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Abstract

In this paper, an SE'I RS epidemic model is proposed, incorporating appropriate com-
partments as isolated exposed class and diagnosed class, relevant to interventions. In
the scenario of constant isolated proportion, the qualitative analyses are carried out
in terms of the basic reproduction number ;. The sensitivity of % with respect to
model parameters is discussed. The Pontryagin’s Maximum Principle is applied to
characterize the optimal control problem analytically, aiming at finding the optimal
value of the control to minimize the cost of interventions. A general explicit expression
for the optimal control is obtained. Numerical simulations are performed to illustrate
analytical results.

Keywords Epidemic model - Global dynamics - Optimal control theory - Sensitivity
analysis - Basic reproduction number

Mathematics Subject Classification 34K20 - 92D30

1 Introduction

Mathematical modeling of processes in epidemiology has played significant role in
both foreseeing the transmission dynamics of infectious diseases and allowing public
health policy makers to optimize the use of limited resources [2.4,5]. The concept
of compartmental model is from the classical SIR model proposed by Kermack and
McKendrick [13], in which the total population () is divided into three compartments:
the susceptible individuals (S), the infectious individuals (/), and the recovered indi-
viduals (R). Later, many epidemic models are inspired and wildly used, by considering
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different compartments based on the epidemiological status of individuals and incor-
porating various control strategies, such as isolation, vaccination, treatment, and so
on. Tremendous compartmental models are formulated and investigated even now, to
mimic the spread of infectious diseases, for instance, SEIR [16,23], SICA [19], n-
group S7 R model[22], and so on[21]. Motivated by previous compartmental models,
we study a SE I RS model, with diagnosed and undiagnosed infectious compartments,
which contribute differently to new infections. We consider a general incidence rate
which can be specified to characterize transmission dynamics in various scenarios.
Moreover, we incorporate the isolation rate as a time-dependent function, which may
simulate the situation of different response stages.

Optimal control is a branch of applied mathematics developed to find optimal ways
to control a dynamical system [8,11]. In optimal control theory, the Pontryagin’s Max-
imum Principle [17] is a classical result, used to find the best possible control for taking
a dynamical system from one state to another. It’s necessary for any optimal control
along with the optimal state trajectory to satisfy a Hamiltonian system, which is a two-
point boundary value problem, with a minimization condition on the Hamiltonian. In
recent years, numerous applications of optimal control problem in infectious disease
modeling deal with finding control laws for dynamical systems over a period of time
such that an objective functional is optimized [1,3,15,18,20,24]. Here, we consider
the time-dependent isolation rate as a control and derive the theoretic optimal control,
which is then simulated with a specified setting of parameters.

In this paper, we consider an SEIRS epidemic model, incorporating appropriate
compartments, such as isolated exposed class and diagnosed class, relevant to inter-
ventions. In the model, we use a general nonlinear decreasing function S(I) as the
effective contact rate and a time-dependent isolated proportion ¢(¢), which later will
be considered as a control. The paper is organized as follows. In Sect. 2, the compart-
mental model is formulated; in Sect. 3, the isolated proportion g (¢) is set to a constant
q and the qualitative analyses are carried out in terms of the basic reproduction num-
ber Zy. The sensitivity of %, with respect to model parameters is studied using the
normalized forward sensitivity index; in Sect. 4, the optimal control problem of the
epidemic is investigated and solved by applying the Pontryagin’s Maximum Principle;
in Sect. 5, numerical simulations are performed to explore and extend the theoretical
results obtained. The paper ends up with a conclusion.

2 Model Formulation

The total population N is divided into six compartments, depending on the epidemi-
ological status of individuals: the susceptible individuals, S; the exposed individuals
but not isolated, E; the isolated exposed individuals, E,; the undiagnosed infectious
individuals, I; the diagnosed individuals, D; and the recovered individuals, R. Here,
we assume that only the exposed but not isolated individuals and the undiagnosed
infectious individuals can infect the susceptible individuals. Moreover, we introduce
a non-linear function B(/) describing the effective contact rate, which mimics the
self-consciousness formulated in the transmission of disease due to the media effect.
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Fig.1 Diagram of the SEIRS model. Susceptible individuals are infected by undiagnosed infectious indi-
viduals and become exposed; part of the exposed individuals are isolated and become diagnosed infectious,
who are not able to infect others; the other part of the exposed individuals are not isolated and become
undiagnosed infectious; the undiagnosed infectious individuals either get diagnosed or get recovered and
the diagnosed infectious individuals get recovered; the recovered individuals will lose immunity and be
susceptible again. A constant recruitment rate of susceptible individuals and a natural death rate of all
individuals are considered. For simplicity, no death from disease cause is included

The dynamical flow of the disease transmission between compartments is depicted in
Fig. 1.

The epidemic model is given by the following system of ordinary differential equa-
tions according to Fig. 1:

S' ()= A — BUE)SHI() + ¢R(t) — dS(1), 2.1a)
E'(t) = BU@)SOI()(1 —qt)) — TE@) —dE(1), (2.1b)
E;(t) =BU®)SE)()q () — 8 Ey (1) —dE4 (1), (2.1¢c)
I'(t) = tE®W) — 811(t) — r1(t) — dI (1), (2.1d)
D'(t) = 811(1) + 82E,(t) — raD(t) — dD(1), 2.1e)
R'(t) = rI(t) + r2D(@t) — pR(t) — dR(2), 2.1f)

under initial conditions
S0) >0, E(), E40), 1(0), D(0), R(0) >0, EO)+E,0)+I1(0) >0. (2.2)
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Table 1 Model parameters

Symbol Description

A Recruitment rate of the susceptible class

d Natural death rate of individuals in each class

T Transition rate of exposed but not isolated individuals to the infectious class
81 Transition rate of infectious individuals to the diagnosed class

82 Transition rate of isolated exposed individuals to the diagnosed class
r Recovery rate of undiagnosed infectious individuals

r Recovery rate of diagnosed infectious individuals

] Transition rate of recovered individuals back to the susceptible class
B) Effective contact rate

q(t) Isolated proportion

The effective contact rate B(/) satisfies

B©0) = Bo, BI) >0, '(I) <0. (2.3)

It’s obvious that 0 < B(I) < Bo, for I > 0. Note that, many types of B([) satisfying
(2.3) have already been proposed, such as Bo/(1+k1), Bo/(1 +a12), and so on [7,25].
Moreover, we denote the isolated proportion as ¢ (¢) and let 0 < g(¢) < gmax < 1.
All the parameters involved in system (2.1) are listed in Table 1.

Let the total population N (t) = S(t)+ E(t)+E,4(t)+1(t)+D(t)+ R(t), governed
by the following equation:

N'({#t)=A—-dN(), 2.4)
which leads to
lim N(t) = A/d, 2.5)
—>+0o0

no matter what initial total population size N (0) is. Therefore, it allows us to attack
the dynamics of system (2.1) in the following feasible positively invariant region:

Y ={(S,E,E;,I,D,R)eRS : S+E+E,+1+D+R=A/d}). (2.6)

3 Dynamical Results with g(t) = q (Constant)

In this section, by setting ¢ () = g, which means the isolated proportion of exposed
individuals is a constant, we discuss the dynamical behaviors of the following system:

St =A—-BUE))SHIE) +PR(@) — dS(1), (3.1a)
E'(t) = BUO)SOI(1)(1 —q) — TE(®) —dE(®), (3.1b)
E () = BUM)SI(1)g — 82E4(1) — dE4 (1), (.10
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I'(t) = TE(@t) — 81 1(t) —ri 1(t) — dI (1), (3.1d)
D'(t) = 811(t) + 82E,(t) — raD(t) — dD(1), (3.1e)
R'(t) = rI(t) + D) — dpR(t) — dR(1), (3.1f)

under initial condition (2.2), in feasible region defined by (2.6).

3.1 Disease-Free Equilibrium and Basic Reproduction Number

It can be verified that region X is positively invariant and globally attracting in RS , with
respect to model (3.1). This guarantees that the model is well posed and biologically
meaningful.

The disease-free equilibrium of system (3.1) can be obtained from the following
equations

E=0,E;,=0,1=0, D=0, R=0,
{A —dSo =0, (3-2)
namely, there always exists a unique disease-free equilibrium E,
Eo = (50.0,0,0,0,0)" = (A/d,0,0,0,0,0)", (3.3)

where Sy = A/d.

Next, following the method of the next-generation matrix for deterministic com-
partmental models by van den Driessche and Watmough [10], we calculate the basic
reproduction number Zj.

Using the same notation asin [10], we denote x (t) = (E(t), E4(t), (1), D(t), R(1),
S)T, and xg = (0,0,0,0,0, Sp)”. We rewrite system (3.1) as

dx —~
o =F(x)—7(x), (3.4)
where
F(x)=(BWU)SI(1 —¢q),BU)SIq,0,0,0, O)T, 3.5)
and
(t+d)E
62+ d)E,

G +r+dl—1E
(rn+d)D — 611 —&E,
(@ +d)R—riI —rD
B(ISI — A —¢pR+dS

Y (x) = 3.6)

Taking the Frécher derivatives of .% (x) and ¥ (x), and evaluating them at xo, we
find

00 BpSo(l —¢q) O t+d O 0 0
oo puseg 0 | 0o sm+a 0 0
F= 00 0 (O I V= -7 0 6+r1+d O > 37
00 0 0, 0 —87 —81 rn+d
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where F is nonnegative and V' is non-singular. Additionally,

BoSo(1—q)T 0 BoSo(1—4) 0
(t+d)(§1+r1+d) 81+r1+d

PoSogT BoSoq_
Fy-l = | GFrOGHrFD Y St

Therefore, FV~! is nonnegative and the basic reproduction number %, is given as

follows: Afor(l )
Ry = p(FV~) = UAS Il P 38
0=n( ) = a6t td) (3.8)

Moreover, we then have the following theorem [10].

Theorem 1 The disease-free equilibrium Eq of system (3.1) is locally asymptotically
stable when %y < 1, and unstable when %y > 1.

3.2 Global Stability of Disease-Free Equilibrium

Now, we prove the global stability of disease-free equilibrium E( by considering
following Lyapunov function:

VE(@),I®)=tEt)+ (T +d)I{1), (3.9)

where V > 0in ¥ and V = Oifandonlyif (E, I) = (0, 0). Recall that0 < B(I) < Bo
and 0 < § < Sp. Differentiating V' along the solutions of (3.1) yields

dv
—| 3.D(E®), ()
(

TE'(t) + (r + d)I' (1)
tB(NSI(1 —q) — S +r1 +d)(t +d)]

dt

< tB0Sol(1 —q) — 81 +r1 +d)(t +d)I (3.10)
=@1+rn+d)+d) (% — DI
<0,

when %y < 1. Moreover, V' = 0 if and only if Zy = 1 and evaluated at E°. By
LaSalle’s Invariance Principle [14], we have the following result:

IEIEOO(E(Z), E (1), 1(1), D(1), R(2), ST =(0,0,0,0,0, So)”. (3.11)

Theorem 2 The disease-free equilibrium Eq is globally asymptotically stable when
Ko < 1, and unstable when %y > 1.
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3.3 Existence and Uniqueness of Endemic Equilibrium

To calculate the endemic equilibrium, let the right-hand side of system (3.1) be zero
and I* # 0, such that

A—BUNST* +pR* —dS* =0, (3.12a)
BU)S*I*(1 —q) — (t +d)E* =0, (3.12b)
BU*)S*I"q — (82 + d)E; =0, (3.12¢)

TE* — 81 +r +d)I* =0, (3.12d)

S+ 8E; — (rn+d)D* =0, (3.12¢)
rl*+rnD* — (¢ +d)I*=0. (3.12f)

From (3.12b)-(3.12f), we have

proditntd, (3.13a)
T
g — (T +d)(81 +r +d)’ (3.13b)
(I —q)tp™)
« g+ +ri+d)
E> = 1 .1
1T Grd—gr G139
. [ b9+ DG Hr+d) 4 } r (3.13d)
rm+d)Gr+d)( —g)t  rn+d
and
R* — |: r réq(t +d)(§1 +r1 +d) 201 :| "
e +d @D+ DG+D0 -9 (@ +d)(rn+d) G
In the bounded region (2.6), we have .
S*=A/d — (BU*S*I*)d — pR*/d) < A/d, (3.15)
and J y
0<pU")S*I*/d —$R*/
M (3.16)
where
y = EH DG +r1+d) _¢[ ri r282q(t +d)(81 +r1 +d)
B (1—-g) o+d (P+d)(n+d6+d)0 —g)t

+#:| > ()
(@+d)rn+d) ]~
(3.17)
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Substituting S*, E*, E;‘, I*, D* and R* into (3.12a), we have

(t+d)(61+r+4d) _

INEA-—MI*— =0. 3.18
7 (1 —q)TBUI*) 19
Directly, when % > 1
FO = A T+ +rn+d) (@ +d)@ +r+d) < (Fo—1) > 0,
(I'—g)tho (I'—g)tho

(3.19)

and df (%) (t +d)) +r1 +d)

_ T 1T jp—

5 = M + =0 x B/ (I*) < 0. (3.20)

Therefore, from the sketch of function f(I*) with respect to I™*, there exists a unique
I* > 0in X, if and only if Zy > 1.

Theorem 3 System (3.1) exists a unique endemic equilibrium E, = (S*, E*, E;‘, I*, D*,
RT when %y > 1, and a unique disease-free equilibrium Eog = (S0, 0, 0, 0, 0, 0T
when %y < 1.

3.4 Uniformly Persistent

Now, we establish the uniform persistence for system (3.1) when %y > 1, by applying
the following Lemma of Zhao [27].

Lemma1 [27] Let ¢;: X — X be a semiflow and Xo C X an open set. Define
0Xo = X\Xo, and My = {x € 0Xo : ¢:x € 0Xp, t > 0}. Assume that
(I) ¢:Xo C Xo and ¢, has a global attractor A;
(1) there exists a finite sequence of M = {My, ..., My} of disjoint, compact, and
isolated invariant sets in 0 X such that
(i) QMp) := Urem,(x) C Uj_ Mi;
(ii) no subset of A forms a cycle in 9Xo;
(iii) M; is isolated in X;
(iv) WS(M;) N Xog = @, where W¥(M;) = {x € Xo : w(x) C M}, for each
l<i<k
Then, ¢; is uniformly persistent with respect to (Xo, 0 Xo), namely, there exists n > 0,
such that lim_&nf d(¢ix, 0Xo) = n for x € Xj.
——+00

Theorem 4 If %y > 1, then system (3.1) is uniformly persistent, namely, there exists

n > 0, such that llim+inf{S(t), E@), E4(t),1(t), D(t), R(t)} = n, under initial con-
—> 100

ditions S(t), E(t), E4 (), 1(t), D(t), R(t) > 0.

Proof Choose X = Ri,Xo ={(S,E,E;,I,D,R)e X, E+E;+]I+D+R >0},
and X9 = X\Xo = {(S,E,E;,I,D,R) e X, E=E;, =1 =D =R =0}.
Let ¢; be the semiflow induced by the solutions of system (3.1). It’s easy to verify
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that ¢, Xo C Xo and ¢, is ultimately bounded in X, which implies that there always
exists a global attractor for ¢;. Ey is the unique boundary equilibrium on 9 X, and it’s
globally stable on dXg. Let M1 = {Ep} and .# = {M;}. Then U,cp,w(x) = M1 and
no subset of .# forms a cycle in dX¢. If Zy > 1, then Ej is unstable in X, which
guarantees conditions (ii7) and (iv) are satisfied. Therefore, applying Lemma 1, the
proof is complete. O

3.5 Sensitivity of the Basic Reproduction Number

The sensitivity of the basic reproduction number % is an important issue, because it
determines the model robustness to parameter values. Next, we discuss the sensitivity
of %y with respect to model parameters measured by the so-called sensitivity index.
More specifically, the impact of By, g, 81, 82 on Zy is investigated, respectively.

Definition 1 [9,26] The normalized forward sensitivity index of a variable v that
depends differentiably on a parameter p is defined by

9
v NP 3.21)
Pap vl

Remark 1 1If @p” = +1, then an increase (decrease) of p by x % increases (decreases)
v by x%. If @p“ = —1, then an increase (decrease) of p by x% decreases (increases)
v by x%.

It follows directly from (3.8) and (3.21),

R . 8%0 :30

= — X =
Po B0 %o

o%
/% = aox|;|:_1q ’
q 20 —dq
a0 5 (3.22)
st T

X =— ,
061 |Z0| S1+r +d
G . 0K &

= — X — =
& 36 | %ol

From the signs of the normalized forward sensitivity index, we conclude that the basic
reproduction number % increases with By, and decreases with §; and ¢, respectively;
whereas, §, has no impact on the values of %Zy. Note that the most sensitive parameter
p it corresponds the largest absolute value of normalized forward sensitivity index,
which indicates: if 0 < g < 1/2, then By is the most sensitive parameter under consid-
eration; if 1/2 < g < 1, then ¢q is the most sensitive parameter. Moreover, increasing
the isolated proportion ¢ and the transition rate §; of the undiagnosed infectious indi-
viduals to the diagnosed class can decrease %, but changing the transition rate &,
of the isolated exposed individuals to the diagnosed class cannot alter the value of
Z. Actually, we can decrease Z until it’s no greater than 1, which indicates that the
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infection will die out in long run, by letting ¢ > g€ or §; > Sf, where

_d@+ @G +ri+d) o APt —q)
ABot TN d(r+d)

qC =1 ry — d (323)

4 Optimal Control Problem with g(t) (Non-constant)

In this section, we present the optimal control problem of the epidemic, aiming to
find the optimal value ¢* of the control g(z), such that the associated state trajectories
S*, E*, E;‘, I'*, D*, R* are the solutions of system (2.1) in the time interval [0, T']
with initial conditions (2.2), and minimize the objective functional given as follows:

T
J(g() = /0 1) +maD@) +msg* ) dr, 1)

where m1, my and m3 are given constant weights, measuring the number of infec-
tious individuals 7, the number of diagnosed infectious individuals D and the cost of
the intervention associated to the control ¢(¢), respectively. To be clear, the weight
parameters m, m> and m3 are to be chosen according to different optimal control
scenarios, such as to increase weight m in order to emphasize the number of infec-
tious individuals in the objective functional. The set of admissible control function is
given by

Q= {g(-) € L¥(0, T)0 < ¢(1) < gmax. ¥t € [0, T1}. 4.2)

We consider the optimal control problem of determining (S*(-), E*(-), E;‘(-), I*(),
D*(-), R*(-)), associated to an admissible control ¢*(-) € 2 in the time interval [0, T'],
satisfying system (2.1), with initial conditions (2.2) and minimizing the cost functional
(4.1), namely,

J(@* () = Hgn J(g(). (4.3)

It’s obvious that the integrand of the cost functional J is concave with respect to
the control g. The control system (2.1) is Lipschitz with respect to the state variables
(S, E, E4, I, D, R). These properties ensure the existence of an optimal control q ()
of the optimal control problem (see [8] for details).

According to the Pontryagin’s Maximum Principle [17], if ¢*(-) is an optimal
control for problem (2.1), (4.3) with the initial conditions given in (2.2) and fixed final
time 7' > 0, then there exists a nontrivial absolutely continuous mapping A : [0, T] —
RO, A (1) = (M1 (2), A2 (2), A3(2), Aa(), As5(2), A6(2)), called adjoint vector, such that

, oH , oH , oH , oH , oH , oH
S = > = > = > I = > D = > = > (4'4)
dAq LY 7 93 0Aq JdAs dAe
and
, oH _, oH oH , oH oH _, oH
)\1:——, =T, M=, A=, )\5:——, 6= — T
as IE IE, a1 9D oR
4.5)
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where function H defined by

H = H(S(t), E(t), Eq(t), I(t), D(t), R(t), g (1))
= m1(t) + myD(t) + m3q>(t)

+r1(@) (A —BU@)S@)I(t) + dR(t) —dS(2))
+h2BUD)SOI)(1 —q(1)) — TE®) — dE(1))
+r3(O(BUM)SOI()q(t) — 82E4(t) — dEy (1))
+ra(O)(TE(t) — 811(t) — ri1(t) — d (1))
+As()(811(t) + 82E4(t) — r2D(t) — dD(1))
+r6(@)(r11(t) + r2D(t) — ¢R(t) — dR(1))

(4.6)

is called the Hamiltonian, and the minimization condition

H(S*(t), E*(1), EG(1), I" (1), D*(1), R*(1), ¢* (1))
= min  H(S*(t), E*(1). E}(t). I*(1). D*(1), R*(1). q) “.7)

0<9=qmax

holds almost everywhere on [0, T']. Moreover, the transversality conditions
Ai(T) =0, i=1,..., 6, 4.8)

hold.
Applying the Pontryagin’s Maximum Principle to the optimal control problem (2.1),
(4.3), the following theorem is derived.

Theorem 5 The optimal control problem (2.1), (4.3) with the initial conditions given
in (2.2) and fixed final time T admits a unique optimal solution (S*(-), E*(-), Ej;(-),
I*(-), D*(-), R*(-)), associated to the optimal control g*(-) € Q on [0, T] described
by

4*(t) = min {max {O, BU* 1) S* () I* (1) (A2(t) — A3(1)) } ,qmux} 4.9)
2m3
where the adjoint functions satisfy
M@ =1@OBU@)() +d) = a(OBUM)(1)(1 - q(1))
—A3(OBU))I(1)q(1),

A1) = r@)(t +d) — ()T,
A5(t) = A3(1) (82 + d) — As(1)d2,
X0 = MOIBUDISO + B UO)SO1(1)] 4.10)

—3OBUM)S®) + B T@)S@)I()]g(1)
—X2O[BU)SE) + B UT@)SHI(®)](1 —q(1))
+h4 () (81 + 11+ d) — As(t)81 — As(t)r1 — my,
A5(t) = As(t)(r2 +d) — Ae(t)ry — m2,
L) = =11 (1)@ + Ae() (@ + d),

subject to the transversality conditions A;(T) =0, i =1, ..., 6.
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Proof Existence of an optimal control solution (S*, E*, E ;;, I'*, D*, R*) associated to
an optimal control ¢ * comes from the convexity of the integrand of the cost functional .J
with respect to the control ¢, and the Lipschitz property of the state system with respect

to state variables (S, E, E,, I, D, R). From — (S™, E*, E,I", D*, R™, q) = 0, we
! dq 1 1

have
2m3q — A (O)BUIT () S (OT* (1) + 13 (DBU*()S* () I*(1)) =0, 4.11)

and

_ BUAFO)S* I () (2 (1) — A3(1))

2m3

q(t) (4.12)

Therefore, the final expression of the optimal control ¢*(¢) is defined by (4.9).
System (4.10) is derived from the Pontryagin’s Maximum Principle and the optimal
control (4.9) comes from the minimization condition (4.7). For some final time 7 > 0,
the optimal control by (4.9) is unique due to the boundedness of the state and adjoint
functions, and the Lipschitz property of system (2.1) and system (4.10). O

Remark 2 Detailed theory is referred to [11,12,18].

5 Numerical Results

The following specified form of (1) (as in [7]) is chosen to illustrate the obtained
theoretical results for system (2.1):

Bo
14+kI’

) = (5.1

where g (1) satisfies condition (2.3), and By, k > 0.

First, we consider the dynamical behaviors of system (3.1) with constant isolated
proportion g. The parameter values are listed in Table 2, which may to some extent
characterize the flu transmission dynamics. The initial number of individuals in each
compartment is given by E(0) = 800, E,(0) = 200, 1(0) = 100, D) =
100, R(0) = 50, and S(0) = A/d — E(0) — E4(0) — 1(0) — D(0) — R(0). The
simulation results show: Fig. 2a presents the global asymptotic stability of the disease-
free equilibrium with %y < 1; Fig. 2b presents the global asymptotic stability of the
endemic equilibrium with Zy > 1.

Next, we investigate the numerical solution of the optimal problem studied in Sect.
4. The optimal control given by Theorem 5 is computed numerically by implementing
a forward-backward fourth-order Runge—Kutta method[6,15]. Following the method
in [6], system (2.1) is solved with a guess for the control over time interval [0, T],
using a forward fourth-order Runge—Kutta scheme and the transversal condition (4.8);
the adjoint system (4.10) is solved by backward fourth-order Runge—Kutta scheme
using the current iteration solution of system (2.1). The controls are updated by using
the expression given by (4.9). In this simulation, we consider g,,,x = 0.5and T = 40;
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Table 2 Parameter values

. ol . Parameters Estimated value Unit
assigned in simulations
1 NumberxDay™ 1
d 1/(70x365) Day~!
T 1/10 Day~!
8 1720 Day~!
8 1/15 Day~!
r 115 Day~!
" 1/10 Day~!
@ 1/15 Day ™!
Bo 2x 1073 (or 2x 109) Day xNumber !
q0 0.1 1
k 0.005 Number ™!
800 200 800 200
600 150 600 150
S 400 Ec' 100 S 400 f:r 100
200 50 200 50
0 0 0 0
0 50 100 150 0 50 100 150 0 50 100 150 0 50 100 150
t t t 4
200 600
300 300
150
400
- 200 = - = 200
=2 5 100 = It
100 & 200 100
0 0 0 0
0 50 100 150 0 50 100 150 0 50 100 150 0 50 100 150
t t t t
(a) (b)

Fig. 2 TIllustration of the dynamical nature of the infected compartments, namely E(t), E,(t), 1(1) and
D(1): a %o = 0.3939 < 1 with By =2 x 1076, b %y = 3.9391 > 1 with By =2 x 1073

namely, the set of admissible controls is given by

Q ={q() € L*(0,40)|0 < g(r) < 0.5, Vt € [0, 40]}. 5.2)

Let m; = mp = 1 and m3 = 500. The numerical solution of the optimal control g*
is given in Fig. 3a, as well as the comparison of solutions of system (2.1) with and
without control.
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0.5 900
(a) (b)
800
0.4 700
600
0.3 = 500
= 5 °
< £ 400
0.2
300
0.1 200
100 — with optimal control
= = =without control
0 0
0 10 20 30 40 0 10 20 30 40

t t

Fig.3 a Optimal control ¢*(7); b Comparison: solutions of system (2.1) with optimal control ¢*(¢) versus
solutions without control g (1) = 0

6 Conclusion

In this paper, an SEIRS epidemic model is formulated, incorporating appropriate
compartments such as isolated exposed class and diagnosed class, relevant to inter-
ventions. The dynamical behaviors and the optimal control problem of the model are
investigated.

On one hand, the isolated proportion of exposed individuals is set to a constant
q. The dynamical behaviors of system (3.1) are discussed. The basic reproduction
number % is derived by the next-generation matrix method, which is crucial to the
global dynamics of the model. The qualitative analyses are carried out in terms of Z.
The system only has a globally asymptotically stable disease-free equilibrium when
Py < 1, and it implies that the disease eventually dies out; the system has a unique
endemic equilibrium when %y > 1, and the disease becomes uniformly persistent in
the long run. The sensitivity of the basic reproduction number with respect to model
parameters is studied by the normalized forward sensitivity index. As we can see, Bo
is the most sensitive parameter under consideration, and % increases with By and
decreases with &1 and g, respectively, whereas 8, has no impact on the value of %.
Moreover, we give the critical values ¢g© and &, in order to ensure %y < 1.

On the other hand, the paper investigates the optimal control problem of the
epidemic, aiming to find the optimal value ¢* of the control ¢ (¢). The celebrated Pon-
tryagin’s Maximum Principle is applied to optimal control problem and an explicit
expression of the optimal control is presented. The numerical solution of the optimal
control is computed by implementing a forward-backward fourth-order Runge—Kutta
method. Furthermore, the simulation results indicate that using the optimal control
measure, the number of the infectious individuals undiagnosed and the diagnosed
individuals diminish.

The time-dependent isolation rate may be able to depict the scenarios with different
intervention response stages, such as due to the delayed public awareness of disease
transmission. The optimal control suggests a reasonable isolation rate function to
minimize the number of both the diagnosed and undiagnosed individuals, as well
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as the cost of intervention, which can give some suggestions to control the disease
transmission dynamics.

Acknowledgements The work is supported by National Science Foundation of Shanghai (No.18ZR 14043

00).

Compliance with Ethical Standards

Conflicts of interest The author declares no conflict of interest in this paper.

References

10.

11.

14.
15.

16.

17.

18.

19.

20.

21.

Allali, K., Harroudi, S., Torres, D.F.: Analysis and optimal control of an intracellular delayed HIV
model with CTL immune response. Math. Comput. Sci. 12(2), 111-127 (2018)

Anderson, R.M., May, R.M.: Population biology of infectious diseases: Part I. Nature 280(5721),
361-367 (1979)

. Area, 1., Ndalrou, F., Nieto, J.J., Silva, C.J., Torres, D.F.: Ebola model and optimal control with

vaccination constraints. arXiv preprint arXiv:1703.01368 (2017)

Brauer, F.: Backward bifurcations in simple vaccination models. J. Math. Anal. Appl. 298(2), 418431
(2004)

Brauer, F., Castillo-Chavez, C., Castillo-Chavez, C.: Mathematical models in population biology and
epidemiology, vol. 2. Springer, New York (2012)

Campos, C., Silva, C.J., Torres, D.F.: Numerical optimal control of HIV transmission in octave/matlab.
Math. Comput. Appl. 25(1), 1 (2020)

Capasso, V., Serio, G.: A generalization of the Kermack—Mckendrick deterministic epidemic model.
Math. Biosci. 42(1-2), 61 (1978)

Cesari, L.: Optimization-theory and applications: problems with ordinary differential equations, vol.
17. Springer, New York (2012)

Chitnis, N., Hyman, J.M., Cushing, J.M.: Determining important parameters in the spread of malaria
through the sensitivity analysis of a mathematical model. Bull. Math. Biol. 70(5), 1272-1296 (2008)
Driessche, P.V.D., Watmough, J.: Reproduction numbers and sub-threshold endemic equilibria for
compartmental models of disease transmission. Math. Biosci. 180(1-2), 29-48 (2002)

Fleming, W.H., Rishel, R.W.: Deterministic and stochastic optimal control, vol. 1. Springer, New York
(2012)

Jung, E., Lenhart, S., Feng, Z.: Optimal control of treatments in a two-strain tuberculosis model. Dis.
Cont. Dyn. Syst. B 2(4), 473 (2002)

. Kermack, W.O., McKendrick, A.G.: A contribution to the mathematical theory of epidemics. Pro-

ceedings of the royal society of London. Series A, Containing papers of a mathematical and physical
character 115(772), 700-721 (1927)

Lasalle, J.P.: The stability of dynamical systems. Soc. Ind. Appl. Math. (1976)

Lenhart, S., Workman, J.T.: Optimal control applied to biological models. CRC Press, Boca Raton
(2007)

Lipsitch, M., Cohen, T., Cooper, B., Robins, J.M., Ma, S., James, L., Gopalakrishna, G., Chew, S.K.,
Tan, C.C., Samore, M.H., et al.: Transmission dynamics and control of severe acute respiratory syn-
drome. Science 300(5627), 1966—-1970 (2003)

Pontryagin, L.S.: Mathematical theory of optimal processes. Routledge, New York (2018)

Silva, C.J., Torres, D.F.: Optimal control for a tuberculosis model with reinfection and post-exposure
interventions. Math. Biosci. 244(2), 154-164 (2013)

Silva, C.J., Torres, D.F.: A SICA compartmental model in epidemiology with application to HIV/aids
in cape verde. Ecol. Complex. 30, 70-75 (2017)

Silva, C.J., Torres, D.F., Venturino, E.: Optimal spraying in biological control of pests. Math. Model.
Nat. Phen. 12(3), 51-64 (2017)

Sun, C., Arino, J., Portet, S.: Intermediate filament dynamics: disassembly regulation. Int. J. Biomath.
10(01), 1750015 (2017)

@ Springer


http://arxiv.org/abs/1703.01368

2752 W.Yang

22. Sun, C., Hsieh, Y.H., Georgescu, P.: A model for HIV transmission with two interacting high-risk
groups. Nonlinear Anal. Real World Appl. 40, 170-184 (2018)

23. Tang, B., Wang, X., Li, Q., Bragazzi, N.L., Tang, S., Xiao, Y., Wu, J.: Estimation of the transmission
risk of the 2019-NCOV and its implication for public health interventions. J. Clin. Med. 9(2), 462
(2020)

24. Thiter, M., Chudej, K., Pesch, H.J.: Optimal vaccination strategies for an seir model of infectious
diseases with logistic growth. Math. Biosci. Eng. 15(2), 485 (2018)

25. Xiao, D., Ruan, S.: Global analysis of an epidemic model with nonmonotone incidence rate. Math.
Biosci. 208(2), 419-429 (2007)

26. Zamir, M., Zaman, G., Alshomrani, A.S.: Sensitivity analysis and optimal control of anthroponotic
cutaneous leishmania. PLoS ONE 11(8), e0160513 (2016)

27. Zhao, X.Q.: Dynamical systems in population biology, CMS Books in Mathematics/Ouvrages de
Mathématiques de la SMC, vol. 16. Springer, New York (2003). https://doi.org/10.1007/978-0-387-
21761-1

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1007/978-0-387-21761-1
https://doi.org/10.1007/978-0-387-21761-1

	Dynamical Behaviors and Optimal Control Problem of An SEIRS Epidemic Model with Interventions
	Abstract
	1 Introduction
	2 Model Formulation
	3 Dynamical Results with q(t) = q (Constant)
	3.1 Disease-Free Equilibrium and Basic Reproduction Number
	3.2 Global Stability of Disease-Free Equilibrium
	3.3 Existence and Uniqueness of Endemic Equilibrium
	3.4 Uniformly Persistent
	3.5 Sensitivity of the Basic Reproduction Number

	4 Optimal Control Problem with q(t) (Non-constant)
	5 Numerical Results
	6 Conclusion
	Acknowledgements
	References




