Bull. Malays. Math. Sci. Soc. (2021) 44:3839-3859 MALAYSIAN MATHEATICAL
https://doi.org/10.1007/540840-021-01147-2 e

hap://wwwspringer.comy

Check for
updates

Besov Estimates for Weak Solutions of the Parabolic
p-Laplacian Equations

Rumeng Ma'® - Fengping Yao'

Received: 20 July 2020 / Revised: 12 March 2021/ Accepted: 19 May 2021 / Published online: 4 June 2021
© Malaysian Mathematical Sciences Society and Penerbit Universiti Sains Malaysia 2021

Abstract
In this paper, we obtain the local regularity estimates in Besov spaces of weak solutions
for the following parabolic p-Laplacian equations:

u; —diva (Du, x,t) =divF

under some proper assumptions on the functions a and F. Moreover, we would like to
point out that our results improve the known results for such equations.
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1 Introduction

The aim of this paper is the study of the local regularity estimates in Besov spaces of
weak solutions for the following quasilinear parabolic equations of p-Laplacian type

u; —diva (Du, x,t) =divF in Q7 := Q x (19,10 + T, (1.1)
where tp € R, T > 0, n > 2 and Q is an open bounded domain in R”". Here,

F = (f',---, f") is a given vector-valued function, and a (&, x, 1) is a Carathéodory
function satisfying the following conditions:

yIEIP2 n|* < (Dga (€, x, 1), n) (1.2)
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and
Ia(ff,x,t)|+|§||D§a(5,x,t)|SAIEI”_1 (1.3)

for p > 2,every &, n € R", (x, 1) € R" x R and some constants y, A > 0. Moreover,
the coefficients a (&, x, t) are also assumed to satisfy some smoothness assumptions
(see Assumption (A1) and Assumption (A3)). Additionally, we would like to point out
that (1.2) and (1.3) can imply the following condition:

[a(ssxst)_a(n’xvt)]'(g_n)Z?'g_}ﬂpv (14)

where y depends only on y, A, n and p.

There has been a rapid scientific development in the theory of nonlinear parabolic
equations of p-Laplacian type in divergence form. In [1], Acerbi and Mingione invent a
new covering/iteration argument allowing them to prove the local Calderén—Zygmund
estimates for the following parabolic system of p-Laplacian type:

u; — div (a (x.1) | Du|P~2 Du) = div (|F|l’—2 F) (1.5)

with coefficients of VMO/BMO type. Furthermore, Byun, Ok and Ryu [10] obtained
the global Calderén—Zygmund estimates of the general case of p-Laplacian type

u; — diva (Du, x, 1) = div (|F|P*2 F) in Qr. (1.6)

Moreover, many authors [4-9,11,25] also studied the Calder6n—Zygmund estimates
for the parabolic equations of p-Laplacian type.

Recently, Baison, Clop, Giova, Orobitg and Passarelli di Napoli [2] studied the
local regularity estimates in Besov spaces for weak solutions of the following linear
elliptic equation

divA(Du,x) =divG in <, 1.7)
where A is a Carathéodory function with linear growth satisfying
<AEx) = A@x).§—n>=Cls —nl,
lAE x)— A, x)| =< CI$1— nl,
MA@ 0= C (1 +1eP)

for any &, 7 € R", some n € [0, 1] and a.e. x € Q. Furthermore, Clop, Giova &
Passarelli di Napoli [13] extended the results in the previous paper [2] to the more
general case of (1.7), when A is a Carathéodory function with p — 1 growth for p > 2
satisfying

p—2

<A = A0 E =0 == C (K IER+P) T le -0l (18)
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p=2
G0 =AM 0l = C (12 +1E2+mP) T 1g -l (1.9)

p—1
2

A, x)|<C (;ﬁ + |$|2) (1.10)

forany &, n € R", some u € [0, 1] and a.e. x € 2. Moreover, many authors [3,16,24]
investigated the regularity theory in the context of Besov spaces for the elliptic p-
Laplacian equation with A (Du, x) = |Dul|? —2Du. Meanwhile, Eleuteri & Passarelli
di Napoli [18] established the higher differentiability of the gradient of weak solutions
to variational obstacle problems of the form:

/ (A(Du, x), D(¢ —u))dx =0,
Q

where A (&, x) is a p-harmonic type operator satisfying (1.8)-(1.10) and the critical
Besov spaces. Actually, many authors [12,14,15,17,20,22,26,28,30] also studied reg-
ularity estimates in Besov spaces for PDEs of various types. The aim of this paper
is to study the corresponding regularity estimates in Besov spaces for the case of the
parabolic p-Laplacian equation.

In the elliptic case

divA (Du,x) =0 inQ,

Giova & Passarelli di Napoli [19,31] obtained the higher differentiability from the
following pointwise condition on the map A (&, x)

p=1
AE 0~ AE N = =y +go) (1+167) 7
for some g (x) € L;’o -(82), each & € R" and almost every x, y € 2. Furthermore, the
authors first studied the corresponding fractional higher differentiability for the linear
(see [2]) and nonlinear (see [13]) elliptic equations with the following Triebel-Lizorkin
coefficients

p—1

2

AE D =A< k=" @@ +gon (12 +167) T (11D

for some g (x) € L[;DC(Q), some « € (0, 1), some u € [0, 1], each & € R" and almost
every x, y € . Actually, Kristensen & Mingione have used such assumption in the
paper [29], where various higher integrability results are obtained. As in Sect. 1 in
[2,13], we would like to mention that condition (1.11) for 0 < o < 1 says that A

belongs to the Triebel-Lizorkin space Fi _ (see Remark 3.3 in [27] for details). In

order to get the extra differentiability for the non-homogeneous equations and fit the
Besov setting, the authors in [2,13] originally introduced the following condition

p—1

2

A& 0 = AE ] = =3I (0 +8e 0 (K +167) T (112)
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where g (x) € L (£2) is a sequence of measurable non-negative functions satisfying

loc

Dlalf, < oo
P L5 ()

As mentioned in [2,13], if A (&, x) = A(x)|&|P72& and = R”, condition (1.12)
says that A belongs to the Besov space B% (see Theorem 1.2 in [27]).

Now we shall study the extra fractional hlgher differentiability of weak solutions
of the quasilinear parabolic equations of p-Laplacian type (1.1). In this work, we
shall need the following assumptions (A1) and (A2) on a (&, x, t) in the setting of the
parabolic case.

Assumption (Aj). Given 0 < o < 1, we assume that there exists a measurable

n+2
non-negative function g (x,t) € L, ® (27) such that

loc

la€x.0 —a @yl =[x =P+l =sl] (g () + g (o) g1

for each & € R” and almost every (x, t), (y, s) € Q7.
Assumption (Aj). Given 0 < o < 1 and 1 < g < 0o, we assume that there exists

n+2
a sequence of measurable non-negative functions g (x,t) € L, * (27) such that

loc

ank @0l <o (1.13)

L& (Qr)

and
la €0 —a @yl < [1x =P+l =s1] o @0 + g 09 16177

for each & € R” and almost every (x, ), (y,s) € Qr such that 2 kdiam(Qr) <
(Ix — y2 + |t —s])? < 2~**1diam(Qr) for k € N.

As usual, the solutions of (1.1) are taken in a weak sense. More precisely, we have
the following definition of weak solutions.

P
Definition 1.1 Assume thatF € L ' (7). A functionu € C((to, to+T1; L* () )N

Ly ((t0,t0+T1; Wl 7(Q)) is alocal weak solution of (1.1) in Q7 if for any compact
set /C of Q and any subinterval [¢1, ;] of (79, to + T] we have

/u(pdx|2 / / —ug; +a(Du, x, 1) - Doldxdr = f /F Dodxdt

1
forany ¢ € W2 ((t0. 10 + T1; L2 () N LE, ((to, to+T1; Wo’p(Q)>.
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Let a(, x, t) be a Carathéodory function satisfying (1.2) and (1.3). Just like §2.2
in [13], we need a control on the oscillations, which is called "locally uniformly in
VMO". Next, we shall give the exact definition of the parabolic version of the one
used in this paper.

Definition 1.2 We say that a (£, x, 1) is locally uniformly in VMO if

lim sup  sup ][ V(x,t, Qp (z))dxdr =0, (1.14)
R>00<p<R 0, ()cr J 0,

where z = (y,5) € R""!, 0, (2) = B, (y) X (s — p*, 5 + p?),

V(e 0y @) e sup 14ERD 0,0 @)

- (1.15)
£eR™\(0) &Pt

and

ag, §) = ][ a(, x,t)dxdt = a (&, x,t)dxdz.

0,(2) 10, @] Jo,0
We first recall the following definition of the Besov space Bg) q ().

Definition 1.3 (see [32], Section 2.5.12)Let0 < @ < land 1 < p, g < oo. Then, the
Besov space By ,(€2) is the set of all measurable functions v satisfying v € LP(2)
and

Ivlisg @ = llvliLr@) + Vg (@) < o0,

where

ol o e Ap@)IP | \F dh \a

v B‘;,q(Q) T n Q |h|ap X |/’l|” 9
%

lvllLr (@) == /S;Iv(x) |Pdx

and Apv(x) = v(x 4+ h) — v(x). Moreover, we define A,v(x) is zero if x + h leaves
Q.

It is easy to check that v € L?(£2) and |Ah+‘}‘} € Lq(%; LP(Q)) ifv e B;’,"q(Q).

Actually, we can only integrate over Bs for a fixed § > 0 and then obtain an equivalent
norm since

1
(/ f EVEICI ) dn \* _ ( Sl
—aX =cn,a,p,q, VILP(Q)-
un=sy \Ja  |h|*P |h|" @
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Meanwhile, we say that v € B;‘,OO(Q) if v e LP(R) and

1
. ( Arl? )
Ve ‘= sup —dx < 0.

KR VST

Similarly, we can only take the supremum over || < é and then obtain an equivalent
norm.

The next result is the current version of Sobolev embedding theorem (see Lemma
2.2 in [18]), whose proof can be found in Proposition 7.12 of [23].

Lemma 1.4 Assume that 0 < a < 1. If1 < p < Zand1 < q < p} = "fip, then

there is a continuous embedding B;‘yq (Q) C LPa().

In this work we define the Besov space B}, (27) for0 <o < land1 < p,g < o0
as

B} ,(Qr) = {v € LP(Qr) : vlisy, @p) = IvliLrr) + lge (@p) < 00} ;

where

q 1
[Apv(x, 1)|P v dh \7
Wlge (@) = (/ </ e, dxdr 2
P4 n Qr |h| p |h|
1
P
vllLr(Qr) == </ v (x,t) |pdxdt)
Qr

and Apv(x,t) = v(x+h, t)—v(x, t) with Ayv(x, t) = 0if x+h leaves Q. Meanwhile,
we say that v € Bg,oo(QT) ifve LP(Qr) and

1
A 1 p )
sup (/ —| i, Dl dxdt)l < 0.
herr \Jar |h]oP

Similar to the cases of [']B‘;,_,, () and e (@) for |h| < 6 we can obtain the equivalent
norms.

Now we state the main results of this work. Our first result concerns the homoge-
neous case F = 0.

Theorem 1.5 Assume that 0 < a < 1 and a(§, x, t) satisfies (1.2), (1.3) and (Ay). If
u is a local weak solution of

u; —diva (Du,x,t) =0 inQr,

a

then we have Du(x,t) € B;T,é (27) locally.
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Under the assumption (A;), we are able to deal with non-homogeneous equations
and obtain the higher fractional differentiability. More precisely, we establish the
following result.

Theorem 1.6 Assume that 0 < a < 1 and a(&, x, t) satisfies (1.2), (1.3) and (Aj). If
u is a local weak solution of

u; —diva (Du,x,t) =divF in Qr,

then we have

np

F(x, ) € Lip-)-pp ((to, to+T1; BﬁL g (Q)) locally
p—1

= Du(x,t) € By, (Qr) locally

q(p=1) ; n(p=1)  (+2)(p=D
forany 1 < 5 = min {n(p—l)—pﬂ’ oF anda < B < 1.

2 Proofs of the Main Results

This section is devoted to the proofs of the main results stated in Theorem 1.5 and
Theorem 1.6. Now we will give some lemmas which are essential for the proofs of
our main results. First of all we recall the following result (see [13,18,21]).

Lemma 2.1 Assume that F and G are two functions such that F, G € WP (Q) for
p > land

Q= {x € Q: dist(x,09) > |h|}.

Then, we have

(1) ApF € WhP(Qu)) and Di (A F) = Ap(D; F).
(2) If at least one of the functions F or G has support contained in Q)p|, then

/FAthXZ/ GA_pFdx.
Q Q

(3) Ap(FG) (x) = F (x +h) ApG (x) + G (x) AR F (x).
4)

/ |ALFIPdx < C (n, p) Ihl”/ |IDF|P dx and
By

Bgr

/|F(x+h)|pdx§/ |F(x)|P dx
B, Bg

for0 < p < Rand |h| < #withBR C Q.
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The following result is a modified version of Theorem 2.6 in [10], which is suitable
for our purpose.

Lemma 2.2 Assume that |F|ﬁ € L1(Q27) forany g € (1, 00) and a (&, x, t) satisfies
(1.2),(1.3) and (1.14). If u € WYP(Q7) is the weak solution of (1.1) with u = 0 on
0pQr, then |DulP € L1 (Q7) with the following estimate:

p/2
/ |Du|p‘1dxdt§C</ |F|p1dxdt+l> ,
Qr Qr

where C = C (y, A,n, p,q,|27]).

Actually, from [10] we can also obtain the local L? estimates

q p/2
/ |Du|pqudt§C[</ |Du|pdxdt) +/ |F|p”qldxdr+1] Q2.1
Op Or ORr

for weak solutions of (1.1) and p < R with Qg C Q7.
Next, we can prove the following result, which is just the parabolic version of
Lemma 17in [2] or Lemma 3.1 in [13]. We report it here in order to describe integrality.

Lemma 2.3 Assume that a (&, x, t) satisfies (1.2), (1.3) and (A1). Then, a(§, x,t) is
locally uniformly in VMO.

Proof Let Q, (y,s) C Qr. From (1.15), (A;) and Hoélder’s inequality, we deduce
that

][ V(x, t, 0, (v, s))dxdt
0,(y.8)

aE,x,t)—a 5

= ][ sup | ¢ ) _?p(y’é) (g)’dxdt

0, (y.5) E€R/{0) 1§17

{ olaE x,n —a(E X )| dx'dd

< ][ sup Qo(r-5) : dxdt

0, (y.9) seRn €17~

][ ][ —x/|2+ |t —t/|]7 [g (x,t)—i—g(x’,t/) ]dx’dt/dxdt

Qp y.s) Qp Y, V)

< C,o"‘][ g (x,1)dxdr
0p(y.5)
n+2 nct?
< Cp* ][ g (x,1) « dxdr
Qp(y,5)
n+2 na?
=C f g (x,t) « dxdt ,
0, (y,s)
which implies that (1.14) is true. Thus, we finish the proof. m|
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Now it is time to prove the first one of the main results, Theorem 1.5.

Proof of Theorem 1.5 Let us fix a parabolic cylinder Qg such that Qor C Q7 and
consider a cut-off function n (x, 1) € Cg°(Q27) satisfying

C C
O<n=1l n=1linQprp n=0inQr\Qr, |Vnl=< 5 and 0 <|m|=< o5 (2.2)

5

Selecting ¢ = A_y, (n2Ahu) as a test function, where 4 € Bg for some small constant
§ < R, from Definition 1.1 we have

_p2 R?
/ u(pdx|;:§R2 + / f {—u@; +a (Du,x,t) - Dp}dxdr = 0.
Bg - —R?2 JBg

After a direct calculation, the resulting expression is shown as follows:
h+h=5L+ 14+ Is+ I,

where

1 R2
I =~ 2 (Apu)? d =0,
1 2/;[{” ( hu) x|_R2

I :=/ [a(Du(x+h,t),x+h,t)
ORr
—a (Du (x,t),x +h, )] n*ApDu dxdr,

I = / e (Apu)? dxdr,
Or

Iy ::/ [a(Du(x,t)y,x+h,t)
Or
—a(Du(x+h,t),x+h,t)]-2nDnApudxdt,
Is := / [a(Du(x,t),x,t) —a(Du(x,t),x + h,t)] - 2nDnAju dxdt,
Or

Ig := / [a(Du(x,t),x,t) —a(Du(x,t),x + h,t)]- n2AhDu dxdz.
Or
Estimate of I. It follows from (1.4) that
L > ff n? | A, Du|P dxdz.
Or
Estimate of I3. By virtue of (2.2) and Lemma 2.1, we find that

| I5] 5/ 0 nel |Apul? dxds < c/ |Apu|? dxdr < C|h|2/ | Du|? dxdt.
ORr OR Oor
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3848 R.Ma, F. Yao

Estimate of 14. Using ( 1.3), Lagrange’s mean value theorem and Young’s inequality,
we obtain
|I4] < Cf la (Du (x,t),x +h,t)
Or
—a(Dux+h,t),x+h,t)]-n-|Apu|dxds
< C/ |Dea (6, x + h,0)| - |ApDul - n - |Apu|dxds
Or

2
<C (|Du (x, )| + |Du (x + b, ))P"2 - > - |ApDu| - | Apu| dxds
Or

r

(p—2)
SC(G)/ (1Du (x, )] + |Du (x + k. )]) 7T |Apu| 7T dxd
ORr

+e/ n? |ApDul|? dxdt,
Or

where & is between Du (x, t) and Du (x + h, t). Therefore, by using Holder’s inequal-
ity and Lemma 2.1, we get

p=2

4] < C(e) </ (IDu (x, )| + | Du (x + h, )])P dxdt)p
ORr

T
=
(/ |Ahu|”dxdt>

Or

+e/ n? |ApDu|P dxdt
ORr

-2

y4 1
D p—1 —1
< C(e) |h|7T (/ |Du|pdxdt)l (/ |Du|”dxdt>p
Q2R O2r

+e f n?|ApDu|P dxds
ORr

< c<e>|h|ﬁ/

|Du|? dxdt+e/ n? |ApDulP dxdr. (2.3)
Q2R

Or
Estimate of Is. Also, by (A1) and Young’s inequality we obtain
|I5| < C/ la (Du (x,1),x,t) —a(Du(x,t),x +h,t)| -n-|Apu|dxdz
Or
<CIhI* | g, ) +g @ +h 0l [Dulx, )P~ - |Apul dxds
Or

sCIhl%f g (. 1)+ g (x + b, 17T |Du (x, 1)]P dxdi
Or

@ Springer



Besov Estimates for Weak Solutions... 3849

+C/ |Apu|P dxdt,
Or

which implies that

pa
o n n(p—1)
|Is] < C |71 [/ (& (x,t)+g(X+h,t))adxdt] I
Or

n(p—1)—pa

np(p—1) n(p—1)
| Du|nr=D=pe dxdt
Or

+C|h|"’/ |Du|? dxdt,
O2r

where we used Holder’s inequality and Lemma 2.1.
Estimate of Is. Thanks to (A1) and Young’s inequality, we estimate /g as follows:

I sf (@ (Du (e, 1), 3, 1) — a (D (5 1), x + I )] < 0+ | A D ded
Or
2
< CIhI“/ g (. 1)+ g (x + . O] - 1Du (e, )17~ - 07 - | Ay Du] ded
Or

gef n2|AhDu|dedz+C(e)|h|fT“l/ [g (x, 1)
Or

Or

4o (x4 h, 017 T |Du (x, 1)|? dxdr.
Similar to the estimate of /s, we have

pa
—1

pa
n n(p—1)
[Ig| < C(€) |h|P [/ (g(x,t)+g(x+h,t))adxdt} ’
Or

n(p=1)—pa

np(p—1) n(p—1)
| Du|7(r=D-re dxdt
Or

—I—e/ n* |ApDulP dxdt.
OR

Combining all the estimates of I; (1 <i < 6) and choosing € small enough, we con-
clude that

/ |ApDul|? dxdr
Or2

< f n> |ApDul|? dxdt
ORr

po
pa n n(p=T)
§C|h|ﬁl—'[ (g(x,t)—l—g(x—l—h,t))adxdt:| '

Or
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n(p=)—pa

np(p—1) n(p—1)
| Du|"»=D-re dxdt
Or

+C|h|p/ |Du|pdxdt+C|h|%/ |Du|? dxdt
O2r 0]

2R

+C |h|2/ |Du|?* dxdt
Q2R

pa
. . ATy
§C|h|vp—'[ (g, 1) +g(x+h, )i dxdti| '

Or

n(p—1)—pa

np(p—1) n(p—1)
| Du|"p=D-re dxdt
Or

+C|h|ﬁ/ |Dul? + 1dxdz,
Oor

in view of the fact that % <2 < p.By(2.1), we know that Du € L{ (Q7) for any

loc
np(p—1)
n(p—D—pa
loc

s > p and so, in particular, Du € L
n+2

g€ L,* (7). Furthermore, we divide both sides of the above inequality by IhI%

loc
and use Lemma 2.1 to obtain

/QR/2

(I—a)
<cClh T / |Du|? + 1dxdr
O2r

(7). Also, we have g € L} (Qr) since

p

ApD
nu dxdt

o

|hlP=T

pa
n n(p—1)
+C [ (g(x,)+g(x+h,1)e dxdti| 3
Or

n(p—1)—pa

np(p—1) n(p—1)
| Du|n(r=D-ra dxdt
Or

<C.

Finally, we can take supremum over & € Bs for some § < R and obtain

sup /
[h|<8 Y Qg2

which implies that Du € B IQ’,TOIO (27) locally. So, the proof of the lemma is completed.
O

ApDul’

|h| =T

dxdt < 400,

Moreover, we can prove the following result, whose proof is similar to the elliptic
case (see Lemma 18 in [2] or Lemma 4.1 in [13]). We report it here just for the sake
of completeness.
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Lemma 2.4 Assume that) <a<f<1,1 <qg < ”;2 and a (&, x, t) satisfies (1.2),
(1.3) and (A3). Then, a(&, x, t) is locally uniformly in VMO.

Proof Let (x,1),(y,s) € Qr and Ay (x,1) := {(y,s) € Qr : 2 %diam(Q7) <
(Jx — y|2 + |t — sl)% < 2’k+]diam(QT)}. Then, by virtue of (1.15) and the assump-
tion (Aj), we have

][ V(x, t, Qp (y, s))dxdt
Q,o()’ys)

a&,x,t)—a I
:][ sup o & ) p_?”(y’v) (E)|dxdt
0,(v.5) E€R/{0) t3

S0, |0 E x.0) —a (&2 1) dx'dr
= ][ sup A —
0,(y,5) £€R/{0) |E|P

1 a(€,x,t)—alg x', t')|dx'dt
< —2/ sup / | ¢ ) (%1 )| dxdr
10, 0, 9| T2, ecrri0) S0, 0.9 HE

1
= —2/ sup
10, (v, 9)|” /0.9 £eR/10)

dxdr

aE, x,t)—al(& x', ") dx'dt’
/ | € ) (5_1 )| dxdt
Y0y )NAL(x,1) 1§17
Cp® LY g
= 22 (ex(x. 1) + gr(x'. 1)) dx'ds'dxds
|Qp (y, s)| 0, () J 0p (v, )N A (x.1)
< 22|Qp (y,5) N Ag (x, r>|f gk (x, Hdxdr
|Qp (. S)| 00 (y.5)
C’Oa / I / ! i
+— gr(x’', t)dx'dt
10, (3. 9)] zk: 0, (y,5)NA (x,1)
=11+ Db.

Estimate of I1. Using Holder’s inequality, we have

C n+2 n+2
I < ,S)NA t “ dxdrt
R )|Z|Qp(y $) 0 Ag (x, >|UQ g dx }

p(.VvS)

ag 1
C nt2 2|
<— > f g, " dxdr
|Qp(y7s)| k 0p(y,s)

g—1

[Z}Qp (y,smAk(x,t)qul}
k
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L

q
C E
< ||gk|| n+2( p ))

Estimate of I>. In view of the factsthat 0 <@ < S < land 1 < ¢ < ”‘%2, we find

that (51”4:52)—(;)({) > 1. Using Holder’s inequality again, we deduce that

o

C,O n+2 n+2 |_ e
h < ———— Z / g, dx'dr |0y (v, 9) N Ar(x, )| 772
105 0, 9)| | Jo,09nacen

Cp* / n+2
< — 8. dxdt
05 (v.9))| 2,;( 0(30)

|:Z’Qp (v, ) N Ag (x, 1) <+z><7)1>]

k

[Z el nsz () S))}

Combining the estimates of /1 and I, we have

I/\

7
dxdt < C K .
.7[Qp(y,v) (x.1, Qp (y,8))dxdr < |:Z llgxl L5 (0,0 ))i|

Thus, from (1.13) and the dominated convergence theorem, we can get the desired
result (1.14). This finishes the proof. O

Finally, we shall finish the proof of Theorem 1.6.

Proof of Theorem 1.6 Let us fix a parabolic cylinder Qg such that Q,g C Q7 and
select ¢ = A_y, (nzAhu) as a test function, where & € Bg for some small constant
6 < Randn(x,t) € COOO(QT) is a cut off function satisfying

C
0<n<1, n=1inQgp, n=0 in Q7\Qk, IVYI|SE and 0<|Tlt|§%--4)

From the definition of weak solution, we have

_p2 R
f ugodx|;;l_€R2 +/ 2/ { —up; +a(Du,x,t) - Dgo}dxdt
Bgr —R Br

= —/ F - Dodxd:.
Or
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After simple computations, we can write the resulting expression as
Lh+bh=L+1I4+1Is+Is+ I7,

where

1 2 2 . |R?
I =~ Apu)?d =0,
| 2]1;Rn<hu> x|

L ;=/ la(Du(x+h,t),x+h,1)
OR
—a (Du (x,t),x +h, )] - n*ApDu dxdt,

I = f e (Apu)? dxdr,
Or

n :=/ [a(Du(x,t),x+h,t)
Or
—a(Dux+h,t),x+h,t)]-2nDnApudxdz,
I5 = / [a(Du(x,t),x,t) —a(Du(x,t),x + h,t)] - 2nDnAju dxdt,
Or

I = / [a (Du (x,1),x,1) —a (Du(x, 1), x +h, )] - n* Ay Du dxdr,
Or
I; = —/ ARF - 2nDnAgu + ARF - n? Ay Dudxds.
Or
Estimates of I>-14. Similar to the proof of Theorem 1.5, we deduce that
I > ;7/ n% | Ap Du|P dxdt,
Or
Ll <C |h|2f | Dul dxdr,
O2r
[14] < C(e) Ihlﬁ/ |Du|pdxdt+6/ n?|ApDul? dxdr.

O2r Or

Estimate of Is. Without loss of generality, we may as well assume that diam (2) =
KoR for some constant Ko > 1 and 27%¥KyR < |h| < 2 k1KoR < RforN> k >
ko, where ko = [1 4 log, Ko] € N. Therefore, from (A7), (2.4), Young’s inequality
and Lemma 2.1 we have

|Is| < c/ la (Du(x,t),x,t) —a(Du(x,t),x +h, )| - |Apu| dxds
Or
< C|h|“f (g1 (v 1) + g (v + 1)) - [Du (ra 1P~ - | Apu] ddr
ORr

§C|h|%/ (gr (X, 1) + g (x + h, 1)) 7T [Du (x, 1)|P dxdr
OR
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+C/ [Apu|? dxdt

Or

sClhI%/ (g (6. 1) + g& (¢ + b, 1) 7T [Du (x, 1)) dxdi
Or

+C |h|p/ |Du|? dxdt.
O2r

Estimate of Ig-17. Thanks to (Az), Young’s inequality and Lemma 2.1, we estimate
Ig-17 as follows:

13 5/ la (Du (x,1),x,1) —a (Du(x,t),x +h,1)| - n* - | Ay Du| dxdt
ORr
< C|h|‘>‘/ (gk (X, 1) + gk (x + R, 1)) - |Du (x, )P~ - % - | Ay Du| dxds
ORr
Sf/ n2|AhDu|f’dxdr+C<e>|h|%/ (g (x. 1)
Or Or
gk (x + b, 0) 77T |Du (x, 1)|P dxdt
and
b < c/ |AGE| - [Apul + | AxF| - 7 - | Ay Dul dxdr
Or
< C(e) IAhFIP%ldxdt+C/ | AP dxdr

Or Or
+6/ n> |ApDul|? dxdt
Or

< C(e) |AhF|% dxdt+C|h|p/ |Du|? dxdt
Or Q2R

+6/ n? |ApDulP dxdt.
Or

Combining the estimates of I; (1 < i < 7) and choosing € small enough, we conclude
that

/ |ApDu|? dxdt
Orp2
5/ n> |Ap DulP dxdt
Or
< C|h|2/ |Du|2dxdt+C|h|”/ |Du|? dxdt
Q2R 0

2R

+C || 7T / \Dul|? dxd:
[
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H+CIRPT [ (g (1) + gk (x + b, 1) 7T | Du (x, 1) dxdr
Or
P

+C / |ALF| 7T dxdr
Or
5C|h|%/ |Du|? + 1dxdr
Q2R
FCIRTT | (g (v, 0) + gk (x + b, 0) 7T | Du (x, 1)]P dxdr

Or
+c/ |A,F| 7T dxdr,
OR

where we used the fact that % < 2 < p. Furthermore, by dividing both sides by

dh

pe . . .
|h|7-T and taking the L9 norm with the measure T restricted to the ball Bs for some

§ < R, from Lemma 2.1 we conclude that
ApDu

/Ba </QR/2 |h|P—T
. 1
) » dh \?
<c(| m7=" (/ |Dul? + ldxdt)p .
Bs O2r ]
» ¢
(B=2) =T dh
sc| | / "dxdr) o
Bs Or Al
q

+C(/( (gk(x,t)+gk(x+h,t))n’il|Du(x,t)|ﬂdxdt>p
Bs Or

q
r ’ dh
dxdt —
|I|"

1

ALF
1P

dh
=1+ + /5.

Estimate of Ji. In view of the facts that § < R and p > 2, we observe that

1
7 8 g-wg_, a
Ji<C / |Du|? + 1dxdr / p 1 " dp
O2r 0

1
<C (/ \Du|” dxdt)l < oo,
Q2R

sinceu € L ((to, to+T1: Wllo‘f(Q)).

y

(2.5)

|h|n
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Estimate of J,. Since the proof in the case that p = 2 is trivial, we may as well assume
that p > 2. Applying Holder’s inequality and Fubini’s theorem, we get

(L,

q S

P 7 q
p—1 B=a)g—(p=2)n
dedt| |n- 7 dh

1
q(p=1 q(p—1D)

P
p=1 P dh
dxdt) —

ALF
|h|P

Hr=C |h|

ARF | P
1h|P

< ea)
<

QR 1"

0] 7

( q(p=1) a(p—1)

ARF |7 7 dh

7 dx dr m

Bs J—R2 BR |h| |

8 (B _ =y

/p P2 p)

0

[/
Bs Bgr

=C IIFI|” "~ < 400,

L1 ((—RZ,R%:B"L (BR>>
p-11

q(p—1) q(p—1)

bodh
A"

L
—1

ARF | P
1hl?

where we also used the facts that F(x, ) € L»-D-rf =P ((to to+TI; Bﬁ (Q))

locally and g < forl < q(pp D~ mln{ n(p—1) (”H)(p D }

n(P—l)—Pﬁ n(p—1)—pB’
Estimate of J3. Since F(-,t) € B'SL g (2) locally for any t € (to,t0 + T),
r—1

*
0 < B < land g < (%)ﬁ =: W, from Lemma 1.4 we find
np np

that F(-,1) € L}\"""7""(Q) and then F(x,t) € L\’ """ (Qr) due to the fact

that F(x, 1) € L"<P*1;*Pﬂ ((to, to+ T, BL g (Q)) locally. So, we conclude that

n(p—1) n(p—1)
IF(x, |71 e L7 (Qr) and then [F(x, NPT e L)\"V7" (Qr) by the fact
np(p—1)
that 0 < @ < B < 1. Therefore, from (2.1) we know that Du € Ll';(é’*l)f”“ (7). Let

rx = 27¥KoR. Furthermore, we use the assumption (A») and Holder’s inequality to

@ Springer



Besov Estimates for Weak Solutions...

3857

obtain

J3 < C(/ < (gk (x,1) + gk (x—l—h,t))%IDu (x,t)|pdxdt)
Bs Or

2750 Ko R
§C</ / ( (g (x. 1)
0 0B, ORr
1

D q a
Fau (b, 0)7T 1Du (e, )1 drdr)  dS(h) dr) ’

oo Tk
Z/ / (/ (8 (x, 1)
k=ko Y Te+1 OBy NS QR
1

q
+gr (x +h, z))ﬁ |Du (x, 1)|? dxdt) P dS(h) dr) !

q
np(p—1)
L1(=D=pa (Qp) Tk+1 Y 0B,

k ko

< C||Dull

1
q
<I|gk x, 0l .0 + 1) dS(h) dr]
L% (Qar)

< C||Dul? ., - n +1
= [ ||Ln{,;i,{)ll))a 00 |:”{gk}k”l‘1<La+2(Q2R)) i|

< 400,

where we have used (1.13) and

q

< (g (x, 1) + gk (x+h,t))% |Du (x,t)lpdxdt>p
Or

0 =)
=< ( (g, 1) + g (x +h, 1))« dxdt>
OR

n(p—D)—ap

q
n(p—1) P nlp=D
|Du|"<P D-ap dxdt
Or

q
= Cllge a0l y o 1Dul?
(Q2r) Ln(p—D)—pa (QRr)

<Cligk (x, 0l ‘i IDull? -1
(QZR) Ln(])fl)fpot(QR)

S C <||gk (X, t)”q n+2 + 1) ”Du”q np(p—1)
L o (Qar) Lr=D=pa (Qp)

5 odh \!
|h|n
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for p > 2. Finally, combining the estimates of Ji, J2, J3 and using (2.5), we obtain

1
q L
p

p q
ApD dh
/ / h au dxdr ) — < 400.
Bs \JQrp2 | |h|P~T Al

Therefore, we obtain the desired result Du € B lf;; (7) locally for0 < o < 8 <

q(p—1) : np—=1)  @+2)(p-1 :
land 1 < > < mln{n(p_l)_pﬁ, op } This completes the proof of

Theorem 1.6. O
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