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Abstract
In this paper, we study the existence of multiple solutions for the following biharmonic
problem

A%u= f(x,u)+g(x,u) in Q,
u=A~Au=0 on 0%,

where @ ¢ RV, (N > 4) is asmooth bounded domain and f(x, &) isoddin £, g(x, &)
is a perturbation term. By using the variant of Rabinowitz’s perturbation method, under
some growth conditions on f and g, we show that there are infinitely many weak
solutions to the problem.

Keywords Biharmonic - Boundary value problems - Critical points - Perturbation
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1 Introduction

In the last decades, the biharmonic elliptic equation

A%u = f(x,u) in Q,

u=Au=0 on 0€2, (.1
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has been studied by many authors see [4,6—8,16—18] and the references therein.
In this paper, we study the existence of multiple weak solutions to the following
problem

Azuzf(x,u)—i—g(x,u) in Q, (12)
u=A~Au=20 on 0%, ’

where @ ¢ RV, (N > 4) is a smooth bounded domain. To study the problem (1.2),
we make the following assumptions:
We assume that f : Q@ x R — R is a function such that

(A1) f(x,8) = fix, &)+ fr(x, &), f1, f» € C(Q xR, R) and there exist constants
C; >0and 1 < p < 2 such that

A OI<CEPT, (&) eQxR; (1.3)

(A2) there exist constants C; > O and 1 < u < 2 such that

fi(x, 6)§ —uFi(x,6) =0, (x,6) € 2 xR,

&
where Fi(x, §) := [ fi(x, t)dz;

0
(A3) there exist constants C; > 0,1 < p; < 2 and 2 < py < 2, such that
Fi(x,8) = Co(I§|"" = [§]7), (x,§) € Qo x R,

where 2, 1= %, Q is a nonempty open and ¢ C 2;
(A4) there exist constants C3 > 0 and 2 < p3 < 2, such that

|, &) < C3IEIPT, (x,8) e R x R

(AS) fi(x, &) =—fi(x,=&),i=1,2,(x,&) €e 2 xR,
Let g : © x R — Riis a function such that
(B) g € C(Q x R, R) and there exist constants C4 > 0 and 2 < 6 < 2, such that

lgx. &) < C4lgl”™", (. §) e QxR
Now, we formulate the main result of this paper.
Theorem 1.1 Assume that (A1)—(A5), (B) are satisfied and

2 N
e . (1.4)
2—p 6-2

Then the problem (1.2) has a sequence of small negative energy solutions converging
to zero.
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Example 1.2 Let Q be a bounded domain with smooth boundary in R and

FOE)=a(x)|E| T Ecos|E|7, glx.£) =&,

where a(x) € C(2, R) changes signin 22,0 € (%, 10). Set

fi, &) =a@ E72 € fa(r.§) =a() lg172 ¢ (coslgl? — 1).

Thus, all conditions of Theorem 1.1 are satisfied with

3

By Theorem 1.1, the problem (1.2) has a sequence of small negative energy solutions
converging to zero.

2 Proof of Theorem 1.1

Define the Euler-Lagrange functional associated with the problem (1.2) (see, e.g.,
[13,14]) as follows

I(u):%/IAulzdx—/F(x,u)dx—/G(x,u)dx,

Q Q Q

where F(x,u) := [ f(x,£)dé and G(x,u) := [ g(x, £)dE.
From (Al), (A4) and (B), we have I is well defined on Hg(Q) and I €
C'(H3(Q),R) with

(I'(w),v) = /AuAvdx—/f(x,u) vdx —/g(x,u) vdx 2.1)
Q

Q Q

forallv e HOZ(Q). One can also check that the critical points of I are weak solutions
of the problem (1.2).
Next, we introduce a cut-off function ¢ € C*° (R, R) satisfying

(& =1, & € (—o0, 1],
0<¢®) =<1, £e(1,2),
¢()=0, & €2, +00),
'@ <2  &eR

(2.2)
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1704 D.T.Luyen

With the help of this cut-off function ¢, define

2
HE ()

Ty

[Jul

T(u)=1¢ ., Yu e HH(Q), (2.3)

where Ty is a small positive constant independent of « given by (2.10) and (2.49).

Lemma 2.1 The functional w defined by (2.3) is of class C' (HZ (), R) and
|(' (), u)| <8, Vue H} ().

Proof By direct computation, we get

2
w@ | @Yo

To To

el

(' (), v) =2¢' . Yu,v e HX(RQ). (2.4)

Assume that u, — ug in H (). By the definition of ¢ and (2.4), forany v € HZ (),
we have that

|77 (un) — 7' (10), V)|

2 2
”Un”Hg(Q) (Un V) 20 e “”0”1102(9) (10, V) 20

=2\

To To Tp To
lunll?,
_ Hi(2)

= 2T() ! ”v”Hg(Q) |: é‘/ TO lun — MO”H(%(Q)

2 2
o (e (e
1 1 OllHg @) |

which implies that |7/ (u,,) — 7/ (uo) | (2 — 0,n — 00.Sow € CH(HZ(Q), R).
0

By (2.2) and (2.4), we get

(Q)*

('), u)| <8, Yu e Hj(Q).

With the help of this functional 7, we define a new functional T on H02(Q) by

7(u) = %/IAulzdx—/Fl (x,u)dx — w(u)
Q

Q
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X /Fz (x,u)dx—}—/G(x,u)dx , 2.5)

Q Q

where F>(x,u) = [, f>(x, 7)dr. From Lemma 2.1, hence T € C'(Hg (), R) and
for any u, v € H&(Q), we have

(7/(u),v) =fAuAvdx—7r(u) /fz (x,u) vdx+/g(x,u) vdx

Q Q Q

—/f] (x, u) vdx — (7' (), v) /Fz (x,u)dx—l—/G(x,u)dx
Q

Q Q
(2.6)

Lemma 2.2 Assume that (A1), (A2), (A4), (B) are satisfied and u is a critical point of
1. Then

Tw < 2= Q.7

Proof Consider two cases.

Case 1. Let u is a critical point of 7 and ||lu ||H2(sz) > 2Ty, by the definition of ¢, we

have 7 (#) = 0 and 7' (u) = 0. From (A1) and (2.6), we get that

7(u>=7<u>— T (), )

2 (mw‘l/(mx Wu — pFi(x, 1)) dx
"

IA
E

by 1 <u<2 and fi(x,w)u —uFi(x,u) <O0.
2.8)

Case 2. Let u is a critical point of T and [|u/? < 2Tp. By applying embedding

HE ()
inequalities, Lemma 2.1, (A2), (A4) and (B), we get that

7(u>=7<u>— w NI W), u)

uw+ +9
<E== || IIHz(Q) —C3 ||u||Lp3(Q) +5 ¢, IIMIILQ(Q)
,U« u + 9
== IIMIIHZ(Q) + " ——C3Cp; |lu IIHz(Q)
m+
+ C4C§ IIMIIHz(Q), (2.9
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1706 D.T.Luyen

where C),,, Cy are constants such that

lluell p3 @ = Cp3 ||u||H02(Q) > ||”||L9(§2) <Cy ||M||Hg(g2) .

Since p3 > 2, p4 > 2, we can choose T small enough such that if ||u||H2(Q) 2To
n+9 9 3 nw+ 89 2 —
R Il o)+ == CaCl Ml ) < T g+ 210
By (2.8) and (2.10), we get the conclusion of the lemma. O
Next, we introduce a cut-off function x € C®°(R, R) satisfying
x@) =1, £ € (—00, 41,
O<x® <1, &e(5.9,
x() =0, £ elg,+00),
X' ®)] <8471, geR, A:=42
We put
tw = x (nun,,z(m 1(u>> . Vu e HY@\(0}, @.11)
2
V) = 7 (u)l(u) fQ G(x,u)dx, VYu € Hy(Q)\{0}, 2.12)
0, u=0,
and
1 2
J(u) = 3 [Aul“dx — | Fy (x,u)dx —w(u) | Fp (x,u)dx
Q Q Q
— Y (u), Yu € HJ (). (2.13)

From (A1), (A4) and (B), it is easy to verify that £(u) € C (Hz(Q)\{O} R). By direct
computation, for u € HZ(Q)\{O} and for any v € HZ(SZ) we have

(€' w). v) = (nun,ﬂ(m 1(u)> Il

x (||u||H02(Q) T @), v) = 20w ) g ) - (2.14)

Lemma 2.3 Assume that (Al), (A2), (A4), (B) are satisfied. Then the functional
defined by (2.12) is of class C' (H} (), R) and

|(W' ), u)| < 89C4CY ull® Yu € HZ (). (2.15)

HE(Q)’
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Proof For u = 0 for any v € HOZ(Q), by (2.3), (2.12) and (B), we get

[0/ (0), )] = lim ‘M
t—0 t

<Cy lirrg)|z|9—1 / lv()|” dx = 0;
t—
Q

hence, ¥’'(0) = 0. From (2.4), (2.12), (2.14) and (B) for u € Hg(Q)\{O} and v €
Hg(Q), we have that

(W' (), v) = (' (w), v)€(u) / G(x, u)dx + m(u) (£ (1), v) / G(x, u)dx
Q

Q

-i—n(u)@(u)/g(x,u)vdx. (2.16)
Q

Next, we prove ¢ € Cl(HOZ(Q), R). Suppose that u,, — ug in HOZ(Q). We consider
two possible cases.
Case 1. ug # 0. By Lemma 2.1, (2.14) and (B), we have

¥ (un) — ¥'(g) as n — oo.

2

HA@) < Top. Hence,

Case 2. ug = 0. Without loss of generality, we can assume ||u,, ||
by (2.2), (2.3) we get w(u,) = 1 and ' (u,) = 0; hence,

(V' (un), v) = (5’(Mn),v)/G(x,un)dx+K(un)/g(x,un)vdX- (2.17)
Q Q

On the other hand, by (2.14), we obtain
’ 7 -2 T -2 i
(€ (un),v>/G(x,un)dx =X (Ilullygm)l(un)> letn 2 ) 1 (un),v)/G(x,un)dx
Q Q

-2 (nun;,g(m 7(un>) lanl 2 ) W) W ) o

/G(x,un)dx.

Q

From the definition of x and (B), applying embedding inequalities, we get that

% (nun;,;;(m 7<un)> a1 2 g (7 0. ) [ G
Q

<Cs H 7/ (tn)

0-2
v u , 2.18
(HOZ(Q))* I ”Hg(Q) [zt ”HOZ(Q) ( )
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1708 D.T.Luyen

(”u”Hz(Q) I(“n)) ”un”Hz(Q) I(“n)(unv U)HOZ(Q) / G(x, uy)dx
Q

0—1
< Cq llup ||H02(Q) ”U”Hg(g) s (2.19)

L(uy) f glx, up)vdx| < C7 ”un”Hz(Q) ”v”Hg(Q) s (2.20)

where C; > 0,7 = 5,6,7, and (HOZ(SZ))* denotes the dual space of Hg(Q).
Since 7 (u,) =1, 7'(u,) = 0and u, — 0,n — oo, we have that

‘—/

From (2.17)—(2.21), we see that

up)

— 0, as n — oo. (2.21)
(HZ (@)

[/ @) = ' O 2.+

= sup — 0, as n— oo;

20!

(4/(un),v)fG(xaun)dx+€(un)/g(x,un)vdx
Q

Q

hence, the continuity of ¥’ follows. So we have ¥ € C! (HOZ(Q), R).
Next, we prove (2.15).

If ||u||H2(Q) > 2Ty or u = 0 then by (2.2), Lemma 2.1 and (2.16), we have
(¥'(u), u) = 0. Otherwise, ”””1#(9) < 2Tp and u # 0. Arguing similarly as in (2.9),
we obtain

Ty — p= (I ), u)
nw+9
< 21Al [l g, + == C3CH ulls o + B0 gy 222)
From (2.10) and (2.22), we have that
(T w.w)| < i (314N o)+ [Ta)] ). (2:23)

By the definition of x, we have that if ||u||_ T(u) ¢ [%, %] then €' (u) =

HZ(Q)
Otherwise, if

I (e
5 = lullpz g 1) = &
then
7] < 14N, - (2.24)
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In combination with (2.14), (2.23) and (2.24), we get

n(u)(ﬁ’(u),u)/G(x uy)dx| < 80C4C9 ||u||H2(Q) (2.25)
Q
By Lemma 2.1 and (2.2), (2.11), we conclude that
(' (u), u)@(u)/G(x, u)dx
Q
+n(u)£(u)/g(x wudx| < 9C4C9 ||u||H2(Q) (2.26)

Combining with (2.16), (2.25) and (2.26), we get (2.15). The proof of Lemma 2.3 is
complete. O

Lemma 2.4 Assume that (A1), (A2), (A4), (AS), (B) are satisfied. Then

(K1) The functional J defined by (2.13) is of class C' (HOZ(Q), R) and there exists a
constants Cg independent of u such that

1T ) — J(—u)| < Cs |Jw)|?, Vu e HES). (2.27)

(K2) J has no critical point with critical value on HZ(Q) and Ky = {0}, where
Ko:={ue HO(Q) J(w) =0,J (u) =0}.

Proof By Lemmas 2.1, 2.3, (A1) and (A4), we have J € Cl(HOZ(Q), R) and

(J'(u), v) =/AuAvdx—/f1 (x, u) vdx—n(u)/fz (x, u) vdx
Q Q

Q

— (' (), v) / F (x,u)dx — (Y'(u),v), Yu,ve H02(S2). (2.28)

Q

Next, we prove (2.27). We consider two possible cases.

Case 1. If ||u||H2(Q) > 2Ty or ||u||H2(Q) T(u) > %, by the definition of ¢ and y we
have ¥ (1) = 0. Then (2.27) holds by (A5) and (2.13).
Case 2. If ”“”H2(52) < 2T, and ||u||H2(Q) Tu) < %,

11w = Iulle(Q) (2.29)
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1710 D.T.Luyen

From (B), (2.3), (2.10), (2.11) and (2.29), we get that

7 Al
7)) = [T -2 /G(x,mdx > - Nl o) = 2CaCh lulla o

Q

2 .

> Co llullya

hence,
g 0
[J()|2 = Cro IIMIIH(%(Q). (2.30)

In view of (AS5), (B), (2.3) and (2.11), we obtain

[J(u) — J(—u)| <2 /G(x,u)dx <2C4CY ||u||§{2(g2). (2.31)
0

Q

It follows from (2.30) and (2.31) that (2.27) holds.
Next, we prove (K2) by contradiction. If u( is a critical point of J with J (1) > 0,
by (Al), (A4) and (B) we get ug 7 0. We consider two possible cases.

2
Case 1. If ||u0||Hg(Q) > 2Ty then

7 () = 7' (uo) = ¥'(up) = 0.

By (A2), (2.13) and (2.28), we have that

0 < J(uo)

1
J(uo) — —{(J (uo), uo)
m

-2 1
r-= / | Aol dx + — [ (f1(x. uouo — 10 F1 (x, up)) dx < 0,
24 Q H Q

which yields a contradiction.

Case 2. 1f [Jug|13» ¢, < 2To then by Lemmas 2.1, 2.3, (2.10), (2.13) and (2.28), we
0

obtain

0 < J(uo) = J(uo) — l(J/(uo) uo) < po2 ol <0
= " > = 4u H2(Q) ,

which yields a contradiction. Moreover, by a similar proof and direct computation we
obtain Ko = {0}. O

Lemma 2.5 Assume that (A1), (A4), (B) are satisfied. Then the functional J satisfies
the Palais—Smale condition.
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Proof Without loss of generality, assume ||u||i12 @ > 2Tpy. Then, by the definition of
0

7 and (A1) we obtain

1 2 P
T 2 5 Ml g) = Cri el (2.32)

Since 1 < p < 2, (2.31) implies that
J(u) — +o0 as ”””H&(Q) — +o00. (2.33)

Next, we show that J(u) satisfies the Palais—Smale condition. Assume that {un},‘ﬁ 1
C Hg(Q) is a Palais—Smale sequence, i.e., {J (1) },en 1s bounded and

J'(up) = 0asn — +oo.

Since (2.33), {u,};2  is bounded in Hg(Q). Therefore, we can (by passing to a sub-
sequence, we can always suppose u, 7= 0 for all n, otherwise, the thesis is obvious)
suppose that

u, — ug weakly in HOZ(Q) asn — o0
U, — ug a.e.,in Lasn — oo

un, — ug strongly in LY(2), 1 < ¢ < 2, asn — oo. (2.34)

Since (2.34), by (A1), (A4), (B) and standard arguments we get

/ﬁ(x, uy)(uy —ug)dx — O0asn — o0o,i = 1,2, (2.35)
Q
/g(x, uy)(u, —ug)dx — 0asn — oo. (2.36)
Q

From (2.34), we have

lim [(J'(up), un — uo)| = 0. (2.37)

n— 00

Next, we distinguish two cases.

Case 1. If ||un||22(9) > 2Ty, from (2.2), (2.3), (2.10), (2.12), we get that
0

7w (u,) =0, ﬂ/(un) =0, 11”/(”n) =0.
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1712 D.T.Luyen

By (2.28), we obtain

() = @)1ty = o) = g = woll ) = / (fi @ tn)
Q

— f1 (x, up))(u, — up)dx. (2.38)

Case 2. 1 |up|?,,,.. < 2Tp, from (2.28), we have
HE ()

et = 0) = it = 0By, + [ Auto Ay — )i
Q

- / f1 (e, up) (uy — up)dx
Q

— 1 (uy) / fo (X, up) (un — uo)dx — (" (un), un — ug) / Fy (x,u,)dx
Q Q
— (¥ (un), up — uo). (2.39)

By (A4), (2.2) and (2.4), we get that

<7T/(Mn)a Uy — uo) / Fy (x,u,)dx
Q

2
”un”Hg(Q) (ty, uy — ”O)Hg(Q)

< C3CB lunll?,, (28

Hg () Ty To
pat4 =2
=2 GORTy 7 (ln = w0l )+ Wo.un — w0 gy) - (2:40)

On the other hand, from (2.16), we obtain

(W ()t — 140) = (7t s — 110 €(1t) f G (x, uy)dx
Q
U ) tn), 1t — t0) / G (x. un)dx

Q

+ 7 (un)€(up) / g(x, up)(n — uo)dx. (2.41)
Q
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Moreover, by (B), (2.4) and (2.11), we obtain

<7T/(un)v up — uo)l(uy) / G(x,up)dx
Q

0+4 0-2
<2 CCT, T (I — ol ) + Woctn —10) gy ) - (242)

From the defined of x, (B), (2.4) and (2.14), we have that
! _ / -2 T —4
7 (un) (€ (), un — uo) f G(x, up)dx = 7 (un)x (IlunIIHg(Q) I(un)) lnll 2 )

, _
(012 (T G0n). 0 = w0 = 2T @) 10 = 00) )

X /G(x,u,,)dx. (2.43)
Q

From (2.6), we have

(T'n), un — ug) = / Aty Auy — ug)dx — / i (x, up) (n — uo)dx
Q Q

— m(uy) (f Sf2 (x, up) (up — uo)dx + f g (x,up) (uy — uo)dx)
Q

Q

— (' (), up — o) (/ B (x, u,)dx + / G (x, u,,)dx) . (244

Q Q

By (A4), (B), (2.40), (2.42) and (2.44), we have

(T n), tn — uo)| < llun — uol?5, o, + |0 (), ey — uo) | Fa(x,up)dx
Hy(S2)
Q

+ [ ). —uo>fG<x,un)dx +on(1)
Q
= (L4 C12) llun = uollf ) + 0n(D), (2.45)

where 0,(1) — 0 as n — oo and

p3—2 ()
2

+4 p3=2
Cio =277 C3CIT, T +2F CuCiT,
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1714 D.T.Luyen

Hence,

7)1’ (uunum(m 1<un>) i3 gy (T )t = ) / G (x, uy) dx
Q

+4
25 1A 1C4C9T > (1+Cp2) lun — + o, (1). (2.46)

uo ||H2(Q)

n(un)X/ (”un ||H2(SZ) I(un)) ||u"”1—12(§2) 2](14")(14”, Up — MO)HOZ(Q) / G (x,u,)dx

Q
044 0-2 5
<2 CCITy Ny —uoll3a g+ 0n(D): (247)
By (2.41), (2.42), (2.46) and (2.47), we have
[0 W)t = w0)| < €13 lltw = oz )+ 0n (D), (2.48)

where
6-2 (=
Ci3 =23 CuCiT, " +2F A7 CCiT, T (1+ C).
Since p3 > 2 and > 2, we can choose T small enough such that

+4 P2 1
I CCRTy P 4+ Ci3 < 5 (2.49)

By (2.39), (2.40), (2.48) and (2.49), we obtain

p3 2
(I (), un — uo)| = ( —2" e C13> llutn — uolli,g(g) + on(1)
1
> 5 llun = uolli,g(g) + o (1). (2.50)

It follows from (2.37) and (2.50) that u,, — ug as n — oo. The proof of Lemma 2.5
is complete. O

Now, we can show that J has a sequence of critical values. For the problem

A?u=xu in Q,

(2.51)
u=Au=0 on 02,

we can show that the Dirichlet eigenvalue the problem (2.51) has a sequence of discrete
eigenvalues {A;}72; which satisfy

O<AM <M< <> 0ask > o0,
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Infinitely Many Solutions for a Fourth-Order Semilinear. .. 1715

and ep, ey, ... denote the corresponding eigenfunctions normalized such that
le; ||H§<Q) =1, forall j =1,2,....Forany k > 0, we put V; = span{e;; j < k}in

Hg(Q), VkL be the orthogonal complement of V in Hg(Q).

Lemma 2.6 There exists a normalized orthogonal sequence {g )72, C C3°(2) such
that supp o C Q0. k € N, where Qq is the nonempty open set given in (A3).

Proof By (A3), there exist xo € Qo and 8y > 0 such that B(xg, 8p) := {x € RV :
|x — xol < 80} C 0. Choose a strictly increasing sequence {py};2; such that

3o
0<p1<p2<-~-<pk<..._>z'

Define .
Ok = B(xo, pk+1)\B(x0, pr), k € N.

Let x; € Oy and choose r; > 0 such that

B(xg,rx) C O, keN. (2.52)
Set
2l
X213
po(x) = {1 I <L (2.53)
0 if x| > 1.

By (2.53), define ¢y as follows

@r(x) == go ((x —xx)/rr), k eN. (2.54)
By (2.53) and (2.54), we get

o € C°(2), keN.
Moreover, from (2.52)-(2.54), we have
suppyr C O C Q, k eN.

Then the supports of ¢y are disjoint to each other, which implies that {¢;}2 | form a
linearly independent sequence in Hg(Q). By Gram-Schmidt orthogonalization pro-
cess, there exists a normalized orthogonal sequence also denoted by {¢; }72 | in HO2 (2)

and
supp ¢k C 0,k € N.

O
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1716 D.T.Luyen

With the help of the normalized orthogonal sequence {¢}7° |, define some subspaces
as follows:

Wy :=span{g;; j <k},
— . k . . —
= € Wy : gy = 1), 8% o= {u € Wit ull oy = 1

and
Sf'l = {u =w+ Sex41 : ”””H&(Q) =1, we B, 0<s< l}.

By these subspaces, we can introduce some continuous maps and minimax sequences
of J as follows

_ [¢ € (S5, HA(®Q) : ¢ is odd }

Iy = [(p e C(Sk H2(9)) : go‘sk c Ak} : (2.55)
and
br := inf max J(pu)), ci:= 1nf max J(e¢(u)), keN. (2.56)
YEAL uesk heTk eght!

For any § > 0, put
M) = fg € T J@) < by +8.u € 5, (2.57)
ck(8) := inf max J(pu)). (2.58)

helk(8) yeskt

By (2.55)—(2.58), it is obvious that by < cx < cx(8), k € N. Next, we give some
useful estimates for minimax values by and cg (6).

Lemma 2.7 Assume that (A1), (A3), (A4), (B) are satisfied. Then for any k € N, by, <
0.

Proof Since W, is a finite-dimensional space, by (A3), (A4), (B), for any u € Wy
we get that

Jw = Znunﬁz(mwM Il )+ Cs b o + Co il ) = €zl g

Hence, there exist £(k) > 0 and (k) > O such that J(ku) < —e, u € S*. Then we
seto(u) = ku,u € Sk, By (2.56), we obtain by < 0. O

Lemma 2.8 Assume that (A1), (A3), (A4), (B) are satisfied. Then for any k € N and
any § > 0, we have ci(5) < 0.
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Proof By (2.57) and (2.58), for fixed k € N, 0 < § < §’, we have ['4(§) C I'x(8") and

¢k (8) > cr(8"). Then we only need to prove c(8) < 0 for any § € (0, |b|). For any

6 € (0, |bk|), from (2.56), there exists ¢y € Ay such that ma>k< J(po(u)) < by + %
UeS'

Since (po(Sk ) is a compact set in Hg(Q), there exists a positive integer mg such that

max J((Pmy © 0) () < br + 8, (2.59)
ue

where P, denotes the orthogonal projective operator from Hoz(Q) to Vyy,-

Forany c € R, let J¢ := {u € HOZ(Q) : J(u) < c}. Choose € = —@ > 0. By
(A1), (A4), (B) and (2.13), there exists a positive constant pg such thatif u € B(0, po),
J(u) < e, where B(xg, p) denotes the open ball of radius p centered at u( in H02(Q)
and B denotes the closure in Hg(Q). From (2.13) and J (0) = 0, hence dist(0, J %) >
0. Setting

po == min{py, dist(0, J )},

then ,0(’) > (. By deformation theorem in [2] (or see deformation theorem in [9]), we
have there exist ¢ € (0, €) and a continuous map n € C([0, 1] x Hg(Q), HOZ(Q)) such

that
n(l,u) =u, if J(u) ¢[—¢, %], (2.60)

and
n(1, J\B(0, py)) C J°, (2.61)

where B (0, ,06) is a neighborhood of K.

From (2.55), we obtain Py,, o ¢y € C(S*, Vine)- Since Vi1 is a metric space with

the norm ||-|| H2(®) and S¥ is a closed subset in Vj 1, by Dugundji extension theorem
(see Theorem 4.1 in [5]), we have there exists an extension

—_~

Py owo: Wi — Vs

furthermore,
((Pry 0 00 Wis1) < co ((Pry 0 @0)S*). (2.62)

where the symbol co denotes the convex hull. Since (P, o (po)Sk is a compact set
in V,,,, by the definition of convex hull, co ((Pmo o <p0)Sk) is a bounded set in V.
Then there exists a constant v such that

J(m) <v, ueco ((Pm() o (po)Sk> .
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By (2.62), we have

J ((Pmo)u) <v, Vue Wi (2.63)

Next, we distinguish two cases.
Case 1. v < e. Since Py, 0 o9 € C(Wy1, V), by (2.63), we get that

(Pmo opo)u € J, mo, ue Wiy, (2.64)
where J,fm ={u €V, : J(u) < ¢}. Define a map O as follows:
u, u ¢ B(0, py) NV,
OW) = 1 _ ) (2.65)
ut (05— 2 ) enpirs 1w € BO. o) N Vi

Itis clear that © € C(Vy,,, Viygt1)-
On the other hand, if u € Wy and H( o © <ﬂ0> H . > p, then by (2.64) and
0

(2.65), we have

(00 (7w -
(oo ()

(Pmo o (po) u e ]rfzo’

HZ(Q) (2.66)
Otherwise, u € W1 and H( /O\B/q)()) @ < p(/) from (2.65) we have
H (6 ° (Pm/o\;/)o» MH HE(Q) = Ao- 2.67)
Combining the definition of ,06, (2.66) and (2.67), we obtain
(@ ° ( mo)) w¢ BO,p)), ue Wiy, (2.68)
and
(@ o ( mo)) weJt, YueWe. (2.69)
Define a map
mo : Wirt —> HZ ()
U Oy () = n( (@ o ( mo)) ) . (2.70)
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We need to prove O, € I'x(5) and max, J(©p, (1)) < 0. First, it is obvious that
ues ++

Om, € C(SKT HZ (). Next, we prove O,
theorem, we get

€ Ag. By Dugundji extension

Sk

(Pm/0\<;pQ> u=(Puyopo)u, Vue S 2.71)

From (2.59), hence (Pm0 o (po) u € J7% u e S*. By the definition of pp and J7%
J ¢ implies that

1(Pony © @0) u Re 2 04, Vu e Sk (2.72)
From (2.65), (2.71) and (2.72), we have that
(@0 (P o90))u=0((Puyoo)u) = (Puyogo)u, Vues . (273)
Since (P, 0 go) u € J 7, Yu € S*, by (2.59), (2.60), (2.70) and (2.73), we have

Omg (1) = 1 (1, (@ o (Pmo)) u) = (Pmyogo)u, YuesSk — (274)

which implies that ©,,, o € Af. Moreover, from (2.57), (2.59) and (2.74), we have
O, € ['k(8). Since Skt Wi+1, by (2.68) and (2.69), we obtain

(@ o (Pmo)) u ¢ B(0,p)) and (@ o (Pmo)) weJt, Vue S

From (2.61) and (2.70), we get max J (@mo (u)) < —e& < 0 which implies that
+
u

esf_
ck () < 0.
Case 2. v > ¢. By a similar proof as in Lemmas 2.3 and 2.5, we can prove that
J e C! (Viny, R) and satisfies Palais—Smale condition. Moreover, J has no
mg mo

critical points with positive critical values on V,,,. By noncritical interval theorem
(see Theorem 5.1.6 in [3]), we see that J;; is a strong deformation retract of J,, . So
there exists a map v such that v € C(J,;O, J,fm) and ¥ (u) = u,ifu € J,fw . Define a
map W as follows:

W Wi — HZ(Q)

w—s W) = (1, (@ ° (Pmo)) (u)) .

By a similar proof as in Case 1, we get W € I'x(§) and ma}(xI JWm) <—e<0
UES,

which implies that ¢ (§) < 0. The proof of Lemma 2.8 is complete. m|
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Lemma 2.9 Suppose that f satisfies (A1), (A3), (A4) and g satisfies (B). Then there
exists a positive constant C1g independent of k such that for all k large enough

—4p

by > —Cigh V051, (2.75)

Proof For any ¢ € Ar(k > 2) when 0 ¢ go(Sk), then the genus y (¢(S%)) is well
defined and y (¢(5%)) > ¢(S*) = k. By Proposition 7.8 in [12], hence o (S)) NV | #
@ Otherwise, if 0 € (S¥) then 0 € ¢(SX) NV . So for any ¢ € Ax(k > 2) we
have ¢(5¥) N V,ﬂ‘_l = (). Therefore, for any ¢ € Ag(k > 2), we obtain

ma>k<J((p(u))2 inf  J(u). (2.76)
Ues' L

ueVi,

From (A1), (A4), (B), (2.10) and (2.13), we get that

1 2 p
1) = 3 1l 0, = ool gy =70 [ Fatr e = v
Q
> Lz, ol o Vi e BA@) (2.77)
= 4 " H (@) LA(Q)° U :
Moreover, by u € VkL_l, hence
”u”LZ(Q) =< )\](T ”u”HOZ(Q)) . (2.78)

Combining (2.56), (2.76), (2.77) and (2.78), for any k > 2, we have
. 1, =4 e
br > lng (Zt — C]g)ukz l‘p) = —Coo), P (2.79)
>

where C» is a positive constant independent of k and Ax. On the other hand, it follows
from Agmon’s generalization [1] of Weyl’s formula [15], which in fact is an extension
of earlier work of Pleijel [10] for N = 2, we have

A > Cork. (2.80)

Combining (2.79) and (2.80), we arrive at the conclusion of the lemma. O

Lemma 2.10 Suppose that ¢ = by for k > ko, where kg € N. Then there exists a
positive integer ki such that

lbk| > Cok ™7, k> ki, 2.81)

where Ca is a positive constant independent of k.

@ Springer



Infinitely Many Solutions for a Fourth-Order Semilinear. .. 1721

Proof For any k > ko and any ¢ € (0, |bx|), by (2.56) there exists a map ¢g € 'y such
that

max J(po(u)) < cx +¢& =by +e. (2.82)

uesy

From S¥+! = Sf'l U (—Sﬂ‘r‘H), @p can be continuously extended to Sk+1 as an odd
function, also denoted by ¢, then g9 € Agy1. From (2.56), we have

bit1 = max, J(po(u)) = J(go(uo)) (2.83)

for some ug € S**1. If ug € S5+, in combination with (2.27), (2.82) and (2.83), we
have

best < bi + &+ Cs bigil? . (2.84)

Otherwise, ug € —Si“, from (2.27) and (2.82), we get that

T (@o(u0)) < J(po(—u0)) + Cs |J (g0 (u0))| 2
< b+ e+ Cs |J(@o(uo))|? . (2.85)

Next, we consider two possible cases.
Case 1. J(po(up)) < |br+1], from (2.83) and (2.84), we obtain

2]
bry1 < bi + &+ Cg lbgya]2 . (2.86)

Case 2. J(po(uo)) > |br+1|. By (2.82), there exists u; € Sf'l such that

J(po(u1)) < by +¢ < 0. (2.87)

Since Jogg € C(S*T!, R) and S¥*! is a connected space with the norm ||- ||H02(9)) , by

the intermediate value theorem, there exists u> € S¥*! such that J (go(u2)) = @.
By (2.82), hence u; € —Sk+1 From (2.27) and (2.82), we get
[
J(po(u2)) < J(po(—u2)) + Cs |J (po(u2))|?
0
< br + Cg [J(po(u2))|2,
which implies that
6
bi+1 < by + &+ Cg |br+1]2 . (2.88)
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By Lemma 2.7, (2.84), (2.86) and (2.88), it is easy to see that

0
[br| < |bgs1| + Cg lbry112, k> ko. (2.89)

Next, we show that (2.89) implies (2.81). The proof will be done by induction. First,
we introduce a useful inequality as follows:

A+0*>1+ %t, t €[0, Bl, (2.90)

where «, B are positive constants and g depends on «. Set o = 2(6 — 2)~!. In view
of (2.90), there exists kg € N such that

2

1\ 7= 1 ~
LA L U S 291
(+k> S eI EL. @.91)

Define

2
Cp := min {kfz |bk|

1 2
) (m) , (2.92)

where k; = max{ko, k~0}. Then we claim (2.81) holds. By (2.92), we have

2
|bi, | = Caok (™. (2.93)

Suppose that (2.81) holds for k > k;. Then we only need to prove (2.81) also holds
for k + 1. If not, we get that

2
|bkt1] < Coa(k +1)270. (2.94)
Since (2.81) holds for k, by (2.27), (2.89) and (2.94), we obtain
2 0 2
Cook;™" < |bi| < b1l + Cg lbrs1]2 < Coo(k + 1) 77
0
+ CyCh(k +1)77. (2.95)

When we divide (2.95) by Coa(k + 1) 7 on both sides, in view of (2.92), we get that

0=2 0
- 02 1

1\ 72 02 2
14 - 1+CsCrf —— < 14CsCof ~ <14 —
<+k) < CsCy gy =T GCn =Tt o

which contradicts (2.91). So (2.81) holds. The proof of Lemma 2.10 is complete. O

Lemma 2.11 Suppose that ¢, > by. Then for any 5 € (0, cx — by), ck(5) given by
(2.57) is a critical value of J.
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Proof By using deformation theorem in [2], the proof of this lemma is similar to the
one of Lemma 1.57 in [11]. We omit the details. O

Proof of Theorem 1.1 From (1.4), Lemmas 2.7, 2.9 and 2.10, it is impossible that
cr = by for all large k, we can choose subsequence {k j}(;?ozl C N such that Ck; > bkj.

By Lemmas 2.8, 2.9 and 2.11, there exists a sequence of critical points {u; }‘7‘;1 of J
such that '
—2p
— Cigk; 7 < by < cx; < e (8)) = J(ugy) <0, (2.96)

where §; € (0, Ck; — bkj). It is obvious that Uk; # 0, j € N. Next, we consider the
following two possible cases.

Case 1. ||uy; > 2Tp. From (2.2), (2.3) and (2.16), hence

Hiig(sz»
m(ug) =1 and ¢'(ug;) =0.
By (A2), (2.5) and (2.28), we get that
T(ugy) = Tux,) — (T (i), ;)

2 _
=2A Hukj ”HOZ(Q)) + / (M 1f] (x, u,,j)unj — Fi(x, unj)) dx
Q

2
< Ay | H2 () " (2.97)

Case 2. ||ukj ”31&
get that

) = 270 By Lemmas 2.1,2.3, (A2), (A4), (B) (2.5) and (2.28), we

_ 1
T, < ! ||uk]- ||iz§(sz)) _ / Fi(x, ug;)dx + C3C1{;33 ||Mkj le%(sz))
Q
0
+ C4Cy |, HH§<S2)) :

and
<I~/(“kj)’”kj> = ”202(9)) _/fl(x’ukj)ukjdx —9C3Cp3 H“k,-|[,;3§(g))
Q

6
— 89C4Cg ””kj ” H} Q)"
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Hence,

T(ugy) = Tux;) — (T (i), ;)
w+9
"

89
O3 kU oy, + = CaCh L Iy

2
< 2A [Ju, | H@) T H2 (%))

(Q) ()

< Afu, (2.98)

2
” H(Q) "

In both cases, by (2.11), (2.97) or (2.98), we get Z(ukj) = 0and Z’(ukj) = 0. Hence,

J(ur,) = I(ug;) < A |u, 0.

”2 <
HZ ()
By (2.96), it is easy to see that

2 .
||ukj ”Hé(Q)) — 0as j — oo.

So there exists jo € N such that Hukj < Tp forall j > jo. By (2.3) and (2.16),

2
” HE(Q))
hence

m(ug) =1, 7'(ug;) =0 forall j > jo.

In combination with (2.52), (2.16) and (2.28), when j is large enough, we conclude
that uy; are weak solutions of the problem (1.2). O
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