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Abstract

In this paper, inverse spectral problems of discontinuous Sturm—Liouville problems
contained in the discontinuous coefficient and discontinuity conditions at an interior
point of the finite interval are, respectively, studied according to

(1) the spectral data (the sequences of eigenvalues and normalized numbers) by using
the Gelfand—Levitan—-Marchenko method;
(i1) the Weyl function.

Keywords Inverse problems - Sturm-Liouville equation - Discontinuity conditions
and discontinuous coefficient - Main equation - Weyl function
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1 Introduction

This paper presents on inverse problems of discontinuous Sturm-Liouville operator
which has both the Sturm-Liouville equation with the discontinuous coefficient and
the discontinuity conditions (or transmission conditions) at an interior point of the
finite interval. Inverse problems in spectral analysis consist in the reconstructing a lin-
ear operator from some of its spectral characteristics such as spectral data (the set of
the eigenvalues and normalized numbers), spectra (for different boundary conditions),
a spectral function, scattering data, Weyl function, nodal data, etc. In mathematical
physics, inverse problem plays an important role in solving nonlinear evolution equa-
tions such as Korteweg—de Vries (KdV) equation, Zakharov and Shabat equation (see
[1,11,17]); therefore, the theory of inverse problem has significantly developed and
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continues to evolve. Now, in this paper we consider the Sturm-Liouville equation
—u" +q(x)u = Azu(x)u, O<x<m (1)
with discontinuity conditions at the point x = a € (0, )
u(@+0)=Bu@—0), u'@+0) =p""u@a—-0) )

and the boundary conditions
u(0) = u(r) =0, 3)

where g (x) € Ly(0, i) is areal-valued function, 8 > 01is areal number, X is a spectral
parameter, . (x) is the following piecewise-constant function:

@) 1, O<x<a,

X) =

H o, a<x<m,
am

0 <o # I and assume thata > _=5.

Discontinuous Sturm-Liouville problems arise in mathematics, physics, geo-
physics and other branches of natural sciences; for example, in geophysical models for
oscillations of the Earth [18], in the theory of small transversal vibrations of a smooth
inhomogeneous string damped by a pointwise force at the midpoint [12] and, etc. (see
[16,25,30]). Therefore, the investigation of such problems is very attractive and there
are many works on direct and inverse problems for discontinuous Sturm-Liouville
problems examined in different aspects; in particular note that it was shown in [14]
that if the potential is known over half the interval and if one boundary condition is
given, then the potential and the other boundary condition are uniquely determined
by the eigenvalues. In case of Sturm—Liouville Eq. (1) with discontinuity condition
(2) and the boundary conditions u’(0) — A u(0) = u’ () + hou(;wr) = 0, the spectral
properties of this problem and the eigenfunction expansion are studied in [3]. When
u(x) = 1, we face Sturm—Liouville problem with discontinuity (or transmission)
conditions at interior point of the finite interval. In this case, the direct problems are
worked in [4,10,22,27] and the inverse problems are solved by different spectral char-
acteristics in [8,9,13,15,21,26,28,29,31-34]. On the other hand, in case of 8 = 1, we
encounter Sturm-Liouville problem with discontinuous coefficient. In this instance,
the direct problems are investigated in [5,23] and the inverse problems are studied in
[2,6,19] by Weyl function and in [7,24] by spectral data. Note that we give some works
which is close to our topic of this paper.

The aim of this paper is to solve inverse problems for discontinuous Sturm-Liouville
problem (1)—(3). The different inverse spectral problems appear in depending on the
choice of the different spectral characteristics; in this way, we examine two different
inverse problems stated as follows: to determine the potential function ¢ (x) from the
spectral data (the set of eigenvalues and normalized numbers) and Weyl function,
respectively. In the first inverse problem, we apply the Gelfand—Levitan—Marchenko
method in which the transformation operator is used and a linear integral equation with
respect to the kernel of the transformation operator plays the main role. However, the
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presence of discontinuities causes the solution of the Eq. (1) with discontinuity condi-
tions (2) to be in the form of the integral representation (not transformation operator)
given in [3]; for this reason, when applying the Gelfand-Levitan—-Marchenko method,
this integral representation is used. Then, we construct main equation (Gelfand—
Levitan—Marchenko type integral equation) satisfied by the kernel of this integral
representation and we obtain the algorithm for the reconstruction of potential function
¢ (x). In the second inverse problem, we define and examine the Weyl solution and the
Weyl function. The uniqueness theorem for the solution of inverse problem according
to the Weyl function is proved. Moreover, since the Weyl function is specified by the
spectral data and two spectra, it is appeared that the particular cases of inverse prob-
lem of recovering Sturm—Liouville equation from the given Weyl function are inverse
problems of recovering the Sturm—Liouville equation from the spectral data and from
two spectra.

2 Main Results

First of all, to achieve the main aim of this paper, we will give some properties of the
spectral characteristics of the boundary value problem (1)—(3) and note that the detail
investigation of these spectral characteristics is given in the work [3].

Denote e(x, A) by the solution of Eq. (1) with discontinuity conditions (2) satisfying
the initial conditions

e(0,2) =1, € (0,1 =ix.

Theorem 1 [3] The integral representation of the solution e(x, A) can be expressed
as follows:

o(x) .
e(x, ) =eo(x,)\)+/ K (x,1)eMdt,
—o(x)
where
) = et 0<x<a,
eo(x, 1) = ket @GE—arta) 4o ik—at—ata) 4 o oo

vits = 4 () vt = ().

X, 0O<x<a,
a(x —a)4+a, a<x<m,

o(x) = {

the kernel K (x,.) € Li(—o(x),o(x)) for each fixed x € (0, ) and satisfies the
inequality

o(x)
/ |K (x, 1)|dt < eP® — 1

—o(x)
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with
X
p(x) = /0 (x —Olg@E)ds, c=(a+Dlci]+ (@ +2)k2l.
Remark 1 [3] The following properties of kernel function K (x, ¢) are valid:
%f(fq(é)dé, 0<a<zx,

ko _ 1
S /o mq(g)dé, a<x<m

—a(r— K2 a 1 [
Kot otett = -2 ( IREIER) q(é)dé) Ca<x<m,

Kx,—o(x)) =0.

K(x,o(x))

Let ¥ (x, A) be solution of Eq. (1) with discontinuity conditions (2) under initial
conditions (0, ) = 0and ¥#'(0, A) = 1. Then, the solution ¥ (x, 1) has the following
integral representation

o (x) sin At
9 (x, L) = o(x, L) + G(x,t) dt, @)
0
where
Si“)f‘x O<x<a
Yo(x, A) = Kl Sin))thr(X) + sin))iu’(x) L a<x<m, (5)

with v (x) := +a(x — a) + a, the kernel G (x, 1) satisfies the relations G (x, ) =
K(x,t) — K(x, —t) and
G(x,0(x)) = K(x,0(x)). (6)

Denote w(x, A) by a solution of equation (1) with discontinuity conditions (2) under
the initial conditions w(, 1) = 0 and '(r, A) = 1. The characteristic function of
the problem (1)—(3) is in the form
p(A) =9 (x, V' (x, 1) — 9" (x, Vo (x, 1)
and clearly,
9(1) = —w(0,1) = ¥(m, 1),

The function ¢ () is entire in A, and then, it has an at most countable set of zeros
{A,} and the squares of the zeros {XA,} of the characteristic function coincide with

the eigenvalues of the boundary value problem (1)—(3). The function ¥ (x, A,) and
w(x, Ap) is eigenfunctions and

w(x7 An) = ,Onl?(xa A'l’l)7 pn # O (7)
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Denote
T2
Yo = / 92 (x, A (),
0

and the correlation is valid:
(b()tn) =2APnVn- 8)

The numbers y,, are called the normalized numbers, and the numbers {kﬁ, Vn} are
called the spectral data of the boundary value problem (1)—(3).

Now, in the case of g(x) = 0 at the boundary value problem (1)—(3), the charac-
teristic function is as follows:

kysinAvT () Ky sinAvT ()
A A

wo(A) = vo(m, A) =

Then, the zeros {Ag} of this function have the form

nim
A= ——— t5,, supls =5 < 0.
U+(7T) n

Theorem 2 [3] The boundary value problem (1)—(3) has a countable set of eigenvalues
{)‘% }nzl N

d k
A =204 = 1
n n 20 + ;.

where {d,} € loc and {k,} € I5.

Theorem 3 ([3])

(i) The system of eigenfunctions {¥ (x, An)}n>1 of the boundary value problem (1)—
(3) is complete in L>(0, r; ().
(ii) The function f(x) € AC[0, a]NAC|a, ] satisfying the discontinuity condition
(2) and the boundary conditions (3) can be expanded into a uniformly convergent
series of eigenfunctions of the problem (1)—(3):

o0 1 T
0 =Y arin == [ seaofwum. ©)
n=I1 n

(iii) For f(x) € L2(0, w; w), the series (9) convergesin L> (0, i; 1) and the Parseval
equality holds:

fo P r@)dx =) yaleal.

n=1
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2.1 Uniqueness of Inverse Problem by Spectral Data

Inverse Problem: Given the spectral data {k,%, Ynin>1; construct the potential q(x).
The aim of this subsection is to prove the uniqueness theorem for the solution of
inverse problem by using the Gelfand—Levitan—Marchenko method.
Consider the spectral data {A%, ¥n}n>1 and the function

Fx,t) =
(1) =p(0)y ” 0

= (?90 (6 2) D0 (1, 2) D0 (. 29) D0 (1. kﬁ)) (10)

n=1

where the numbers y,? are normalized numbers of the problem (1)-(3) at g(x) = 0.
Now, let us write the integral representation (4) in the form of a transformation

operator: Taking into account the expression (5), we find

sin Ax . Do(x, X)), 0<x<a,
N Kl—lz?o(a—i—xa;“,)u)—z—fﬁo(2a—x,k), a<x<m.

Using this formula in the integral representation (4), we have
X
D(x, ) = o(x, A) +/ G(x, Do, Ndt, O0<x<a
0

and

o X
f G(x, v (@)% (t, Mdt
1 Ja

U(x, ) = vo(x,A) + fa G(x,1)0(t, M)dt + P
0

a
e G(x,2a — )0(t, Mdf, a<x <.
K1 Ju=(x)

Thus, these equalities yield

X
9.0 = o002 + [ G o wyr, (an
0
where
G(x,1), O<t<x<aand O<t<v (x), a<x <,
Gix,1)={ Gx, 1) — %G(x, 2a —t), v (x)<t<a, a<x<m,
o Gx, vt (1)), a<t<x<T.
(12)

Moreover, according to the transformation operator (11) as a Volterra integral equation
with respect to 9¢(x, A), we get

Fo(x, A) = ¥ (x, ) + /x H(x, o, vt (13)
0
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where H (x, 1) is the kernel function of this operator.

Theorem 4 For each fixed x € (0, ], the kernel G(x,t) appearing in the integral
representation (4) satisfies the linear integral equation

G(x, 1)+ F(x, 1) + fx G(x,&)F(E,)de =0, 0 <t <x. (14)
0

Proof Taking into account (11) and (13), we obtain

4
Wy, 0) =Y Iy (x. 1), (15)

k=1

where

Wy(x, 1) = )0
n

M=M=

(ﬁ(x J)D (6 ha) Do (%, 20) ﬁo(z,xg))

90 (x, A )z?o(t M) Do (¥ A7) do (r,,\g))
Vi ’

~ 9o(€, ha)Do(t, hn)  Do(§, A )%(nxo))
IN, = G ,
N2 0 )Z_:< Vn yn E
90 (€, Ay Ay
JN3=f G, s>Z 02 0 (0 2a)
0 Vn
s A)O(E, A
/H(r s)Z—(x ; ©2n) g

n=1

Let f(x) € AC[0,a] N ACla, ]. According to Theorem 3, we have

lim max /n fOYN(x, Hu(t)dt| = (16)
N—oo0=<x=m | Jg
and uniformly with respect to x € [0, 7], we calculate
lim ! Iy, (x, t)p(t)dt = /n f@)F(x,t)dt, (17)
N—oo Jo 0
lim IN, (x, D (t)dt = / f(@) (/ G(x, EYF (&, t)dé) dt, (18)
N—oo Jo 0 0
Jim. /0 Tns (6, Dt = /0 G(x, &) f (®)de, (19)
lim /n In, (x, D t)dt = —L /n f(t)I:I(t,x)u(t)dt. (20)
N—o0 Jo mx) Jx
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Then, it follows from (15)—(20) that

/ FOF(x, 0dt + / f(t)</ é(x,s>F(s,r>ds)dr
0 0

+/0 G(x, &) f()ds — —/ fOH@, x)p@)dr =0,

Considering the properties G (x, 1) = H(x,t) = 0 for x < t and in view of the
arbitrariness of f(x), we derive

F(x,r>+é(x,z)+f Gx. 6 FE, r)ds—%mt ¥ =0.
0

As a result, this equality yields (14) for ¢ < x. O

Definition 1 Eq. (14) is called main equation or Gelfand-Levitan—Marchenko type
equation of the problem (1)—(3).

Theorem 5 The Gelfand-Levitan-Marchenko type Eq. (14) has a unique solution
G(x,.)in L>(0, x) for each fixed x € (0, ].

Proof Since (14) is a Fredholm equation, it is sufficient to prove that the homogeneous
equation

g(t)—i—/ F(s,t)g(s)ds =0 21
0

has only the trivial solution g(z) = 0. Assume that g(¢) is a solution of Eq. (21) and
g() =0fort € (x, w). Then,

/O POu)di + /O /0 F(s. 0g(s)g(Ou(t)dsdi = 0

and this yields

X o0 1 X 2
fo gz(r)u(r)de—(/o ﬁo(f,kn)g(t)/t(t)dt>

n=1

> 1 x 2
- Z »0 </(; Doz, /\S)g(t)u(t)dt> =0.
n=1""

Using Parseval equality
X 5 o 1 X 0 2
fo grHpdt = 0 (/0 Yo (t,ln) g(t)u(t)dt> )

n=1""
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Uniqueness Theorems for Inverse Problems 1935

we obtain

o0

e 2
> ([ w0 i) =o.

n=1 "

Consequently, since y,, > 0 and and the system {9 (¢, A,,)} is complete in L> (0, 7r; 1)
from Theorem 3, we find g(t) = 0. O

From Theorems 4 and 5, we obtain the following theorem:

Theorem 6 The spectral data {A%, Ynin>1 uniquely determine the boundary value
problem (1)-(3).

The potential function g(x) can be constructed according to the the following
algorithm:

— From the given numbers {)L%, Ynln>1 construct the function F(x, t) by (10).
— Find the function G (x, ) by solving the main equation (14).
— Calculate g (x) by the following formula obtained from (6) and (12)

~ 1 x
Gl = 5 /0 g (&)dE.

2.2 Uniqueness of Inverse Problem by Weyl Function

Inverse Problem: Given the Weyl function m(A); construct the potential q(x).

The goal of this subsection is to prove the uniqueness theorem for the solution of
inverse problem by Weyl function. To carry out this, firstly we define and examine the
Weyl function.

Let ¥ (x, 1) be a solution of Eq. (1) with discontinuity conditions (2) satisfying
the conditions ¥ (0, ) = 1 and ¥ (;r, A) = 0 and denote ¢ (x, 1) be a solution of
Eq. (1) with discontinuity conditions (2) under the initial conditions ¢ (0, A) = 1 and
¢’(0, 1) = 0. Then, the solution w(x, A) can be represented as follows:

w(x, ) @'(0, 1)
- = LA) — T(x, L).
P ATy A
Denote 10.3)
@ ’
A) = — . 22
m(2) o) (22)
It is clear that
w(x, A)
Yx,A) =— = ¢(x, 1) + m(A)v(x, A). (23)
p()

The function v (x, A) is called the Weyl solution, and the function m (1) = (0, 1)
is called the Weyl! function of the boundary value problem (1)—(3). Weyl solution and
Weyl function are meromorphic functions with simple poles at the points A = X,
n > 1, and the squares of these points {A,},>1 are eigenvalues of the boundary value
problem (1)—(3).
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1936 0. Akcay

Remark 2 The characteristic function of boundary value problem generated by Eq. (1)
with discontinuity conditions (2) and the boundary conditions y’(0) = y(r) = 0 has
the following form

g = a'(0,1) = ¢ (7, 1).

Then, we can express the Weyl function (22) as

, A D(A
iy = BTN g0 o1
@) (1)
Note that the integral representation of solution ¢ (x, A) can be represented by
o(x)
pee.2) =g+ [ AGncoskadr,
0
where A(x,t) = K(x,t) + K(x, —t) and
COS AX, O<x<a,
Po(x, 2) = {/q cosAvt(x) +krcosAv(x), a <x <.
Lemma 1 The following representation holds
& 2
m() = m(0) + —_— (25)
,; Vahiy (0 = 22)
Proof Consider the contour integral
1 _
21 Jry  E(E—R)
where Ty = {A : [A] = A} + §} with p = i;g{mﬂ — 29| > 0is a contour of
n

counterclockwise circuit (see [3]) and

$o(m, 1)

mo(A) = RENERY

is the Weyl function of the problem (1)—(3) at g (x) = 0. Now, let us show that
Nli_r)nOOIN (x) =0.
Assume that
1) = @@, 1) —¢o(r, &) and  fr(h) =V (w, 1) — Vo(m, )
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and according to Lemma 1.3.1 in [20], we have

Jim IO iy =0, i =12 26)

Then, we can write

m@) —mo() _ —1 (fl @®) fz()»)nm(k))
Py o\ () o )

Using the inequality [p(A)| > Csphel™V" ™ 3 e Gy = (i 1 [, — | > 8},
where § << g is a sufficiently pos1t1ve number and the relation (26), we find

lim
|A]—00
1eGs

‘mm —mo(k)‘ 0

Consequently, this yields hm In(A) =0.

On the other hand, in case of the boundary value problem (1)-(3) at g(x) = 0 the
following relations are valid:

Go0g) =200, oy = oGy (27)
According to (7), (8) and (27), we calculate

m() 1 mo (1) 1
Res = = - .
A=hy A 222y, a=i0 A 2092y

Then, applying the residue theorem, we obtain

In(2)

m(i) —mo(A) m(%‘)( 1 )

Res
A +:uus Gor =2 Gon )

y Ry ™0 (L ) b g
2l e \o-n 0fen) e T eE -
_ ) —mo) _ m0) ~mo(©)
B A x

N

_Z Vn)»2()»2 22) +Z yO(10)2( ()Lo)z 22)

Since limy 0 Iy (1) = 0 and

mo(A) _ mo(()) > Res mo(A) ( 1 N i)
A A A= xo by (=19
nn#O
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9]

mo(0) A
2 gy;)ag)zwgﬂ—ﬂ)’

we have as N — o0

m(L) = m(0) + — -
; Y2 (2 = 12)

m}

Now, we agree that together with the boundary value problem (1)—(3) we consider
a boundary value problem which is the same form but with different potential function
g (x). If a certain symbol t denotes an object related to the problem (1)—(3), then the
corresponding symbol 7 denotes an object related to the problem with g (x).

Theorem 7 The boundary value problem (1)—(3) is uniquely determined by the Weyl
function.

Proof To prove the theorem, we show that if m (L) = m (1), then g(x) = §(x). Let us
define the matrix P(x, A) = [Pjr(x, 1)]j x=1,2 by the formula

B, A) Yoo\ (90,0 Yix, A)
P2 (é/(x, 0 @/(x,x)> = (z&“(x, 2 Wx,x)) ' 2%
Taking into account the relation
(P (x, 1), ¥(x, 1) = —1 (29)

and the formula (28), we obtain

9 (x, ) = Pri(x, V)P (x, A) + Ppax, 0D (x, 1),

Y(x,2) = Pii(x, WP (x, ) + Pra(x, D (x, ), (30)
Pii(x, 1) =YD, 08 (e, 0) — 0V (e, g (),
Pia(x, 1) = 90U D, g, 2) — U D, 0D (x,h), j=1,2. (31)

It follows from (23), (29) and (31) that

w(x,A) », , o'(x, 1) @'(x,A)
Pi(x.h) =1— B (e, A) — 0 (e, A) + 9 (x, A) [ — - ,
11(x, A) o) (D' (x, A) (x, ) +0(x )( 2 () )
Py = 28N 50 0 M e
AT o0y T ooy
Since

olImilo(x) om0 (1)~ ()
d(x, ) =0 T , wkx,\)=0 T , Al > o0
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and |A(L)| > C,gﬁe”’"““ﬂ”), A € Gg, we calculate

lim max |[P;j(x,A) — 1] = lim max |Pja(x,A)| =0. (32)
[A]—o000<x<m |A]—>o000<x<m
reGg reGg

Using (23) and (31), we get

Pri(e, 2) = ¢, WD (x, ) — (e, D@ (x, 1) 4+ 9 (x, DD (x, D) (m (L) — (L),
Pia(x, ) = 9(x, Dp(x, 1) — D (x, M (x, 1) + 3 (x, MO (x, ) (L) — m(L)).

If m(X) = m()), then the functions P;j(x, 1) and Pj»(x, A) are entire in A and accord-
ing to (32) this yields Pij(x,A) = 1 and Pip(x,A) = 0. Thus, substituting into
(30), we find ?(x, L) = 1§(x, A) and ¥ (x, A) = lﬁ(x, 2). Consequently, we obtain
q(x) = q(x). o

Remark 3 Considering the expansion (25) of the Weyl function, this function is
specified by the spectral data {)\%, Ynin>1. Then, we can state that the spectral
data {)»,%, Yn}n>1 uniquely determine the boundary value problem (1)—(3). Moreover,
according to (24) the poles and zeros of the Weyl function m(A) coincide with the
zeros A, and ):n of the characteristic functions ¢(A) and ¢ (1), respectively. Therefore,
the Weyl function m()) is specified by two spectra {A,%} and {X%} and the boundary
value problem is uniquely determined by two spectra. As a result, inverse problem
of the boundary value problem (1)—(3) according to spectral data and two spectra is
particular cases of inverse problem according to Weyl function in this subsection.
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