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Abstract

The exact Riemann solutions for a macroscopic production model under the equation
of state given by the Chaplygin gas are solved explicitly for all possible Riemann
initial data. It is discovered interestingly that a composite hyperbolic wave is involved
in Riemann solution under some specially designated initial conditions, which is made
up of a rarefaction wave and a delta contact discontinuity attached on the wave front
of the rarefaction wave. Furthermore, the constructions of global solutions to the
perturbed Riemann problem for this system are also displayed in completely explicit
forms when the initial data are taken to be three piecewise constant states under
some suitable restrictive conditions by using the method of characteristics. During
the process of constructing global solutions, the interactions of elementary waves are
studied in detail. Moreover, it is proved rigorously that Riemann solutions are stable
with respect to the specific small perturbations of Riemann initial data.

Keywords Riemann problem - Wave interaction - Chaplygin gas - Macroscopic
production model

Mathematics Subject Classification 35165 - 351.67 - 76N15

1 Introduction

In recent years, the macroscopic production models have become one of the important
research topics in the study of production planning and control in the manufacturing
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industry. In the previous stage, the fluid-like continuous models [1,2] have been intro-
duced to model high-volume product flows, which can be used to depict the product
flow by using discrete event simulations in an accumulated way. The most widely
used model is a scalar conservation law under appropriate assumptions on the flux
function which is called as a clearing function for the product flow. In general, a given
clearing function describes the averaged sample data, but cannot illustrate the data
diffusion. In order to solve this problem, the following macroscopic production model
[3] consisting of two conservation laws is proposed in the form

i P+ (pu)y =0,
(1.1)

(pu(l + P(p)))t + (pu2(1 + P(p))>x =0,

in which p and u are used to represent the product density and velocity, respectively,
which are often required to be non-negative. In addition,  and x express the time and
the production stage (or the degree of completion) to describe the work-in-progress
and the pressure term P refers to the anticipated factor in the production line which
is usually given by the equation of state P = P(p).

It is of great interest to notice that some interesting nonlinear phenomena were
observed in [3] when the pressure term was taken as P(p) = p. Especially, it was
obtained in [4] that the delta standing wave was also involved in Riemann solu-
tions for system (1.1) under this pressure term P(p) = p. In fact, the singularity
of §—concentration was also investigated in [5,6] which can be used to illustrate some
extreme situations in the production line. Nowadays, it was known in [7—11] that delta
shock wave is involved in Riemann solutions for the isentropic Chaplygin gas dynam-
ical system. It is worthwhile to mention that the equation of state for the Chaplygin gas
is taken to be the negative pressure P(p) = —%, which often happens in the product

flow. Actually, this equation of state P(p) = — L was also used in the AR traffic flow
model to describe some complicated traffic phenomena well [12]. It is known that the
behaviors of the macroscopic production model (1.1) are very similar to those of the
AR traffic flow model. Thus, it is natural to introduce the equation of state for the
Chaplygin gas P(p) = —}—) into the macroscopic production model (1.1) in order to
discover some new interesting nonlinear phenomena. In the current paper, from the
viewpoint of hyperbolic systems of conservation laws, it is also of great interest to
consider system (1.1) under the equation of state P(p) = —% given by the Chaplygin
gas, which is rewritten precisely as

{ o + (pu)x =0, (12)

(pu — u); + (pu? — u?), = 0.

In order to develop wave analysis, we first draw our attention on system (1.2) with the
following Riemann-type initial condition

(p—,u_), x <0,
(P4, u4), x > 0.

(o, u)(x,0) = { (1.3)

@ Springer



The Perturbed Riemann Problem for a Macroscopic Production... 1197

The Riemann problem is a special initial value problem with the initial condition
consisting of two constant states separated by the origin. It is one of the most funda-
mental problems in the field of nonlinear hyperbolic systems of conservation laws.
The structures of Riemann solutions can be used well to describe the various and
complicated nonlinear phenomena and are also regarded as the basic for numerical
schemes, for the reason that Riemann solutions are served as the basic building blocks
of constructing solutions to the general initial value problem by employing the random
choice method. It is of great interest to develop numerical methods such as Godunov
methods or even Riemann-free methods [13—18], which are based on the construc-
tions of Riemann solutions in details. Thus, the constructions of Riemann solutions
for different hyperbolic systems of conservation laws are very important and also have
attracted the attention of researchers from analytical and numerical aspects.

It is not difficult to get that system (1.2) owns two real and different eigenvalues

M =u-— 5 U I and A» = u. Obviously, the line p = 1 is a singular curve in the

quarter (p, 1) phase plane. In the present paper, we restrict ourselves into the region
Q = {(p,u)|lp > 1,u > 0}, such that A < A, and then the system (1.2) is strictly
hyperbolic in this region 2. In fact, the other region {(p,u)|0 < p < 1,u > 0}
can be dealt with similarly. It is worthwhile to notice that the shock curve shares the
same expression formula with the rarefaction one in the quarter (o, ) phase plane,
namely system (1.2) belongs to the so-called Temple class [19-21]. Furthermore, it
is of great interest to observe that a composite wave is involved in Riemann solution
of (1.2) and (1.3) under certain initial condition 0 < u4 < u, which is made
up of a rarefaction wave and a delta contact discontinuity attached on the wave front
of rarefaction wave. In the current paper, we only construct possible solution of the
Riemann problem (1.2) and (1.3) for this certain initial condition and the uniqueness
problem is still unsolved and left for the future work. In addition, it is well known that
delta shock wave should be introduced in order to solve Riemann problems for some
weak hyperbolic conservation systems and the theory of delta shock wave has been
well established and developed in recent years, see [22-28] for examples. However,
as far as we know, our constructed composite wave solution with the singularity of
delta function cannot be found in any Riemann solution but only appears in the study
[29-31] of wave interaction between a delta shock wave with a rarefaction wave for
some hyperbolic systems of conservation laws.

It is well known that Riemann solutions of (1.2) and (1.3) cannot illustrate the
dynamic pictures of system (1.2) in all the situations. In order to capture some more
complicated nonlinear phenomena, it is necessary to investigate the perturbed (or
double) Riemann problem for system (1.2) with the following constant states in three
pieces

(p—,u_), —oo < x <0,
(o, w)(x,0) =1 (Pm,um), 0 <x <e¢, (1.4)
(o4 uy), € < x < —+00,

where ¢ is taken to be a adequately small positive number. In order to construct the
global solutions to the perturbed Riemann problem (1.2) and (1.4), we need to deal
with the problem of wave interactions carefully. Due to the fact that the uniqueness

(o——Du_
p—

problem is unsolved when 0 < uy < , we restrict ourselves to only consider
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the interactions of elementary waves including shock wave, rarefaction wave and
contact discontinuity. For this purpose, it is required that the initial condition (1.4)
should satisfy u,, > p==Du= anq Uy > p==Du— simultaneously. Thanks to system
(1.2) with special structure of Temple class, the global solutions of (1.2) and (1.4)
are constructed in fully explicit forms by using the method of characteristics. As a
consequence, it is evident to show that the limits of perturbed Riemann solutions
of (1.2) and (1.4) converge to the corresponding ones of (1.2) and (1.3) when the
perturbation parameter ¢ approaches zero. That is to say, Riemann solutions of (1.2)
and (1.3) are stable with respect to certain small perturbation of initial condition given
by (1.4) where ¢ is regarded as the so-called perturbation parameter. It should be
stressed that the initial condition taken in the form (1.4) has been intensively used to
investigate the problem of wave interactions [32—-38] for various hyperbolic systems
of conservation laws.

The rest of this paper is organized in the following way. In Sect. 2, we investigate
the general properties and elementary waves for system (1.2) and then solve exact
Riemann solutions of (1.2) and (1.3) for all possible initial conditions. In Sect. 3, the
perturbed Riemann solutions of (1.2) and (1.4) are constructed by studying all the
occurring wave interactions under the two restrictive conditions u,, > ==l 4nq

p—
Uy > (p’;ﬁ. Finally, the limit ¢ — 0 is taken, which allows us to get stabilities

of Riemann solutions with respect to this special perturbation of initial condition and
then the conclusion is drawn in Sect. 4.

2 Riemann Solutions of (1.2) and (1.3)

In this section, we firstly present some basic characteristics for system (1.2). Then, we
construct Riemann solutions of (1.2) and (1.3) when the initial condition (1.3) lies in
the region Q2 = {(p, u)|p > 1, u > 0}. System (1.2) admits the following quasi-linear

(tlt 021) (Z>,+(:2 2(pf1)u> <5) - (8)

The eigenvalues are represented as

u

M=u-—
"

. A=u. 2.1)

It is evident that system (1.2) is strictly hyperbolic in the region 2. The corresponding
right eigenvectors for A; (i = 1, 2) are given, respectively, by = -1, —u)’

and 72) =(1,07. A simple calculation shows that VA - r_f = p2_ul # 0 in the region
Q and VA, - 72) = 0, in which V = ( J 0 ). So, it is easily shown that the first

dp’ ou
characteristic field is genuinely nonlinear in the region €2 and the second characteristic
field is always linearly degenerate. As a consequence, the wave of 1| —family is either
shock wave or rarefaction wave as well as the wave of A, —family is always contact
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discontinuity. For convenience, we use the notations S, R and J, respectively, to stand
for shock wave, rarefaction wave and contact discontinuity in the current paper. In
addition, the Riemann invariants along the characteristic fields are chosen, respectively,
asu — % and u.

To solve self-similar Riemann solutions of the form (p, u)(x, t) = (p, u)(&) with

& = 7, the Riemann problem (1.2) and (1.3) is reduced to

{ _";:pé + (,OM)E =0, (2.2)

—&(pu — u)g + (pu® —u?)e =0,

with the boundary conditions (p, u)(+£o0) = (p4+, u+). For smooth solutions, system
(2.2) is rewritten as

u—=§& P Py _ (0
—fu+u’ —E(p =1 +2(p—Du ) \u ), —\0)"

It provides not only general solution (constant state), but also singular solution. It
should be pointed out that a rarefaction wave is a piecewise smooth continuous solution
of (2.2). Let the left state (p—, u_) be a fixed point in the region €2, then we get the
1-rarefaction curve originating from (p_, u_) as follows:

u u u_
R(p—_,u_):E=r =u-— , U——=u_——, p>p_, U<U_.

p—1 o o—

(2.3)
It is worth mentioning that if the given left state (p—, u_) lies in the region €2, then
the 1-rarefaction curve has the line u = u_ — Z—: as its asymptote. By differentiating
p with respect to u in (2.3), we find that
dp __ —p—(p— = Du_ dp _ 202(p——Du- _ 2p%(p- — Du_
o= ;<0 — = 3= 3 >0,
du (p_u—(p— = Du-) du” (p_u— (- = Du-) p-u
which implies that the 1-rarefaction curve is convex in 2.
The R-H conditions at a discontinuous curve x = x(¢) are given by
olp]l = [pul,
{ olpu —ul = [pu? — u?], @

where o = ‘(11—); is the velocity of discontinuity and [p] = p, — p; with p; = p(x(¢) —

0,t) and p, = p(x(¢) 4+ 0, t) is the jump of p across the discontinuity, etc. On the one
hand, if o = 0, then we can only obtain a constant state solution. On the other hand,
if o # 0, then eliminating ¢ in (2.4) yields

(prity — ur — prug + up)(prity — prug) = (py — p1)(orf — ur — ppuj +uj),
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which is simplified into
() — Mr)(Per(Pl — 1) — pu(or — 1)) =0.

On the one hand, if u; # u,, then we have u; — % =u, — ”—" We then find p; > p, by
using the Lax entropy conditions. Therefore, let the left state (o, u;) = (o—, u_) be
fixed in the region €2, then the 1-shock curve originating from (p_, u_) is expressed
as

pouU — p_u_ u U_

S(p—,u_):0 = —, U—— =uU_——, p<p—, u>u_.(2.5)
o= p- o o

If the given left state (p—, u_) lies in €2, then the 1-shock curve has the line p = 1 as
its asymptote. On the other hand, if #; = u,, then one has ¢ = u; = u,. Therefore, the
curve of contact discontinuity starting from the given left state (po—, u_) is represented
as

Jpo_,u_):tT=u=u_. (2.6)

In summary, if the given left state (o_—, u_) lies in the region €2, then the set of states
consist of 1-shock curve S(p—, u_), l-rarefaction curve R(p—,u_) and 2-contact
discontinuity curve J (p—, u_) (see Fig. 1). Then the unique global Riemann solution
of (1.2) and (1.3) can be constructed in terms of the right state (p, u4 ) in the different
parts I, Il and 111 of the region £2.

More specifically, if u_ < u, then the Riemann solution of (1.2) and (1.3) can be
expressed by the symbol S + J in the following form (see Fig. 2a)

(p—yu-), 3+ <o,
(p,u)(x,t) =3 (px,Ux), 0 <7 <T, 2.7
(,O+,Lt+), % > T,

in which the intermediate state (px, u,) is given by

_ p-U4
(10*7 M*) - <,0M+ — (,07 — 1)]/[7 ) l/t+>, (28)

and the wave speeds of S and J are computed, respectively, by

U Dy —

g o Pritx =Pl _( u u+:u__u_+’ t—u,. (29
Px — P p——1 p——1

If ==Du= _ ;. < 4_, then the Riemann solution of (1.2) and (1.3) can be

expressed by the symbol R + J in the following form (see Fig. 2b)

(o—su-), T < r(p—,u-),

(osu),  Aip—,u—) <7 < Ai(px, us),
(0ss Us)y A1 (05, Us) < )l—c <7,

(o4, u4), 7> 7,

(o, u)(x,t) = (2.10)
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Fig.1 The (p, u) phase plane P

for the Riemann problem (1.2)

and (1.3) is shown for the given

left state (po—, u—) located in the

region 101 I

Q={(p,u)|p > 1,u > 0},in

which the rarefaction curve

R(p—, u—) takes the line R I
u

U=u_— p—: and the shock

curve S(p—, u—_) takes the line (P u
. . . H - -
p = 1 as their asymptotic lines,
respectively S

—(p*;l)“* Uu_

(o, u-)

(o u-)

(p+,uy)
(P4, 1)

0
(a)u <u, (b) 2= <uy <u (€) 0 <u, <=0

Fig.2 The constructions of solutions to the Riemann problem (1.2) and (1.3) are displayed for all kinds of
initial conditions

in which (p, u,) is also given by (2.8) and the state (p, u) in the rarefaction wave fan
follows from (2.3) that

(p— — Du_ +\/(p7 122 — p—(p— — Du_x (p— — Du_ +\/(p7 — D22 — p—lp— —Du_x

(p,u) = ! ) t )
\/(/L —1)2u? — p=lp— = Du-x -
- t
(2.11)
In the end, we need to consider the case 0 < uy < (p‘;%. Before solving it,

we shall focus on the limit of Riemann solution (2.10) when u — (@*;ﬁ) is
- +

taken. In terms of u_ > 0 and p_ > 1, it follows from (2.8) that

lim Py = lim ( Pl N > = 400,
u+—>(7(ﬂ’;_l)u’)+ u+—>(7(p*;_l)“*)+ p—uy — (p— — Du_
_ —Du_
lim = im  u, = =D
qu_)((/L;_I)L)+ u+—>((/)’;_])“’ )+ pP—
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1202 P.Wang and C. Shen

which allows us to conclude that the singularity is formed for the state variable p in

the limiting u4 — ((p‘;&) situation. It then follows from (2.7) combining with
- +

(2.8) that

lim Ay = gmo (- ) = P Z D
u+—>(“’*;_”“* . ,H_)((pfg_lmf)+ psx — 1 o—

lim T = lim Uy = M
wo(B5E) e (), P~

As aresult, it is not difficult to see that the front of rarefaction wave R and the contact

discontinuity J coincide with each other on the line x = (%)t and the

(o——Du_

density between them tends to 400 in the limiting u4 — ( o

) situation.
+

Thus, if the initial condition (1.3) satisfies the special requirement u = (’)‘;)&, we

can construct a composite wave R8J, which is made up of a rarefaction wave R and
a delta contact discontinuity §J attached on the wave front of R. More specifically,
when u; = (p’;%, the Riemann solution of (1.2) and (1.3) may be displayed in

the form
(p—u-), 7 <ti(p—,u-),

_ ) (o, w), Mp—,u-) <7 <ug,
(p.u)(x, 1) = (400, 1), * = 1y, (2.12)
(o4 uy), 7 >uy,

in which the state (p, u) in the rarefaction wave fan R is also calculated by (2.11).
Motivated by the above detailed observation on the construction of Riemann solu-

tion for the special case u; = (p‘;&, we plan to construct possible Riemann

solution of (1.2) and (1.3) when 0 < uy4 < (p’;#. It is not difficult to get that

(p— — Du_
)"l(p+v u-‘r) < )\'2(104‘7 M+) <—

which means that all the characteristic lines on the right-hand side of the contact
discontinuity x = L?”" will enter the line of this contact discontinuity. Thus,
the delta contact discontinuity is formed whose mass only comes from the particles
on the right-hand side. Different from delta shock wave, the left-hand side of contact
discontinuity is rarefaction wave and thus the strength of delta contact discontinuity
cannot be solved by the so-called generalized Rankine—Hugoniot relations of delta
shock wave. But we notice that mass only comes from the particles on the right-
hand side. Hence, we calculate the strength of delta contact discontinuity by using the
density multiplying by the difference between the speed of the particles and the speed
of delta contact discontinuity as

B(t) = ,0+<(p_;¢ - u+)t.
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Therefore, when 0 < uy < (p——Du— , we can construct the possible Riemann solution

of (1.2) and (1.3) by using the composite wave R8.J, which is given by (see Fig. 2c)

(p—,u-), T <Ar(p—,u_),
(o)D) (p,u), Mp—,u-) <7 < (”*;%
1) = _ _ _
P, U)X, (,8([)8()6 _ (p= pi)”—t)’ (P—pj)ll—)’ % — (lo—pil)"f—7
(04> ), +> (p*;#-
(2.13)

It should be mentioned that the delta shock wave is an over-compressive shock
wave in the sense that it is usually an isolated discontinuity to connect the left state
and the right state directly for the Riemann problem. In other words, the delta shock
wave is surrounded by the two constant states on both sides of it. By comparison, in
the wave fan of R§J, the delta contact discontinuity § J is attached on the wave front of
R, namely 8J is surrounded by a rarefaction wave on the left-hand side and a constant
state on the right-hand side. Different from the delta shock wave, it is impossible to
use the generalized Rankine—Hugoniot relations to calculate the strength of §J for
the reason that the left-hand side of it is a rarefaction wave and the density p in the
characteristic line of the rarefaction wave R tends to +oo if the characteristic line tends
closer and closer to the line of §J. In the current work, the strength B(¢) in (2.13) is
obtained by virtue of the fact that all of the mass gathering together on the line of
8J only comes from the particles on the right-hand side of it. It is of great interest to
notice that the solution consisting of delta shock wave surrounded by two rarefaction
waves on both sides of delta shock line has been constructed in [39] recently, which is
similar to the composite wave R§J in this paper. In conclusion, the Riemann solutions
of (1.2) and (1.3) are constructed fully for all the possible cases, namely S + J for
U_ < uy, R—i—Jfor(p‘;& <utp <u_,aswellas R6J for0 < uy < (p‘;#.

3 Wave Interactions

It is remarked that system (1.2) is attributed to Temple class whose wave interactions
have relatively simple structures. Due to the fact that we can only use the composite
wave R3J to construct possible Riemann solution of (1.2) and (1.3) when 0 < u4 <
u, whose uniqueness is still unsolved. Thus, we restrict ourselves to only
consider the interactions of elementary waves including shock wave, rarefaction wave
and contact discontinuity. For this purpose, we are dedicated to the special initial value
problem for system (1.2) with the constant states in three pieces (1.4) which should
satisfy u,, > w andu4 > w simultaneously. In brief, our main purpose
in this section is to construct global solutions of the perturbed Riemann problem (1.2)
and (1.4) by using the method of characteristics when the composite wave R§J is not
involved. In this respect, there exist four cases according to the different combinations
of waves originating from the two initial points (0, 0) and (¢, 0) as follows:

(H)S+J and S+J, @)R+J and R+J, B)R+J and S+J, 4 S+J and R+ J.
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Fig.3 The interaction between S + J and S + J is shown when <U_ <Up < Uy

In addition, by taking the initial condition (1.4), we can further consider whether the
limits ¢ — O of solutions of (1.2) and (1.4) are in accordance with the corresponding
ones of (1.2) and (1.3) or not.
Casel.S+Jand S+ J

In this work, we begin by taking into account the case that there are a shock wave
followed by a contact discontinuity emitting from the initial points (0,0) and (e, 0),
respectively. For the sake of convenience, we use S, J> and S3, J4 to denote them,
respectively (see Fig. 3). In this case, when the time ¢ is adequately small, the solution
of (1.2) and (1.4) can be abbreviated by using the symbols as

w—,v_)+ 81+ (ur,vi) + 2+ (Um, vm) + 83+ (U2, v2) + Jg + (uy, vy),

where “+” stands for “followed by”. Obviously, the occurrence of this case depends
on the conditions & < U_ < uy < uy. By virtue of (2.8), the intermediate
states (o1, u1) and (p2, u) can be given, respectively, by

_ P—Um _ PmU+
(Pru) = <P—um — (o= — Du_’ Mm>, (P2 142) = <Pm"‘+ — (om — Ditm’ M+>. G-

Proposition 3.1 The contact discontinuity Jo collides with the shock wave S5 in finite
time. Subsequently, the interaction between Jo and S; gives rise to a new shock wave
S5 and a new contact discontinuity Je, respectively. Finally, the two shock waves S
and S5 coalesce into a new shock wave S7 as well as the two contact discontinuities
Jq and Jg are parallel with each other.

Proof 1t is evident that the wave speeds of J, and S3 are given, respectively, by

— Duy —
D=y, O03= (P = Dttm — 11 _ Uy — — (3.2)
om —1 pm — 1
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Taking into account p > 1 and u > 0, we have

72 —03 =

which implies that 7o > o3. Therefore, J> collides with S5 in finite time. The point of
intersection (x1, #1) is determined by

X1 = T2l = umlty,
Uy

X] — & =031 = (I/tm — pm—_r>[1,

which yields

(x1. 1)) = ((pm 1)'4m8’ (om 1)23). (3.3)
U4 u4

Obviously, J> and S3 intersect at a finite time when a new Riemann problem is
formed. At the time ¢ = #1, we again have a Riemann problem for system (1.2) subject
to the Riemann-type initial data (o1, u1) and (p2, u2). On account of the relations
u <u_ <uy =uy < uy = uy, the Riemann solution at the point (xy, #1) is
st111 a shock wave followed by a contact discontinuity, which are denoted with S5 and
Js, respectively. Moreover, the intermediate state (03, u3) between S5 and Jg can also
be obtained by

pP1U2 p—U4
, = , = , . 34
(p3. 13) (Pluz — (p1 — Duy u2> (P—M+ — (p— — Du— u+> GH

By using (3.1) and (3.4), it is not difficult to achieve the wave speeds of S5 and Jg as

— — u
_ pP1u] — p3u3 =ty + Uy — P—Umpl ’ T6 = . (3.5)
£1— P3 (o— — Du—

On the one hand, one has
P—UmU+ U+ Pm(p— — Du— — p_(pm — Dum
S L A
(p— = Du— pm — 1 (om — D(p— — Du—

u_ Uy uy Um
PmpP—\U—- — — — (“m - 7) PmpP—\U1 — — — <Mm - 7)
. pP— Pm _ L1 Pm

(om — D(p— — Du— (om — D(p— — Du—

1 1
pmp—<7 - *>um
_ Pm P1 <0,
(om — D(p— = Du—

Ut

which permits us to see that the shock wave reduces the speed forwards (or add up
the speed backwards) when across the contact discontinuity. On the other hand, it is
evident that 0 < 1 = u,, < uy = 76, which means that the contact discontinuity
adds up the speed forwards when across the shock wave. Eventually, J4 is parallel to
Je due to the relation t4y = 76 = u.
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1206 P.Wang and C. Shen

In the following, we consider the interaction between S and Ss5. The wave speed
of Sy is givenby oy = u_ — 5 ”’i T Comparing with o5 in (3.5), we have

Um(U— — p_uy)
(p— — Du—

P—UnmlU4 Um
05701=um+u+777( _——
(o— = Du— p-—1

_ U_ — p_uy B _p—up (U —uy) _
- (1 - 1)u,>”'" Tl =T T )

- (- _plm
= (u_— u+)((p_ s 1) < 0.

):(um+u+fu_)+

In other words, the shock wave S catches up with the shock wave Ss in finite time.
The point of intersection (x3, t2) is determined by

Xp =01 = (Lt_ — p_u—'il-)tz,
Xy —xp=o05(fy —11) = | Um + Uy — Jﬁ—mfl;;)(fz — 1),

where (x1, #1) is given by (3.3). Then, we have

(P = D((p= = Du— = um)e (o - “8). (3.6)

(- — Ds —u)  ug —u_

(x2, ) = (

It follows from (3.4) that

u3 p—uy — (p— — Du_ U
Uz — — = u4 — =uU_ ——.
3 p— p—

Hence, it is concluded that the two states (p—, u_) and (p3, #3) can be connected by
a single shock wave S7, whose wave speed is 07 = u_ — Ut I That is to say, the

two shock waves S; and S5 coalesce into a new shock wave S7. Comparing with o
and os, we have

Um u4 Uy — Uy
o] —07 =U_ — —(u_— ): > 0,
o — 1 o —1 p_—1
and
_ P-Umly o uy _ _ up(U— — p_pm)
05 — 07 =Upy + Ut 7('0_ s ( ST 1) =WUm+usr —u_)+ 7('0_ v

_ U — p-_Up _ _ p—uq(U— — ) .
= (1 + o Du_ l)u,)u+ + p —u-) = T~ D + (tm —u-)

_ o —un) oy —u)tu)

(o — Du_ 0

in which the inequalities u_ < u,, < u4 and p_ > 1 have been used. As a conse-
quence, 05 < 07 < 07 can be established, namely the wave speed of S7 is between
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P

—

1

0 (p,f:])u,
p-

Fig.4 The interaction between R + J and R + J is shown when (p’;% <UL <Upm <U_

those of S1 and S5. With the help of the above calculations and discussions, we can
draw Fig. 3 to illustrate this case in detail. The proof of this proposition is completed.
O

Case2. R+ Jand R+ J

Secondly, we focus on the situation that there are a rarefaction wave followed by
a contact discontinuity emitting from the initial points (0,0) and (e, 0), respectively.
For the sake of convenience, we use R, J» and R3, J4 to denote them, respectively
(see Fig. 4). For t adequately small, the solution of (1.2) and (1.4) is abbreviated as

(u—,v_)+ Ry + (u1,v1) + Jo + (Um, ) + R3 + (u2, v2) + Ja + (uy, vy).

The occurrence of this case depends on the conditions <Up <Up <U_.

Remark that the intermediate states (pp, u1), (02, u2) and (p3, u3) are the same as
those in Case 1.

(p——Du_

Proposition 3.2 The contact discontinuity Jo collides with the wave back of the rar-
efaction wave R3 in finite time. Subsequently, the interaction between J, and R3 gives
rise to a new rarefaction wave Rs and a new contact discontinuity Jq, respectively.
In the end, the wave front of Ry is parallel to the wave back of Rs as well as Jy is
parallel to J7, respectively.

Proof It suffices to show that the wave speeds of J, and the wave back of R3 are given,
respectively, by

Um

2 = Um, E3(Oms Um) = Uy — 3.7

We then get

7 — &3(0ms Um) =
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which implies that J collides with the wave back of R3 in finite time. The point of
intersection (x1, t1) is determined by

{xl = Tl = uply,

u
—_ = s Hh = —_ m )t y
X1 — €& &3(om, Um)t (”m om — 1 1

which yields

(3.8)

m — 1
(1. 11) = ((pm ~ De, u)

m

We find that J> and the wave back of R3 intersect at a finite time. Subsequently,
J» begins to penetrate the rarefaction wave R3 after ¢, which is recorded as Jg in
the process of penetration. The expression of Jg during the penetrating process is
computed by

dx X —¢ u u U
- =u, =Uu-— ) - — = -—, ) =x1. (3.9
gy = U ; u e u p U o x(t) =x1. (3.9

Differentiating the second equation in (3.9) with respect to ¢, we have

_dx_(,o—2)u+(,o—2)tdu ut dp
dt p—1 p—1 dt = (p—1*dt’

which is simplified into

ut dp

o2 4 (3.10)
u=(p-—2)tr— —. .
P di | p—1dr
Differentiating the third equation in (3.9) with respect to ¢ yields
d d
“ S - (3.11)

a T _Dar

Which, together with (3.10), gives

du n 1 ( ( 2)tdu) 0
JR— —_— u— —_— — = N
dt  pt P dt

such that one has

du u
dt — 2t
Hence, we can get
dx 1
—_—=Uu = um J—
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As a result, the curve of Jg is expressed as
X = 2upm/tit + x1 — 2up,ty. (3.12)

In the end, by combining (3.12) together with the line of wave back of R3 given by

uz
Xy — & = (u2 — )l‘z.
=1

The end point of Jg passing through R3 can be obtained as

(om — D (omus + 2up)e '031('0’” — Dume 2). (3.13)

(x2,12) = ( > ,

(om — Dy — pmu+ (2(,0m — Du,, — ,omu+)
There is no doubt that the two states (o3, u3) and (p3, #3) can be connected by the
contact discontinuity J;7 for the reason that u3 = u; = u4. In the end, it is evident
that the two contact discontinuities J4 and J7 are parallel with each other due to the

fact that the wave speeds of J7 and J4 are the same as 7 = 14 = u4. The proof is
finished. O

Case3. R+ Jand S+ J

Thirdly, we are devoted to the case that there are a rarefaction wave followed by
a contact discontinuity emitting from the origin (0,0) and a shock wave followed by
a contact discontinuity emitting from the initial point (¢, 0), respectively. As before,
we use Ry, J> and S3, Js to stand for them, respectively. For ¢ adequately small, the
solution of (1.2) and (1.4) can be symbolized as (see Figs. 5 and 6)

(u—,v-) + Ry + (u1,v1) + J2 + Um, vi) + 83 + (U2, v2) + Jg + (U4, vy).

(p——Du_

The occurrence of this case depends on the conditions
(p——NDu_

< Uy < u_ and

— < Uy < u4.Similarly, the intermediate states (o1, u1), (02, u2) and (p3, u3)
and the point of intersection (x1, #1) are also calculated in the same formulae as before
and then a new Riemann problem is formed at the time #;.

Proposition 3.3 The wave front of the rarefaction wave R\ catches up with the shock
wave Ss in finite time. More specifically, Ss is able to penetrate the whole R\ thoroughly
when u_ < uy or not when u_ > u,. Moreover, the two contact discontinuities J4
and Jg are parallel with each other.

Proof The wave speeds of the wave front of R and Ss are as follows:

(o1 — 2)uy p_u? P—Umil 4
s = =2 -7 ) = - .
&1(p1,u) o1 U o — . 05 = Uy + Uyt = Du_
(3.14)
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1]

0 (p,le)u,
P-

(p——Du_
p7

Fig.5 The interaction between R + J and S + J is shown when < um < U4 < u_,in which

(20p——Du——p—us Juy
=Dz !

S5 cannot penetrate the whole R in finite time and ultimately has the line x = (

as its asymptote

P t
11
0 G=Dw u
p-
Fig.6 The interaction between R + J and S + J is shown when (p*;% <Um < U— < U4, in which
S5 is able to penetrate the whole R completely
Then, we have
p_u T
— —Um
E1(pr, u1) — 05 = 2wy — ————— — (U +14) + ———
(p— — Du— (p— — Du—
p_u
= (Uy — u+)(1 — —m> > 0,
(p— — Du_

which permits us to get £ (o1, u1) > o05. Hence, the wave front of R; catches up with
Ss in finite time and then the point of intersection (x3, 2) is determined by

2
x2 =&1(p1, uty = (2”m - (p_piulm)u_>t2’

X2 —x1=o05(—1) = (um fuyp — ﬂ%)(& — 1),
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which yields

(Pm = D200 = D = p_tt)ume (o — ”8). (3.15)

(x2,10) = ( ;
(o— = Du—(uy —um) Uy —Um
Analogously, S5 begins to penetrate R after 5, whichis recorded as §7 in the process of

penetration. The expression of S7 during the penetrating process is able to be computed
by

dx Ut by u u u_
— =u— , — =u— , U—— =u_——, x(t) = x2. (3.16)
dt p—1 t p—1 P p_

Differentiating the second equation in (3.16) with respect to ¢, we have

Uy _dx_(,o—Z)u (p—2tdu ut dp
p—1 dt  p—1 p—1 dt = (p—1)2dt’

u —

which is simplified into

du ut dp
—uy =(p—2)t— —. 3.17
u—uyp=(p )dt+(,0—1)dt (3.17)
Differentiating the third equation in (3.16) with respect to ¢ yields
d d
“ . (3.18)

T
dt+,o(,0—1)dt

Which, together with (3.17), gives

du 1 du
Gy L a2 ™) o,
T ot (u uy = (p =2t
such that one has
du  u—uy
dr 2t

Hence, we can get

dx uy  (p——=Du_ —p_uy (= =Du_ —p_uy 5!
ool o —hu. T T T — ((”’" i)y z+”+)+”+'

As aresult, the curve of S7 is expressed as

(2(,0, — Du_ — p,u+)u+t
(p— — Du_
2((/’— — Du_ — P—u+)\/(pm = D(uy —up)et p—(pm — D) (um —uq)e
- +
(p— — Du— (p— — Du—

(3.19)
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In the end, by combining (3.19) together with the line of wave back of R3 given by

(1= =)
X3 =\Uu—- — .
3 1 3

There are two situations in the process of penetration:

(1) If u— > uy4, then S7 cannot penetrate R; completely and ultimately has the line
(2(p— = Du— — p_uy)u
(p— — Du_

(2) If u— < u4, then Sy has the ability to penetrate the whole rarefaction wave R;

completely at a point (x3, #3) and then be denoted with a new shock wave Sg after

+ )t as its asymptote.

penetration, whose wave speed is given by og = u_ — 5 ut T It suffices to get
_ =2 -1 — _& -1 — e
(3. 13) = ((p )(om — D (uy Mzm)u ’ (om — D (u4 2Mm) ) (3.20)
(o— — D@y —u-) (s —u-)
As before, the two contact discontinuities J1 and Jg are also parallel. O

Cased4. S+ Jand R+ J

In the end, we shall focus our attention on the situation that there are a shock
wave followed by a contact discontinuity emitting from the initial point (0,0) and a
rarefaction wave followed by a contact discontinuity emitting from the initial point
(e, 0), respectively. Similarly, we use S, J> and R3, J4 to denote them, respectively.
For t adequately small, the solution of (1.2) and (1.4) can be symbolized as

(w—,v-) + 81+ (u1,v1) + 2 + (U, vy) + Rz + (U2, v2) + Jg + (U4, vy).

(p——Du_
P

The occurrence of this case depends on the conditions < U_ < up and

o=—bu- uy < uy.Precisely, all the intermediate states are calculated in the same

Wa}i) ‘as before. It is noted that the process of J> penetrating Rj is the same as that
in Case 2. Finally, we need to consider how does the shock wave S to penetrate the
non-centered rarefaction wave Rs. The analytic calculation is impossible due to the
fact that the rarefaction wave Rs5 is non-centered. But we notice that both S; and Rs
belong to the wave of A1 —family. Thus, we can judge that S is able to cancel R5 when
U_ < uy or cannot penetrate R5 completely when u_ > u,. In fact, this situation
is similar to that in Case 3. In other words, the wave interaction in Case 4 is just the
combination of those in Cases 2 and 3. Hence, we only describe the process and omit
the details here.

4 Conclusion
The wave interaction problems for system (1.2) have been well investigated in fully

explicit forms by using the method of characteristics, including shock wave, rarefac-
tion wave and contact discontinuity. Based on the above results, we can construct the
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global solutions to the perturbed Riemann problem (1.2) and (1.4) under the assump-
tion min(uy,, uy) > (p‘;% such that the composite wave R3§J is not involved.
It is evident to see that the limits ¢ — 0 of solutions of (1.2) and (1.4) tend to the
corresponding ones of (1.2) and (1.3) by analyzing the above four cases in detail. As
a consequence, it is verified strictly that the Riemann solutions of (1.2) and (1.3) are

stable with respect to the specific small perturbations (1.4) of Riemann initial data

under the assumption min (i, uy) > L=—24=

It should be stressed that the composite wave R8J is involved in the Riemann
solution of (1.2) and (1.3) when the initial condition (1.3) satisfies 0 < u < (p-—Du_
This is a new kind of singular hyperbolic wave which has not been paid enough
attention in current literatures. There are still some interesting, but difficult problems
needed to be considered. The first concern is that our constructed composite wave R§J
is the uniqueness Riemann solution of (1.2) and (1.3) ornot when 0 < u < (p——Du—
The second concern is that the composite wave RS J is stable or not under some small
perturbations of Riemann initial data (1.3) such as the perturbation (1.4). We plan to
consider these interesting but difficult problems in our future work.
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