Bull. Malays. Math. Sci. Soc. (2021) 44:2005-2019 MALAYSIAN M m AT
https://doi.org/10.1007/540840-020-01045-z o

hap:f/wwwspringer com/mathematics/ournal/ 40840

®

Check for
updates

Approximation by Modified Meyer-Konig and Zeller
Operators via Power Series Summability Method

Naim L. Braha' - Toufik Mansour? - M. Mursaleen3*

Received: 16 June 2020 / Revised: 7 October 2020 / Accepted: 26 October 2020 /
Published online: 9 November 2020
© Malaysian Mathematical Sciences Society and Penerbit Universiti Sains Malaysia 2020

Abstract

In this paper, we study the Korovkin-type theorem for modified Meyer—Konig and
Zeller operators via A-statistical convergence and power series summability method.
The rate of convergence for this new summability methods is also obtained with
the help of the modulus of continuity. Further, we establish Voronovskaya-type and
Griiss—Voronovskaya-type theorems for A-statistical convergence.
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1 Introduction

The asymptotic density of A C N (the set of all natural numbers) is defined by
1
S(A) =lim—|{r < p:re A},
pp

where |.| denotes the cardinality of the enclosed set. A sequence & = (&) is said to
be statistically convergent (see [15]) to the number £ if §(A(e)) = 0 foreach ¢ > 0,
where

A(e) ={r=p:|& L[> ¢}

and we write s7-lim §= £. Note that every convergent sequence is statistically con-
vergent but not conversely.
Let A = (ay;) be an infinite matrix and x = (x;) be a sequence. If the series

(Ax), = Zanjxj
j

converge for every n € N, then we say that (Ax), is the A-transform of the sequence
x = (xp). If the (Ax), converges to a number L, we say that x is A-summable to L.
The summability matrix A is regular whenever hm xj = L; then, hm (Ax), = L.

Let A = (ay,;) be anonnegative regular summablhty matrix. The sequence x = (x;)
is said to be A-statistically convergent (see [16]) to real number £ if for any € > 0,

lim ) a4y =0.

Jilxj—Llze

In this case, we write st4 —lim x = £. The A-statistical convergence is generalization
of the statistical convergence (see [10,30]).

The second summability method which is used in this paper is power summability
method. Let (p;) be a real sequence with pg > 0 and p1, p2, ... > 0, and such that
the corresponding power series p(t) = Z?OIO p./tj has radius of convergence R with
0 < R <oo.If, forall t € (0, R),

lim — xipith =
t—R~ p(t Z JPi

then we say that x = (x;) is convergent in the sense of power series method (see
[19,33]). Power series method includes many known summability methods such as
Abel and Borel. Both methods have in common that their definitions are based on
power series and they are not matrix methods (see [4,7,36]). Note that the power
series method is more affective than ordinary convergence (see [35]).
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Approximation by Modified Meyer-Konig and Zeller... 2007

Note that the power series method is regular if and only if lim,_, z- % = 0 holds
for each j € {0, 1, 2, 3, ...} (see [6]). Throughout the paper, we assume that power
series method is regular.

It is known that A-statistical convergence is generalization of the statistical con-
vergence as it is shown in Example 1.1 of [11]. In this paper, we will prove the
Korovkin-type theorem for the modified Meyer—Konig and Zeller operators via A-
statistical convergence and power summability method. Then, we present the rate of
the convergence related to the above summability methods. In the last sections, we
give a kind of Voronovskaya-type theorem for A-statistical convergence and Griiss—
Voronovskaya-type theorem.

The modified Meyer—Konig and Zeller operators introduced by Cardenas et al. [13]

are defined by

v k(k —1) n+k\ oo
Rn(f,X)—];)f<\/(n+k)(n+k_l)>< L )x (L—xy* (D)

forx € [0, 1].
The first few moments of the modified Meyer—Konig and Zeller operators are given
in the following lemma.

Lemma 1.1 (see [13]) We have
(1) Ry(eo, x) =1,
(2) Ryp(ez, x) = x?,

_ 4nx3 nz(n+1))r4 4n3x° -2
B) Rulea, ¥) = G5 T ovemde® T ameormars T 00

An estimation related to the R, (e, x) is given in [31].
Lemma 1.2 (see [31]) Foralln € Nand x € [0, 1), we have

1— 1
x__xSRn(el’x)Ser_u.
n n

Now, we can prove the estimation for the central moments for the modified Meyer—
Konig and Zeller operators.

Proposition 1.3 The estimations for the central moments for modified Meyer—Konig
and Zeller operators are given by

Ry((r =0, 0) = 150

< 2x(1 —x)v

Ry (1 — x)%, x) -

4n’ n2(n+1) 4
Rallt — )%, x) < x5+< _,+3>x4
n+2)(n+3)(n+4n+5) n+2)n+3)n+4) n

(4 4n SRR e
—_—t ) - — (- Xt 4+ —x — ),
n (m+2)n+3) 4n2 \ n 4n3 n?
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6 60n* 1202 .
Ry((t —x)° %) < | =5 — + Z :
1_[]:2(”+]) (n+ I)szz(n+J)2
15n2(n+1) 6 'O 4+ 17) 6
! ST 5 > 10 | x
i@+ D0+ )
8 14
n 6 60n n 12n XS—S(";F )x4
+20+3)  n+ DT 0+ )? 4n

5 3(5+1) 3 1
X3 = — o) ,
+4n3x 8n4 +85 o

Jorevery x € [0, 1).
Proof Let us start from the first central moment. From Lemma 1.2, we get that

Ryl =), ) = Ry(t, ) = xRy (1) = x 4 S0

For the second central moment, based on Lemmas 1.1 and 1.2, we have this estimation:

1_
Ry((t —x)%,x) = R,(t%, x) — 2xR,(t, x) + x’R, (1, x) < x> — 2x |:x — x} + x2

n
_ 2x(I—x)
= - .

And now we will estimate the third central. Firstly, we will give estimation for
Rn (63 ’ X ):

9]

3
B k(k —1) Dk
R"(e3’x)_k§0<(n+k)(n+k—l)) ( " )x (I —x)".

By the fact that

k(k—1) o K3
nm+kn+k—1) ~— (m+k—-13
forevery k € {0,1,2,3...} and n € N, we have

00 3
. k(k—1) 2(nAk\ g
R"(e3’x)_2<(n+k)(n+k—l)) ( L )x (1=x)

> Ty (” :k)xk(l —

k=1

C ntk\ kot X=X
Z( k—l)(k)x(l = x g

k=1

IA

IA
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On the other hand, for k € {0, 1,2,3,...} and n € N, we have

k(k— 1) ()
n+kn+k—1) ~ (n+k)’

which implies

o k(k — 1) DR\
R““”)_E:Qn+mm+k—n) (k )”“ .

k=0
00

k=1 (k—=1\*(n+k\ ,
> 1— n+1
_;n-i-k(n—}-k) < k )x( *)

For k > 2 and n > 3, the following inequality holds:

(k—1)2> 1
(n+k)? ~ 1602’

from which we obtain

o0 2
Zk_l k—1 n—+k xk(l—x)"Hz 1 x_l—x .
n+k\n+k k 16n2 n

k=2

By Corollary 3.3 in [13], we have that R, (ep, x) = 1, R,(ez, x) = x% and

Ro(es, x) = — n?(n + Dt
N [ I R (TR )
4n3xd 2
+ 0 /n%).

HTE T e I

Hence,

Ry((t — x)*, x) = Ry(eq, x) — 4x Ry (e3, x) + 657 Ry (€2, x) — 4x> Ry (e1, x) + x*

4n? 5 ( n?(n+1) 4 ) A
= X+ —=—+3)x
(n+2)(n+3)(n+4Hn+5) n+2)(n+3)(n+4) n

(A, 5oL Ve o)
L oy x4+ —x -,
n m+2)n+3) 4n2 \ n 4n3 n?

as required. In similar way, we can get the estimation for the R, ((* — %), x). O
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Corollary 1.4 For the fourth and sixth central moment for modified Meyer—Konig and
Zeller operators are valid the following relations

Rn((t — X)4,X) =0 <i3> and Rn((l - x)6,x) =0 (%) s
n n

forevery x € [0, 1).

The theory of Korovkin-type theorems was studied in several function spaces, and
further details reader can find in those papers (see [2,7-9,12,14,19,21,32,35-37]). In
what follows, we define the following power series for sequence of operators R,

M p()ZR(fx)p” =k

and say that sequence of operators (R,) converges to L in the sense of power series,
for every ¢t € (0, R), if the above series converges.

2 Korovkin-Type Results

In this section we obtain A-statistical convergence of the modified Meyer—Konig and
Zeller operators to the identity operator. The Korovkin-type theorem for A-statistical
convergence was given as follows. Let B[0, 1) be the space of all bounded functions
on the interval [0, 1) and C[O0, 1) be the space of all continuous functions defined in
the interval [0, 1) (similarly, we define B[O, 1] and C[0, 1]).

Theorem 2.1 (see [14]) Let A = (a,;) be a nonnegative regular summability matrix
and let (Bj) be a sequence of positive linear operators on C|0, 1] such that for i =
0,1,2,

sty —lim||Bje; — ei|| = 0.

n

Then for any f € C[0, 1],

sta —lim||B; f = fIl =0,
where || f|| = 0max1 | f(@®)| for any f € C[O, 1].

<t<

Based on the above theorem, we give the following result for the modified Meyer—
Konig and Zeller operators.

Theorem 2.2 Let A = (ayj) be a nonnegative regular summability matrix and let (Ry)
be a sequence of positive linear operators (1.1) on C[0, 1) such that fori =1, 2,

sty — lim ||R,e; — ;]| = 0.
n
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Then,
sta—lim|[Ry f = f| = 0,

forany f € C[0, 1), where || f|| = 0n<1tax1 | f ()| forany f € C[0, 1).

Proof Proof of the theorem follows directly from Lemmas 1.1, 1.2 and Theorem 2.1.
O

Our theorem is an extension of Theorem 2.2 given in [31].

Example 2.3 Let us define the following type of operators

P.(f;x) = +x)R,(f; %),

where sequence (x,) is defined as in Example 1.1 in [11]. Then, the following relations
are fulfilled

Pn(e(); x) = (1 +xn)v
(1 +x0) (x - ﬂ) < Pyler.x) < (14 x0) (x + M)
n n

and
Py(ez; x) = (14 x,)x>

By Theorem 2.2, we obtain that

sta —lim [Py f — fl| = 0.
But the above-defined operators, P, (f; x), do not satisfy Theorem 2.2, in [31].

Now, we give a Korovkin-type theorem for the modified Meyer—Konig and Zeller
operators, by power series method. It is known that Korovkin-type theorems are proved
by Abel summability method (for example, see [32,37]). For more on Korovkin-type
approximation theorems in different settings, we refer to [1,5,20,22-29].

Theorem 2.4 Let (Ry,) be a sequence of positive linear operators (1.1) from C[0, 1)
into B[O, 1). Then for any f € C[0, 1), we have

lim

=0,i=0,1,2, 2.1
t—R~ p(l‘)

i X)pnt" — e;

if and only if

lim. p() ZR (f ) put" —f” (22)

Proof Proof of the theorem is similar to the proof of Theorem 1 of [34], and we omit
it. O
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3 Rate of Convergence
In this section, we study the rate of A—statistical convergence for the modified
Meyer—Konig and Zeller operators via power series summability method. We begin by

presenting the following facts. The modulus of continuity for function f(x) € C[0, 1)
is defined as follows:

w(f,8) = ”SLTIPS |f(x+h) = f(x)

It is well known that

|x — ¥l
[f(x) = fODI < w(f,d) 5 +1]. 3.1

So, we have the following result.

Theorem 3.1 Let A = (a,;) be a nonnegative regular summability matrix and f €
C[0, 1). If (ap) is a sequence of positive real numbers such that w(f, 6,) = sty —
o (ay), then

[[Rnf — [l = sta — oan),

where
{Zx(l—x)}z
0p = sup y—— ¢ .
O0<x<l n
neN

Proof Taking into consideration the linearity and positivity of R, f and relation (3.1),
we have

Ra(f3) = f1 = Rallf () = F@)] ) < 0(f, )Ry (1 - ;ﬂ)

Applying Cauchy—Schwarz inequality in the last expression, we get

1 1
IRu(f:2) = f1 < @(f.) [1 + 5 (Ra (1 =P x))} :
On the other hand, by Lemma 1.1, we obtain

R, (It—XIz;x)
= Ry (t%; x) — 2x Ry (t; X) + x* Ry (e0; x)
_ 2x(1 —x)’
- n
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for every x € [0, 1). Taking

2
5, = sup {M} ,

0<x<l1 n
neN

we get that [|[R, f — f|| < 2 - o(f,d,). Therefore for every ¢ > 0, is valid the

following relation
1 1
P ayi < — apij.
a, E nj = a, E nj
1Ry f—flIze 2-0(f.8n)ze

From conditions given in the theorem, we have that ||R, f — f|| = sta — o(«y), as
desired. O

In what follows, we give the rate of convergence for power series summability
method.

Theorem 3.2 Let f € C[0, 1) and let ¢ be a positive real function defined on [0, 1).
Ifo(f, ¥ (@) =o0(¢(t)) ast — R™, then we have

1 o
- R.e; — e; t” — 1)),
() nX:(:)( n€i — €i)Pn o(¢(1))
ie.,
o0
lim —— R,e; —ej)put"|| =0,
R ¢(t)p(t) g( n%i l)pn
where the function v : (0, 1) — R is defined by
1
2
Y(0) =1 sup {Ru((t —x)% x)}
0<x<l1
neN
Proof We omit it, because it is similar to proof of Theorem 3.2 of [10]. O

4 Voronovskaya-Type Theorem

In [3,18], the following Voronovskaya theorem for the Meyer—Konig and Zeller oper-
ators M, (f, t) states as:

Theorem 4.1 (see [3,18]) Let f be continuous and have second derivatives on [0, 00).
Then,
1
. (1)
lim n[(M,(f,1) — f@)] =11 - t)z—f .
n—00 2
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In [13] is proven the Voronovskaya-type theorem for the modified Meyer—Konig
and Zeller operators, as follows:

Theorem 4.2 For all f € C[0, 1]land x € (0, 1), whenever f"(x) exists,

1 —x)?2 1 —x)2
Jim nlRy(f,0) — f0) = = S o+ T e,

In what follows, we will prove its A-statistically version of it, in the interval [«, 1) ,
where o > 0. First, we prove this.

Lemma4.3 Foreveryy € [0, 1), and for every x € [0, 1), we have
Py(@%) ~ K(x)(sta) on [0, 1),
where ©,(y) = (y — x) and K depends only from x.

Proof Proof of the Lemma follows directly from Proposition 1.3. O

Theorem 4.4 Let f € C [a, 1), such that ', f” € Cla, 1), and x € [a, 1) for any
o= % > 0, for enough big B. Then,

2. Vi
Puf — f1~ |[Pa(fox) — £(0)] — Bxf'(x) — 23# (sta),

onx € la,l).

Proof Letussupposethat ', f” € C [a, 1) and x € [«, 1) . Without lose of generality,
we can put o = % > 0, for enough big constant B. By the Taylor’s formula, we have:

1
fO) =)+ -0)f )+ SO = 710 + (v = 0P, 4.1

where

FO)= @) =—x) f/ ()= 5 (=) f7 (x)
Y (y) = 27 for x#y
o X =Yy.

We know that
Py(1; x) = (1 + xp).

And under conditions given in the theorem, we have that:

x(x+1)

X x?
(14 xn) (-Bx + ;) =Py —x);x) = (1 +xn) =T +x) (Bx + ;) ,

3 2
(14 x,) <—28x2 ~ %) <Py —x)%x) < +x) <2Bx2 - 2%) .
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After operating in both sides of the relation (4.1), from the operator P,, we obtain

2
Po(f) < 1+ x) £ () + (1 + 1) f/(x) (Bx + %)

()

+ (14 x,) )

2 2
<23x2 — al ) + (1 + x;z)Rn(¢2¢x; .X)’

n
which yields

[P.f — f1— Bxf'(x) — 2Bx*

()
2

2 n
HR (¥ — )% Ps X)| + x| Ry (v — %) 05 1)1, (4.2)

x2 x2 x2 M, 5 2x2
<Mx,+M; -x, | Bx+—|+—M + —Mr +x,— [2Bx* — —
n n n

where M = sup | £ (x)|, My = sup | f'(x)] and Mz = sup | /" (x)].
After applying the Cauchy—Schwarz inequality in the last term of the relation (4.2),
we find that

Ral(y = 00| 2[R0t 0] [Raw2i0)] (43)

Also, by putting n,(y) = (wx(y))z, we see that y(x) = 0 and 5, (-) € Cla, 1)].
Clearly, it follows that
R,(ny) = 0(stg) on [a, 1).

Now from the last relation, relations (4.2), (4.3) and Lemma 4.3, we obtain that
Ru(®2ry; x) — O(st4) on [a, 1). 4.4)

Hence, it is proved theorem. O

5 Griiss-Voronovskaya-Type Theorems

In this section, we show some kind of Griiss—Voronovskaya-type theorem for the
modified Meyer—Konig and Zeller operators. This kind of result, for first time, is
shown in [17]. Now, we are ready to prove the following result.

Theorem 5.1 For f, f’, f” € C[0, 1) and any x € [0, 1). Then,

f" ()
2

n[Ra(f,x) = fOO] = nf ()Ra((t —x); %) —n Ry ((t = )% x)

= 0w (f”, n*l) ,

asn — OQ.
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Proof Taylor’s theorem shows

f@) = fE)+ fo@—x)+ %(f —x)° + R(t, x),

where R(t, x) = w(t —x)?, for 6 € (¢, x). Applying in both sides of the
above relation, by operators R, (-, x), we obtain

Ry ((t — x)%; x)

n[Ry(f,x) = f)] = nf' (X)Ry((t —x); x) —n

=nR,(|R(t, x)|, x).

()
2

By properties of the modulus of continuity, we have

1 |6 — x| ,/
Si<1+ 5 )w(f ,8).

‘f”(é’) - /")
2!

On the other hand,

" 1 w(f”9 8) y |t —)C| = )
‘f (9);f (X)‘S

S 0(f7.8) 1l — x| = 8
For 0 < § < 1, we obtain that

7@y — " _ )4
‘f()z'f(x) Ew(f”,a)(l‘i‘(t 84x)>7

which gives

—x)4 _ \6
R(t. )] sw(f”,a)<1+ ¢ Sf) )(r—xﬂ:w(f”,a) ((r—x)2+ ¢ 54x) )

By the linearity of R, and the above relation, we obtain
1
Ry (IR(t, x)|,x) < w(f",8) (Rn((t —x)% %) + 53 Ru (0 — x)°, X)) .
Taking into consideration Corollary 1.4 and Proposition 1.3, we have

R,(|R(t, x)|,x) < a)(f”, 8) <0 <l> + i0 (i>> =0 <l> a)(f//, §).
n 54 nd n

1

For 6 = n™", we complete the proof. O
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Theorem 5.2 Let ', g, f",¢", (fg), (fg)’ € C[0,1) and f'g’ > 0. Then,

~22°(1+2) /()8 (x) < lim n[Ra(fg.x) = Ru(f. %) - Ru(g. )]
< 2x(1 =) f'(0)g' (),

forevery x € (0, 1) and for x = 0, we get that
lim n[R,(fg.x) — Ru(f,x) - Ra(g,x)] =0.
n— o0

Proof We know that

n{R,(fg,x) — Ru(f, x)Rn(g, x)}
= n{Rn(fga X) = (f)(X) = (&) ()R ((t —x), %) —
f”( )

(fg) (x) R, ((f — x)2. )

—8() [Rn(f, X) = f) = R ((t = x), x) — Ry((t — x)?, X)}

g” (x)

— Ru(f, %) [Rn(g,x) —8(x) — g' )Ry ((r — x), x) —

g"(x)

Ru((t — x)?, x)}

+

Ru((t — x)2, [ f(x) — Ry (f, )]+ £/ ()’ (1) Ru ((t — %)%, x)
— &' )R, ((t — x), X)[Ru(f, x) — f(x)]}.

From relation

2x2(1 + x) 2x(1 Xx)

F0g @) < /g R —x)%,x) < —f(x)g' (x),
and Theorem 5.1, Theorem 2.2 in [31], we get

~22 (1 +2) ()¢’ () < lim n[Ry(fg,x) = Ru(f.x) - Ra(g. )]
< 2x(1—x0)f (@8 (),

for every x € (0, 1). If x = 0, then
Jim n[Ry(f8.x) = Ru(f.x) - Ru(g.)] = 0
as required. O
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