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Abstract

In this work, we prove a general and optimal decay estimates for the solution energy
of a new thermoelastic Timoshenko system with viscoelastic law acting on the trans-
verse displacement. Therefore, exponential and polynomial decay rates are obtained
as particular cases. The result is obtained under the assumption of equal speed of wave
propagation.
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1 Introduction

In this paper, we investigate a thermoelastic Timoshenko system with a viscoelastic
damping acting on the transverse displacement in the shear force equation and a
thermoelastic dissipation effective on the shear force (1.11). The result obtained in
this paper is general and optimal in the sense that it agrees with the decay rate of the
relaxation function /4 (see conditions on / in Sect. 2). We indeed demonstrate this by
giving some examples (see Sect. 4.1).

Timoshenko [1]in 1921 introduced a model which has been widely used to describe
the vibration of a beam when the transverse shear strain is significant. Combining the
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evolution equations
prug — Sy =0, vy — My + 8§ =0, (L.1)
and the constitutive equations,
S =k(uy +v), M =bvy, (1.2)

(see [2,3] for detailed derivation), the following coupled hyperbolic system was
derived

prusy — k(ux +v)x =0,

(1.3)
P2V — buxy +k(uy +v) =0,
where u = u(x, t) represents the transverse displacement and v = v(x, t) represents
the rotation angle of the center of mass of a beam element. The positive parame-
ters p1, p2, k and b are: mass density, moment of mass inertia, shear coefficient and
flexural rigidity, respectively. System (1.3) coupled with different initial conditions,
boundary conditions and various damping mechanisms has been extensively studied
in the literature, see [4—7] and references therein.
When viscoelastic law acts on the rotation angle v, (1.3) takes the form

p1uy — k(uy +v)y =0,

t (1.4)
P2V — buyy + k(uy +v) + / g(t — s)vyx(x, s)ds = 0.
0

This has been discussed by many researchers and several stability results have been
established (see [4,6,8—11]).

Concerning thermoelastic Timoshenko systems, when thermoelastic dissipation is
effective on the bending moment, we have the evolution equation

prugy — k(ux +v)x =0,
t
P2V — buyy + k(ux +v) +y0 + / gt — $)vyx(x, s)ds =0, (1.5)
0
P36 +qx + y v =0,
where 6 = 6(x, t) is the temperature difference and ¢ = — 6, represents the heat
flux, the positive constants p3, 8 and y are the capacity, diffusivity and adhesive
stiffness, respectively. Rivera and Racke [12] studied (1.5) and proved that the system

is exponentially stable if and only if the speeds of wave propagations are equal, that
is,

k_ b (1.6)
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In the case when (1.6) does not hold, they only established a polynomial decay result.
Also, when thermoelastic dissipation is effective on the shear force equation, we
have the evolution equations

pruy — k(uy +v)x +y0 =0,
'
P2Vt — bvyy + k(uy +v) — y0 +/ gt — $)vyx(x, s)ds =0, (1.7)
0

P30 + gx +y (ux +v)r = 0.

Apalara [13] discussed (1.7) and proved a general decay result for the solution energy,
without imposing the equal-wave-speed condition (1.6). Almeida Junior et al. [14]
considered the system (1.7) in the absence of the memory term and showed that the
system is exponentially stable if and only if (1.6) holds, and only polynomial decay
is guaranteed otherwise. Interested readers may also see [4,8,9,13,15-20] for more
results on thermoelastic Timoshenko systems.

Guesmia et al. [11] considered (1.5) with infinite memory acting on the rotation
angle and established some general decay results depending on the speed of wave
propagation. However, in their work, they raised a natural question, which is; how
possible is it to have a viscoelastic dissipation effect on the transverse displacement
u in the shear force equation instead of the rotation angle v as seen in (1.4). This
question was answered later by Guesmia and Messaoudi [10].

Recently, Alves et al. [21] derived Timoshenko system (1.8) with a viscoelastic
dissipation mechanism acting on the transverse displacement « in the shear force:

t
prityy — (it + v)x +k/ h(t = $)(itx + )5 (x, $)ds = 0,
0
, (1.8)
P2V — buyy + k(uy +v) — k/ h(t —s)(uy +v)(x, s)ds =0,
0

coupled with Dirichlet-Neumann boundary condition and proved a uniform decay

k
result under the condition that (1.6) holds. In the case of nonequal speed, i.e., — #
o1

b
—, they established only a polynomial decay (even if the relaxation function decays

exzponentially).

It is natural as well, to investigate the stability of (1.8) with an additional effect of
a thermoelastic dissipation. This will be our goal in this paper.

Now, we consider instead of (1.1) and (1.2), the constitutive equations;

t
S = k((ux +v) — / h(t —s)(uy + v)(s)ds) —y0,
0 (1.9)

M =bv,, q = —pB0b,
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and the evolution equations

pruy — Sy =0, vy — M, +S=0

(1.10)
030 + qx + y(ux + v)t =0.
combining (1.9) and (1.10), we obtain the thermoelastic Timoshenko system
t
prug — k(uy +v)x + y0x + k/ h(t —s)(ux + v)x(x, s)ds =0,
0
! (1.11)

P2Vt — buyy + k(uy +v) — y0 — k/ h(t —s)(uy +v)(x,s)ds =0,
0
p36; — BOrx + v (ux +v), =0,
where x € (0, 1), and ¢ > 0. The relaxation function 4 is a given function which will

be specified later. We endow the system (1.11) with the following mixed boundary
conditions:

w(©,1) = uy(1,1) =0, ¢t > 0,
ve(0,8) = v(1,1) =0, t > 0, (1.12)
0,(0,1) =6(1,t) =0, t =0,

and initial data

u(x,0) =ugx), vix,0) = vo(x), 0(x,0) =6y(x), x € [0, 1],

(1.13)
u;(x,0) = ui(x), vi(x,0) =v1(x), x €l0,1].

The remaining part of this work is organized as follows: In Sect. 2, we present a few
basic tools and state the assumptions on the relaxation function 4. In Sect. 3, we prove
some key technical lemmas that will be of help in obtaining our main result. In Sect. 4,
we state and prove our general and optimal decay result.

2 Assumptions and Space Setting
Throughout this work, C and ¢; denote positive constants that may change from one

line to the other or within the same line. We denote by .|| the usual norm in L2(0, 1).
We consider the following assumptions on the function &

(A1) h : [0, +00) —> (0, 4+00) is a nonincreasing C'-function such that

h(0) >0, 1-— fooh(r)dr =1y > 0. 2.1)
0
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(A2) There exists a C!-function G : [0, +00) — [0, +00) which is linear or it
is strictly convex C2-function on (0,r], r < h(ty), for any 1o > 0 with
G(0) = G'(0) =0 and a positive nonincreasing differentiable function & :
[0, 4+00) — (0, +00), such that

W) < =§0G (1), t=0. 2.2

Remark 2.1 As mentioned in [22], we have the following:

1. Conditions (A1) and (A7) implies that G is a strictly increasing convex C 2_function
on (0, r], with G(0) = G’(0) = 0, thus there exists an extension of G say

G : [0, +00) — (0, +00)

that is also a strictly increasing and a strictly convex C2-function. For instance,
for any ¢ > r, we define G by

//()2

G(s) = +(G'(r) = G"(rr)s + G(r) = G'(Nr + ——

//( ) 2
— (2.3)

2. Also, since / is continuous, positive and 4#(0) > 0, then for any 7o > 0 witht > 1y
we have

t 1
/ h(s)ds > /0 h(s)ds = hg > 0. 2.4)
0 0

For completeness purpose, we introduce the following spaces:

L2(0,1) = {w € L*(0, 1) : /01 w(s)ds =0}, H! = H'0,1)Nn L0, 1),
H2(0,1) = {w € H*(0,1) : wy(0) = we(1) = 0}.
Denote by ‘H and V the following spaces:
H = H!0,1) x L2(0, 1) x H}(0, 1) x L*(0, 1) x H}(0, 1)
and
V= (Hf(o, HnHLNO, 1)) x H(0,1) x (HZ(O, 1) N HL, 1))
x H1(0, 1) x (Hf(o, 1N HLO, 1)).

We state without proof, the following existence and regularity result:

Theorem 2.1 Let W = (u, z, v, s, O)T; z =uy, § = vy, and assume that (G1) holds.
Then, for all Wy € 'H, the systems (1.11)—(1.13) have a unique global (weak) solution
ueC (R+; HL(, 1)) ncl (R+; L2(0, 1)) . 6ecC <R+; HL (0, 1))
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1842 C.D.Enyi, B.Feng

veC (R+; HL 0, 1)) nc' (R+; L2 (0, 1)) .
Moreover, if Wy € V, then the solution satisfies,

ueC (R+; H2(0,1) N HL (0, 1)) ncl (R+; HL (0, 1)) nc? (R+; L2(0, 1)) ,
(
(

Remark 2.2 This result can be proved using the Faedo—Galerkin method and repeating
the steps in [23].

veC(RT H20,1) N HLO 1)) nc! <R+; HL 0, 1)) nc? (R+; L2(0, 1)) ,

0 e C (R*; H2(0, 1)) nc' (R*; H1(0, 1)) .

Lemma 2.1 Let w € L*([0, 00); L2(0, 1)) and f, g € L*(0, 1), we have

2

1 t
/ (/ h(t — $)[w(r) — w(s)]ds) dx < (1 —lo)(h o w)(1), (2.5)
0 0
where
t
(how)(t) = /0 h(t = 9)llw(@) = w(s)|*ds.

Proof Using Cauchy—Schwarz inequality, we have

1 t 2
/ (/ h(t — s)[u)(t) — w(s)]ds) dx
0 0

1 2
2/ (/t\/h(t—s)\/h(t—s)[w(t)—w(s)]ds) dx
0 0
400 1 t (2.6)
< (/ h(s)ds)/ /h(t—s)|w(t)—w(s)|2dsdx
0 0 0

t

< —1)/ h(t — $)|w(r) — w(s)|2ds
0

=1 =D (how) ().

Asin [24], forany 0 < « < 1, let

1) = ah(t) — h'(t dA—/+OO o) 27
8a(t) = ah(r) () an «= 1 ms. 2.7

We have the following lemma.
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Lemma 2.2 Let (u, v, 0) be the solution of problem (1.11)—(1.13). Then, for any 0 <
o < 1 we have

2

1 !
/ (/ h(t —s) ((uy +v)(0) — (ux + v)(S))dS> dx < Ay (g o (ux +v)) (#(2.8)
0 0
where
'
(go(ux+v)) (@)= /0 gt — )| (ux +v)(®) — (ux + v)(5)[I3ds.

Proof Using Cauchy—Schwarz inequality, we have

2

1 t
/ (f h(t—S)((ux+v)(t)—(ux+v)(S))dS) dx
0 0

1 t o 2
_/ </0 ju,/ (t—5s) ((ux+v)(t)—(ux+v)(s))ds> dx 2.9)

( +o00 h2(s) t )
< f dS> / / gt —5) ((uy +v)(t) — (ux +v)(s))” dsdx
0 g(s) 0o Jo

= Ay (g o (ux +v)) (1).

m}

Lemma 2.3 Let (u, v, 0) be the solution of problem (1.11)—(1.13). Then, for any 0 <
o < 1 we have

()
1 t
/ </ ht —8)(uy + v)(s)ds)
0 0

2 1
dx < 2(a + h(0)Aq / (uy + v)*dx
0

+2A4 (8o (ux +v)) (1), (2.10)

(i)
1 '
f (/ h(t—s)(ux—i—v)(s)ds)
0 0

Proof We apply Cauchy—Schwarz inequality.

)
1 t 2
/ (/ h(t —s)(uy + v)(s)ds) dx
0 0

1 t 5
:/0 </(; h(t —s) m[(ux—i-v)(S) (x +v)(1) + (ux +v)(1)]d )

gt —

2 1
dx < z/ (ux + v)2dx +2 (h o (ux + ) ().
0

@2.11)
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1 t
<24, / / gt — )[((x + v)() — Gy + VYO + (y + 0)2(0)]dsdx
0 0

t 1
=2A, </ g(s)ds) / (uyx + v)2dx
0 0

1 t
+24, / f gt = 9)[(tx + V(@) = (x + v)(9)] dx
0 0
1
<2(a+ h(0))A, / (tx +v)2dx + 244 (g 0 (tx + ) (1).
0
(ii)
1 t 2
/ (/ h(t —s)(uy + v)(s)ds) dx
0 0
1 t 2
= / (/ Vh(t —s)/h(t — s)[(u)C +v)(s) — (uy +v)(@) + (uy + v)(t)]ds) dx
0 0
t 1 t
<2 (/ h(s)ds) / / h(t — $)[((ux 4+ v)(s) — (ux + u)(z))2 + (uy +v)* (1) ]dsdx
0 0 Jo

2

t 1
=2</ h(s)ds) /(ux—l—v)zdx
0 0
t 1 t
+2(/ h(s)ds)/ / h(t = 5)[(ux + v)(1) — (ux + v)(5)] dx
0 0 0
1
< 2/ (y +v)2dx 4+ 2 (h o (uy + v)) (1).
0

m}

Lemma 2.4 Let F be a convex function on the close interval [a, b, and |2| # 0. Let
f Q2 — [a, bl and j integrable function on 2, such that j(x) > 0 and fQ jx)dx =
a > 0. Then, we have the following Jensen inequality

1 1
—/ F(f(y)jydy = F <—/ f(y)j(y)dy) . (2.12)
a Jo aJo

3 Essential Lemmas

Lemma 3.1 Let (u,v,0) be the solution of problem (1.11)—(1.13). Therefore, the
energy functional of system (1.11)—(1.13) defined by

1 t
E@) =3 (plnutnz + p2llvel* + bllve | + p3l01* + & (1 —f h(s)ds) llu +v||2>
. 0 (3.1
5 (o (e + ) (@),

satisfies
/ 2 k 2 k l
EX(t) = =BlON” = ShO)lJux + |7 + S (h70 (ur +v))(#) =0, V1 20. (3.2)
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Proof We multiply (1.11); by u;, (1.11)2 by v; and (1.11)3 by 6, then integrate over
(0, 1) and make use of the boundary conditions (1.12). Finally, addition of the resulting
equations yields

1d (!
2dr Jo

1 1 t
= —/3/ 9§dx+kf (ux—l—v),(t)/ h(t — ) (uyx 4 v)(s)dsdx.
0 0 0

(/olut2 + 207 + bv? + p36% + k(uy + v)?)dx
(3.3)

Now, we estimate the last integral in (3.3) as follows:

1 t

J =k/ (uy + v),(t)/ h(t —s)(uy + v)(s)dsdx
0 0
1 t

—k / 1z + )1 (1) f Bt — )[(ux 4+ V)(S) — Gty + 0)(0) + Gy + ) (1) ]dsdx

0 0
1 t

=k/ (uy + v),(t)/ h(t —s)(uy + v)(t)dsdx
0 0

1 t
+ k/ / h(t — s)[(ux +v)(s) — (ux + ) () ]y + v); (1)dsdx
0o Jo

k([ d (! 5
=§</O h(s)ds)a‘/o(ux—l-v) dx

k 1 t d )
- -/ / h(t — s)—[(ux + v)(1) — (ux 4+ v)(s)] dsdx
2Jo Jo dr

kd

! k k d
_xda 2| K 2 K4 .
=5d |:</0 h(S)dS> lex + vl ] zh(t)llux + | > dr (ho(uy +v))(@)

+ g(h’ o (ux +v))(1).

Then, we substitute J into (3.3) and immediately deduce (3.2). m]
According to (3.2), the energy is decreasing and E(¢) < E(0) for all # > 0.

Lemma3.2 For any o > 0, the functional I defined along the solution of prob-
lem (1.11), by

1 x Yp1 1 x 1
L) = pi / u [ 6(y)dydx + Y24 / u / v(5)dydx — o2 f vurds,
0 0 03 0 0 0

(3.4)
satisfies
(1) < — %nu,nz — p2llvl* + ollux + v[1* + Collvx|I* + Co l16x 117
+ CAy(g o (ux + ) (1), Vt = 0. (3.5)

@ Springer



1846 C.D.Enyi, B.Feng

Proof From (3.4), we set

1 X
W) =y /0 " /0 6(y)dydr,

1 X
W) (1) =m/ ul/ v(y)dydx,
P3 Jo 0

1
Ws3(t) = —pzf vvdx,
0

thus differentiation of 7 (¢) gives
I{(1) = Wi (1) + Wh(1) + W5(0). (3.6)

Now, we evaluate W{(r), W)(r) and W;(z) as follows.

1 X 1 X
(1) =py /0 " fo 6(y)dydx + py /0 " /0 6,(y)dydsx.

Using (1.11)1, (1.11)3, integration by parts and the boundary conditions (1.12), we
obtain

1 1 1t
Vi) = —k/ (ux+v)9dx+y/ szx—i—k'/ 9/ h(t — s)(uy + v)(s)dsdx
0

+ @/ M;Q dx — m M[/ uy,(y)dydx

- / / v (y)dydx
t 1
= — k/ (uy + v)0dx + y/ 0%dx + k (/ h(s)ds> / (iy + v)0dx
0 0 0 0

1 '
— k/ 9/ h(t — s)[(ux +u)(@) — (uy + v)(s)]dsdx
0 0

+ @/ u0,dx — ren / 2d)c _re u,/ vy (y)dydx.
Pr3 Jo Pr3 Jo 0

Also, a direct differentiation yields

1 X
W) =%/ ut/ v, (y)dydx + ypl/ / v(y)dydx.
0 0

Using (1.11)1, integration by parts and the boundary conditions (1.12), we get

1 x X 1 2 ol
Wi(t) = m/ u,/ v (y)dydx — _)// (tty + v)vdx + y_/ Ovdx
P3 Jo 0 P3 Jo P3 Jo
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v ! '
—/ v/ h(t —s)(uy + v)(s)dsdx

)/,01/ u,/ v,(y)dydx——/ (ux—i—v)vdx—i——/ Ovdx

—/ v/ h(t — $)[(uy +v) (@) — (ux + v)(s)]dsdx
0
ky ( 1

+ = / h(s)ds)/ v(uy + v)dx.
Pr3 0 0

Similarly, using (1.11),, integration by parts and the boundary conditions (1.12), we
get

1 1
“I’é(t) 2—02/ U,‘zdx—/)zf VU dx
0 0

1 1 1 1
=—p2/ v,zdx+vf vfcdx+k/ v(ux+v)—y/ vOdx
0 0 0 0

1 t
— k/ v/ h(t —s)(uy +v)(s)ds
0 0

1

1
=-Pz||vz||2+b||vx||2+k/(; v(ux-i-v)—y/o oo

1 '
—i—k/ v/ h(t — s)[(ux +v)() — (uy + v)(s)]dsdx
0 0
t 1
—k (/ h(s)ds) / v(uy + v)dx.
0 0

Substituting W{ (¢), W5(7) and W;(7) into (3.6), we have

2 1
4
HO ——p—nu,nz—pz||v,||2+y||9||2+b||vx||2 (— —y)/ vodx

+ |:—k +k (/ h(s)ds>i| / O(uy +v)dx + —/ u;60,dx
0 0
t 1
(k — Q) / (i, + v)dx + k (/ h(s)ds) (1 - 1) f (i, + v)dx
03 0 P3 0

1 t
—k/ 9/ h(t — $)[(ux +v1) — (uy + v)(s)]dsdx
0 0

1
+k (l — l) / v/t h(t — s)[(ux +v)(t) — (uy + v)(s)]dsdx.
p3/ Jo 0
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Applying Young’s and Cauchy—Schwarz’s inequalities, as well as Lemma 2.2, we
obtain

voy
03

i 2 k2 t 21y 2
| l+y+ =+ /h(s)ds +-(==v) [l161?
4e3  4e3 \Uo 4\ p3

1 1 2
+ ZAoz(g o (y + ) (t) + ealluf|* + o (%) 1612 (3.7)

B 1 k 2 k2 t 2 2
+ z+—<k——V) +—(/ h(s)ds) <1—1> ok
R p3 4e3 \Jo P3

) 2
+](_ <1 _l> Ag(g 0 (ux 4+ ) ().
L3

I (1) < — “—=lucll* = p2llvell* + bllvg 1> + 3ezllux + v

Now, we apply Poincaré’s inequality and assumption (A1); thus, (3.7) yields

YP1
I[(1) < — (E - 84) luell® = pallvell® + 3esllux + vl

L A YA N

1 _— == — (= 6

[+y+483+483+4<ps y) +484<03) 161
1 ky\? k2 2

+ 2+b+—<k——y) +—(1—1> llvell?
4e3 03 4e3 \ p3

1

4

k2 2
+ —Aa(g o (ux +v))(1) + T (1 - %) Ay (g o (ux +v)) ().

Lastly, choosing ¢4 = ? and o = 3¢3, we arrive at (3.5). O
03

Lemma 3.3 For any § > 0, the functional I, defined along the solution of prob-
lem (1.11), by

b [} 1 1 '
b =-22 | vude - pz/ vpudx + Pz/ Ut/ h(t — s)(ux + v)(s)dsdx,
0 0 0 0

k
(3.8)
satisfies
b
Bt < — Envxn2 + 81lvelI* + Csllux + vlI> + Cs 1611

1
+ Cs(1 + Ag)(g o (ux +v))(1) + (pz - %b) / vyudx, Ve = 0.
0
(3.9)
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Proof We differentiate I,(¢) and find

1 1 1 1
p1b p1b
L) =—— Uxrttrdx ——/ Uy ltgrdx —,02/ Ut dx _,02/ Uyl dx
k Jo k Jo 0 0

D(1) D (1) D3(1)

1 t 1
o2 f o f h(t — $)(ux + v)()dsdx + pah(0) / o1ty + v)dx
0 0 0

D4(1)

1 '
+ ,02/ v,/ Bt — ), + v)(s)dsdx.
0 0

Ps(1)
(3.10)

Using (1.11)1 and (1.11); as well as integration by parts and the boundary conditions
(1.12), we estimate 1, &5, &3, 4 as follows.

0

1 1 vb !
=—b/ uxxvxdx—b/ v)%dx—i-—/ O Ux
0 0 k Jo

1 '
—b/ vxx/ h(t —s)(uy + v)(s)dsdx.
0 0

Then, by Young’s inequality, we have

1 1 2 1 1
2 2 1 (yb 2
(1) <—b vydx + 63 vidx + — | — 0, —b UyyUydx
0 0 451 \ k 0 0

1 t
— b/ vxx/ h(t —s)(uy +v)(s)dsdx, (3.11)
0 0
Also,
1
B2(1) = — /0 vt dx
1 1 1
:b/ vxuxxdx—i-k./ (uy +v)uxdx—y/ Ouy
0 0 0
1 t
—k/ ux/ h(t —s)(uy +v)(s)dsdx
0 0
1 1 1 1
:bf Uyl dx +k/ (uy +v)2dx —k/ (uy +v)vdx — )// O(uy + v)dx
0 0 0 0
1 1 t
+ y/ Ovdx —k/ (uy +v)/ h(t —s)(uy + v)(s)dsdx
0 0 0
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1 t
+ k/ v/ h(t —s)(ux + v)(s)dsdx.
0 0

Therefore, applying Young’s inequality, we get

1 k2 1
q>2(f)§b/ vxuxxdx+(k+ﬁ+y+ )/(ux+v>dx+381/ v2dx
0 1 0
2

1 2 t
o) e () [ ([0 e
+ (2 + 481>/ dx + <2 + 451> ( A h(t —s)(uy +v)(s)ds | dx,

(3.12)

we now make use of Lemma 2.3 to arrive at

1 1 1
<I>z(z)§b/ Veltyedx + 7/Jrl /92dx+381/ v2dx
0 48[ 0

2
+ [3" b4 D@t hOpA <k+—>]/ (1, + v)dx
2 48
k2
+ (k + g) Aa(g o (ux +v))(@).
(3.13)
Again,
1 1
D3(1) = —pz/ Vrkyrdx =pz/ Uxrttrdx. (3.14)
0 0

We as well have

1 t
<I>4(t)+<l>5(t)=—k/ (ux—l—v)/ h(t —s)(uyx + v)(s)dsdx
0 0
1 t
+ b/ vXX/ h(t — s)(uy + v)(s)dsdx
0 0

1 t
+ y/ 9/ h(t — s)(uy + v)(s)dsdx
0 0

1 t 2
+/ </ h(t —s)(uy + v)(s)ds) dx
0 0

1 t 1
+ pz/ vy / B (1 — 5)(ux + v)(s)dsdx + pzh(O)/ vy (uy + v)dx,
0 0 0
therefore, recalling (2.7), we get

1 t
Dy(t) + D5(t) = — k/ (uy +v) / h(t —s)(uy + v)(s)dsdx
0 0

1 t
+ b/ Vyx / h(t —s)(uy + v)(s)dsdx
0 0
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1 '
+y/ 9/ h(t —s)(uyx +v)(s)dsdx
0 0

1 t
+ ,0205/ vy / h(t —s)(uy + v)(s)dsdx
0 0

2

1
—I—/ (/[h(t—s)(ux—l—v)(s)ds) dx
0 0

1 t 1
- ﬂz/ vy / gt —s)(uy +v)(s)dsdx + pzh(O)/ v (uy + v)dx.
0 0 0

It follows from the application of Young’s inequality that,

1 t
Dy(t) + P5(2) < b/ vxx/ h(t —s)(uy + v)(s)dsdx

2
n (2 n (pzh(O)) >

1 1
+1/9%H4&/v%x
2 Jo 0
2

p2 1 t
+ (/ gt —s)(uy + v)(s)ds) dx
482 0
2

t
+(1+’;+ y (pj;;) )fo (/0 h(t—S)(ux+v)(S)dS) dx.

Next, due to Lemma 2.3, we obtain

/<x+v>dx

Dy (t) + P5(1)

1 t 1 1
gb/v”/hU—mW+wmmm+%/9%H4&/v%x
0 0

2 2
+[2+(mhm»+ +(a +h@»(2+k+y+(ma))}/‘wx+v)m

45, 28,

2 2
k (o2c)
£ ) +24, (1
+25@owx+wﬂ)+ a< +2+2+-482

)(gowx+v»a»
(3.15)

Now, we substitute (3.11)—(3.15) into (3.10) and apply the Poincaré’s inequality to
get

(1) < — (b — 38D vy 1> 4 3820lv |12 + €1 (81, 82) llux + vI* + c2(81, 82) 16 |1

p1b !
+ 2081, 82) (1 + Aa) (g © (ux +v))(1) + <,02 - 7) /0 Uyt dox.

b
Finally, choosing §; = 13 and setting § := 385, we arrive at (3.9). O
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Lemma3.4 For any 6 > 0, the functional I3 defined along the solution of prob-
lem (1.11), by

1 X
L) = o /0 u fo (y +0) )y + 222 / f 6(»)dydr, (3.16)
satisfies

ki 1 6
L) < — 7°||ux +ol? 4 elwl* + C (1 +—+ ﬁ) 116,11

+C<1+§) Ag(g o (ux +v))(1), Vi = 0. (3.17)
0

Proof Differentiation of I3 yields

1 x 1 x
L) = pr / u / iy + v () dydx + 1 f i / (y + v)(y)dydx
0 0 0 0

Ti(t)

1 x
u fo 6,(y)dydx

(3.18)

P13 P1P3

Ta(t) Y3(1)

Now, we estimate Y';(#), Yo (¢) and Y3(¢) as follows.
Using (1.11)1, integration by parts and the boundary conditions (1.12), we have

1 1 t
YTi(t) =— k/ (uy + v)zdx + k/ (uy + v)/ h(t —s)(uy + v)(s)dsdx
0 0 0

1
+)// O(uy + v)dx
0

t 1 1
=—k<1—/ h(s)ds)/ (ux~|—v)2dx+y/ 0 (uy + v)dx
0 0 0

1 '
- k/ (uy + v)/ h(t — $)[(ux +v) (@) — (ux + v)(s)]dsdx.
0 0
Applying Young’s and Poincaré’s inequalities, we get

t 1 1
() < —k (1 - / h(s)ds) / (uy + v)%dx + 252/ (uy + v)%dx
0 0 0
2

y 1 2 1 t
+ —/ 0%dx + — (/ h(t — s)[(ux +v)(t)—(ux+v)(s)]ds> dx,
0
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then using Poincaré’s inequality, Lemma 2.2 and assumption (A1), we have

t 2
i) < —k (1 - / h(s)ds) ity + v]1% + 262l + 0] + jznexnz
0

k2
+ —Ax(g o (ux +v)(1) (3.19)
482
2 2 y? 2 k?
< —klplluy + v||* + 2&2|lux + v]|I7 + —10x]|° + — Ax (g 0 (ux + ) ().
dey 4ey

Next, using (1.11)1, integration by parts and the boundary conditions (1.12), we have

Yo(t) =— —/ (uy +v)0dx + —/ / h(t —s)(uy + v)(s)dsdx

+p3f 6%dx
0
t 1 1
= k§3 <1—/ h(s)ds)/ 9(ux—|—v)dx+,o3/ 6%dx
0
_in / / Bt = [ + )0 — (x + 0)(o)]dsd,

Young’s inequality leads to

1 ) 1 kp3 2 t 1 )
Yo (1) 582/ (uy +v)°dx + — (—) <1 —/ h(s)ds) / 6-dx
0 der \ ¥ 0 0
2

1 t
—i—/ (/ h(t — s)[(ux +v)() — (uy + v)(s)]ds) dx
0 0

| Zko\2] 1
+|:P3+—(ﬁ> :|/ 62dx,
4\ vy 0

then applying Poincaré’s inequality, Lemma 2.2 and assumption (A]), we get

2

5 1 (kp3\> 1 5
To(t) < exlluxy +v|I” + | p3 + 1 (*) (1 + 7) 10x 117 + Aa (g o (ux + v)) ().
Y &2
(3.20)

Also, using (1.11)3, integration by parts and the boundary conditions (1.12), as well
as Young’s inequality, we obtain

1 X 1
T3(t) = — py f u,/ (y +v),(y)dydx + M/ uOydx

<o [ [y 0 el u—(%) 161,

(3.21)
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Substitution of (3.19)—(3.21) into (3.18), we get

1 1
L(t) < — (kly — 3&2)lux + v||* + ellus|* + C (1 +o+ 5) 16, 11>

e (1 + i) Aa(g o (ix + ) (0).
&2

ki
Finally, choosing ¢, = ?0, we get (3.17). O

Lemma 3.5 The functional 14, defined by

1 t +00
Iy(t) = / / J(@ —s)(uyx + v)z(x, s)dsdx, where J(t) = / h(s)ds,
0 JO t
satisfies along the solution of problem (1.11), the estimate
1
Ly(1) < —3 (h o (ux +v)) (1) +3(1 = Dlluy +v[l3. Vi >0. (3.22)

Proof We differentiate I and recall that J(7) = J(0) — fot h(s)ds and
J'(t) = —h(t); thus, we have

L) = /01 /Ot J'(t = $)(ux + v)*(x, s)dsdx + J(0) fol(”x + )% (x, s)dx
= — /01 /Ot h(t — s)(ux + v)%(x, s)dsdx + J (1) /Ol(ux + )% (x, 5)dx
+ [0] /Oth(t — ) (ux + v)*(x, s)dsdx
=J(O)lux +vll3 — /01 h(t — $)[(ux +v)(x, 1) — (uy + )(x, S)]stdx

1 t
+ 2/ (uy + v)/ h(t — s)[(ux +v)(x, 1) — (ux +v)(x, s)]dsdx
0 0
< —(ho(ux+v) () + JOlluy +vI3 +20 = Dluy + v]3

N (Jy n)as)

2(1 —1)
1
< - 3 (ho (ux +v)) (1) +2(1 = Dlluy +vlI3 + J @) luy +v[3. (3.23)

(ho(uy +v)) ()

By recalling that £ is decreasing and positive, hence J(t) < J(0) = (1 —1), the result
(3.22) follows. O
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4 General and Optimal Decay Result

In this section, we state and prove our main general and optimal decay result. In order
to do this, we define a Lyapunov functional £ as

L) =NE@)+ Ni11i(t) + N2 Lx(t) + N3lz(t), 4.1

for N, N1, N>, N3 to be fixed later. In the lemma that follows, we show the equivalence
of £ and the energy functional E.

Lemma 4.1 There exist positive constants o1, oy such that for N large enough, the
Sfunctional L satisfies

a1E(t) < L(t) < apE(), Vi=>0. 4.2)
b
Moreover, if py = % then
£ = = (el + Worl + ol + s + w13 + 16,13)
1
+t3 (ho(px+¥)) @), Vi=0, (4.3)

for some positive constants N, N1, N2, N3 to be later chosen appropriately.

Proof We have

|IL(1) = NE@®)| < Ni[Ii()] + Na| 2 (6)| + N3|13(1)]

/ u / e(y)dydx‘+mzvl / u / v(y)dydx'

1
fvxu,dx fv,uxdx
0 0

1 t
+ ;N3 / v,/ h(t —s)(uy + v)(s)dsdx
0 0

< 1N

p1b
—N
+ A 2

1
+ ;o Ny / vuydx
0

+ p2N2

1 X
+ p1N3 / uz/ (uy +v)(y)dydx

/ u / e<y>dydx‘

Applying Young’s inequality and Lemma 2.1, we get

0

IL(t) = NE@®)| < C(p1lludl* + pallv* + p31011% + bllve 1> + kllux + vl|?)

1 2
—I—C/ </th(t—s)(ux+v)(s)ds> dx
0 0
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Using Cauchy—Schwarz’s inequality, the last integral above can be estimated in like
manner as in Lemma 2.3, we get

2

1 '
/ </ h(t —s)(uy + v)(s)ds) dx <2|luy + v||2 + 2(h o (uy + v))(t).
0 0
Hence, there exists a constant C > 0 such that

C
IL(t) — NE(1)] < E[pluuznz + o2llve 2 + o311 + bllve |1

: )1 ck
T 1_/ h(s)ds)llux—i—vll + 5 o s +0)(0)
0

<CE().
It follows that
L) = NE@®)| = CE@t) <= (N —CO)E@) = L(t) = (N + C)E(0).
Now, we choose N large enough so that
N-C=>0. 4.4

Therefore, there exist positive constants 1, ap such that (4.2) holds. Hence, £ = E.
Now, we differentiate (4.1), bearing in mind (3.2), (3.5), (3.9) and (3.17) and the
fact that g = ah — h’, we get for any 7 > 0,

[ vp1 b
@) <— | ANy — s [llug? = | ooy — Ns [[lur]? = | 2 N2 — Co Ny [[lu |12
| 203 2

— 7N3—0N1—C5N2 llux + vl

i 6
— | BN — Cs N —C5N2+C<1+E) NSi|||9x||2
0

+ gN —(1+ Ay (CN1 + CsN> <1 + %) N3) i|(g o (uy +v))(1)

ok p1b\ [!
+7N(h0(ux+v))(t)+N2 i /vxtuzdx-
0

N klyN. N b
i - et and recalling that p, = %,

"~ 4p;3N3° 4N, 2N,

Setting N1 =1, ¢

we find
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Y01 02 kloy b
L(1) < — 4—m||ut||2—7||vtn2—[71v3 - CzNz] llux + v[*— [ENz —c1 | luell?

—[BN = C(1+ Na+ N3)T16x]1* + O;—kN(h © (ux +0))(1)

— [I%N —C(+A)+ Ny + N3):| (8 o (ux +v)(1).

klgN-
Choosing N, = ﬁ, we get
86‘2

YP1 02 kloN3 bklyN3
L) < — @nu,nz —~ ?”Ut”z - =g e+ vl|> — [W —c1 | lluel?

IBN — €+ Na NI + SN (i o 4 0)0)
- |:§N—C(1+Aa)(l+N2+N3)i| (g o(uy +v))(2). 4.5)

Now, we pick N3 large such that

bklyN3
16¢3

—c; > 0. 4.6)

ah®(s)  ah®(s)

g(s) — ah(s) = h'(s)
nated convergence theorem yields

Observe that < h(s); therefore, application of the domi-

+00 ahz(s)
aAy = ————ds >0 as a — 0. “4.7)
0o ah(s)—h'(s)

Hence, there exists 0 < a9 < 1 such thatif ¢ < @ < 1, we have

1

aAy < .
8C (1 4+ N2+ N3)

4.8)

1
Finally, we choose N large enough and set o« = INK so that (4.2) remains valid and

Nk

T—CAO,(1+N2+N3)>0 4.9)

Nk

?—C(1+N2+N3)>O. (4.10)
as well as

BN — C(1 + Ny + N3) > 0. 4.11)
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Combining (4.5)—(4.11), we obtain (4.3). This completes the proof. m]
Now we will state and prove our main decay result.

Theorem 4.1 Let (u, v, 6) be the solution of problem (1.11)—(1.13). Assume (Ay))

b
and (Ay) hold and that py = & Then, there exist w1, wy > 0 such that the energy
functional E of problem (1.11)—(1.13) satisfies

ds (4.12)

t r
E@r) < a)gGl—l (0)1/ g(S)ds) , where G(¢) 2/ SG}(S)
1o t

and G is a decreasing and strictly convex function on (0, r], withr = h(ty) > 0 and
liII(l) Gi(t) = +o0.
t—

Proof According to (A1) and (A7), we have that & and h are continuous, decreasing
and positive. In addition, G is continuous and positive. Thus, V ¢ € [0, 7], we have

0 < h(10) = h(1) = h(0), 0 <&(10) <&(1) < £(0)
then we can find some positive constants a; and a;
ar < §(G (@) < ar.
Therefore, it follows that

i ai ap
h(t) = =§@)G(h(1)) = _T())h(o) < —mh(t), Viel0,n0]. (4.13)

From (3.1) and (4.13), we have

to
/0 h($) || (@x + ¥) (@) — (pr + )& — 9)[5ds

h(0) [*
oL | H O+ 10 = e+ 91— 930

—CE'(t), Yt el0, 1] (4.14)

IA

Using (4.3) and (4.14), we get

L) < —LE(1) + %(h o (px +9)()
1 [l
=—AE(r) + Z/o R (@x + )@ = (pu + ) = 5)]15ds

1 t
+Zf h($) || (@x + ¥) () — (@ + )t — 9)[13ds
1o
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t

1
< —AE(1) = CE'() + Z/ h($) [ (@x + ¥ (@) = (pr + ¥) (¢ — 9)II3ds.

0]

Therefore, for all ¢ > 1y, we get

1 t
1() < —AE(1) + Z/ h($)(@x + ¥)(6) — (@x +¥) (¢ — 5)[3ds,  (4.15)
0]

where L£1(t) = L(t) + CE(¢t) and with (4.2) in mind, we deduce that £ is equivalent
to E.
To complete the proof of Theorem 4.1, we discuss two cases:
Case 1 G(t) is linear.
For this case, we multiply (4.15) by £(¢), then with (3.1) and (A7) in mind, we have

1 t
EMLY (1) < —AEME() + Zé(t)/ h($) [ (@x + ¥) (@) — (g + ) (& — 9)[15ds
1o

1 1
= -M@OE@) + 5/ EGRE) [ (@x + ) (@) — (9 +¥) (¢ — 5)|[3ds
0]
1 t
= —AEWE() — 5[ h ()| (@x + ¥) (@) — (@ + )t — 5)[13ds
1o
< —XEQ)E(t) — CE'(1). (4.16)

Knowing that £ is decreasing, we have
ELI+CE) (1) < —AEME®), Vt=1 (4.17)
and since £ ~ E, we obtain
EL1+CE ~E. (4.18)

Hence, setting Lo (1) = £(¢)L(¢t) + CE(t), then we can find some positive constant
w such that

L5(1) < —AE(E(r) < —wE(1)La(1), V1= 1. (4.19)

Integration of (4.19) over (¢, t) and recalling (4.18) yield
~ ot t
E() < we 2o t0d _ 61 (5/ é(s)ds),
1o

where @ is a positive constant.
Case 2 G(t) is nonlinear.
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Firstly, for this case, we set F(¢t) = L(t) + 14(¢). Thus, from Lemma 3.5 and (4.5),
we have

01 02 klyN3
F) <= Y2002 = 2,2 - =301 —1lo) | llux + 0|2
4p3 2 8
~ | Tog; | lexll® — BN = CA+ N2+ N3] 6]

- gN —C(+A)(1+ N2+ N3)} (g o (ux +v)()

[Nk 1

L E] (h o (ux + ) (1), (4.20)

Next, we choose N3 large so that

—3(1 —1y) >0 and

klyN3 bklyN3
—Cl] > 0,
8
then choose N large enough so that

k
BN = C(1+ Ny +N3) > 0 and ZN — C(1+ Ag)(1+ Ny + N3) > 0.

1 . ~
Now, we take @ = m; thus, there exists a constant & > 0 such that

F'(t) < —a E(t), Vt > 1. 4.21)

From (4.21), it follows that
t
@ [ s < P - F0) < Flo,
fo
Therefore, we have
+00
f E(s)ds < oo. (4.22)
0
We next define the functional ¢ as
t
@) = Ot/ Gy + v)(#) — (ux + )t — 5)]|3ds.
fo

Due to (4.22), we can select 0 < @ < 1 such that
o) <1, Vt>1. (4.23)
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Henceforth, we can assume without loss of generality that ¢(r) > 0, V¢ > 1,
otherwise, we obtain immediately an exponential stability result, from (4.15). We as
well define the function i as

t
y(r) = —/ W ()l +0) (1) = (ux +0)(E — 5)]13ds
1

0

and notice that
Y(t) < —CE'(1). (4.24)

We can see from assumption (A;) that G is strictly convex on (0, r], r = h(ty) and
G(0) = G'(0) = 0. Therefore, we have

G(es) <eG(s), 0<e<1, se(0,r]. (4.25)

It thus follows from assumption (Aj3), (4.23) and Jensen’s inequality (2.12) that

1 t
V() = / @) (=h' ()|t + V) (1) — (uy + v)(t — $)[|3ds
Ol(p(t) 1o
1 t
= / P(DES)G(h(s))al|(ux + v)(1) — (ux + V)(t — 5)|3ds
a‘ﬂ(t) o
£ [ P
= Ge@h(s))el|(ux +v) (@) — (ux +v)(1 — 5)|2ds
O‘(P(f) 1o
t
> @G (L / P(Oh(s)l|(uy +v)(1) — (ux +0)(1 — S)II%dS)
o (ﬂ(t) 1o

t
- % (a/ B+ 0)(1) = s + )@ —s)||%ds)
1

0

. E(l‘)é ! 2
=G|« t h($)|| @y +v)(@) — (uy +0)(t —5)|l5ds |, (4.26)

0

where G is the extension of G on (0, +00) in (2.3). From (4.26), we get

t
/to h(s) |y + 0)(1) — (y + 0)(t — 5)|3ds < éa_l <a§1p(t()t)> .
Thus, from (4.15), we get
(1) < —AE(t) + CG! (“;E:)”) V> . 4.27)

Now, for ro < r to be chosen later, we define the functional

~ E
My(t) =G’ (ro%) Ly(t) + E(t)
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which is equivalent to E since £; ~ E. Using (4.27) and due to E'(t) < 0, Gt) >
0, G"(t) > 0, we have

E’ E(t
My =rg =G ”(ro ()>E1()+G<0L)U(0+E(l)

E(0) E(0) E(0)
~ () ~, ( E@) Y (1)
<—XE®)G (roE(O))+CG (r E(O))G ( E()>+E(r) (4.28)

In what follows, we consider the convex conjugate G* of G in the sense of Young (see
[25] page 61-64) defined by

G*(s) =s(G)'(s) - G [(GN], (4.29)
with G* satisfying the generalized Young inequality
U1Us < G*(Uy) + G(U). (4.30)

J20)

~ E(t
LetussetU; = G’ | r @
&)

dU, =G™!
0 E(0)> e <“
and (4.28)—(4.30), that for all r > £y

M) < — LE(1)G' <V0&>+C(~}* <(~;/ <r0@>>+ O

) . It follows from Lemma 3.1

E(0) E(0) §(1)
~ E(1) E(1) ~, E(1) Y (1)
<—1E("G <roE(O)>+C E(O)G <r E(O)>+C %+E(t)
4.31)

E(t
We multiply (4.31) by &(¢), observe that r¢ E((O)

5 EOY _ o, EO
“ <r°E<0>) =¢ (’°E<0>>’

then making use of (3.2) and (4.24), we obtain

/ [ E® E(1) EQ@)
EMMy(1) < —AMMEMNG (roE(O)) +C mg() ( E(O))

+ Cayr(t) + EWE'(1)
. E@) E(1) ()
<—AMMWE@®)G (rom) +C mé&( )G ( E(O))
—CE'(t), Y t > 1. (4.32)

< r and
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Let M3(t) = &E(t)My(t) + CE(t), then M3 ~ E since M, ~ E, i.e., there exist
constants ag, a; > 0, such that M3 satisfies

aoM3(t) < E(t) < aiM3(1). (4.33)
Thus, from (4.32), we have

Mi(1) < —(LE(0) — cwsm%sma’( E((f)))) Vi =1

Next, we choose r9 < r small enough such that LE(0) — Crg > 0, then for some
positive constant @ > 0, we have

M) < — wé(t)E((O))E( \G' ( E(((’)))>

=— w§ ()G <E((0))) vt > to, (4.34)

where
Go(s) = sG' (rps).
We therefore remark that
Gy (s) = G'(ros) +rosG" (ros),

thus the strict convexity of G on (0, r] implies G2(s) > 0, G4(s) > 0 on (0, r].
M (¢
Now, let M (t) = ag 3(1) , then due to (4.33) and (4.34), we have

M(t) ~ E(t) (4.35)

and

/

M
M'(1) = ag E3((()t)) < —wi(0)Ga(M (1)), V1 = 1p. (4.36)

We now integrate (4.36) over (o, t), to get

! LM (s) 1 froMiw
w1/ §(s)ds < —/ ———ds = —/ —ds
1o wn G2(M(s)) 10 Jrom () sG'(s)

which yields
M(t) < —G7 <a)1/ g(s)ds> (4.37)
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where

|
Gi() =/t O

It follows from (A»), that G is a strictly decreasing function on (0, r]. Furthermore,
lim G(t) = +oo0.
t—0

Finally, making use of (4.35) and (4.37), we obtain decay estimate (4.12). Hence,
Theorem 4.1 is completely proved. O

4.1 Examples

(1). Let h1(t) = toe~ 2™, t > 0, where 7o > 0; thus, (A4;) holds with Iy = %
Therefore,

Ry (1) = —2t3e 2™ = —259G(h| (1)), where G(s) =s.
In this case, the solution energy (3.1); satisfies
E(t) <®e ™, V>0,

for some constants ® > 0, v > 0.
(2). Letha(t) = roe_(H")rl, t >0, where g > 0, and 0 < a; < 1 with 7y chosen

such that (A) holds. Therefore,

(1) = —tori (1 + )" eI = —£(1) G (ha(1)),
where
En=uld+0""", G =s.
In this case, the solution energy (3.1); satisfies
E(t) < @e P00 vy,

for some constants ® > 0, v > 0.
(3). Let h3(r) = ﬁ’ t >0, where 19 > 0, and 7; > 1 with 79 chosen such

that (A1) holds. Therefore,

—T07T] 71+ 1
AQ+pnntl —11G(h3(?)), where G(s) =57, g = .

Ry(t) =
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with ¢ satisfying 1 < g < 2. Hence, the solution energy (3.1) satisfies

E(l) < L
- (d+nn

for some constant ® > 0.
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