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Abstract

We provide sufficient conditions for the existence of one positive solution for a fourth-
-order beam equation with a discontinuous nonlinear term. Also a multiplicity result
is established. They are based on a recent generalization of the Krasnosel’skii fixed
point theorem in cones.
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1 Introduction
We study the existence of positive solutions for the following fourth-order equation

u® (1) = g(0) f (@), 1€, 11
u©0) =u(l) =0=u"0)=u"(1), .1

whereg > Oa.e.on/ = [0, 1]and g € Ll(O, 1) and the function f : [0, c0) — [0, 00)
is such that u +— f(u) is measurable for every u € C%([0, 1]) and fe L;’;’C [0, 00)).
Problem (1.1) was intensively studied in the literature (see, for example [4,6,13])
and it arises in many applications. For instance, fourth-order problems appear in non-

linear suspension bridge models (see [5,13] and the references therein).
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However, continuity assumptions are usually imposed about f. Our goal is to
weaken this hypothesis without using monotonicity conditions and, even in that case,
to obtain positive Carathéodory solutions for (1.1). We achieve an existence result
when f has a superlinear or sublinear behavior. Also a result concerning the existence
of two positive solutions for problem (1.1) is obtained in Sect. 4.

Our approach is based on a multivalued version of the well-known Krasnosel’skit
compression-expansion fixed point theorem [10] which we apply in order to get fixed
points of a regularization of the integral operator associated to (1.1). The mentioned
multivalued mapping is constructed by ‘convexifying’ the fixed point operator related
to the fourth-order problem (1.1). These ideas can be found in [8] and we will detail
them in Sect. 2. They recall the classical ideas of Filippov and Krasovskij envelopes
which regularize the differential equation and transform it into a differential inclusion,
see [9,11] .

2 Fixed Point Theorem

In the sequel, we need the following definitions. A subset K of a Banach space (X, ||-1|)
is a cone if itis closed, K + K C K, AK C K forall A > 0and K N (—K) = {0}.
A cone K defines the partial order in X givenby x < yifandonlyif y —x € K. We
will denote K. = {x € K : ||x|| < ¢} and K its closure, with 0 < ¢ < o0.

Let U be a relatively open subset of K and let 7 : U € K — K be an operator,
not necessarily continuous.

Definition 2.1 The closed-convex envelope of an operator 7" : U — K is the multi-
valued mapping T : U — 2K given by

Tx = ﬂ e T (B.(x)NU) foreveryx € U, (2.2)

e>0

where B, (x) denotes the closed ball centered at x and radius &, and €6 means closed
convex hull.

In other words, we say that y € Tx if for every ¢ > 0 and every p > 0 there exist
m € N and a finite family of vectors x; € B.(x) N U and coefficients A; € [0, 1]
(i=1,2,...,m)suchthat Y A; = 1 and

m
y — Zki TX,‘
i=l1

Now we present a discontinuous version of Krasnosel’skii theorem which is a
straightforward consequence of the multivalued version given by Fitzpatrick and
Petryshyn [10].

Proposition 2.2 Let r; < R_(i = 1,2) with ry # ry positive numbers and T : Kr —
K a mapping such that T KR is relatively compact and fulfills condition

<p.

(x}NTx c {Tx} forallx € Kg, 2.3)
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where T is the closed--convex envelope of T as defined in (2.2).
Suppose that

(a) Mx ¢ Tx forall x € K with ||x|| = ry and all » > 1,
(b) there exists w € K with ||wl|| # 0 such that x ¢ Tx 4+ Aw for all . > 0 and all
x € K with ||x]|| = r».

Then T has a fixed point x € K such that
min {ry, r} < [|x|| < max {ry, r}.

Observe that condition (2.3) is equivalent to Fix(T) C Fix(T'), where Fix(S)
denotes the set of fixed points of the operator S. For more details about the previ-
ous fixed point theorem, see [8].

Remark 2.3 Condition (a) in Proposition 2.2 is satisfied if one of the following two
conditions holds:

@ vy 7% x forall y € Tx and all x € K with ||x|| = rq,
@) ||yl < |lx|l forall y € Tx and all x € K with ||x]| = ry.

Analogously, assumption (b) in Proposition 2.2 holds if

() y Axforally € Tx and all x € K with |[x]| = ro, or
D [Iyll > llx|l forall y € T x and all x € K with ||x|| = rp.

3 Positive Solutions

In this section, we establish sufficient conditions for the existence of positive solutions
for the simply supported beam Eq. (1.1).

Technical reasons make that we need to work in the Banach space (Cz([O, 1D, I-1D,
where |Ju|| = max{||u| s , |[u’ ||OO , u””oo} and ||-|| s, is the usual supremum norm.

We shall look for fixed points of the operator T : C2([0, 1]) — C>([0, 1]) given by

1
Tu(r) :=/0 G(t,s)g(s) f(u(s))ds,

where G is the Green’s function. It is given by

l _ 22
s(1 =12t —s t7), s <t,
G(t,s) = 6

gt(l —5)(2s — t? —s2), s >t,

which is nonnegative and satisfies (see [4,13])

G(t,s) < ®(s), fort,sel0,1],
¢8(s) < G(t,s), fort € [§.3],s €10, 1],
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where

3
£s(1 — 5232, for0 <s <1/2,

d(s) = %

Q=952 =95)2 for1/2 <s <1,
27

and ¢ = 45+/3/128 ~ 0.608924.
We shall look for fixed points of 7 in the cone

K=1{uel®[0,1):u>0, min u(t)>cluly

Proposition 3.1 The operator T : K — K is well-defined and maps bounded sets
into relatively compact sets.

Proof The fact that T K C K can be verified by using the properties of the Green’s
function G together with the mapping ®. In addition, from the hypotheses about f
and g and the regularity of the Green’s function it is routine to conclude that 7 maps
bounded sets into relatively compact ones by means of the Ascoli-Arzela’s theorem.

]

Now we define the points where we allow the function f to be discontinuous. The
following definition is an adjustment to the admissible discontinuity curves of [7,12]
in the case of a fourth-order problem and a function f only dependent on the space
variable u.

Definition 3.2 An admissible discontinuity point is a nonnegative real number x sat-
isfying one of the following conditions:

(@) f(x) =0 (x is said a viable point),
(b) There existe > 0 and ¢ € L0, 1), Y (t) > 0fora.a.t € [0, 1] such that

V() <g()f(y) foraa.re[0,1]andall y € [x —¢&,x + €] (x isinviable).
3.4)

Remark 3.3 Notice that the hypotheses about the admissible discontinuity points
defined here are similar to the condition

0Oe F(x) = m Ef(Es(x)) implies f(x) = 0;

e>0

givenin [11] for first-order discontinuous autonomous systems. Indeed, they are equiv-
alent whenever g = 1.

Moreover, observe that if g(¢) > 0 for a.a. r € [0, 1], then the fact that there exists
& > 0 such that

inf f(y) >0
ye[x—e,x+e]
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implies condition (3.4) in Definition 3.2. Similar assumptions were required in [1,2]
in the study of second-order problems, but the approach there relies on critical point
theory for non-smooth operators.

Now we enunciate three technical results whose proofs can be looked up in [12].

Lemma3.4 ([[12], Lemma 4.1]) Leta,b € R, a < b, and let g, h € Ll(a, b),g=>0
a.e., and h > 0 a.e. in (a, b). For every measurable set J C (a, b) with m(J) > 0,
there is a measurable set Jo C J with m(J \ Jo) = 0 such that for every ty € Jo we
have
Jizouns 86)ds 0 lim Ji s 8() ds
i—t fr h(s)ds 1>t JOh(s)ds

Corollary 3.5 ([[12], Corollary 4.2]) Let a,b € R, a < b, and let h € L'(a, b) be
such that h > 0 a.e. in (a, b). For every measurable set J C (a,b) withm(J) > 0,
there is a measurable set Jo C J withm(J \ Jo) = 0 such that for all Ty € Jg we have

h(s) ds his)ds
fim o MO8 s PO s
o fro h(s)ds 1—>15 ft h(s)ds

Corollary 3.6 (/[12], Corollary4.3])Leta,b € R,a < b,andlet f, f, :[a,b] — R
be absolutely continuous functions on [a, b] (n € N), such that f, — f uniformly on
[a, b] and for a measurable set A C [a, b] with m(A) > 0 we have

lim fé(t) =g(t) fora.at € A.
n—>oo
If there exists M € L'(a, b) such that | f'(t)| < M(t) a.e. in [a, b] and also | fu@®)] <

M(t) a.e. in[a, b] (n € N), then f'(t) = g(t) fora.a. t € A.

We shall also need the following result whose proof is similar to that of Lemma
3.11in [8].

Lemma3.7 If M € L! (0, 1), M > 0 almost everywhere, then the set
t
0= {u € C3([0,1]) : ‘u’”(r) — u”’(s)’ < / M(r)dr whenever() <s <t < 1} ,
N

is closed in C*([0, 1]).
Moreover, if uy, € Q foralln € N and u, — u in the C? norm, then there exists a
subsequence {un, } which tends to u in the C3 norm.

Following the notation of [3], we define

3/4 1
= inf G(t,s)g(s)ds, * = su / G(t,s)g(s)ds,
v te[1/4,3/4]/1/4 8 Y §
1 oG 1 2
Y = sup / —(t,5)| g(s) ds, Y; = sup / ——(t,5)| g(s)ds
ref0,11Jo | 0t ref0,11Jo | 9t
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and we suppose yx > 0.
Now we prove the main result of this section.

Theorem 3.8 Assume that the functions f and g satisfy the following hypotheses:
(H)) g>0a.e onl=1[01]andg e L' (0, 1);
(Hy) f :10,00) — [0, 00) is such that
o u — f(u) is measurable for every u € C%([0, 11), and
e f islocally bounded;
(H3) There exist admissible discontinuity points x, > 0 such that the function u +—

f(u) is continuous in [0, 00) \ |, cr {Xn}-

Moreover, assume that either

J () f @)

= 400 and foo = limy_oo —— = 0 (sublinear
u

(i) fo = lim,_ o+
case); or

(ii) fo=0 and fsx = 00 (superlinear case).

Then BVP (1.1) has one positive solution.

Proof We are going to prove that the conditions of Proposition 2.2 are satisfied. We
suppose that f satisfies (i) (it is similar if the nonlinearity f is in the superlinear case).
Claims 1 and 2 are standard (see, e.g., [[4], Theorem 3.1]), but here some changes are
necessary due to the use of the set-valued operator T, and the last one is a technical
result which follows the ideas of [[12],Theorem 4.4].

Claim 1: There exists r1 > 0 such that ||y|| < ||u|| forall y € Tu and all u € K with
lull =r1.
Since foo = 0, for each L > 0 there exists M > 0 such that

f(s) <M+Ls fors>0.

We can choose L > 0 small enough such that 5max{y*, y*, y;}L < 2andr; > 0
large enough such that 2 max{y*, y;*, v, }M < r1.Suppose thatu € K with [lu|| = ry,
then for every finite family u; € E,(u) NKandA; € [0,1]1(G =1,2,...,m), with
> Ai=1landr = |ully /4, we have

m m 1
0= Y AT < 3o [ G0 M +Lu ()]
i=l1 i=1
=3y M+ Llwilla] < v IM + 5L uallg /4] < lul.
i=1

In addition,

g(s) [M + Lu;(s)] ds

Vol =

D ki (Tuy) (1)
i=1

m 1
0G
< A —(t,
<3 /0 'a;( )
< YFTM + 5L ullag /41 < ],
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and

32G
_Z(I’ S)

1 _
0] = ot

g(s)[M + Lu;(s)] ds

> ni(Tu) @)
i=1

m 1
< Z)»i/
i=1 70

<73 [M + 5L |lullog /41 < llull .

Hence, if y € Tu, then it is the limit of a sequence of functions v as above, so
Iyl < |lu|l forall y € Tu and all u € K with |u|| = r;.

Claim 2: There exists ry > 0 such that y ﬁ uforall y € Tu and all u € K with
lull = ra.

Hypothesis (i) fo = oo guarantees that we can choose L > 0 large enough such
that yLc > 2 and C > 0 satisfying f(s) > Ls provided that 0 < s < C. Suppose
that u € K with ||u|| = C/2 =: ry, then for every finite family u; € B,(u) N K
and A, € [0,11 G = 1,2,...,m), with Y A; = 1 and r = |lu|s /2, we have
lttilloo < 3r2/2 < C,500 <u;(t) < Cforallt € [1/4,3/4] and

3/4

ST = Y [ G860 i) ds
i=1 =1 JU4

m
> vele Y hilltilloo = vaLe (lullsg = 1) > Il oo,

i=1

which implies that y A u for all y € Tu withu € K and |lu = rp.
Claim 3: The operator T satisfies the condition {u) N\ Tu C {Tu} for all u € Kg with
R > ry.

First, notice that there exists R > 0 such that fu) < Rforallu € Kr. Therefore,
there exists M € L'(0, 1) such that

g fw) < M(t) foraa.rel0, 1]andallu € Kg. 3.5)

Now we consider the set
t
0= {u e 30, 1D : [u”" () —u"(s)| < f M@r)dr (s < r)}, (3.6)

which is a closed and convex subset of C2([0, 1]) by Lemma 3.7. It is immediate to see
that T K C Q, by the definition of the operator 7', and since Q is a closed and convex
subset of X= C?([0, 1]) we have that T K C Q. In particular, T Kr C Q. We note
that condition {u} N Tu C {Tu} needs only to be verified forevery u € Kg NT Kr C
ER N Q.

Therefore, we fix u € Kr N Q and we consider the following three cases.

Case 1: m ({t € [0, 1] : u(t) = x,}) = O foralln € N. Let us prove that then T is
continuous at u.
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2364 J. Rodriguez-Lépez

The assumption implies that for a.a. ¢ € [0, 1] the function f(-) is continuous at
u(t). Hence, if ux — u in Q, then

fux@®) — f(u@)) foraa.tel0,1],

which, along with (3.5), yield Tux — Tu in C2([0, 1).

Case 2: m ({t € [0, 1] : u(t) = xp}) > 0 for some n € N such that x, is inviable.
In this case, we can prove that u ¢ Tu.

Let us assume that for some n € N we have m ({t € [0, 1] : u(¢) = x,}) > 0 and
we will simply denote x instead of x,,. There exist e > 0 and ¥ € L'(0, 1), ¥(r) > 0
fora.a. r € [0, 1] such that (3.4) holds.

We denote J = {r € [0, 1] : u(t) = x}, and we deduce from Lemma 3.4 that there
exists a measurable set Jo C J with m(Jy) = m(J) > 0 such that for all 7y € Jy we

have
; f[fo,t]\l M(s)ds — 0= lim f[t,to]\J M(s)ds
>ty (1/4) [3 ¥(s)ds iz (1/4) [Py (s)ds
By Corollary 3.5, there exists J; C Jo with m(Jg \ J1) = 0 such that for all 7y € J;

we have
i f[ro,t]ﬂ]() 'Q//(S) ds —1= lim f[l,l’()]ﬂ]() 'Q//(S) ds
>t [y w(s)ds i SO U(s)ds
Let us now fix a point 79 € Jj. From (3.7) and (3.8), we deduce that there exist

t- <t < tandty > iy > 10, t+ sufficiently close to 7o so that the following
inequalities are satisfied for all ¢ € [fy, £4]:

3.7

(3.8)

t
/ M(s)ds < l/ W(s)ds, 3.9
0.6\ 4 Jr

t
[ Y(s)ds 2/ Y(s)ds > 1/ Y(s)ds, (3.10)
[t0.11NJ [70.11NJo 2 /4

and forallt e [r_,7_]:

/ M(s)ds < l/m w(s)ds, (3.11

[r.70]\J 4 Ji

/ Y(s)ds > lffo Y(s)ds. (3.12)
1,701/ 2 )

Finally, we define a positive number

: 1 ) l t~+ }
0 = min —/ W(s)ds, —/ Y(s)ds ¢, (3.13)
4 Ji 4 70

and we are now in a position to prove that u ¢ Tu. It suffices to prove the following
claim:
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Claim -- Let ¢ > Qbe given by our assumptions over x andlet p = g min {t: —f_, ty — t~+}

be where p is as in(3.13).For every finite family u; € B.(w) N K andr; € [0,1]
i=1,2,...,m),withY_ ri = 1, we have |lu — > A Tu;| > p.

Let u; and A; be as in the Claim and, for simplicity, denote y = > ,;Tu;. For a.a.
teJ={tel0,1] : u(t) = x} we have

m m
YO =Y kM) @@y =D hi g@) f(ui (). (3.14)
i=1 i=1
On the other hand, for every i € {1,2, ..., m} and every t € J we have
lui (1) — x| = |u;(t) —u(®)| <e,

and then the assumptions on x ensure that for a.a. t € J we have

YO =" hig0f@i@) > Y 1y =y0) =y@)+uP@. (315

i=1 i=1

Now for ¢ € [t_, 7_] we compute

70
Y () — y" (1) = / yP(s)ds = / yP(s)ds + / y @ () ds
t [t,70lNJ

[1,70]\J

>/ w(s)ds+/ u®(s)ds  (by (3.15) and (3.14))
[t,70]NJ [t,T0lNJ

- / V(s)ds +u” (rg) — u” (1) — f u®(s)ds
[t,701NJ

[t,70]\J

> / Y(s)ds +u” (vg) —u"(t) — / M(s)ds
[t,70]lNJ

[,70]\J

> u"(z9) —u”'(t) + i/ ’ Y(s)ds (by (3.11) and (3.12)),
t

hence u”’(t) — y"”'(¢t) > p provided that u”’(t9) > y"(10). Therefore, by integration
we obtain

i
u(f2) =y = u"(10) =y () + / W" () —y" (1)) dt

1—
>u"(12) = y'(12) + p(i- —12).
Ifu”(t-) — y"(1=) < —p, then ||y" —u"|_ > p and thus ||y — u|| > p too. Other-
wise, that is, if u” (t_) — y"(t_) > —p, then we have u” (i_) — y”(f_) > p and hence

ly —ull = p too.

@ Springer



2366 J. Rodriguez-Lépez

Similar computations in the interval [fy,?.] instead of [t_,7_] show that if
u” (r9) < y"(tp) then we have y”'(t) — u"’(t) > p for all t € [fy,t,] and this
also implies ||y — u]| > p. The claim is proven.

Case 3: m({t € [0, 1] : u(t) = x,}) > 0 only for some of those n € N such that
Xp is viable. Let us prove that in this case the relation # € Tu implies u = Tu.

Let us consider the subsequence of all viable admissible discontinuity points in the
conditions of Case 3, which we denote again by {x, },,en to avoid overloading notation.
We have m(J,,) > 0 for all n € N, where

J,={t €[0,1] : u(®) = x,}.
For each n € N and for a.a. r € J,, we have

u® (1) =0=gt) f(xn) = g(t) f (1)),

and therefore u™ (1) = g(¢) f (u(?)) a.e. in J = UpenJp.

Now we assume that # € Tu and we prove that it implies that u™® (1) = g(¢) f (u(1))
a.e.in [0, 1]\ J, thus showing that u = Tu.

Since u € Tu then for each k € N, we can guarantee that we can find functions
Ug,; € El/k(u) N K and coefficients Ax; € [0,1] (¢ = 1,2,...,m(k)) such that
> Aki = land

m(k) |
u— Z AeiTug | < z

i=1

Let us denote yx = Z;":(k) Ak,iTug i, and notice that yx — u in the C? norm and
llug,; —ull < 1/kforallk e Nandalli € {1,2,..., m(k)}.

For every k € N, we have y; € Q as defined in (3.6), and therefore Lemma 3.7
guarantees that u € Q and, up to a subsequence, y; — u in the C* topology.

For a.a. t € [0, 1]\ J, we have that f(-) is continuous at u(¢), so for any ¢ > 0
there is some kg = ko(¢) € N such that for all k € N, k > ko, we have

s f ki) — fu@)| <e foralli € {1,2,...,mk)},

and therefore

m(k)

P @) — g(0) fu@))] < Z Mei8 O f (u,i (1) — f(u(®))] < e.

i=1

Hence, y154) (t) — g(t) f(u(r)) fora.a.t € [0, 1]\ J, and then Corollary 3.6 guarantees
that u™ (1) = g(1) f(u(2)) fora.a.r € [0, 1]\ J.

Therefore, the conditions of Proposition 2.2 are satisfied and we can ensure that
BVP (1.1) has a positive solution. m|
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Remark 3.9 Observe that the boundary conditions (BCs) do not play an important role
together to the discontinuities of the nonlinearity f in order to guarantee the existence
of positive solutions, so our result may be generalized to other BCs whenever the
Green’s function satisfies suitable sign conditions.

We illustrate our theory with an example inspired by [[4],Example 2].

Example 3.10 Consider the BVP

u® = |7u — 18u® + 12ule ™ + Ju,
u(0) = u(l) =0 =u"(0) = u"(1),

where | x| denotes the integer part of x.

The mapping f(u) = [7u® — 18u* 4+ 12u)e™ + /u is discontinuous at infinitely
many points and these points are admissible inviable discontinuity points (it suffices
to take ¥ = 0.1 and & = 0.05 in Definition 3.2). In addition, it is not monotone and,
clearly, fo = +oc and foo = 0.

Therefore, Theorem 3.8 guarantees the existence of a positive solution for this
problem.

4 A Multiplicity Result
We establish the existence of two positive solutions for problem (1.1). Our multiplicity
result is based on the following Lemma and a suitable asymptotic behavior of the

function f at zero and at infinity.

Lemma 4.1 Assume that the functions [ and g satisfy conditions (Hy) and (H3).
If there exist r1 > 0 and ¢ > 0 such that

max{y*, y{', y5} sup f(x) <rp, (4.16)
x€[0,r1+¢]

then ||y|| < |lull forall y € Tu and all u € K with |ul| = ry.
Proof Supposethatu € K with ||u|| = ry. Then for every finite family u; € B.(w)NK
and A; € [0,1] (G = 1,2,...,m), with )" X; = 1, we have (by condition (4.16))

m m 1
o) = Y a0 = 3 [ G050 fu) ds
i=1 i=1

<Y Myt fei+e)

i=1

<y* sup f(x)<r=ul.
x€[0,r1+¢]
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In addition,

V| = g(s) f (ui(s)) ds

> hi(Tu) ()
i=1

m 1
G
< Z)w‘/o ‘E(I,S)
i=l1

<yl sup f(x) <r=ul,
xel0,r1+e]

and

D hi(Tup) (1)

i=1

}v”(t)| _

m 1 82G
=3 /0 L8 f ) ds < v s f00) <n =l
i=1

xel0,r1+¢€]

Hence,if y € T u, then itis the limit of a sequence of functions v as above, so || y|| < 7.
O

Remark 4.2 Notice that if f is a nondecreasing function, then condition (4.16) can be
simply written as

max{y™, v, v, } f(r1 + &) <ry.

Now we present our multiplicity result concerning the existence of a “small” and a
“big” positive solutions for problem (1.1).

Theorem 4.3 Assume that the functions f and g satisfy conditions (Hy)--(H3). More-
over,

(1) fo=00 and foo =00;

(2) there exist ri > 0 and ¢ > 0 such that

max{y*, i, y;} sup f(x) <ri.
x€l0,r1+¢€]

Then problem (1.1) has two positive solutions uy and uy such that |\uy|| < r; and
luzll > r1.

Proof First, as in Claim 3, Theorem 3.8, condition (H3) guarantees that Fix(T) C
Fix(T).

(gn )the other hand, f = oo implies that there exists 0 < r, < ry suchthat y A u for
all y e Tu and allu € K with ||u|| = > (see Claim 2 in Theorem 3.8). Analogously,
since foo = 00, there exists Ry > rj suchthat y A u forally € Tu and allu € K
with [|u]| = R».

Therefore, by applying Proposition 2.2 twice, we obtain that the operator 7 has
two fixed points u and us such that rp < |luq|| < r; and ry < |luzl| < R». O

To finish, we present a simple example which, as far as we are aware, is not covered
by the previous literature.
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Example 4.4 Consider the problem
u® = uP 4 u],

where 0 < p < landg > 1. Here g =1 and f(u) = u? + [u]9.
Observe that f is discontinuous at x, = n, n € N, and for each n € N,

1 1 1
O0<inf{f(x) :xe|-,00 <inf{f(x):xe|ln—=,n+=-|¢,
2 2 2
so the points x,, are inviable, see Definition 3.2 and Remark 3.3.

Since 0 < p < 1 and g > 1, we have that

1 q 1 q —1)4
fo= lim Lu] = 1i T i L
u—0t+ ul—P u Uu— 00 ul—l’ u Uu— 00 u

Moreover, y* = 1/384, y < 1/6 and y;* = 1/8, so max{y*, y{, 5’} < 1/6. By
taking r; = 1/2 and ¢ = 1/2, condition (2) in Theorem 4.3 holds since sup{ f(x) :
x € [0, 1]} = 2 and thus

1 1
gsup{f(x) cx€[0,1]} < 3

Therefore,Theorem 4.3 ensures that problem (4.17) has two positive solutions u1
and uj such that ||u1|| < 1/2 and |luz|| > 1/2forany0 < p < 1l and g > 1.
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