
Bull. Malays. Math. Sci. Soc. (2021) 44:1837–1866
https://doi.org/10.1007/s40840-020-01035-1

Stability Result for a New Viscoelastic–Thermoelastic
Timoshenko System

Cyril Dennis Enyi1 · Baowei Feng2

Received: 27 May 2020 / Revised: 27 September 2020 / Accepted: 6 October 2020 /
Published online: 17 October 2020
©Malaysian Mathematical Sciences Society and Penerbit Universiti Sains Malaysia 2020

Abstract
In this work, we prove a general and optimal decay estimates for the solution energy
of a new thermoelastic Timoshenko system with viscoelastic law acting on the trans-
verse displacement. Therefore, exponential and polynomial decay rates are obtained
as particular cases. The result is obtained under the assumption of equal speed of wave
propagation.
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1 Introduction

In this paper, we investigate a thermoelastic Timoshenko system with a viscoelastic
damping acting on the transverse displacement in the shear force equation and a
thermoelastic dissipation effective on the shear force (1.11). The result obtained in
this paper is general and optimal in the sense that it agrees with the decay rate of the
relaxation function h (see conditions on h in Sect. 2). We indeed demonstrate this by
giving some examples (see Sect. 4.1).

Timoshenko [1] in 1921 introduced amodel which has beenwidely used to describe
the vibration of a beam when the transverse shear strain is significant. Combining the
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evolution equations

ρ1utt − Sx = 0, ρ2vt t − Mx + S = 0, (1.1)

and the constitutive equations,

S = k(ux + v), M = bvx , (1.2)

(see [2,3] for detailed derivation), the following coupled hyperbolic system was
derived {

ρ1utt − k(ux + v)x = 0,

ρ2vt t − bvxx + k(ux + v) = 0,
(1.3)

where u = u(x, t) represents the transverse displacement and v = v(x, t) represents
the rotation angle of the center of mass of a beam element. The positive parame-
ters ρ1, ρ2, k and b are: mass density, moment of mass inertia, shear coefficient and
flexural rigidity, respectively. System (1.3) coupled with different initial conditions,
boundary conditions and various damping mechanisms has been extensively studied
in the literature, see [4–7] and references therein.

When viscoelastic law acts on the rotation angle v, (1.3) takes the form

⎧⎨
⎩

ρ1utt − k(ux + v)x = 0,

ρ2vt t − bvxx + k(ux + v) +
∫ t

0
g(t − s)vxx (x, s)ds = 0.

(1.4)

This has been discussed by many researchers and several stability results have been
established (see [4,6,8–11]).

Concerning thermoelastic Timoshenko systems, when thermoelastic dissipation is
effective on the bending moment, we have the evolution equation

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ρ1utt − k(ux + v)x = 0,

ρ2vt t − bvxx + k(ux + v) + γ θ +
∫ t

0
g(t − s)vxx (x, s)ds = 0,

ρ3θt + qx + γ vxt = 0,

(1.5)

where θ = θ(x, t) is the temperature difference and q = −βθx represents the heat
flux, the positive constants ρ3, β and γ are the capacity, diffusivity and adhesive
stiffness, respectively. Rivera and Racke [12] studied (1.5) and proved that the system
is exponentially stable if and only if the speeds of wave propagations are equal, that
is,

k

ρ1
= b

ρ2
. (1.6)
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In the case when (1.6) does not hold, they only established a polynomial decay result.
Also, when thermoelastic dissipation is effective on the shear force equation, we

have the evolution equations

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ρ1utt − k(ux + v)x + γ θx = 0,

ρ2vt t − bvxx + k(ux + v) − γ θ +
∫ t

0
g(t − s)vxx (x, s)ds = 0,

ρ3θt + qx + γ (ux + v)t = 0.

(1.7)

Apalara [13] discussed (1.7) and proved a general decay result for the solution energy,
without imposing the equal-wave-speed condition (1.6). Almeida Júnior et al. [14]
considered the system (1.7) in the absence of the memory term and showed that the
system is exponentially stable if and only if (1.6) holds, and only polynomial decay
is guaranteed otherwise. Interested readers may also see [4,8,9,13,15–20] for more
results on thermoelastic Timoshenko systems.

Guesmia et al. [11] considered (1.5) with infinite memory acting on the rotation
angle and established some general decay results depending on the speed of wave
propagation. However, in their work, they raised a natural question, which is; how
possible is it to have a viscoelastic dissipation effect on the transverse displacement
u in the shear force equation instead of the rotation angle v as seen in (1.4). This
question was answered later by Guesmia and Messaoudi [10].

Recently, Alves et al. [21] derived Timoshenko system (1.8) with a viscoelastic
dissipation mechanism acting on the transverse displacement u in the shear force:

⎧⎪⎪⎨
⎪⎪⎩

ρ1utt − k(ux + v)x + k
∫ t

0
h(t − s)(ux + v)x (x, s)ds = 0,

ρ2vt t − bvxx + k(ux + v) − k
∫ t

0
h(t − s)(ux + v)(x, s)ds = 0,

(1.8)

coupled with Dirichlet–Neumann boundary condition and proved a uniform decay

result under the condition that (1.6) holds. In the case of nonequal speed, i.e.,
k

ρ1
�=

b

ρ2
, they established only a polynomial decay (even if the relaxation function decays

exponentially).
It is natural as well, to investigate the stability of (1.8) with an additional effect of

a thermoelastic dissipation. This will be our goal in this paper.
Now, we consider instead of (1.1) and (1.2), the constitutive equations;

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

S = k

(
(ux + v) −

∫ t

0
h(t − s)(ux + v)(s)ds

)
− γ θ,

M = bvx , q = −βθx ,

(1.9)
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and the evolution equations

⎧⎪⎨
⎪⎩

ρ1utt − Sx = 0, ρ2vt t − Mx + S = 0

ρ3θt + qx + γ
(
ux + v

)
t = 0.

(1.10)

combining (1.9) and (1.10), we obtain the thermoelastic Timoshenko system

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ρ1utt − k(ux + v)x + γ θx + k
∫ t

0
h(t − s)(ux + v)x (x, s)ds = 0,

ρ2vt t − bvxx + k(ux + v) − γ θ − k
∫ t

0
h(t − s)(ux + v)(x, s)ds = 0,

ρ3θt − βθxx + γ
(
ux + v

)
t = 0,

(1.11)

where x ∈ (0, 1), and t > 0. The relaxation function h is a given function which will
be specified later. We endow the system (1.11) with the following mixed boundary
conditions:

⎧⎪⎨
⎪⎩

u(0, t) = ux (1, t) = 0, t ≥ 0,

vx (0, t) = v(1, t) = 0, t ≥ 0,

θx (0, t) = θ(1, t) = 0, t ≥ 0,

(1.12)

and initial data

{
u(x, 0) = u0(x), v(x, 0) = v0(x), θ(x, 0) = θ0(x), x ∈ [0, 1],
ut (x, 0) = u1(x), vt (x, 0) = v1(x), x ∈ [0, 1]. (1.13)

The remaining part of this work is organized as follows: In Sect. 2, we present a few
basic tools and state the assumptions on the relaxation function h. In Sect. 3, we prove
some key technical lemmas that will be of help in obtaining our main result. In Sect. 4,
we state and prove our general and optimal decay result.

2 Assumptions and Space Setting

Throughout this work, C and ci denote positive constants that may change from one
line to the other or within the same line. We denote by ‖.‖ the usual norm in L2(0, 1).
We consider the following assumptions on the function h

(A1) h : [0,+∞) −→ (0,+∞) is a nonincreasing C1-function such that

h(0) > 0, 1 −
∫ ∞

0
h(τ )dτ = l0 > 0. (2.1)
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(A2) There exists a C1-function G : [0,+∞) → [0,+∞) which is linear or it
is strictly convex C2-function on (0, r], r ≤ h(t0), for any t0 > 0 with
G(0) = G′(0) = 0 and a positive nonincreasing differentiable function ξ :
[0,+∞) → (0,+∞), such that

h′(t) ≤ −ξ(t)G (h(t)) , t ≥ 0. (2.2)

Remark 2.1 As mentioned in [22], we have the following:

1. Conditions (A1) and (A2) implies thatG is a strictly increasing convexC2-function
on (0, r ], with G(0) = G ′(0) = 0, thus there exists an extension of G say

Ḡ : [0,+∞) → (0,+∞)

that is also a strictly increasing and a strictly convex C2-function. For instance,
for any t > r , we define Ḡ by

Ḡ(s) = G ′′(r)

2
s2 + (G ′(r) − G ′′(r)r)s + G(r) − G ′(r)r + G ′′(r)

2
r2. (2.3)

2. Also, since h is continuous, positive and h(0) > 0, then for any t0 > 0 with t ≥ t0
we have ∫ t

0
h(s)ds ≥

∫ t0

0
h(s)ds = h0 > 0. (2.4)

For completeness purpose, we introduce the following spaces:

L2
�(0, 1) = {w ∈ L2(0, 1) :

∫ 1

0
w(s)ds = 0}, H1

� = H1(0, 1) ∩ L2
�(0, 1),

H2
� (0, 1) = {w ∈ H2(0, 1) : wx (0) = wx (1) = 0}.

Denote by H and V the following spaces:

H := H1
� (0, 1) × L2

�(0, 1) × H1
0 (0, 1) × L2(0, 1) × H1

� (0, 1)

and

V :=
(

H2
� (0, 1) ∩ H1

� (0, 1)
)

× H1
� (0, 1) ×

(
H2(0, 1) ∩ H1

0 (0, 1)
)

× H1
0 (0, 1) ×

(
H2

� (0, 1) ∩ H1
� (0, 1)

)
.

We state without proof, the following existence and regularity result:

Theorem 2.1 Let W = (u, z, v, s, θ)T ; z = ut , s = vt , and assume that (G1) holds.
Then, for all W0 ∈ H, the systems (1.11)–(1.13) have a unique global (weak) solution

u ∈ C
(
R

+; H1
� (0, 1)

)
∩ C1

(
R

+; L2
�(0, 1)

)
, θ ∈ C

(
R

+; H1
� (0, 1)

)
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v ∈ C
(
R

+; H1
0 (0, 1)

)
∩ C1

(
R

+; L2(0, 1)
)

.

Moreover, if W0 ∈ V, then the solution satisfies,

u ∈ C
(
R

+; H2
� (0, 1) ∩ H1

� (0, 1)
)

∩ C1
(
R

+; H1
� (0, 1)

)
∩ C2

(
R

+; L2
�(0, 1)

)
,

v ∈ C
(
R

+; H2(0, 1) ∩ H1
0 (0, 1)

)
∩ C1

(
R

+; H1
0 (0, 1)

)
∩ C2

(
R

+; L2(0, 1)
)

,

θ ∈ C
(
R

+; H2
� (0, 1)

)
∩ C1

(
R

+; H1
� (0, 1)

)
.

Remark 2.2 This result can be proved using the Faedo–Galerkin method and repeating
the steps in [23].

Lemma 2.1 Let w ∈ L2
([0,∞); L2(0, 1)

)
and f , g ∈ L2(0, 1), we have

∫ 1

0

(∫ t

0
h(t − s)

[
w(t) − w(s)

]
ds

)2

dx ≤ (1 − l0)(h ◦ w)(t), (2.5)

where

(h ◦ w)(t) =
∫ t

0
h(t − s)‖w(t) − w(s)‖2ds.

Proof Using Cauchy–Schwarz inequality, we have

∫ 1

0

(∫ t

0
h(t − s)

[
w(t) − w(s)

]
ds

)2

dx

=
∫ 1

0

(∫ t

0

√
h(t − s)

√
h(t − s)

[
w(t) − w(s)

]
ds

)2

dx

≤
(∫ +∞

0
h(s)ds

) ∫ 1

0

∫ t

0
h(t − s)|w(t) − w(s)|2dsdx

≤ (1 − l)
∫ t

0
h(t − s)‖w(t) − w(s)‖2ds

= (1 − l) (h ◦ w) (t).

(2.6)

�
As in [24], for any 0 < α < 1, let

gα(t) = αh(t) − h′(t) and Aα =
∫ +∞

0

h2(s)

αh(s) − h′(s)
ds. (2.7)

We have the following lemma.
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Lemma 2.2 Let (u, v, θ) be the solution of problem (1.11)–(1.13). Then, for any 0 <

α < 1 we have

∫ 1

0

(∫ t

0
h(t − s) ((ux + v)(t) − (ux + v)(s)) ds

)2

dx ≤ Aα (g ◦ (ux + v)) (t),(2.8)

where

(g ◦ (ux + v)) (t) =
∫ t

0
g(t − s)‖(ux + v)(t) − (ux + v)(s)‖22ds.

Proof Using Cauchy–Schwarz inequality, we have

∫ 1

0

(∫ t

0
h(t − s) ((ux + v)(t) − (ux + v)(s)) ds

)2

dx

=
∫ 1

0

(∫ t

0

h(t − s)√
g(t − s)

√
g(t − s) ((ux + v)(t) − (ux + v)(s)) ds

)2

dx

≤
(∫ +∞

0

h2(s)

g(s)
ds

) ∫ 1

0

∫ t

0
g(t − s) ((ux + v)(t) − (ux + v)(s))2 dsdx

= Aα (g ◦ (ux + v)) (t).

(2.9)

�
Lemma 2.3 Let (u, v, θ) be the solution of problem (1.11)–(1.13). Then, for any 0 <

α < 1 we have

(i)

∫ 1

0

(∫ t

0
h(t − s)(ux + v)(s)ds

)2

dx ≤ 2(α + h(0))Aα

∫ 1

0
(ux + v)2dx

+ 2Aα (g ◦ (ux + v)) (t), (2.10)

(ii)

∫ 1

0

(∫ t

0
h(t − s)(ux + v)(s)ds

)2

dx ≤ 2
∫ 1

0
(ux + v)2dx + 2 (h ◦ (ux + v)) (t).

(2.11)

Proof We apply Cauchy−Schwarz inequality.

(i)

∫ 1

0

(∫ t

0
h(t − s)(ux + v)(s)ds

)2

dx

=
∫ 1

0

(∫ t

0

h(t − s)√
g(t − s)

√
g(t − s)

[
(ux + v)(s) − (ux + v)(t) + (ux + v)(t)

]
ds

)2

dx
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≤ 2Aα

∫ 1

0

∫ t

0
g(t − s)

[(
(ux + v)(s) − (ux + v)(t)

)2 + (ux + v)2(t)
]
dsdx

= 2Aα

(∫ t

0
g(s)ds

) ∫ 1

0
(ux + v)2dx

+ 2Aα

∫ 1

0

∫ t

0
g(t − s)

[
(ux + v)(t) − (ux + v)(s)

]2dx

≤ 2(α + h(0))Aα

∫ 1

0
(ux + v)2dx + 2Aα (g ◦ (ux + v)) (t).

(ii)

∫ 1

0

(∫ t

0
h(t − s)(ux + v)(s)ds

)2

dx

=
∫ 1

0

(∫ t

0

√
h(t − s)

√
h(t − s)

[
(ux + v)(s) − (ux + v)(t) + (ux + v)(t)

]
ds

)2

dx

≤ 2

(∫ t

0
h(s)ds

) ∫ 1

0

∫ t

0
h(t − s)

[(
(ux + v)(s) − (ux + v)(t)

)2 + (ux + v)2(t)
]
dsdx

= 2

(∫ t

0
h(s)ds

)2 ∫ 1

0
(ux + v)2dx

+ 2

(∫ t

0
h(s)ds

) ∫ 1

0

∫ t

0
h(t − s)

[
(ux + v)(t) − (ux + v)(s)

]2dx

≤ 2
∫ 1

0
(ux + v)2dx + 2 (h ◦ (ux + v)) (t).

�
Lemma 2.4 Let F be a convex function on the close interval [a, b], and |
| �= 0. Let
f : 
 → [a, b] and j integrable function on 
, such that j(x) ≥ 0 and

∫



j(x)dx =
a > 0. Then, we have the following Jensen inequality

1

a

∫



F( f (y)) j(y)dy ≥ F

(
1

a

∫



f (y) j(y)dy

)
. (2.12)

3 Essential Lemmas

Lemma 3.1 Let (u, v, θ) be the solution of problem (1.11)–(1.13). Therefore, the
energy functional of system (1.11)–(1.13) defined by

E(t) = 1

2

(
ρ1‖ut‖2 + ρ2‖vt‖2 + b‖vx‖2 + ρ3‖θ‖2 + k

(
1 −

∫ t

0
h(s)ds

)
‖ux + v‖2

)

+ k

2
(h ◦ (ux + v))(t),

(3.1)

satisfies

E ′(t) = −β‖θx‖2 − k

2
h(t)‖ux + v‖2 + k

2
(h′ ◦ (ux + v))(t) ≤ 0, ∀ t ≥ 0. (3.2)
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Proof We multiply (1.11)1 by ut , (1.11)2 by vt and (1.11)3 by θ , then integrate over
(0, 1) andmake use of the boundary conditions (1.12). Finally, addition of the resulting
equations yields

1

2

d

dt

∫ 1

0

(
ρ1u2

t + ρ2v
2
t + bv2x + ρ3θ

2 + k(ux + v)2
)
dx

= −β

∫ 1

0
θ2x dx + k

∫ 1

0
(ux + v)t (t)

∫ t

0
h(t − s)(ux + v)(s)dsdx .

(3.3)

Now, we estimate the last integral in (3.3) as follows:

J = k
∫ 1

0
(ux + v)t (t)

∫ t

0
h(t − s)(ux + v)(s)dsdx

= k
∫ 1

0
(ux + v)t (t)

∫ t

0
h(t − s)

[
(ux + v)(s) − (ux + v)(t) + (ux + v)(t)

]
dsdx

= k
∫ 1

0
(ux + v)t (t)

∫ t

0
h(t − s)(ux + v)(t)dsdx

+ k
∫ 1

0

∫ t

0
h(t − s)

[
(ux + v)(s) − (ux + v)(t)

]
(ux + v)t (t)dsdx

= k

2

(∫ t

0
h(s)ds

)
d

dt

∫ 1

0
(ux + v)2dx

− k

2

∫ 1

0

∫ t

0
h(t − s)

d

dt

[
(ux + v)(t) − (ux + v)(s)

]2dsdx

= k

2

d

dt

[(∫ t

0
h(s)ds

)
‖ux + v‖2

]
− k

2
h(t)‖ux + v‖2 − k

2

d

dt
(h ◦ (ux + v))(t)

+ k

2
(h′ ◦ (ux + v))(t).

Then, we substitute J into (3.3) and immediately deduce (3.2). �
According to (3.2), the energy is decreasing and E(t) ≤ E(0) for all t ≥ 0.

Lemma 3.2 For any σ > 0, the functional I1 defined along the solution of prob-
lem (1.11), by

I1(t) = ρ1

∫ 1

0
ut

∫ x

0
θ(y)dydx + γρ1

ρ3

∫ 1

0
ut

∫ x

0
v(y)dydx − ρ2

∫ 1

0
vvtdx,

(3.4)

satisfies

I ′
1(t) ≤ − ρ1γ

2ρ3
‖ut‖2 − ρ2‖vt‖2 + σ‖ux + v‖2 + Cσ ‖vx‖2 + Cσ ‖θx‖2

+ C Aα(g ◦ (ux + v))(t), ∀t ≥ 0. (3.5)
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Proof From (3.4), we set

�1(t) = ρ1

∫ 1

0
ut

∫ x

0
θ(y)dydx,

�2(t) = γρ1

ρ3

∫ 1

0
ut

∫ x

0
v(y)dydx,

�3(t) = − ρ2

∫ 1

0
vvtdx,

thus differentiation of I1(t) gives

I ′
1(t) = � ′

1(t) + � ′
2(t) + � ′

3(t). (3.6)

Now, we evaluate � ′
1(t),�

′
2(t) and � ′

3(t) as follows.

� ′
1(t) =ρ1

∫ 1

0
utt

∫ x

0
θ(y)dydx + ρ1

∫ 1

0
ut

∫ x

0
θt (y)dydx .

Using (1.11)1, (1.11)3, integration by parts and the boundary conditions (1.12), we
obtain

� ′
1(t) = − k

∫ 1

0
(ux + v)θdx + γ

∫ 1

0
θ2dx + k

∫ 1

0
θ

∫ t

0
h(t − s)(ux + v)(s)dsdx

+ βρ1

ρ3

∫ 1

0
utθxdx − γρ1

ρ3

∫ 1

0
ut

∫ x

0
uyt (y)dydx

− γρ1

ρ3

∫ 1

0
ut

∫ x

0
vt (y)dydx

= − k
∫ 1

0
(ux + v)θdx + γ

∫ 1

0
θ2dx + k

(∫ t

0
h(s)ds

) ∫ 1

0
(ux + v)θdx

− k
∫ 1

0
θ

∫ t

0
h(t − s)

[
(ux + v)(t) − (ux + v)(s)

]
dsdx

+ βρ1

ρ3

∫ 1

0
utθxdx − γρ1

ρ3

∫ 1

0
u2

t dx − γρ1

ρ3

∫ 1

0
ut

∫ x

0
vt (y)dydx .

Also, a direct differentiation yields

� ′
2(t) =γρ1

ρ3

∫ 1

0
ut

∫ x

0
vt (y)dydx + γρ1

ρ3

∫ 1

0
utt

∫ x

0
v(y)dydx .

Using (1.11)1, integration by parts and the boundary conditions (1.12), we get

� ′
2(t) = γρ1

ρ3

∫ 1

0
ut

∫ x

0
vt (y)dydx − kγ

ρ3

∫ 1

0
(ux + v)vdx + γ 2

ρ3

∫ 1

0
θvdx
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+ kγ

ρ3

∫ 1

0
v

∫ t

0
h(t − s)(ux + v)(s)dsdx

= γρ1

ρ3

∫ 1

0
ut

∫ x

0
vt (y)dydx − kγ

ρ3

∫ 1

0
(ux + v)vdx + γ 2

ρ3

∫ 1

0
θvdx

− kγ

ρ3

∫ 1

0
v

∫ t

0
h(t − s)

[
(ux + v)(t) − (ux + v)(s)

]
dsdx

+ kγ

ρ3

(∫ t

0
h(s)ds

)∫ 1

0
v(ux + v)dx .

Similarly, using (1.11)2, integration by parts and the boundary conditions (1.12), we
get

� ′
3(t) = − ρ2

∫ 1

0
v2t dx − ρ2

∫ 1

0
vtvt tdx

= − ρ2

∫ 1

0
v2t dx + v

∫ 1

0
v2xdx + k

∫ 1

0
v(ux + v) − γ

∫ 1

0
vθdx

− k
∫ 1

0
v

∫ t

0
h(t − s)(ux + v)(s)ds

= − ρ2‖vt‖2 + b‖vx‖2 + k
∫ 1

0
v(ux + v) − γ

∫ 1

0
vθdx

+ k
∫ 1

0
v

∫ t

0
h(t − s)

[
(ux + v)(t) − (ux + v)(s)

]
dsdx

− k

(∫ t

0
h(s)ds

) ∫ 1

0
v(ux + v)dx .

Substituting � ′
1(t),�

′
2(t) and � ′

3(t) into (3.6), we have

I ′
1(t) = − γρ1

ρ3
‖ut‖2 − ρ2‖vt‖2 + γ ‖θ‖2 + b‖vx‖2 +

(
γ 2

ρ3
− γ

)∫ 1

0
vθdx

+
[
−k + k

(∫ t

0
h(s)ds

)] ∫ 1

0
θ(ux + v)dx + βρ1

ρ3

∫ 1

0
utθxdx

+
(

k − kγ

ρ3

)∫ 1

0
v(ux + v)dx + k

(∫ t

0
h(s)ds

) (
γ

ρ3
− 1

) ∫ 1

0
v(ux + v)dx

− k
∫ 1

0
θ

∫ t

0
h(t − s)

[
(ux + vt) − (ux + v)(s)

]
dsdx

+ k

(
1 − γ

ρ3

) ∫ 1

0
v

∫ t

0
h(t − s)

[
(ux + v)(t) − (ux + v)(s)

]
dsdx .
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Applying Young’s and Cauchy−Schwarz’s inequalities, as well as Lemma 2.2, we
obtain

I ′
1(t) ≤ − γρ1

ρ3
‖ut‖2 − ρ2‖vt‖2 + b‖vx‖2 + 3ε3‖ux + v‖2

+
[
1 + γ + k2

4ε3
+ k2

4ε3

(∫ t

0
h(s)ds

)2

+ 1

4

(
γ 2

ρ3
− γ

)2
]

‖θ‖2

+ 1

4
Aα

(
g ◦ (ux + v)

)
(t) + ε4‖ut‖2 + 1

4ε4

(
βρ1

ρ3

)2

‖θx‖2

+
[
2 + 1

4ε3

(
k − kγ

ρ3

)2

+ k2

4ε3

(∫ t

0
h(s)ds

)2 (
γ

ρ3
− 1

)2
]

‖v‖2

+ k2

4

(
1 − γ

ρ3

)2

Aα

(
g ◦ (ux + v)

)
(t).

(3.7)

Now, we apply Poincaré’s inequality and assumption (A1); thus, (3.7) yields

I ′
1(t) ≤ −

(
γρ1

ρ3
− ε4

)
‖ut‖2 − ρ2‖vt‖2 + 3ε3‖ux + v‖2

+
[
1 + γ + k2

4ε3
+ k2

4ε3
+ 1

4

(
γ 2

ρ3
− γ

)2

+ 1

4ε4

(
βρ1

ρ3

)2
]

‖θx‖2

+
[
2 + b + 1

4ε3

(
k − kγ

ρ3

)2

+ k2

4ε3

(
γ

ρ3
− 1

)2
]

‖vx‖2

+ 1

4
Aα

(
g ◦ (ux + v)

)
(t) + k2

4

(
1 − γ

ρ3

)2

Aα

(
g ◦ (ux + v)

)
(t).

Lastly, choosing ε4 = γρ1

2ρ3
and σ = 3ε3, we arrive at (3.5). �

Lemma 3.3 For any δ > 0, the functional I2 defined along the solution of prob-
lem (1.11), by

I2(t) = −ρ1b

k

∫ 1

0
vx utdx − ρ2

∫ 1

0
vt uxdx + ρ2

∫ 1

0
vt

∫ t

0
h(t − s)(ux + v)(s)dsdx,

(3.8)

satisfies

I ′
2(t) ≤ − b

2
‖vx‖2 + δ‖vt‖2 + Cδ‖ux + v‖2 + Cδ‖θx‖2

+ Cδ(1 + Aα)(g ◦ (ux + v))(t) +
(

ρ2 − ρ1b

k

)∫ 1

0
vxt utdx, ∀t ≥ 0.

(3.9)
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Proof We differentiate I2(t) and find

I ′
2(t) = − ρ1b

k

∫ 1

0
vxt utdx −ρ1b

k

∫ 1

0
vx uttdx︸ ︷︷ ︸

�1(t)

−ρ2

∫ 1

0
vt t uxdx︸ ︷︷ ︸

�2(t)

−ρ2

∫ 1

0
vt uxtdx︸ ︷︷ ︸

�3(t)

+ ρ2

∫ 1

0
vt t

∫ t

0
h(t − s)(ux + v)(s)dsdx + ρ2h(0)

∫ 1

0
vt (ux + v)dx︸ ︷︷ ︸

�4(t)

+ ρ2

∫ 1

0
vt

∫ t

0
h′(t − s)(ux + v)(s)dsdx .︸ ︷︷ ︸

�5(t)

(3.10)

Using (1.11)1 and (1.11)2 as well as integration by parts and the boundary conditions
(1.12), we estimate �1,�2,�3,�4 as follows.

�1(t) = − ρ1b

k

∫ 1

0
vx uttdx

= − b
∫ 1

0
uxxvxdx − b

∫ 1

0
v2xdx + γ b

k

∫ 1

0
θxvx

− b
∫ 1

0
vxx

∫ t

0
h(t − s)(ux + v)(s)dsdx .

Then, by Young’s inequality, we have

�1(t) ≤ − b
∫ 1

0
v2xdx + δ1

∫ 1

0
v2xdx + 1

4δ1

(
γ b

k

)2 ∫ 1

0
θ2x − b

∫ 1

0
uxxvxdx

− b
∫ 1

0
vxx

∫ t

0
h(t − s)(ux + v)(s)dsdx, (3.11)

Also,

�2(t) = − ρ2

∫ 1

0
vt t uxdx

= b
∫ 1

0
vx uxxdx + k

∫ 1

0
(ux + v)uxdx − γ

∫ 1

0
θux

− k
∫ 1

0
ux

∫ t

0
h(t − s)(ux + v)(s)dsdx

= b
∫ 1

0
vx uxxdx + k

∫ 1

0
(ux + v)2dx − k

∫ 1

0
(ux + v)vdx − γ

∫ 1

0
θ(ux + v)dx

+ γ

∫ 1

0
θvdx − k

∫ 1

0
(ux + v)

∫ t

0
h(t − s)(ux + v)(s)dsdx
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+ k
∫ 1

0
v

∫ t

0
h(t − s)(ux + v)(s)dsdx .

Therefore, applying Young’s inequality, we get

�2(t) ≤ b
∫ 1

0
vx uxxdx +

(
k + k2

4δ1
+ γ

2
+ k

2

) ∫ 1

0
(ux + v)2dx + 3δ1

∫ 1

0
v2dx

+
(

γ

2
+ γ

4δ1

) ∫ 1

0
θ2dx +

(
k

2
+ k2

4δ1

)∫ 1

0

(∫ t

0
h(t − s)(ux + v)(s)ds

)2

dx,

(3.12)

we now make use of Lemma 2.3 to arrive at

�2(t) ≤ b
∫ 1

0
vx uxxdx +

(
γ

2
+ γ

4δ1

) ∫ 1

0
θ2dx + 3δ1

∫ 1

0
v2dx

+
[
3k

2
+ k2

4δ1
+ γ

2
+ (α + h(0))Aα

(
k + k2

2δ1

)]∫ 1

0
(ux + v)2dx

+
(

k + k2

2δ1

)
Aα

(
g ◦ (ux + v)

)
(t).

(3.13)

Again,

�3(t) = −ρ2

∫ 1

0
vt uxtdx = ρ2

∫ 1

0
vxt utdx . (3.14)

We as well have

�4(t) + �5(t) = − k
∫ 1

0
(ux + v)

∫ t

0
h(t − s)(ux + v)(s)dsdx

+ b
∫ 1

0
vxx

∫ t

0
h(t − s)(ux + v)(s)dsdx

+ γ

∫ 1

0
θ

∫ t

0
h(t − s)(ux + v)(s)dsdx

+
∫ 1

0

(∫ t

0
h(t − s)(ux + v)(s)ds

)2

dx

+ ρ2

∫ 1

0
vt

∫ t

0
h′(t − s)(ux + v)(s)dsdx + ρ2h(0)

∫ 1

0
vt (ux + v)dx,

therefore, recalling (2.7), we get

�4(t) + �5(t) = − k
∫ 1

0
(ux + v)

∫ t

0
h(t − s)(ux + v)(s)dsdx

+ b
∫ 1

0
vxx

∫ t

0
h(t − s)(ux + v)(s)dsdx
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+ γ

∫ 1

0
θ

∫ t

0
h(t − s)(ux + v)(s)dsdx

+ ρ2α

∫ 1

0
vt

∫ t

0
h(t − s)(ux + v)(s)dsdx

+
∫ 1

0

(∫ t

0
h(t − s)(ux + v)(s)ds

)2

dx

− ρ2

∫ 1

0
vt

∫ t

0
g(t − s)(ux + v)(s)dsdx + ρ2h(0)

∫ 1

0
vt (ux + v)dx .

It follows from the application of Young’s inequality that,

�4(t) + �5(t) ≤ b
∫ 1

0
vxx

∫ t

0
h(t − s)(ux + v)(s)dsdx

+
(

k

2
+ (ρ2h(0))2

4δ2

) ∫ 1

0
(ux + v)2dx

+ γ

2

∫ 1

0
θ2dx + 3δ2

∫ 1

0
v2t dx

+ ρ2
2

4δ2

∫ 1

0

(∫ t

0
g(t − s)(ux + v)(s)ds

)2

dx

+
(
1 + k

2
+ γ

2
+ (ρ2α)2

4δ2

)∫ 1

0

(∫ t

0
h(t − s)(ux + v)(s)ds

)2

dx .

Next, due to Lemma 2.3, we obtain

�4(t) + �5(t)

≤ b
∫ 1

0
vxx

∫ t

0
h(t − s)(ux + v)(s)dsdx + γ

2

∫ 1

0
θ2dx + 3δ2

∫ 1

0
v2t dx

+
[

k

2
+ (ρ2h(0))2

4δ2
+ ρ2

2

2δ2
+ (α + h(0))

(
2 + k + γ + (ρ2α)2

2δ2

)] ∫ 1

0
(ux + v)2dx

+ ρ2
2

2δ2

(
g ◦ (ux + v)

)
(t) + 2Aα

(
1 + k

2
+ γ

2
+ (ρ2α)2

4δ2

) (
g ◦ (ux + v)

)
(t).

(3.15)

Now, we substitute (3.11)−(3.15) into (3.10) and apply the Poincaré’s inequality to
get

I ′
2(t) ≤ − (b − 3δ1)‖vx‖2 + 3δ2‖vt‖2 + c1(δ1, δ2)‖ux + v‖2 + c2(δ1, δ2)‖θx‖2

+ c2(δ1, δ2)(1 + Aα)
(
g ◦ (ux + v)

)
(t) +

(
ρ2 − ρ1b

k

) ∫ 1

0
vxt utdx .

Finally, choosing δ1 = b

6
and setting δ := 3δ2, we arrive at (3.9). �
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Lemma 3.4 For any δ > 0, the functional I3 defined along the solution of prob-
lem (1.11), by

I3(t) = ρ1

∫ 1

0
ut

∫ x

0
(uy + v)(y)dydx + ρ1ρ3

γ

∫ 1

0
ut

∫ x

0
θ(y)dydx, (3.16)

satisfies

I ′
3(t) ≤ − kl0

2
‖ux + v‖2 + ε‖ut‖2 + C

(
1 + 1

4ε
+ 6

kl0

)
‖θx‖2

+ C

(
1 + 6

kl0

)
Aα(g ◦ (ux + v))(t), ∀t ≥ 0. (3.17)

Proof Differentiation of I3 yields

I ′
3(t) = ρ1

∫ 1

0
ut

∫ x

0
(uy + v)t (y)dydx + ρ1

∫ 1

0
utt

∫ x

0
(uy + v)(y)dydx︸ ︷︷ ︸
ϒ1(t)

+ ρ1ρ3

γ

∫ 1

0
utt

∫ x

0
θ(y)dydx︸ ︷︷ ︸

ϒ2(t)

+ ρ1ρ3

γ

∫ 1

0
ut

∫ x

0
θt (y)dydx︸ ︷︷ ︸

ϒ3(t)

.

(3.18)

Now, we estimate ϒ1(t), ϒ2(t) and ϒ3(t) as follows.
Using (1.11)1, integration by parts and the boundary conditions (1.12), we have

ϒ1(t) = − k
∫ 1

0
(ux + v)2dx + k

∫ 1

0
(ux + v)

∫ t

0
h(t − s)(ux + v)(s)dsdx

+ γ

∫ 1

0
θ(ux + v)dx

= − k

(
1 −

∫ t

0
h(s)ds

) ∫ 1

0
(ux + v)2dx + γ

∫ 1

0
θ(ux + v)dx

− k
∫ 1

0
(ux + v)

∫ t

0
h(t − s)

[
(ux + v)(t) − (ux + v)(s)

]
dsdx .

Applying Young’s and Poincaré’s inequalities, we get

ϒ1(t) ≤ − k

(
1 −

∫ t

0
h(s)ds

) ∫ 1

0
(ux + v)2dx + 2ε2

∫ 1

0
(ux + v)2dx

+ γ 2

4ε2

∫ 1

0
θ2dx + k2

4ε2

∫ 1

0

(∫ t

0
h(t − s)

[
(ux + v)(t) − (ux + v)(s)

]
ds

)2

dx,
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then using Poincaré’s inequality, Lemma 2.2 and assumption (A1), we have

ϒ1(t) ≤ − k

(
1 −

∫ t

0
h(s)ds

)
‖ux + v‖2 + 2ε2‖ux + v‖2 + γ 2

4ε2
‖θx‖2

+ k2

4ε2
Aα(g ◦ (ux + v))(t)

≤ − kl0‖ux + v‖2 + 2ε2‖ux + v‖2 + γ 2

4ε2
‖θx‖2 + k2

4ε2
Aα(g ◦ (ux + v))(t).

(3.19)

Next, using (1.11)1, integration by parts and the boundary conditions (1.12), we have

ϒ2(t) = − kρ3

γ

∫ 1

0
(ux + v)θdx + kρ3

γ

∫ 1

0
θ

∫ t

0
h(t − s)(ux + v)(s)dsdx

+ ρ3

∫ 1

0
θ2dx

= − kρ3

γ

(
1 −

∫ t

0
h(s)ds

) ∫ 1

0
θ(ux + v)dx + ρ3

∫ 1

0
θ2dx

− kρ3

γ

∫ 1

0
θ

∫ t

0
h(t − s)

[
(ux + v)(t) − (ux + v)(s)

]
dsdx .

Young’s inequality leads to

ϒ2(t) ≤ ε2

∫ 1

0
(ux + v)2dx + 1

4ε2

(
kρ3

γ

)2 (
1 −

∫ t

0
h(s)ds

)2 ∫ 1

0
θ2dx

+
∫ 1

0

(∫ t

0
h(t − s)

[
(ux + v)(t) − (ux + v)(s)

]
ds

)2

dx

+
[
ρ3 + 1

4

(
kρ3

γ

)2
] ∫ 1

0
θ2dx,

then applying Poincaré’s inequality, Lemma 2.2 and assumption (A1), we get

ϒ2(t) ≤ ε2‖ux + v‖2 +
[
ρ3 + 1

4

(
kρ3

γ

)2 (
1 + 1

ε2

)]
‖θx‖2 + Aα(g ◦ (ux + v))(t).

(3.20)

Also, using (1.11)3, integration by parts and the boundary conditions (1.12), as well
as Young’s inequality, we obtain

ϒ3(t) = − ρ1

∫ 1

0
ut

∫ x

0
(uy + v)t (y)dydx + ρ1β

γ

∫ 1

0
utθxdx

≤ − ρ1

∫ 1

0
ut

∫ x

0
(uy + v)t (y)dydx + ε‖ut‖2 + 1

4ε

(
ρ1β

γ

)2

‖θx‖2.
(3.21)
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Substitution of (3.19)−(3.21) into (3.18), we get

I ′
3(t) ≤ − (kl0 − 3ε2)‖ux + v‖2 + ε‖ut‖2 + C

(
1 + 1

ε
+ 1

ε2

)
‖θx‖2

+ C

(
1 + 1

ε2

)
Aα(g ◦ (ux + v))(t).

Finally, choosing ε2 = kl0
6
, we get (3.17). �

Lemma 3.5 The functional I4, defined by

I4(t) =
∫ 1

0

∫ t

0
J (t − s)(ux + v)2(x, s)dsdx, where J (t) =

∫ +∞

t
h(s)ds,

satisfies along the solution of problem (1.11), the estimate

I ′
4(t) ≤ −1

2
(h ◦ (ux + v)) (t) + 3(1 − l)‖ux + v‖22, ∀ t ≥ 0. (3.22)

Proof We differentiate I4 and recall that J (t) = J (0) − ∫ t
0 h(s)ds and

J ′(t) = −h(t); thus, we have

I ′
4(t) =

∫ 1

0

∫ t

0
J ′(t − s)(ux + v)2(x, s)dsdx + J (0)

∫ 1

0
(ux + v)2(x, s)dx

= −
∫ 1

0

∫ t

0
h(t − s)(ux + v)2(x, s)dsdx + J (t)

∫ 1

0
(ux + v)2(x, s)dx

+
∫ 1

0

∫ t

0
h(t − s)(ux + v)2(x, s)dsdx

= J (t)‖ux + v‖22 −
∫ 1

0
h(t − s)

[
(ux + v)(x, t) − (ux + v)(x, s)

]2dsdx

+ 2
∫ 1

0
(ux + v)

∫ t

0
h(t − s)

[
(ux + v)(x, t) − (ux + v)(x, s)

]
dsdx

≤ − (h ◦ (ux + v)) (t) + J (t)‖ux + v‖22 + 2(1 − l)‖ux + v‖22

+
(∫ t

0 h(s)ds
)

2(1 − l)
(h ◦ (ux + v)) (t)

≤ − 1

2
(h ◦ (ux + v)) (t) + 2(1 − l)‖ux + v‖22 + J (t)‖ux + v‖22. (3.23)

By recalling that h is decreasing and positive, hence J (t) ≤ J (0) = (1− l), the result
(3.22) follows. �
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4 General and Optimal Decay Result

In this section, we state and prove our main general and optimal decay result. In order
to do this, we define a Lyapunov functional L as

L(t) = N E(t) + N1 I1(t) + N2 I2(t) + N3 I3(t), (4.1)

for N , N1, N2, N3 to be fixed later. In the lemma that follows, we show the equivalence
of L and the energy functional E .

Lemma 4.1 There exist positive constants α1, α2 such that for N large enough, the
functional L satisfies

α1E(t) ≤ L(t) ≤ α2E(t), ∀t ≥ 0. (4.2)

Moreover, if ρ2 = ρ1b

k
then

L(t) ≤ − λ
(
‖ut‖22 + ‖vt‖22 + ‖vx‖22 + ‖ux + v‖22 + ‖θx‖22

)
+ 1

4
(h ◦ (ϕx + ψ)) (t), ∀ t ≥ 0, (4.3)

for some positive constants N , N1, N2, N3 to be later chosen appropriately.

Proof We have

|L(t) − N E(t)| ≤ N1|I1(t)| + N2|I2(t)| + N3|I3(t)|

≤ ρ1N1

∣∣∣∣
∫ 1

0
ut

∫ x

0
θ(y)dydx

∣∣∣∣ + γρ1

ρ3
N1

∣∣∣∣
∫ 1

0
ut

∫ x

0
v(y)dydx

∣∣∣∣
+ ρ2N1

∣∣∣∣
∫ 1

0
vvtdx

∣∣∣∣ + ρ1b

k
N2

∣∣∣∣
∫ 1

0
vx utdx

∣∣∣∣ + ρ2N2

∣∣∣∣
∫ 1

0
vt uxdx

∣∣∣∣
+ ρ2N2

∣∣∣∣
∫ 1

0
vt

∫ t

0
h(t − s)(ux + v)(s)dsdx

∣∣∣∣
+ ρ1N3

∣∣∣∣
∫ 1

0
ut

∫ x

0
(uy + v)(y)dydx

∣∣∣∣
+ ρ1ρ3

γ
N3

∣∣∣∣
∫ 1

0
ut

∫ x

0
θ(y)dydx

∣∣∣∣ .
Applying Young’s inequality and Lemma 2.1, we get

|L(t) − N E(t)| ≤ C
(
ρ1‖ut‖2 + ρ2‖vt‖2 + ρ3‖θ‖2 + b‖vx‖2 + k‖ux + v‖2)

+ C
∫ 1

0

(∫ t

0
h(t − s)(ux + v)(s)ds

)2

dx .
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Using Cauchy−Schwarz’s inequality, the last integral above can be estimated in like
manner as in Lemma 2.3, we get

∫ 1

0

(∫ t

0
h(t − s)(ux + v)(s)ds

)2

dx ≤ 2‖ux + v‖2 + 2
(
h ◦ (ux + v)

)
(t).

Hence, there exists a constant C > 0 such that

|L(t) − N E(t)| ≤ C

2

[
ρ1‖ut‖2 + ρ2‖vt‖2 + ρ3‖θ‖2 + b‖vx‖2

+ k

(
1 −

∫ t

0
h(s)ds

)
‖ux + v‖2

]
+ Ck

2
(h ◦ (ux + v))(t)

≤ C E(t).

It follows that

|L(t) − N E(t)| ≤ C E(t) ⇐⇒ (N − C)E(t) ≤ L(t) ≤ (N + C)E(t).

Now, we choose N large enough so that

N − C > 0. (4.4)

Therefore, there exist positive constants α1, α2 such that (4.2) holds. Hence, L ≡ E .
Now, we differentiate (4.1), bearing in mind (3.2), (3.5), (3.9) and (3.17) and the

fact that g = αh − h′, we get for any t ≥ 0,

L′(t) ≤ −
[
γρ1

2ρ3
N1 − εN3

]
‖ut‖2 −

[
ρ2N1 − δN2

]
‖vt‖2 −

[
b

2
N2 − Cσ N1

]
‖vx‖2

−
[

kl0
2

N3 − σ N1 − Cδ N2

]
‖ux + v‖2

−
[
βN − Cσ N1 − Cδ N2 + C

(
1 + 6

kl0

)
N3

]
‖θx‖2

+
[

k

2
N − (1 + Aα)

(
C N1 + Cδ N2

(
1 + 6

kl0

)
N3

)]
(g ◦ (ux + v))(t)

+ αk

2
N

(
h ◦ (ux + v)

)
(t) + N2

(
ρ2 − ρ1b

k

) ∫ 1

0
vxt utdx .

Setting N1 = 1, ε = γρ1N1

4ρ3N3
, σ = kl0N3

4N1
, δ = ρ2N1

2N2
and recalling that ρ2 = ρ1b

k
,

we find
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L′(t) ≤ − γρ1

4ρ3
‖ut‖2− ρ2

2
‖vt‖2−

[
kl0
4

N3 − c2N2

]
‖ux + v‖2−

[
b

2
N2 − c1

]
‖vx‖2

− [βN − C(1 + N2 + N3)] ‖θx‖2 + αk

2
N

(
h ◦ (ux + v)

)
(t)

−
[

k

2
N − C(1 + Aα)(1 + N2 + N3)

]
(g ◦ (ux + v))(t).

Choosing N2 = kl0N3

8c2
, we get

L′(t) ≤ − γρ1

4ρ3
‖ut‖2 − ρ2

2
‖vt‖2 − kl0N3

8
‖ux + v‖2 −

[
bkl0N3

16c2
− c1

]
‖vx‖2

− [βN − C(1 + N2 + N3)] ‖θx‖2 + αk

2
N

(
h ◦ (ux + v)

)
(t)

−
[

k

2
N − C(1 + Aα)(1 + N2 + N3)

]
(g ◦ (ux + v))(t). (4.5)

Now, we pick N3 large such that

bkl0N3

16c2
− c1 > 0. (4.6)

Observe that
αh2(s)

g(s)
= αh2(s)

αh(s) − h′(s)
< h(s); therefore, application of the domi-

nated convergence theorem yields

αAα =
∫ +∞

0

αh2(s)

αh(s) − h′(s)
ds → 0 as α → 0. (4.7)

Hence, there exists 0 < α0 < 1 such that if α < α0 < 1, we have

αAα <
1

8C (1 + N2 + N3)
. (4.8)

Finally, we choose N large enough and set α = 1

2Nk
so that (4.2) remains valid and

Nk

3
− C Aα (1 + N2 + N3) > 0 (4.9)

Nk

6
− C (1 + N2 + N3) > 0. (4.10)

as well as

βN − C(1 + N2 + N3) > 0. (4.11)
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Combining (4.5)−(4.11), we obtain (4.3). This completes the proof. �
Now we will state and prove our main decay result.

Theorem 4.1 Let (u, v, θ) be the solution of problem (1.11)–(1.13). Assume (A1))

and (A2) hold and that ρ2 = ρ1b

k
. Then, there exist ω1, ω2 > 0 such that the energy

functional E of problem (1.11)–(1.13) satisfies

E(t) ≤ ω2G−1
1

(
ω1

∫ t

t0
ξ(s)ds

)
, where G1(t) =

∫ r

t

1

sG ′(s)
ds (4.12)

and G1 is a decreasing and strictly convex function on (0, r ], with r = h(t0) > 0 and
lim
t→0

G1(t) = +∞.

Proof According to (A1) and (A2), we have that ξ and h are continuous, decreasing
and positive. In addition, G is continuous and positive. Thus, ∀ t ∈ [0, t0], we have

0 < h(t0) ≤ h(t) ≤ h(0), 0 < ξ(t0) ≤ ξ(t) ≤ ξ(0)

then we can find some positive constants a1 and a2

a1 ≤ ξ(t)G(h(t)) ≤ a2.

Therefore, it follows that

h′(t) ≤ −ξ(t)G(h(t)) ≤ − a1
h(0)

h(0) ≤ − a1
h(0)

h(t), ∀ t ∈ [0, t0]. (4.13)

From (3.1) and (4.13), we have

∫ t0

0
h(s)‖(ϕx + ψ)(t) − (ϕx + ψ)(t − s)‖22ds

≤ −h(0)

a1

∫ t0

0
h′(s)‖(ϕx + ψ)(t) − (ϕx + ψ)(t − s)‖22ds

≤ − C E ′(t), ∀ t ∈ [0, t0]. (4.14)

Using (4.3) and (4.14), we get

L′(t) ≤ −λE(t) + 1

4
(h � (ϕx + ψ)(t)

= −λE(t) + 1

4

∫ t0

0
h(s)‖(ϕx + ψ)(t) − (ϕx + ψ)(t − s)‖22ds

+1

4

∫ t

t0
h(s)‖(ϕx + ψ)(t) − (ϕx + ψ)(t − s)‖22ds
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≤ −λE(t) − C E ′(t) + 1

4

∫ t

t0
h(s)‖(ϕx + ψ)(t) − (ϕx + ψ)(t − s)‖22ds.

Therefore, for all t ≥ t0, we get

L′
1(t) ≤ −λE(t) + 1

4

∫ t

t0
h(s)‖(ϕx + ψ)(t) − (ϕx + ψ)(t − s)‖22ds, (4.15)

where L1(t) = L(t)+ C E(t) and with (4.2) in mind, we deduce that L1 is equivalent
to E .

To complete the proof of Theorem 4.1, we discuss two cases:
Case 1 G(t) is linear.
For this case, we multiply (4.15) by ξ(t), then with (3.1) and (A2) in mind, we have

ξ(t)L′
1(t) ≤ −λξ(t)E(t) + 1

4
ξ(t)

∫ t

t0
h(s)‖(ϕx + ψ)(t) − (ϕx + ψ)(t − s)‖22ds

≤ −λξ(t)E(t) + 1

2

∫ t

t0
ξ(s)h(s)‖(ϕx + ψ)(t) − (ϕx + ψ)(t − s)‖22ds

≤ −λξ(t)E(t) − 1

2

∫ t

t0
h′(s)‖(ϕx + ψ)(t) − (ϕx + ψ)(t − s)‖22ds

≤ −λξ(t)E(t) − C E ′(t). (4.16)

Knowing that ξ is decreasing, we have

(ξL1 + C E)′(t) ≤ −λξ(t)E(t), ∀ t ≥ t0 (4.17)

and since L1 ∼ E , we obtain

ξL1 + C E ∼ E . (4.18)

Hence, setting L2(t) = ξ(t)L1(t) + C E(t), then we can find some positive constant
ω such that

L′
2(t) ≤ −λξ(t)E(t) ≤ −ωξ(t)L2(t), ∀ t ≥ t0. (4.19)

Integration of (4.19) over (t0, t) and recalling (4.18) yield

E(t) ≤ ωe−ω̃
∫ t

t0
ξ(s)ds = ωG−1

1

(
ω̃

∫ t

t0
ξ(s)ds

)
,

where ω̃ is a positive constant.
Case 2 G(t) is nonlinear.
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Firstly, for this case, we set F(t) = L(t) + I4(t). Thus, from Lemma 3.5 and (4.5),
we have

F ′(t) ≤ − γρ1

4ρ3
‖ut‖2 − ρ2

2
‖vt‖2 −

[
kl0N3

8
− 3(1 − l0)

]
‖ux + v‖2

−
[

bkl0N3

16c2
− c1

]
‖vx‖2 − [βN − C(1 + N2 + N3)] ‖θx‖2

−
[

k

2
N − C(1 + Aα)(1 + N2 + N3)

]
(g ◦ (ux + v))(t)

+
[
αNk

2
− 1

2

] (
h ◦ (ux + v)

)
(t). (4.20)

Next, we choose N3 large so that

kl0N3

8
− 3(1 − l0) > 0 and

bkl0N3

16c2
− c1 > 0,

then choose N large enough so that

βN − C(1 + N2 + N3) > 0 and
k

2
N − C(1 + Aα)(1 + N2 + N3) > 0.

Now, we take α = 1

2Nk
; thus, there exists a constant α̃ > 0 such that

F ′(t) ≤ −α̃ E(t), ∀t ≥ t0. (4.21)

From (4.21), it follows that

α̃

∫ t

t0
E(s)ds ≤ F(t0) − F(t) ≤ F(t0).

Therefore, we have

∫ +∞

0
E(s)ds < ∞. (4.22)

We next define the functional ϕ as

ϕ(t) := α

∫ t

t0
‖(ux + v)(t) − (ux + v)(t − s)‖22ds.

Due to (4.22), we can select 0 < α < 1 such that

ϕ(t) < 1, ∀ t ≥ t0. (4.23)
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Henceforth, we can assume without loss of generality that ϕ(t) > 0, ∀ t ≥ t0,
otherwise, we obtain immediately an exponential stability result, from (4.15). We as
well define the function ψ as

ψ(t) = −
∫ t

t0
h′(s)‖(ux + v)(t) − (ux + v)(t − s)‖22ds

and notice that

ψ(t) ≤ −C E ′(t). (4.24)

We can see from assumption (A2) that G is strictly convex on (0, r ], r = h(t0) and
G(0) = G ′(0) = 0. Therefore, we have

G(εs) ≤ εG(s), 0 ≤ ε ≤ 1, s ∈ (0, r ]. (4.25)

It thus follows from assumption (A2), (4.23) and Jensen’s inequality (2.12) that

ψ(t) = 1

αϕ(t)

∫ t

t0
ϕ(t)(−h′(s))α‖(ux + v)(t) − (ux + v)(t − s)‖22ds

≥ 1

αϕ(t)

∫ t

t0
ϕ(t)ξ(s)G(h(s))α‖(ux + v)(t) − (ux + v)(t − s)‖22ds

≥ ξ(t)

αϕ(t)

∫ t

t0
G(ϕ(t)h(s))α‖(ux + v)(t) − (ux + v)(t − s)‖22ds

≥ ξ(t)

α
G

(
1

ϕ(t)

∫ t

t0
ϕ(t)h(s)α‖(ux + v)(t) − (ux + v)(t − s)‖22ds

)

= ξ(t)

α
G

(
α

∫ t

t0
h(s)‖(ux + v)(t) − (ux + v)(t − s)‖22ds

)

= ξ(t)

α
G̃

(
α

∫ t

t0
h(s)‖(ux + v)(t) − (ux + v)(t − s)‖22ds

)
, (4.26)

where G̃ is the extension of G on (0,+∞) in (2.3). From (4.26), we get

∫ t

t0
h(s)‖(ux + v)(t) − (ux + v)(t − s)‖22ds ≤ 1

α
G̃−1

(
αψ(t)

ξ(t)

)
.

Thus, from (4.15), we get

L′
1(t) ≤ −λE(t) + CG̃−1

(
αψ(t)

ξ(t)

)
, ∀ t ≥ t0. (4.27)

Now, for r0 < r to be chosen later, we define the functional

M2(t) := G̃ ′
(

r0
E(t)

E(0)

)
L1(t) + E(t)
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which is equivalent to E since L1 ∼ E . Using (4.27) and due to E ′(t) ≤ 0, G̃ ′(t) >

0, G̃ ′′(t) > 0, we have

M ′
2(t) = r0

E ′(t)
E(0)

G̃ ′′
(

r0
E(t)

E(0)

)
L1(t) + G̃ ′

(
r0

E(t)

E(0)

)
L′
1(t) + E ′(t)

≤ − λE(t)G̃ ′
(

r0
E(t)

E(0)

)
+ CG̃ ′

(
r0

E(t)

E(0)

)
G̃−1

(
α

ψ(t)

ξ(t)

)
+ E ′(t). (4.28)

In what follows, we consider the convex conjugate G̃∗ of G̃ in the sense of Young (see
[25] page 61–64) defined by

G̃∗(s) = s(G̃ ′)−1(s) − G̃
[
(G̃ ′)

]
, (4.29)

with G̃∗ satisfying the generalized Young inequality

U1U2 ≤ G̃∗(U1) + G̃(U2). (4.30)

Let us set U1 = G̃ ′
(

r0
E(t)

E(0)

)
and U2 = G̃−1

(
α

ψ(t)

ξ(t)

)
. It follows from Lemma 3.1

and (4.28)–(4.30), that for all t ≥ t0

M ′
2(t) ≤ − λE(t)G̃ ′

(
r0

E(t)

E(0)

)
+ CG̃∗

(
G̃ ′

(
r0

E(t)

E(0)

))
+ Cα

ψ(t)

ξ(t)
+ E ′(t)

≤ − λE(t)G̃ ′
(

r0
E(t)

E(0)

)
+ Cr0

E(t)

E(0)
G̃ ′

(
r0

E(t)

E(0)

)
+ Cα

ψ(t)

ξ(t)
+ E ′(t).

(4.31)

We multiply (4.31) by ξ(t), observe that r0
E(t)

E(0)
< r and

G̃ ′
(

r0
E(t)

E(0)

)
= G ′

(
r0

E(t)

E(0)

)
,

then making use of (3.2) and (4.24), we obtain

ξ(t)M ′
2(t) ≤ − λξ(t)E(t)G ′

(
r0

E(t)

E(0)

)
+ Cr0

E(t)

E(0)
ξ(t)G ′

(
r0

E(t)

E(0)

)
+ Cαψ(t) + ξ(t)E ′(t)

≤ − λξ(t)E(t)G ′
(

r0
E(t)

E(0)

)
+ Cr0

E(t)

E(0)
ξ(t)G ′

(
r0

E(t)

E(0)

)
− C E ′(t), ∀ t ≥ t0. (4.32)
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Let M3(t) = ξ(t)M2(t) + C E(t), then M3 ∼ E since M2 ∼ E, i.e., there exist
constants a0, a1 > 0, such that M3 satisfies

a0M3(t) ≤ E(t) ≤ a1M3(t). (4.33)

Thus, from (4.32), we have

M ′
3(t) ≤ −(λE(0) − Cr0)ξ(t)

E(t)

E(0)
ξ(t)G ′

(
r0

E(t)

E(0)

)
, ∀t ≥ t0.

Next, we choose r0 < r small enough such that λE(0) − Cr0 > 0, then for some
positive constant ω > 0, we have

M ′
3(t) ≤ − ωξ(t)

E(t)

E(0)
ξ(t)G ′

(
r0

E(t)

E(0)

)

= − ωξ(t)G2

(
E(t)

E(0)

)
, ∀t ≥ t0, (4.34)

where

G2(s) = sG ′(r0s).

We therefore remark that

G ′
2(s) = G ′(r0s) + r0sG ′′(r0s),

thus the strict convexity of G on (0, r ] implies G2(s) > 0, G ′
2(s) > 0 on (0, r ].

Now, let M(t) = a0
M3(t)

E(0)
, then due to (4.33) and (4.34), we have

M(t) ∼ E(t) (4.35)

and

M ′(t) = a0
M ′

3(t)

E(0)
≤ −ω1ξ(t)G2(M(t)), ∀t ≥ t0. (4.36)

We now integrate (4.36) over (t0, t), to get

ω1

∫ t

t0
ξ(s)ds ≤ −

∫ t

t0

M ′(s)
G2(M(s))

ds = 1

r0

∫ r0M(t0)

r0M(t)

1

sG ′(s)
ds

which yields

M(t) ≤ 1

r0
G−1

1

(
ω̃1

∫ t

t0
ξ(s)ds

)
, (4.37)
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where

G1(t) =
∫ r

t

1

sG ′(s)
ds.

It follows from (A2), that G1 is a strictly decreasing function on (0, r ]. Furthermore,

lim
t−→0

G1(t) = +∞.

Finally, making use of (4.35) and (4.37), we obtain decay estimate (4.12). Hence,
Theorem 4.1 is completely proved. �

4.1 Examples

(1). Let h1(t) = τ0e−2τ0t , t ≥ 0, where τ0 > 0; thus, (A1) holds with l0 = 1
2 .

Therefore,

h′
1(t) = −2τ 20 e

−2τ0t = −2τ0G(h1(t)), where G(s) = s.

In this case, the solution energy (3.1)1 satisfies

E(t) ≤ �e−νt , ∀ t ≥ 0,

for some constants � > 0, ν > 0.
(2). Let h2(t) = τ0e−(1+t)τ1 , t ≥ 0, where τ0 > 0, and 0 < a1 < 1 with τ0 chosen

such that (A1) holds. Therefore,

h′
2(t) = −τ0τ1(1 + t)τ1−1e−(1+t)τ1 = −ξ(t)G(h2(t)),

where

ξ(t) = τ1(1 + t)τ1−1, G(s) = s.

In this case, the solution energy (3.1)1 satisfies

E(t) ≤ �e−ν(1+t)τ1 , ∀ t ≥ 0,

for some constants � > 0, ν > 0.
(3). Let h3(t) = τ0

(1+t)τ1 , t ≥ 0, where τ0 > 0, and τ1 > 1 with τ0 chosen such
that (A1) holds. Therefore,

h′
3(t) = −τ0τ1

(1 + t)τ1+1 = −τ1G(h3(t)), where G(s) = sq , q = τ1 + 1

τ1
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with q satisfying 1 < q < 2. Hence, the solution energy (3.1) satisfies

E(t) ≤ �

(1 + t)τ1

for some constant � > 0.
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