sums.

In the task of proving Theorem 2 we further evaluate the series

>

n=1

© 0 & ho)
n+l Z n+l Z n+i
”p(”"'f)( ) n:lnp(l) a1 P (nm) (] )

(r)

(n+[)

We finally focus our attention on the series Z and particularly evaluate

) DS S L o {VX0
n=r+1 (I’l - r)P (’l;“I) n=q+r+1 (I’l - q)P k=1 r+k

which are generalizations of the shifted Euler sums of harmonic numbers [32, Theorem
2.1] and of the series involving the Hurwitz zeta function ¢ (p, k) [12, p. 364].

2 Preliminary Results
In this section we give some results which we need in the sequel.
The first lemma is a direct consequence of the identity (with x # —b, —c and

b #c)
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On Evaluations of Euler-Type Sums... 17

1 _ﬁb (—1)*J <s+t—j—1> 1
(x+b)' x40 o e- by ts—i t—1 (x + b)/

(— 1)’1 s+t—j—1 1
+Z c)t+s ]( s—1 )(x—i—c)j’

which can be deduced by the partial fraction decomposition.

Lemma1 Let N, s, t € N. For non-negative integers b and c such that b # c, we
have

N s .
—1)5~ J s+t—j—1 (H(j) _H(j)>
(n+b)5 n+of j_l (c—b)y =i r—1 N+b b

(D' (s+r—j—1 ; y
Z c)t+s Jj ( s—1 > (Hliljlc - HC(] ) @)

n=1

The equation (7) yields to the following lemma by letting N — oo.

Lemma2 Lets, t € N. For non-negative integers b and c such that b # c, we have

00 1 B K (_1)s+j S+t—j—1 o 0
(n+b) (n+c) _;(C_b)zﬂ—j( f—1 ><§ (j)— H, )

n=1
t N .
(—=1)° s+t—j—1 ; 0
+Z—(C_b),+s_j( o )(m)—Hc )

J=2

+¢<S+’_2)(Hb—m). ®)

(C _ b)H—S—l s —1

For suitably selected sequences { f;,}, we remark that [34, p. 951]

U Jn (= l)’" I fn (-1 & fo
;nl’ (n+a) Z ;npﬂfm T nX:;n(n—i—a)’ ©)
.- L — _1ya—1 l - fn
; (") ;( . (a>an§ nP(nta) (10)

The subsequent result serves as a combination of the equations above.

o0 .
Lemma3 Let j, I, p € N. Let { f,} be a sequence such that the series nX—:1 (nﬂj)‘%

s € NU {0}, is convergent. Then
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St

n=1 np (}’l + J) (”‘H)

=1

n=1
)*1 s fn
> ()X e

Proof Tt can be seen that

o0 o0

S h _an_lz_fn

=+ () TS e Jime e+ ()

Employing this formula repetitively we find that

o0

Z Jn

— n? (n+ ) (")

—Z( D"~ UL fa

+ —
n=1 np—m+1(”'["‘l) Jp_l n=1 n (I’l + J) (""rl)

By the partial fraction decomposition
1 B Xl: (—1)~* |
x4+ x+k+D--(x+0 —~ s—kd—s)x+s’

s

we write the first series on the RHS as

S e (NS
;np_m+1(n-l|—l) _ago(_l) (a>,§np_m (n-i-a)’
and the second as
00 . 00 fn
Zn(n—i—]) " Z( b <>Z(”+J)(”+S)

n=

from which the proof follows.

o 1)"” e fu
ZZ {Zn,m m+Z( b ()Zm

(1)

12)

]

The next lemma plays a critical role in the proofs of the main theorems. It also
provides extensions for [11, Proposition 6] and (4). Recall that the r-Stirling numbers
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of the first kind are defined by [7, Theorem 21]

(x+r)(x+r+1)~~~(x+r+n—1)=Z[n]xk. (13)
k=0

In particular, [}], =[] and [}], = [Zi}]

Lemma4 Let!, p andr be non-negative integers with p +1 > r + 1. Then the series

can be written as a finite combination of the Riemann zeta values and harmonic
numbers.

Proof Multiplying both sides of [11, p. 495]

1 r+17 . U |
RUHD = ilH, — H, 14
Z ]+1n n+;n+v r (14)

with and then summing over n, we see that

1
("1
o0 (r+1) l r4+1 o0 Hn
2:: n+l - I:J+1j| 2; p— ,(n-;—l)

+Z§:

v=I1 n=

ad 1

Hrzpj

i) ("7 i (")

15)

The proof is then completed when we write the series on the RHS of (15) as finite
combinations of zeta values. The first series is [26, Theorem 2]

o p—2 (_1)m—1
Z —meXX)ew Yo p—m
n=1 m=1
(=D @
+3ooT 1@§Q)+Ub1)+4g4)} (16)
(which may also follows from (10) by taking f, = H,). The second series is a

consequence of (11) with f,, = 1:
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,,X:% nP (n+ j) (”“)
p— 1

1ml
Z ) {§(p+1—m)+z<>(—1)“M(p—m,a)}
p—1
L ED 1) Z( 1>S()Bl (5, J) - (17)

Here 1 (p, a) is given by (5) and

Bl(s,j)={§(2) )2/(S_])§fj’

For the third series we take f,, = 1 in (10) and see that

l

l p—1 1atm _1)etp
=Z(> Z%{(val m)+(a%Ha . (18)

a

00
Y
n+l
n=1 np a=1 m=1

These complete the proof. O

To see an example of how this lemma works, suppose thatr =/ = 2 and n = 5.
Then

S 3L @7+ (545
n:1n5(n;2)_ 2¢ 2 ¢ st")¢

1 ¢ 11, 9 , 15

t5:0" T 1a0” R Ty

We conclude this section by the following theorem which gives an evaluation for-
mula for Euler-type sums of negative-ordered hyperharmonic numbers. Besides that
we need it in Section 3 for the proof of Theorem 1.

Theorem 3 For p, r € N and non-negative integer l, we have

i A" o (p+1)— HPHD +§r K <r) (—DF
np(nH) - p r ‘ n(n+ k)p (n+k+l)

n=1 I k=1 n=
SR (—1) & (r +z) H —H, <~ HY —¢()
+ + (—D? +y ——=
; np+l1 (n-ll-l) (r—lt-l) % a (r — )P ; (r — a)P—]+1
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Proof From (3) we have

00 h,(;r) r hslfr) o] hl(;r)
an+l:an+l+ b (1
n=1n(l) n—ln(l) n=r+1n(1)
r 1 r—1 ’ r 1
Lty B0 £ st
n=1 ”PH(H;LI) k=1 k i1 (= K) ”p(n?rl)
o0 _1 r
s b (19)

n=r+1 (n - r) nb (Vl?‘l) (:*l)

The infinite series can be eqivalently written as

]

(=D v 1
Zl n—ryne (") =D l'r';(n+r)pn(n+1)~--(n+r+l)'

n=r-+ l

Using (12) gives

- =1 (p+1)
7 ™~ ¢(p+ 1) — H,
21 (n=r)nr ("))
(_1)r r+l r 41 . 1
S () ey
a#r
Then, from (8), we obtain
- (=" (p+1)
=¢(p+1)—H

n:Xr:H (n=rynr ("7 ()

(—1y" g i i P ¢ (n) H,
G X::o o g —a)trT ; r—at =) [

a#r

which completes the proof. O

It is to be noted that using (12) and (7) the finite sums on the RHS of (19) can be
written as

r 1
1 (p+1) a<l)
— __—H +Y (=1
L g = ag‘ "

(1)P]

ap+l Jj
j=1

(=1”
HY " (Hayr — Ha)
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and

Xr: l _ZI: N\EDa | He Xp:Hr(”—Hzfj)
(n_k)”p(n;rl)_ a) (a+k) kp kpH1—

n=k+1 a=1 j=1

4 ) ()
CHY) —H (—1)P
_E (_1)p+] s k_ (Hr+a_ a+k)
j=1

al’+]*]‘ aP

Letting [ = 0 in Theorem 3 and above formulas, we reach at (6), the closed form
formula for the Euler sums of negative-ordered hyperharmonic numbers.

3 Proofs of Theorems
3.1 Proof of Theorem 1

We start by recalling the identity of hyperharmonic numbers [3, Eq. (7)]

. —1+n—k
h,<[+m>=z<’” o )h}j). (20)

n—=k
k=0

In [3], authors examined hyperharmonic numbers from a combinatorial perspective
and stated (20) with natural conditions m € N and r € NU {0}. However, (20) is valid
for all m, r € R with m > 0. This fact can be seen by the generating function

o]

S = 00
= " 1—=0

Applying the upper negation identity

<—m>_(_1)n_k<m—l+n—k)
n—kJ) n—=k

to (20) we obtain

n
—m kg, (r)
B )(—1) n.

a3 (T
n

k=0
Now the binomial transform [19, p. 43 Eq. (2)]
n n
a, = Z <n T k)bk & b, = ]; (n_—mk>ak
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together with b, = (=1)" A and a, = (=1)" ™™ yields

n

TS <’Z> (D¢ . 1)

k=0

Multiplying both sides of (21) with and summing over n give

(n+l)

h(r—m) m h(r)

i nn+l):Z( >(— )kZW

n=1 ”p( ! k=0 1

With the use of the classical binomial transform [19, p. 43 Eq.(1)]

m m

m m
bm =Z<k)(—1>kak & ay =k2=jo<k)<—1>kbk

k=0
we deduce that
h (r) ]’l (r—k)

St e () S @)

n=1 1 k=0

Then the statement of Theorem 1 follows from Lemma 4 and Theorem 3 according to
r—k>0o0rr —k <O.

Remark 1 Utilizing (22), Lemma 4 and Theorem 3, we may present an illustrative
example of Theorem 1 as follows:

R e+ e+ (15 . 2) 16
_— = —_ _— - —T
—(n+ 4)5 (”erﬁ) 2 2 2 12
1 4
e 4 7 5, 53
420 1440 24 256
3.2 Proof of Theorem 2

Similar to the verification of (15), we obtain

ihr(zr+l)h£lq+l) _l r 41 i ]’lE,q-H)Hn
n+l) ] prd j+1 —j n+l)

n=1 ”p(l w1 7 j(l
ZZ P+ i pa+h }
+ — H, — . (23)
v=1n= 1 nP- i "l+l ( + ) rn:l nP=J (”?‘1)
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Hence the series on the RHS of (23) is required to be evaluated. Third series has been
already evaluated in Lemma 4. The following proposition is about to calculation of
the first series.

Proposition 1 Let I, p, r be non-negative integers with p + 1 > r. Then the series

00 h’({)Hn
Z n+1)

n=1 n!’( 1

can be written as a finite combination of the Riemann zeta values, harmonic numbers
and the linear Euler sums.

Proof We have

00 L (r+l)
hy H, _ 1 |:r+ 1]
r; np(”;rl) _r!jz:(:) j+1 {Uzzlnz:lnp J”+l (n+v)
00 2 )
+ —— — H, _ . 24
> S | @

Now we deal with the series on the RHS of (24). For the first series, we set f,, = H,
in (11) and deduce that

00
n=1

Zﬂ o ( +1_m)+2<>(_1)ﬂiL
N m=1 J" g n=1 P (n + a)

a=1

n? (n + ]) (n+l)

—1r-1
+%Z( D ()Bz(s y. 25)
where
2%- (25 2)+ (Hj—1)2 + H;g) s =0,
Bas. )= ﬁ((Hj—l)vaHf_)l—(H D? - (2)),”&1,
R+ @QH . —Hi HY —HY,, 5=

Here we have used [26, Lemma 1]

= H

2 3
> o +" =¢@3)+¢ @ Hj —Hj H? —H?,
n=1
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and

o0

! AY @ 2 L@
= (n+s) (n +j) 2(j — 9 ((H]—l) + H;Z) — (Hy—1) Hs—l) ’

which is a consequence of [34, Eq.(2.30)]

—1 Hk s—1 H,
k=1 k k=1 k

~.

o0

H, _
m+s)n+j)  (G—s)

, ] >,

n=1

and [32, Lemma 1.1]

k ——.

Hence, in the light of (2) and (9) with f,, = H, (or [26, p. 322]), the series on the LHS
of (25) can be written as a finite combination of the Riemann zeta values.

The evaluation of the second series on the RHS of (24) in terms of the Riemann
zeta values and the linear Euler sums follows from the following equations [34, Eq.
4.7)]

= (H)2 aim ma (1) o= (Hy)?
> 22<1>+ (o)

a=1m=1 n=1
(e (Hy)?
_1\a+p 2—p
and [4, Eq. (2)]
— (H,) 2+p-3
>y o =;Hm(p)+(p37p)¢<p+2>+;(2>;<p>
n=1

k—1
Zap k) ¢k +2)+ 3 Z;(p DY G+ D¢ k+1-))

k 0 j=1

and [34, (2.39)]

% (H)? _363) (Ho)> +3H Hy” +2H
nin+a) a 3a

-1
_ H)*+HD l‘ig £ (2) Ha-y
a? a ‘=i’ a '
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The evaluation of the third series in (24) is already shown in (16). Hence the proof is
completed. O

Now with a similar approach, we consider the evaluation of the second series on
the RHS of (23).

Proposition 2 Let I, p, r be non-negative integers with p + 1 > r. Then the series

>

n=1

hflr+1)

nP (n +m) (n}H)

can be written as a finite combination of the Riemann zeta values and harmonic
numbers.

Proof One can see from (14) that

r o 1

> Ry 1<~ [r+1
Y i A 12T

n=1 nP (n+m) ("?‘1) j=ln=

Pk (n 4+ m) ("”) n+7

oo oo

+y— Hr -y — Hr }

ek +my (") S ek my ("))
(26)

The second and third series on the RHS of (26) are known from (25) and (17), respec-
tively. Therefore, we only need to consider the first series. Note that when m # j the
series

i 1

= +m n+ ) (")

can be evaluated from (17) by writing it as

1 {i 1 _i L }

j —m n=1 nb (l’l + m) (”;rl) n=1 np (I’l + -]) (”?‘1)

When m = j, we have from (12) that
l

- 1 AP 1
B _1 - <> .
an(n+m)2 (Vl+1) Z( ) s S np(n+m)2(n+s)

s=1 n=1

It is an easy matter to derive that

oo oo

ST ST -
nP (n +m)2 n+s) s nP (n+m)> s = nP=t(n4+m)>(n+s)

n=1 n=1
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This reduction formula yields to

nglnp(n—i—m)z(n—i—s)
p—1 —yp+41 o
(—1)P—vt 1 (=P 1
= . 27
; sp—v = nvtl(n + m)2 + sP ’; n+ m)2 (n+s) @7

The first series on the RHS of (27) is nothing but (8) with s = v + 1 and r = 2.
Besides, the second series is

Zﬁ =:(3)—HY, ifm=s,
n m

n=1

and from (8)

00 . 2)
Z 5(2)4- H—Hm , ifm #s.

m+nm+mﬁ s—m  (s—m)* s—m

n=1

Combining the results above gives

o
;”p(fl'l'm)z(n—f-s)
v—1
—Z Py [4(2) HY — (v+1)—+2( m)* (v—n)¢ (n+2)
n=0
1)
( D B3 (m,s),
sP
where
By . s) {c@)—Hfl m=s,
3um,s) = c(2) H,y—H, Hm
_—i—(Y e L, mFE S,
The proof is then completed. O

Thus in the light of Lemma 4, Proposition 1 and Proposition 2, we reach at the
proof of Theorem 2.

4 Further Consequences

S (r+1)

In this section, we present the connection of the series Z with some results in

np (n+l)

the literature, for instance with the shifted Euler sums and the Hurwitz zeta function.
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128 L. Kargin et al.

In[17, p. 364] Euler’s sum was expressed in terms of a series involving the Hurwitz
zeta function ¢ (p, k) as

> k 1
Z“’,’( )=cH(p)=§(p+2):(p+1>
k=1

p 2

——Zc<m—n)c<n+1> peN\{1}. (28)

n=1

On the other hand, Xu and Li [32, Theorem 2.1] considered the following shifted form
of Euler’s sum

S~ __th S () H
[ — m m p m
n:Xr:H(” 5= ()= le( D" e (p+1—m) B —(=1) mX:Imp_(zg)

Surprisingly, we observe that the series involving hyperharmonic numbers and
reciprocal binomial coefficients correspond to the shifted forms of the series involving
the Hurwitz zeta function and Euler’s sum. These correspondences, follow by utilizing
the representations

n

n+r 1 n+r
( . >;_r—|—k:h’(1r+l):< ) )(H,H,—Hr), (30)

o0 (r+l)
in Z (,,+, , respectively, give rise to the following result.

Corollary 1 For positive integers p and r with p > 1, we have

00 p—1

Z —¢H(p)+2< D e (p 1= HHD + (- 1)P12

k=1 j=2

The following results are binomial extensions of (29).

Corollary 2 For g € N and non-negative integers p,r with p + q > 1, we have

LA (r +q>“ 3 A
n=r+1 (i’l - r)p (n;‘q) q n=1 np(”""Z"")

q r-1
3 e (Va3 LY ~ (—1)”
- H, P (_1) (a)a r +a)m§ (P +1—m)+ (r +a)p Hr+u

m=1
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Proof Let! > r.From (30), we have

hglr+1) 00

(0.¢]

_ n+r

;np("lﬂ)_ X;np(n—i—r—l—l) “(n+1)
oo

I 1
—H = ,
rr!;nl’(n+r+l)---(n+l)

that is,

N Hys NS Ryt — 1
L I L— — )
L D O ) e e

n=1 I—r n=1 1

The first series on the RHS is already given in (15) (with the use of (16), (17) and
(18)). The second can be written as

> 1
an’(n+r+1)--~(n+l)

n=1
[—r—1

R 1
(l—r 1)! Z( b < a >’1Z:1n”(n+r+1+a)’

by (12). Thus, writing g + r for [ and using (5) complete the proof. O

In a similar way, noting

r—I
(n+l+1)~-~(n+r)=Z[r;l] nk
[+1

from (13), we state the following result.

Corollary 3 For p, g € N and non-negative integer [ with p > q + 1, we have

00 (Z)H” PR h’(1q+l+l) Hysl q q
Z n—1— )P= 1 Z p(nt T Z k tlp—h.
n=q-+1+1 q o (") T oLt

As a final note, we would like to emphasize that it is possible to evaluate different

nonlinear Euler-type sums by particular choices of f,, such as (H,)* and H,Sr)H,gq) in
(11) together with the results in [34] and [4].
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