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Abstract

For a connected graph G and a, b € R, the general degree-eccentricity index is defined
as DEI, ,(G) = ZUGV(G) dg (v)eccl&(v), where V (G) is the vertex set of G, dg(v)
is the degree of a vertex v and eccg (v) is the eccentricity of v in G. We obtain sharp
upper and lower bounds on the general degree-eccentricity index for trees of given
order in combination with given matching number, independence number, domination
number or bipartition. The bounds hold for0 < a < 1 and b > 0, or fora > 1 and
b < 0. Many bounds hold also for @ = 1. All the extremal graphs are presented.

Keywords General degree-eccentricity index - Tree - Matching number -
Independence number - Domination number - Eccentric connectivity index

Mathematics Subject Classification 05C05 - 92E10 - 05C12

1 Introduction

Topological indices are invariants which play an important role in chemistry, pharma-
ceutical sciences, materials science and engineering, because they can be correlated
with many properties of molecules. Eccentricity-based indices have shown very good
correlations with respect to both physical and biological properties of chemical sub-
stances; see [12]. They provide an excellent predictive power for pharmaceutical
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properties, for example, for predicting anti-HIV activity of chemical substances; see
[5].

Let G be a simple connected graph with vertex set V (G) and edge set E(G). The
number of vertices of G is called the order. The number of edges incident to a vertex
v € V(G) is the degree of v, denoted by dg (v). A vertex of degree one is a pendant
vertex. For u, v € V(G), the number of edges in a shortest path between u and v is the
distance dg (1, v) between u and v. The distance between v and any vertex furthest
from v in G is the eccentricity eccg (v) of v. The distance between any two furthest
vertices in G is the diameter of G. A shortest path between any two furthest vertices
is a diametral path in G. A tree is a connected graph without cycles. The path and star
of order n are denoted by P, and S,,, respectively. Let P, = viv; ... v be a path with
V(Py) ={vi,va,...,v}and E(Pr) = {viva, vav3, ..., Vg1 Vk}.

For a,b € R, we propose the concept of the general degree-eccentricity index,
which is defined for a connected graph G as

DEL, ,(G) = Y d&()eccy;(v).
veV(G)

Several important eccentricity-based indices are special cases of this general index.
Note that DEI, 1 (G) is the general eccentric connectivity index, DEI; {(G) is the
classical eccentric connectivity index, DEI; 1 (G) is the connective eccentricity index,
DEIp,1 (G) is the total eccentricity index, and DEIp 2 (G) is the first Zagreb eccentricity
index of G.

The eccentric connectivity index has been extensively studied. Sharp upper and
lower bounds on the eccentric connectivity index for trees with prescribed order were
obtained in [24], tight upper and lower bounds for trees in terms of order and diameter
were given in [16] and [24], sharp bounds for trees with given maximum degree were
obtained in [10], and the tight lower bound and upper bound for trees of prescribed
order and number of pendant vertices were presented in [9] and [24], respectively.
Trees with respect to degree sequence were studied in [22], upper bounds for graphs
with prescribed order and vertex connectivity/edge connectivity were givenin [17], the
eccentric connectivity index for generalized thorn graphs was given in [20], values of
this index for polyacenic nanotubes were presented in [13], values for 3-fence graphs
and their line graphs were given in [14], and composite graphs were considered in [4].

Zagreb eccentricity indices have been investigated a lot as well. For example, upper
and lower bounds on those indices for trees and general graphs were given in [2] and
[23], and bounds for trees of given domination number or bipartition were determined
in [19].

Sharp upper and lower bounds on the general eccentric connectivity index of trees
with prescribed order and diameter/number of pendant vertices were given in [21],
exact values on the connective eccentricity index for several classes of path-thorn
graphs were obtained in [11], and the total eccentricity index was studied in [3].

Several other indices which contain the eccentricity have been studied. For exam-
ple, the eccentric distance sum of trees was investigated in [6] and [15], the eccentric
connectivity coindex was studied in [8], and the eccentric adjacency index was inves-
tigated in [1].
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Fig.1 Tree P;(r,1t)

We obtain upper and lower bounds on the general degree-eccentricity index for
trees of given order and matching number, independence number, domination number
or bipartition. The bounds hold for0 < a < land b > 0,orfora > 1 and b < O.
Many bounds hold also for a = 1. We show that all our bounds are best possible by
presenting the extremal graphs.

2 Preliminary Results

The following lemma was presented in [21]. This lemma is used in the proofs of several
theorems and lemmas.

Lemma 1l Letx,y,c,a € R, wherel <x < yandc > 0. For0 < a < 1, we have
x+0)—x>(+o)* -y

Fora > 1 and a < 0, we have
x+o)—x*<(y+o) -y~

Forintegers/ > 2andr >t > 1,let P;(r, t) be the tree of order n obtained from the
path P, = vjv;y ... v; by joining v; to r pendant vertices and v; to ¢ pendant vertices;
see Fig. 1. Clearly,r +t =n —[.

We study the general degree-eccentricity index of the trees P;(r, t).

Lemma2 Let! > 2andr >t > 2. Then, for any b € R, we have

(i) DEL,(P/(r,1)) > DEL, ,(Pi(r + 1,1 — 1)) if0 < a < 1,
(ii) DEl, »(P/(r,1)) < DELp(Pi(r + 1,1 — 1)) ifa > 1,
(iii) DEl, (P (r, 1)) = DEL,»(P/(r + 1,1 — 1)) ifa = 1.

Proof Let T = Py(r,t), where P, = vjvy...v;, and let u be any pendant vertex
adjacent to v; in T’. Let T” be the tree with V(T") = V(T’) and E(T") = {uv;} U
E(T")\{uv;}. So, T" = Pi(r + 1,t — 1). Then dy(vy) = r + 1, dyv(vy) = r + 2,
dr(vy) =t + 1,dypr(v)) =t and dy/(x) = dyv(x) for each x € V(T")\{vy, v;}. Tt is
clear that eccy/(z) = eccyr(z) for all z € V(T’) and eccy/(vy) = eccpr(v)) = 1. We
obtain

DEIL, (T") — DEL ,(T") = df,(vi)ecch, (v1) — df., (vi)ecch, (v1)
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+d“,(vl)eccl},(v1) — d?,,(vl)eccl;,,(vl)
=[(r + D% — (r +2)" 4+ (t + D — 7.

For 0 < a < 1, by Lemma 1, we have (t + 1)* —t* > (r +2)* — (r + 1)%, so
rF+D*—=@F+2)*+ @+ 1)*—1* > 0and DEIL, ,(T") > DEI, ,(T").

Fora > 1l,wegett+ 1) —t* <(r+2)*—-—r+D%so(r+1)*—(r+2)*+
(t+ 1)* —1t* < 0and DEl, ,(T") < DEIL, »(T").

Fora = 1, we obtain (r + 1)* — (r +2)* + (t + )* — t* = 0 and DEI,, ,(T") =
DEI, »(T"). O

From Lemma 2, we obtain sharp lower and upper bounds on the general degree-
eccentricity index of the trees P;(r, t).

Corollary 1 Let T be any tree of order n = 1 + r + t having the form P;(r, t), where
I >2isfixedandr >t > 1.
If0 <a < 1, then

n—1 n—1
DEIl, »(Pi(n —1 —1,1)) < DEl, ,(T) < DEI, ; (Pl (’7 > —‘ ) L > J))

with equalities if and only if T is PP(n —1 — 1, 1) and Pg((”T_l], L"T_IJ), respectively.
Ifa > 1, then

n—1 n—1I
DEIL, <P1 (’7 —‘ , L J)) < DEl, ,(T) < DEL, ,(Pi(n — 1 — 1, 1))

2 2

with equalities if and only if T is Pl(f%T, L'%”) and Py(n —1 — 1, 1), respectively.

In Lemmas 3 and 4 we compare the general degree-eccentricity indices of trees
having the same order, but different diameters.

Lemma3 Let!l > 2, r > 2andt > 1. Let T = P4 1(r — 1,t) if r > t and
T=Py(t,r—1)ifr =t. Then, forO <a < 1and b > 0, we have

DEl, ,(P(r,t)) < DEl, ,(T).

Proof Let T" = Py(r,t), where P, = vjvy...v;, and let u be any pendant vertex
adjacent to vy in T’. Let T be the tree with V(T) = V(T’) and E(T) = {uvy} U
E(T)\{vivz}.SoT = Py (r—1,t)ifr >tand T = Pyy((¢,r — 1) if r = t. Then,
drr(vi) =r+1,dr(vi) = r,dr(u) = 1,dr(u) = 2 and dy/(x) = dr(x) for all
x € V(TH\{vi, u}.

Forall z € V(T’")\{u}, we have eccy/(z) < eccr(z), which implies that ecch,(z) <
ecc};(z) for b > 0. Note that eccy/(vy) = [, eccr(vy) =1+ 1, eccyr(u) =1+ 1 and
eccy(u) = [. Thus,

DEIl, »(T") — DEL, 4(T) < d$.(vi)ecch, (v1) — d& (vi)eccs (v1)
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+ d&, (uyecch, (u) — df-(u)ecch (u)
=+ DU —r0+ D"+ 190 + )P =29
=[(r + D* = 20> + 19 — r*1( + 1)?
<[(r+ D% =241 —r1(0 + 1)°.
For 0 < a < 1, by Lemma 1, we have (r + 1) — 2% < r% — 1%, s0 (r + 1)* —

20419 —p8 < 0.Ifa = 1, then (r + 1) — 2% + 19 — r4 = 0. Then, DEI, (T")
< DEL, ,(T). o

Lemma4 Let!l > 2, r > 2andt > 1. Let T = P1(r — 1,t) if r > t and
T = Py(t,r—1)ifr =t. Then, fora > 1 and b < 0, we have

DEl, »(P;(r,t)) > DEl, ,(T).

Proof Let us present those parts of the proof of Lemma 4 which are different from the
proof of Lemma 3.

Forall z € V(T")\{u}, we have eccy/(z) < eccr(z), which implies that ecc};, () =
eccl} (z) for b < 0. Thus

DEI, (") — DEL, 5(T) > d§,(vi)eccy (v1) — df (vi)ecch (v1)
+ d&, (w)ecch, (u) — d§ (wyecch (u)
=[(r + D% = 290" +[19 — ")l + 1)®
> [(r+ D% =29+ 19 — 791 + D

Fora > 1,by Lemma 1, we have (r + 1)¢ — 2% > r? —1?. Ifa = 1, then (r + 1) —
29 + 14 — % = 0. It follows that DEI, ,(T") > DEI, ,(T). O

3 Trees of Given Order

In this section, we generalize results on the general eccentric connectivity index for
trees of given order which were presented in [21]. We include results on the general
degree-eccentricity index for trees with given order also because Theorems 1 and 2
are used in the proofs of bounds for trees with domination number [%1.

The only tree with two vertices is P, and the unique tree with three vertices is P3;
thus, we prove the bounds given in this section for n > 4.

Theorem 1 Let T be any tree with n vertices, wheren > 4. For0 < a < landb > 0,
DElL, »(T) < DEI, (Py)

with equality if and only if T is P,.

Proof Let T’ be any tree with the maximum DEI,, ; index among trees of order . We
show that 77 is P,.
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Suppose to the contrary that T’ is not P,. Let ugujus . . . ug be a diametral path in
T'. Then, T’ has a pendant vertex w1 other than uo and u4. Let us denote the vertex
joined to w in T’ by w. For any vertex z in 7', we get eccy/(z) = dy/(z, ug) or
eccy/(z) = dypr(z, ug). Thus, we can assume that eccy(w) = dpr(w, ug).

Let T” be the tree with V(T") = V(T') and E(T") = {uow1} U E(T")\{ww1}.
For all z € V(T”), we get eccyr(z) > eccy/(z); thus, eccl;,, (z) > ecc';/ (z). Note that
eccpr(w) = dpr(w, wy) = eccpr(w) + 1 and eccypr (ug) = eccpr(ug) = d.

Let dp/(w) = p > 2. Then dpn(w) = p — 1, dpr(ug) = 1, dpr(ug) = 2, and
drr(z) = dy/(z) for z € V(T")\{uo, w}. Then,

DEI, ,(T") — DEI, ,(T")
> d4,(w)ecch, (w) — d&, (w)ecch, (w) + d&, (uo)ecch, (uo) — ds (uo)ecch. (uo)
= (p — Deccr (w) + 11° — pPecch, (w) +29d° — 1d®
> [(p — D = p“lecch, (w) + (2 — 1)d”
> [(p — D = p“lecch (w) + 2% — Deccl (w).

Ifa=1lorp=2,then(p—1)*—p*+2—-1=0.If0 <a < 1and p > 2, then
by Lemma 1, we have 24 — 1 > p* — (p— D% so(p— D — p* 429 -1 > 0.
This implies that DEI, ,(T"”) — DEI, ,(T') > 0 and DEI, ,(T") > DEI, »(T), a
contradiction. Hence, P, is the tree with the maximum DEI, ; index. O

Theorem 2 Let T be any tree with n vertices, where n > 4. Fora > 1 and b < 0,
DEIa,b(T) > DEIa,b(Pn)
with equality if and only if T is P,.

Proof We present only those parts of the proof of Theorem 2 which are different from
the proof of Theorem 1.

Let 7’ be any tree with the minimum DEI, ; index among trees of order n. Let us
show by contradiction that 7’ is P,,.

Forall z € V(T’), we have eccy~(z) > eccys(z); thus, ecc';,, (2) < ecc];, (z). Then,

DEl, ,(T") — DEl, ,(T")
< d%,(w)ecch, (w) — d% (w)ecch, (w) + d%, (wo)ecch., (uo) — d (uo)eceh. (uo)
= (p — D*[eccrr(w) + 117 — pPecch, (w) +2%d” — 14d°
< [(p — D — p*lecch, (w) + 2% — 1d®
<[(p — D = p“lecc, (w) + (2% — Decch, (w).
Ifa=1lorp=2then(p -1 —p*+2—-1=0.Ifa > 1and p > 2, then
by Lemma 1, we have 2 — 1 < p* —(p— D% so(p— D* —p?* 4+2¢9 -1 < 0.

This implies that DEI, (T"”) — DEI, »(T’) < 0 and DEI, ,(T") < DEI, »(T"), a
contradiction. Hence, P, is the tree with the minimum DEI, ;, index. O
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Theorem 3 Let T be any tree with n vertices, wheren > 4. For0 < a < landb > 0,
DEI,,(T) > (n — 1) + (n — 1)2°

with equality if and only if T is S,,.

Proof The star S, has one vertex of degree n — 1 and eccentricity 1, and n — 1 vertices
of degree 1 and eccentricity 2; therefore, DEIL, ,(S,) = (n — D* + (n — 1)2°.

Let T’ be a tree with the minimum DEI,, j, index among trees of order n. We show
by contradiction that 7" is S,,.

Suppose that T’ is not S,. Let uguiu; . . . ug be a diametral path in 7’. Then d > 3.
Letdyr/ (u1) = p and dy (ug—1) = q. Without loss of generality, p > g.Let V(T") =
V(T") and E(T") = {ujug} U E(T)\{ug_1ug}. We have dr»(u;) = p + 1 and
drr(ug—1) = q — 1. Moreover, eccyr(ug—1) = eccpr(ug—1) = eccpr(uy) =d — 1
andd — 2 < eccyr(u;) <d — 1. Foreach z € V(T")\{uy, ug—1}, dr/(z) = dr(z)
and eccy/(z) > eccyr(z). Thus, ecc’;,(z) > ecc’;,, (z) and

DEIl, ,(T") — DEl, 4(T") > d% (u1)ecch. (u1) — d, (uy)ecch., (uy)
+d%, (ug—1)eceh (ug—1) — db, (ua—1)ecch, (ug—1)
> [p* — (p+ DU — D? +1g* — (g — D1(d — 1)".

From Lemma 1, we have ¢ — (¢ — D% > (p+ D¢ — p% sop* —(p+ D%+ g% —
(g — 1)* > 0. Hence, DEI, ,(T") > DEIl, ,(T"), which is a contradiction. O

Theorem 4 Let T be any tree with n vertices, where n > 4. Fora > 1 and b < 0,
DEL, ;(T) < (n — 1)* + (n — 1)2°

with equality if and only if T is S,,.

Proof We present those parts of the proof of Theorem 4 which are different from the
proof of Theorem 3.

Let 7’ be a tree with the maximum DEI, ; index among trees of order n. Let us
show by contradiction that 7’ is S,,.

Since eccyr (1) < d — 1, we obtain ecc};,,(ul) > (d — ). Foreach z € V(T"),
eccyr(z) > eccyr(z). Thus, ecc';/ () < eccl},, (z) and

DEIl, »(T') — DEL, 4(T") < d% (u1)ecch. (uy) — d, (uy)ecch., (uy)
+df, (ug—1)ecch, (ug—1) — d (ug—1)ecch, (ua—_1)
<[P = (p+Dd - D +1g° — (g — DId — 1)’
From Lemma 1, fora > 1, we have ¢ — (¢ — D* < (p+ 1)* — p%,so p* — (p+

D*+g%—(g—1)* < 0,Hence, DEl, ,(T’) < DEI, ;,(T"), which is a contradiction.
O
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2760 M. Masre, T. Vetrik

4 Trees of Given Order and Matching Number

In Theorems 5 and 6, we present sharp bounds on the general degree-eccentricity
index for trees with perfect matchings. In Theorems 7 and 8, we obtain bounds for
trees with matching number 8 > 3. Bounds for trees with matching number 2 are
given in Theorems 9 and 10. Then, in Theorems 11, 12 and 13, we present sharp
bounds for trees with given independence number.

A matching is a set of edges of a graph G such that no two edges have a vertex in
common. The cardinality of a maximum matching in G is the matching number of G.
Obviously, for any tree of order n and matching number 8, we have

l<p=

NS

The lower bound is achieved only by stars, and the upper bound is achieved by trees
with perfect matchings.
The following lemma about matchings in trees was proved by Hou and Li [7].

Lemma5 Let T be any tree of order n > 3 and matching number 8, where n > 2.
Then, T has a maximum matching M and a pendant vertex v such that M does not
match v.

Itis easy to bound the maximum degree of a tree with respect to order and matching
number.

Lemma 6 Let T be a tree of order n, matching number B and maximum degree A.
Then, A < n — B.

Proof Assume to the contrary that 7' contains a vertex, say v, of degree at leastn—S+1.
Since at most one edge incident to v is in every matching of 7', at least n — B edges
of T are not in the matching, which implies that at most 8 — 1 edges of T are in the
matching. A contradiction. Hence, every vertex of T is of degree at mostn — 8. O

For positive integers n and 8, where 3 < 8 < % let 75, g be the tree that contains
one vertex v of degree n — 8, where v is adjacent to n — 28 + 1 pendant vertices and
B — 1 vertices of degree 2; thus, each vertex of degree 2 is adjacent to one pendant
vertex. Then, T, g has order n and matching number B; see Fig. 2. The tree T, g
contains one vertex of degree n — B and eccentricity 2, n — 28 + 1 vertices of degree
1 and eccentricity 3, B — 1 vertices of degree 1 and eccentricity 4, and § — 1 vertices
of degree 2 and eccentricity 3. Therefore,

DEL, »(Thp) = (n — B)2° + (B — DQ3" +4P) + n =28+ 13", (1)
A tree with a perfect matching is called a conjugated tree. Obviously, a conjugated
tree with the matching number 8 has 28 vertices. The only conjugated tree with

matching number 1 is P> and the only conjugated tree with matching number 2 is Px,
so we present bounds for trees with perfect matchings for g > 3.
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Fig.2 Tree T;, g

n—28+1

Theorem 5 Let T be any tree of order 28 with matching number B > 3. Then, for
O<a<landb > 0, we have

DEL, ,(T) > 2" + (B — 1)(2%3" 4 4") 4 3°

with equality if and only if T is Trp g.

Proof Let T’ be a tree with the minimum DEI,, ;, index among trees of order 28 with
matching number 8 > 3. We prove Theorem 5 by induction on 8. For 8 = 3, we
have two trees, Ps and Tg 3. Since DEI, ;(Ps) > DEIl, ,(763), Theorem 5 holds for
B = 3. We assume that Theorem 5 holds for g — 1 and prove that it holds for 8 > 4.

The only trees of diameter 2 are stars with 8 = 1, and all the trees of diameter 3
(double stars) have matching number 2; therefore, the diameter of 77 is d > 4.

Let D = vgvy ... vy be a diametral path of T'. Obviously, vy is a pendant vertex
and the edge vgv; is in a maximum matching. The vertex v; is not adjacent to any
other pendant vertex; otherwise, that vertex is not matched by a maximum matching.
The vertex v; cannot be adjacent to a non-pendant vertex except for vy; otherwise,
D is not a diametral path. Thus, d7/(v;) = 2. Let V(T”) = V(T")\{vg, v1} and
E(T") = E(T")\{vovi, viva}.

Then T" is a tree of order 28 — 2 with matching number 8 — 1. By the induction
hypothesis, we have

DEIL, ,(T") > DEl, ;(Top—2,5-1) = (B — D2” + (B — 2)(293" + 4°) + 3%,

Let d7/(v2) = p. By Lemma 6, we obtain p < 8. We have dr»(v2) = p — 1
and dy»(x) = dy/(x) for each x € V(T”)\{vz}. Moreover, eccy(vg) = d,
eccp/(v)) = d — 1, eccpr(vy) = eccpr(vy) = d — 2 and eccypr(x) > eccpr(x)
for all x € V(T")\{v2}. Then ecc};, (x) > eccl;,, (x) and

DEI, »(T") — DEl, »(T")

= Y ldf(x)ecch (x) — df (x)ecch, (x)]

xeV(T")\{v2}

+ [d (v2) — dS (v2)lecch. (v2) + d (v)ecch, (v1) + d& (vo)ecch. (vo)
> [p* = (p— DId -2 +2°@d - 1)’ +d".

If0 <a < land p < B, thenby Lemma 1, we have p* —(p—1)¢ > B —(B—1)*. If
a =1lorp = B,then p?—(p—1)* = B*—(B—1)*.Thus p*—(p—1)* = B*—(B—1)¢
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2762 M. Masre, T. Vetrik

and DEI, ,(T")

> DEIL, »(T") +[p* = (p = DId = 2" +2°(d = 1)* + d”

> (B— 12"+ (B —2)23" +45) + 32 + [p? — (p — D12" + 293P 4 4P

> (B— 120 + (B —2)(293% +45) 430 4 [B* — (B — 1)]20 42930 1 4P
with the first equality holding if and only if eccy/(x) = eccpr(x) for all x €
V(T")\{v2}, the second equality if and only if 7" = Thg_ -1 and d = 4,
and the third equality if and only if p = B. So T’ is Thgg. By (1), we have

DEL, ,(Top.p) = P22 + (B — 1)(293" + 4%) + 3%, thus, the proof is complete.
o

Theorem 6 Let T be a tree of order 28 with matching number 8 > 3. Then, fora > 1
and b < 0, we have

DEIL, ,(T) < p“2° + (B — 1)(2%3" 4+ 4") 4 3°

with equality if and only if T is T g.

Proof The proofs of Theorems 5 and 6 are similar. We present only those parts of the
proof of Theorem 6 which are different from the proof of Theorem 5.

We consider a tree T’ having the maximum DEI, ;, index among trees of order 28
with matching number g > 3. We have DEl, ,(Ps) < DEIl, (76 3). By the induction
hypothesis,

DEL, »(T") < DElL, y(Top—25-1) = (B — D“2" + (B —2)(2“3" +4°) + 3"

Since eccy/(x) > eccyr(x) for all x € V(T")\{v2}, we obtain eccl}, x) < eccl;,, (x).
Ifa > 1and p < B, then by Lemma 1, we have p* — (p — D < g% — (B — D)“.
Hence, DEI, ,(T")

< DEIL »(T") +[p* = (p = DId = 2" +2°(d - 1)* + d”

< (B— 120+ (B—2)(2%3" +45) 430 4 [p* — (p — 120 + 2930 1 4P

< (B—1D"2"+(B—2)23" +4b) + 30 + (87 — (B — )12 + 2930 4 4°

= p2" + (B — 1)(293" +4°) + 3%,

O

In the next two theorems, we obtain the tree having the minimum DEI, ; index
among trees with given order and matching number 8 > 3.

Theorem 7 Let T be a tree of order n with matching number B, where 3 < < 7.
Then, for0 < a <1 and b > 0, we have

DEL, ,(T) > (n — B)*2° + (B — )23 +4°) + (n — 28 + )3’
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with equality if and only if T is T, p.

Proof Let T’ be a tree of order n > 28 and matching number 8 > 3 having the
minimum DEI, , index. We prove Theorem 7 by induction on n. From Theorem 5
we know that Theorem 7 holds for n = 2. We assume that Theorem 7 holds for
n — 1 and prove that it holds for n > 2. Then, by Lemma 35, there is a maximum
matching and a pendent vertex v in 7’ which is not matched by that matching. Let u
be the vertex adjacent to v in T’. Let T” be the tree with V(T") = V(T")\{v} and
E(T”) = E(T")\{vu}. So T” is a tree having order n — 1 and matching number B.
By the induction hypothesis, we have

DEIL,(T") > DEL(Ty—1.5) = (n — B — 1)*2° + (B — 1)(293° +-4°) + (n — 28)3".

Since v is a pendant vertex of 7" and T is not a star, we know that eccy/(v) > 3.
So eccy/(u) = eccpr(u) > 2. Let dp/(u) = p. By Lemma 6, we obtain p < n — B.
Then, d7#(u) = p — 1. For each x € V(T')\{u}, we obtain d7/(x) = dy~(x) and
eccyr(x) > eccyr(x). Then, ecch, (x) > ecc];,, (x) and

DEL, (T') = DEL, »(T") = Y [d§.(x)ecch (x) — df (x)ecch, (x)]
xeV(T")
+ldy, (u) —dy, (u)]eccl}, (u) + da/(v)eccl;,(v)
> [p* — (p — D*lecch, (u) + 1%ecch, (v).

If0 <a < land p < n— B, then by Lemma 1, we have p* — (p — 1) > (n — )% —
m—p—1D%Tfa=lorp=n—B,thenp*—(p—1)*=m—-B)*—(mn—B—1)~“
Thus, p = (p—D* = n—p)* —(n— B —1)" and

DEIl, »(T") > DElL, »(T") + [p* — (p — 1)*Jecch. (u) + ecch, (v)
>m—B—12+(B-1)Q23" +4°) + (n—2p)3"
+ln—P*—(n—p— 1" +3"
=m—PB)"2"+B-1Q23"+4") + (n—28+ 1)3"

with the first equality holding if and only if eccy (x) = eccyr (x) forallx € V(T")\{u}
and the second equality if and only if 7" = T,,_1 g, p = n — $ and eccy/(v) = 3.
That is, " is T,.g. By (1), we have DEL, (T, ) = (n — B)2° + (B — 1)(293% +
45y + (n — 28 + 1)3%; thus, the proof is complete. O

Theorem 8 Let T be a tree of order n with matching number B, where 3 < <
Then, fora > 1 and b < 0, we have

S

DEL, ,(T) < (n — $)*2° + (B — 1)2"3° +4°) + (n — 28 + 1)3"

with equality if and only if T is T, p.
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Proof We present only those parts of the proof of Theorem 8 which are different from
the proof of Theorem 7.

Let T’ be a tree of order n > 28 with matching number 8 > 3 having the minimum
DEI, j index. For T”, by the induction hypothesis, we have

DEl, ,(T") < DEl, y(Ty—1.6) = (n —  — 1)%2°
+(8 — 1)(2°3% +4°) 4 (n — 28)3°.

Since eccy/(x) > eccyr(x) for x € V(T”)\{u}, we obtain ecc’},(x) < eccl;,,(x). If
a > land p < n—g,thenby Lemma 1, wehave p?—(p—1)¢ < (n—p)*—(n—B—1)%.
We obtain

DEIL 5(T") < DEL,(T") + [p* — (p — 1)*lecch, (u) + eccf, (v)
<(n—B—1D"2"+(B - 13" +4°) + (n —2p)3°
+{(n =B —(n—p— 112" +3
=m-p"2"+B-1D23"+4" + n—28+ 1)3.

m}

In Theorems 7 and 8, we presented bounds for matching number 8 > 3. Since the
only trees with matching number 1 are stars, it remains to find bounds for matching
number 2.

Theorem 9 Let T be atree of ordern > 4 with matching number?2. ThenforQ < a < 1
and b > 0, we have

DEL, ,(T) > [(n —2)* +2°12° + (n —2)3°

with equality if and only if T is P»(n — 3, 1).

Proof The only trees having matching number 2 are P (rp, 1), where ry+1t, = n—2,
and P3(r3, t3), where r3 + t3 = n — 3. From Corollary 1, we know that among trees
of the form P,(r2, 1), where r, + 1t = n — 2, the tree P,(n — 3, 1) has the minimum
DEIl, » index. Similarly, P3(n — 4, 1) is the tree having the minimum DEI, , index
among trees of the form P3(r3, t3), where r3 + t3 = n — 3. Finally, by Lemma 3, we
have DEI, ;,(P>(n — 3, 1)) < DEI, ,(P3(n —4, 1)), which means that P,(n — 3, 1) is
the tree with the minimum DEI, ; index among trees of order n and matching number
2. We have DEI, ,(P2(n — 3, 1)) = [(n —2)* + 24120 + (n —2)3°. O

Theorem 10 Let T be a tree of order n > 4 with matching number 2. Then, for a > 1
and b < 0, we have

DEL, »(T) < [(n —2)* +2912° + (n — 2)3°

with equality if and only if T is P»(n — 3, 1).
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Proof Let us present only the parts of the proof which are different from the proof of
Theorem 9. By Corollary 1, among trees of the form P» (7, t2), where rp +1) = n—2,
the tree P>(n — 3, 1) has the maximum DEI, ; index. Similarly, among trees of the
form P3(r3, t3), where r3 +t3 = n — 3, the tree P3(n —4, 1) has the maximum DEI, ;
index. By Lemma 4, we have DEl, ,(P>»(n — 3, 1)) > DEl, ,(P3(n — 4, 1)), which
means that P>(n — 3, 1) is the tree with the maximum DEI, ; index among trees of
order n and matching number 2. O

A subset S of V(G) is called an independent set of a graph G if no two vertices
from S are adjacent in G. The independence number of G is the cardinality of a largest
independent set. It is well known that for any tree of order n, independence number «
and matching number 8, we have

o+ B =n.

Since 1 < g < %, we obtain the bounds

<a<n-—1.

NS

The only trees with independence number n — 1 are stars. We present Theorems 11
and 12 for % < o <n — 3. In Theorem 13, we consider the case « = n — 2.

Since we have the equality o + 8 = n, Theorem 7 says that if 7 is a tree of order n
with matching number n — «, where 3 <n —a < % thenfor0 <a <landb > 0,
we have

DEL, ,(T) > «®2” + (n — a — 1)(2%3” 4+ 4°) + Qan + 1)3?

with equality if and only if T is 7, ,—q. Thus, from Theorem 7, we easily obtain
Theorem 11.

Theorem 11 Let T be a tree of order n with independence number o, where % <a<
n — 3. Then, for0 < a < 1 and b > 0, we have

DEL, ,(T) > a®2” + (n —a — 1)(2*3" + 4%) + Qan + 1)3°

with equality if and only if T is Ty, n—q.

Similarly, from Theorem 8 we get Theorem 12. Let us note that the inequality
% < n — 3 implies that n > 6.

Theorem 12 Let T be a tree of order n with independence number a, where 5 < o <
n — 3. Then, fora > 1 and b < 0, we have

DEL, ,(T) < a®2” + (n —a — 1)(2%3” 4+ 4°) + Qan + 1)3?
with equality if and only if T is Ty, j—q.
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Theorems 9 and 10 yield Theorem 13.

Theorem 13 Let T be a tree of order n > 4 with independence number n — 2. Then,
for0 <a < 1landb > 0, we have

DEI,,(T) > [(n — 2)* + 212" + (n — 2)3".
Fora > 1and b < 0, we have
DEI, ,(T) < [(n — 2)* + 212> + (n — 2)3°.

The equalities hold if and only if T is P,(n — 3, 1).

5 Trees of Given Order and Bipartition

A graph G is bipartite if V(G) can be partitioned into the subsets V| and V;, where
every edge joins a vertex in V| with a vertex in V5. If V| contains p vertices and V;
contains g vertices, where p4+¢g = n, then G has a (p, g)-bipartition. We can suppose
that p > g > 1.

We state bounds on the general degree-eccentricity index for trees with a (p, g)-
bipartition for p > g > 2, since the only tree with a (p, 1)-bipartition is the star

Spit.

Theorem 14 Let T be any tree with n vertices and a (p, q)-bipartition, where p >
q = 2. Then, for0 <a < 1 and b > 0, we have

DEL, ,(T) > (p* 4+ q¢™)20 + (n —2)3°

with equality if and only if T is P»(p — 1,q — 1).

Proof Let T be any tree with n vertices and a (p, g)-bipartition having the minimum
DEI, ; index. We show that 77 is P2(p — 1,q — 1).

Suppose to the contrary that 7" isnot P,(p—1, g —1). Let vgvy . . . vg be a diametral
path of T’. For p > g > 2, there is no tree of diameter d < 2 and the unique tree with
diameter 3 is P,(p — 1, g — 1); therefore, d > 4. Without loss of generality, suppose
that vg is in the partite set V>. Then, v; € Vi and vy € V,. Letuy, us, ..., u, be all
the (pendant) vertices adjacent to vy—; in T”. Note that v, is one of them, so r > 1.
We consider three cases.

Case 1: d is odd.

Then, we have vy_1 € V5 and vy € V. Let V(T") = V(T’) and E(T") =
{vouy, vous, ..., vou,} U E(T)\{vg—1u1, vg_1u2, ..., v4—1u,}. Then the tree T”
has n vertices and a (p, ¢g)-bipartition. Let d7/(v2) =t > 2. Then, dy»(v2) =t +r,
drr(vg—1) =r + 1,drr(vg_1) = 1 and dy/(x) = dy»(x) for x € V(T")\{v2, va_1}.
For each x € V(T’), we obtain eccy/(x) > eccyr(x), SO eccl}, (x) > ecc’},, (x). Note
that eccy/(v2) =d —2,eccyr(vy) <d —2andeccy (vg—1) = eccrr(vg—1) =d — 1.
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Thus

DEI, ;,(T") — DEL, ,(T") > d%,(v2)ecch (v2) — d§, (va)ecch., (v2)
+d4, (va—1)ecch (va—1) — d, (va—1)ecch, (va—1)
> [t — (t +7)0d = 2)" + [(r + D* = 1°1(d — 1)’
> ([t = (¢ + 1)1+ [r+ D% = 19D — 2)°
>0,

since by Lemma 1, we have (r + 1) — 14 > (t +r)* —t* for 0 < a < 1 and
[t — (¢t +7r)]+[(r + 1)* — 191 = 0 for a = 1. Hence, DEI, 5(T’) > DEI, ,(T").
Case2:disevenand 0 < a < 1.

Thenvy—; € Viandvy € Vo.Let T” be thetree with V(T”) = V(T')and E(T") =
{viuy, viug, ..., viu JUE(THO\{vg—1u1, va—1uz, ..., vg—1u,}.Letdr (vy) =t > 2.
Then, drv(vy) =t +r, dp(vg—1) = r + 1, drr(vg—1) = 1 and dyp/(x) = dp»(x)
for all x € V(T")\{vi, vg_1}. For each x € V(T'), we obtain eccy(x) > eccyr(x),
SO ecc?,(x) > eccl;,/(x). Note that eccy/(vy) = d — 1, eccpr(vy)) < d — 1 and
eccyr(vg—1) = eccyr(vg—1) =d — 1. Thus,

DEIl, »(T") — DEL, (T") > d$,(vi)ecch, (v1) — d&, (vi)ecch, (v1)
+d%, (vag—1)ecch (va—1) — d%, (va—1)ecch, (va_1)
> [1% = (1 +r)*d — )P + [(r + 1) —197(d — 1)°
> 0,

since by Lemma 1, we have (r + )% — 14 > (t +r)* —t“ for 0 < a < 1. Hence,
DEL, ,(T") > DEL, ,(T").
Case 3:disevenand a = 1.

Letuy, us, ..., us be all the (pendant) vertices at distance d from v in 7’. Note that
vg is one of them, so s > 1. Let u} be the neighbor of u; in 7', where i = 1,2, ..., .
The vertices in the set U" = {u}, u}, ..., u;} are not necessarily different, so we have
|U'| =1, where 1 <[ <s.

For the tree T”, let V(T") = V(T') and E(T") = {viuy, viua, ..., vius} U
E(T)\{u\u1, ubus, ... ujus}. Then, the tree 7" has n vertices and a (p, g)-
bipartition. Let d7/(v;) = t > 2. Then dy»(vy) = t + s. All the vertices in U’ have
degree 1 in T"”; therefore, ), oy drr(u') = 1. We know that )" ., dpr(u') =1 +5.
For x € V(T)\(U’ U {v1}), we obtain d7(x) = dy»(x).

For each x € V(T'), we get eccy/(x) > eccyr(x), SO ecc}%,(x) > ecc}%,, (x). Note
that ecc(v1) =d — 1, eccrr(v]) = d — 2 and eccy/ (1) = eccrr(u') = d — 1 for
every u’ € U’. Thus,

DEI, (T") = DEL y(T") = Y " [dps(u')ecch, (') — dp» (uyecch, (u')]

u'el’

+dr (v)ecch, (v1) — dpr(vr)ecch, (v1)
[((+5)—10d—=1D"+1(d—1" = +5)d-2)"
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=@ +s)d—-1D"—-@d-2"
> 0.

Hence, DEI, ,(T') > DEI; ,(T").

In all 3 cases we showed that 7’ does not have the minimum DEI,, ;, index, which
is a contradiction.

Thus, T"is Py(p—1, g —1). The graph P,(p—1, ¢ — 1) contains p+¢qg —2 =n—2
vertices having degree 1 and eccentricity 3, one vertex having degree p and eccentricity
2, and one vertex of degree ¢ and eccentricity 2. Hence,

DEl, ,(Py(p — 1,q — 1)) = (p® +¢“)2" + (n — 2)3°.
O

Theorem 15 Let T be any tree with n vertices and a (p, q)-bipartition, where p >
q > 2. Then, fora > 1 and b < 0, we have

DEL, ,(T) < (p* + ¢*)2" + (n —2)3°

with equality if and only if T is P»(p — 1,q — 1).

Proof We present the parts of the proof of Theorem 15 which are different from the
proof of Theorem 14.

Let T be any tree with n vertices and a (p, g)-bipartition having the maximum
DEI, j index. Suppose to the contrary that 7’ is not Pr(p — 1, ¢ — 1).

In Case 1, where d is odd, for each x € V(T”), we obtain eccy/(x) > eccyr(x), so
ecc};,(x) < ecc};,, (x). Since eccpr(vp) < d — 2, we get ecc’},,(vz) > (d —2)" and

DEI,,(T") — DEl, ,(T") < df.(v)ecch, (v2) — di, (v2)ecch, (v2)
+df, (va—1)ecch (va—1) — df, (va-1)ecch, (va-1)
<[t =t +rd —2)° + [(r + 1) —197d — 1)°
< ([t = +"T+ [0+ D* =1 —2)"
<0,

since by Lemma 1, we have (r + )¢ — 1 < (¢t +r)* —t% fora > 1 and [t* — (t +
1+ [(r + 1)* — 191 = 0 for a = 1. Hence, DEI, 5(T’) < DEI, ,(T").

Case2isforevend anda > 1.Foreachx € V(T”), we geteccy(x) > eccyr(x), s0
ecc?,(x) < eccl},, (x). Note that eccy(v1) < d — 1; therefore, eccl},,(vl) > (d — 1.
We have

DEIL, »(T") — DEL, (T") < d&%,(vi)ecch, (v1) — d%, (vi)ecc, (v1)
+d§,(vd_1)eccl;,(vd_1) — d%,(vd_l)eccl},,(vd_l)
<[ =@ +rd — DY+ [+ D* = 197d — 1)°
<0,
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since by Lemma 1, we obtain (r + 1)¢ — 14 < (¢ + r)* — t* for a > 1. Hence,
DEI, »(T") < DEI, »(T").

Case 3 is for even d and a = 1. For each x € V(T"), we get eccy/(x) > eccrr(x),
o) eccl%, (x) < ecc};,, (x). Thus

DEI, ,(T") — DEIL; ,(T") < Z [dr/(u’)ecc}}, W'y — drr (u’)ecc’},, @]
u'el’
+ dp (v1)ecch, (v1) — dpr (vi)ecch, (v1)
=@ +9)[d—1"—(@-2)"
< 0.

Hence, DEI,; ,(T’) < DEI; ,(T").
Hence, 7" is not a tree having the maximum DEI,, j index, which is a contradiction.
[}

6 Trees of Given Order and Domination Number

A dominating set I" in a graph G is a subset of V (G) such that each vertex not in I" is
adjacent to a vertex in I'. The domination number of G is the cardinality of a smallest
dominating set. From the work of Ore [18], we know that for any connected graph
with n vertices and domination number y, we have

I<y=

YIS

Both bounds can be achieved by trees, since stars have domination number 1 and for
the trees T>,,,, defined in Sect. 4, we have y = %

In Theorems 16 and 17, we state sharp bounds for the general degree-eccentricity
index of trees having domination number 2. Bounds for trees with domination number
[5] are given in Theorems 18 and 19.

The only trees of order n < 5 and domination number 2 are Py, Ps = P3(1, 1)
and P»(2, 1). By Lemma 3, for 0 < a < 1 and b > 0, we have DEI, ,(P2(2, 1)) <
DEI, »(P3(1,1)). By Lemma 4, fora > 1 and b < 0, we have DEI, ,(P2(2, 1)) >
DEI, »(P53(1, 1)). Thus, in Theorems 16 and 17, we investigate bounds for n > 6.

Theorem 16 Let T be a tree having order n > 6 and domination number 2. Then for
O<a<landb >0,

—27¢ -2 14
DEIL, ,(T) < ([”—] ﬂ" J )4”+z“+13”+(n—4)5”

2 2

with equality if and only if T is P4(|'%'|, L#J).

Proof The only trees with domination number 2 are P>(r2, tr), where ry+1t) = n —2,
P3(r3, t3), where r3 + t3 = n — 3 and Py4(r4, t4), where rq4 + t4 = n — 4. From
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Corollary 1, we know that among trees of the form P, (r, 1), where r; + th =
n — 2, the tree Pz(f%], L"—EZJ) has the maximum DEI, ; index. Among trees

of the form P3(r3, t3), where r3 + t3 = n — 3, the tree Pg((%], L%J) has the
maximum DEI, ; index. Similarly, P4((%1, L%J) is the tree having the max-
imum DEI, ; index among trees of the form Ps(rs, ts), where r4 + 14 = n — 4.
We need to compare DEIL, ,(P2("521, [“52]))), DEL,»(P3("521, |%52])) and
DEIL,»(P4(T"7%1, 1232 ). By Lemma 3, DEL,»(P2(T"521, [32])) < DEl4
(P3(["521, [%72)) < DElup(P4(T"51, [#5%])), which implies that Py(["3%1,
L#J) is the tree with the maximum DEI, ; index among trees of order n and domi-
nation number 2. The tree Py4( f%], L%J) contains n — 4 vertices of degree 1 and
eccentricity 5, two vertices of degree 2 and eccentricity 3, a vertex of degree f%]
and eccentricity 4 and a vertex of degree L%J and eccentricity 4. Therefore,

s[5 [15)
_ ([” - 2T + V - 2J) 4P 4205130 4 (n — )P,

The proof of Theorem 17 is similar to the proof of Theorem 16.

Theorem 17 Let T be a tree having order n > 6 and domination number 2. Then, for
a>landb <0,

DEl, »(T) = 5 + 2 47 429713 + (n — 4)5

with equality if and only if T is P4((%1, L% ).

Theorem 18 Let T be a tree having order n > 4 and domination number (%1. Then,
forO <a <landb >0,

DEI, 4(T) < DEL, ,(P,)

with equality if and only if T is P,,.

Proof By Theorem 1, the path P, is the only tree having the maximum DEI, ; index
among trees of order n. Thus, it suffices to show that y (P,) = (%1.

Letn =3k — e, wherek > 2and 0 < € <2 andlet P3j_ = v{v3...V3k—_c. We
use the set S = {vo, vs, ..., v3r—4} of k — 1 vertices. If n = 3k — 2, then S U {v3r_2}
is a dominating set of P,. If n = 3k — 1 or n = 3k, then S U {v34_1} is a dominating
set of P,. Thus, y(P,) <k = [5].

The path P, has at least 3(k — 1) + 1 vertices. If P, has a dominating set I', where
IT'| <k — 1, then P, contains a vertex, say u € I', which dominates 3 vertices of P,
other than u, which is not possible. Hence, y (P,) = k = [%71, which means that P, is
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the tree with the maximum DEI, ; index among trees with n vertices and domination
number [3]. O

By Theorem 2, the path P, is the only tree having the minimum DEI, ; index
among trees of order n for a > 1 and b < 0. Since the domination number of P, is
f%] , we obtain the following theorem.

Theorem 19 Let T be a tree having order n > 4 and domination number f%]. Then,
fora>1landb <0,

DEI, 4(T) > DEL, 5 (P,)

with equality if and only if T is P,.

From [18], weknow that 1 < y < % for any tree of order n and domination number
y. The only trees of domination number 1 are stars. We found sharp bounds on the
DEl,,; index only for y = 2 and y = [5]. It would be interesting to know sharp

bounds also for 3 < y < 7, where y # [%7]. This remains an open problem.
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