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Abstract

In this paper, the split common fixed point problem for quasi-pseudo-contractive
mappings is studied in Hilbert spaces. By using the hybrid projection method, a
new algorithm and some strong convergence theorems are established under suit-
able assumptions. Our results not only improve and generalize some recent results but
also give an affirmative answer to an open question.
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1 Introduction

Let Hy and H; be two real Hilbert spacesand S : Hy — Hyand T : H, — Hj be two
nonlinear operators. Denote the fixed point sets of § and 7" by Fix(S) and Fix(T),
respectively. Let A : Hy — H; be a bounded linear operator with adjoint A*. The
“so-called” split common fixed point problem is to find a point x* € H) such that

x* € Fix(S) and Ax* € Fix(T). (1.1

As well known, the split common fixed point problem (1.1) is a generalization of the
split feasibility problem arising from signal processing and image restoration ([1-8]).
Note that solving (1.1) can be translated to solve the following fixed point equation:

x*=8S&x* —tA*" (I = T)Ax™), t > 0. (1.2)

In order to solve Eq. (1.2), Censor and Segal [9] proposed an algorithm for directed
operators. Since then, there has been growing interest in the split common fixed point
problem ([8,10—-15]). In particular, in 2017, Wang [16] introduced the following new
iterative algorithm for the split common fixed point problem for firmly nonexpansive
mappings.

Algorithm 1.1 Choose an arbitrary initial guess xo € H.
Step 1 Given x,,, compute the next iteration via the formula:
Xpt1 = Xp — Pplxn — Sxy + A*(I — T)Ax,], n>0. (1.3)
Step 2 If the following equality holds

[xnt+1 — Sxpi1 + A" — T)Axp41]| =0, (1.4)

then stop; otherwise, go to step 1.
Subsequently, he proved the following result.

Theorem 1.2 (Wang [16]). Assume the following conditions are satisfied:

(1) A is a bounded linear operator;
(2) the solution set of problem (1.1), denoted by 2, is nonempty;
(3) both S and T are firmly nonexpansive operators.

If the sequence {p,} satisfies the conditions: Y v pn = 00 and Y oo P2 < o,
then the sequence {x,} generated by Algorithm 1.1 converges weakly to a solution z
of problem (1.1).

At the same time, Wang [16] gave the following remark.

Remark 1.3 It is easy to see that, in Algorithm 1.1, the selection of the step size {p,}
does not depend on the operator norm ||A||. It seems that the assumption (3) cannot
weaken to directed operators.
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Inspired by the works of [6-8,16—18], the main purpose of this paper is to introduce
and analyze a new iterative method for solving the split common fixed point problem
in Hilbert spaces. Using this method, we remove the assumptions imposed on the
operator norm ||A||. And the sequence generated by the algorithm converges strongly
to a solution of problem (1.1). Our results not only give an affirmative answer to
Remark 1.3 in [16] but also extend and improve the results in Yao et al. [6], Moudafi
[7,8] and Wang [16,17] from the firmly nonexpansive operators, directed operators
and demicontractive operators to a more general quasi-pseudo-contractive operators.

2 Preliminaries and Lemmas

Let H be a real Hilbert space, C be a nonempty closed and convex subset of H and
T : C — C be a nonlinear mapping.

Definition 2.1 T is said to be

(i) Nonexpansive if ||Tx — Ty|| < ||x —y|| Vx,y € C;
(ii) Quasi-nonexpansive if Fix(T) # { and

[ITx —x*|| <|lx —x*||Vx € C and x* € Fix(T);
(iii) Firmly nonexpansive if
ITx = Tyl* < llx = yII> = It = T)x — (I = T)ylI> Va,yeC,
or equivalently
Tx — Ty||2 <{x—y,Tx—Ty) Vx,yeC.
(iv) Firmly quasi-nonexpansive if Fix(T) # () and
Tx —x*|)? < ||lx = x*||> = ||(I = T)x||> Vx € C and x* € Fix(T).
(v) Directed if Fix(T) # #and (Tx —x*, Tx —x) <0Vx € C and x* €
Fix(T):
(vi) k-Demicontractive if Fix(T) % ¢ and there exists k € [0, 1) such that
Tx —x*|17 < |]x = x*||> + k||Tx — x||* Vx € C and x* € Fix(T),
Remark 2.2 (1) Itis easy to see that T : C — C is directed if and only if
ITx — x*|> < |lx — x*||> = [|Tx —x||* ¥x € C and x* € F(T), (2.1)
i.e., each firmly quasi-nonexpansive mapping is a directed mapping.
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1158 S.-s.Changetal.

(2) T : C — C is a quasi-nonexpansive mapping if and only if
1
(x —Tx,x —x*) > §||x — Tx||?>, Vx € C, x* € Fix(T). (2.2)

(3) T : C — C is a k-demicontractive mapping if and only if

k
5 llx — Tx||>, Vx € C, x* € Fix(T). (2.3)

(x —Tx,x —x*) >

Definition 2.3 An operator 7 : C — C is said to be pseudo-contractive if
(Tx =Ty, x —y) < [lx = yl> ¥x,yeC.
The interest of pseudo-contractive operators lies in their connection with monotone
mappings; namely, 7 is a pseudo-contraction if and only if / — T is a monotone
mapping. It is well known that T is pseudo-contractive if and only if

ITx —Tyll> <llx —ylI>+ I = T)x — (I = T)y|I> Vx;y e C.

Definition 2.4 An operator T : C — C is said to be quasi-pseudo-contractive if
Fix(T) # (0 and

NTx —x*|]> < llx =x* >+ ||ITx —x|> VxeCand x* € F(T): (2.4)
Remark 2.5 From the definitions above, we note that the class of quasi-pseudo-
contractive mappings is more general and fundamental which includes many kinds

of nonlinear mappings such as demicontractive mappings, directed mappings, quasi-
nonexpansive mappings and quasi-firmly nonexpansive mappings as its special cases.

Example of quasi-pseudo-contractive mappings Let H be the closed interval [0, 1]
with the absolute value as norm. Let 7 : H — H be the mapping defined by:

Itis clear that Fix(T) = {%}. Hence, for x € [0, %] we have
|Tx — l|2 =0<|x— l|2 +x = Tx|%
2 - 2 ’
Also, for x € (%, 1] we have
1 1 1
ITx = S =151 < bx = 5P +1Tx = xI;
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These show that for x € [0, 1] we have
1 1
ITx = SP < lx = 1P+ Ix = TP,

i.e., T is a quasi-pseudo-contractive mapping.

In what follows, we adopt the following notations: x,, —x means that {x, } converges
weakly to x; x, — x means that {x,} converges strongly to x.

wy(xy) :={x:3 {xn_,.} C {x,} such that Xn; —x} is the set of weak cluster points
of the sequence {x,}.

Definition 2.6 Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Tt is well known that for each x € H, there is unique point Pc(x) € C such that

[lx = Pc(x)|| = inf []x — ull. (2.5)
ueC

The mapping Pc : H — C defined by (2.5) is called the metric projection of H
onto C. Moreover, the following conclusions hold (see, for example, [19]):

(x = Pc(x), y—Pc(x)) =0Vx e H, yeC; (2.6)

lx = Pe@)IP +1ly = Pe@)I* < [lx = yII>, VxeHandyeC. (27)

Definition 2.7 A mapping 7 : C — C is said to be demiclosed at O if, for any sequence
{x,} C C which converges weakly to x and ||x,, — T'(x,,)|| — O, then T'(x) = x.

Lemma 2.8 ([20]) Let H be a real Hilbert space and {x,} be a sequence in H. Then,
the following statements hold:

G) Ifxy—x*and||x, —x*|| = 0 as n — oo, then x, — x* as n — o0;
(i) Ifx,—x* as n — oo, then ||x*|| < liminf,_ o ||x,]|.

Lemma 2.9 [21] Let {a, } and {b,} be positive real sequences such that ZEO:O b, < 0.
If either an+1 < (1 4 by)a, or ay+1 < a, + by, then the limit lim,,_, 5, a, exists.

Lemma 2.10 ([5]) Let H be a real Hilbert space and T : H — H be a L-Lipschitzian
mapping with L > 1. Denote by
K:=0=-8I+5T(1—-ml+nT), (2.8)

1 ; ; .
If0<é<n< L then the following conclusions hold.

(1) Fix(T) = Fix(T((1 —n)I +nT)) = Fix(K);

(2) If T is demiclosed at O, then K is also demiclosed at 0;

(3) K is a L?-Lipschitzian mapping;

(4) In addition, if T : H — H is quasi-pseudo-contractive, then the mapping K is
quasi-nonexpansive, that is,

|Kx —u®*|| <||x —u*||Vx € H and u* € Fix(T) = Fix(K). (2.9)
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3 Main Results

Throughout this section, we assume that the following conditions are satisfied:

(Al) Hj and H; are two real Hilbert spaces;
(A2) S: HH - Hyand T : Hy — H» are two L-Lipschitz continuous and quasi-
pseudo-contractive mappings with L > 1;

_ . .
(A3) ]t:etO <&E<n< T Define operators U : Hy — HyandV : H, — H>
y

U:i=A=-8I+ES(A—-mI+nS);
Vi=A =8I +ET((1—ml+nT);

(A4) A: H;y — Hj is a bounded linear operator, and A* is its adjoint operator.
(A5) Denote by €2 the solution set of problem (1.1):

Q:={z:z€ Fix(S) and Az € Fix(T)}.

Therefore, 2 is a closed and convex subset of Hj.

Algorithm 3.1 .Choose an arbitrary initial guess xo € Hj, define the sequence {x,}
by

Yo = Uxy,

in = V(Ayn),

Co ={z € Hi : llya—zll <l —zll} Y€ Hi : llza— Azl <[] Ayn — Az]]},

E, ={z € Hy : {2 — x5, X0 — x,) <0},

Xnt+1 = Pc,NE,(x0), n =0
3.1

We are now in a position to give the main results of the paper.
Theorem 3.2 Let Hy, H>, S, T, U, V, A, Q be the same as above. Let {x,} be the
sequence generated by Algorithm 3.1. If the following conditions are satisfied:

(i) S, T are demiclosed at zero;
(ii) the solution set Q2 of problem (1.1) is not empty,

then {x,} converges strongly to a solution x* of problem (1.1).

Proof (I) First, we point out that by the assumptions (A1)—-(A4) and conditions (i)—
(ii), the following conclusions can be obtained from Lemma 2.10:
(Conclusion 1) U and V are two quasi-nonexpansive mappings and Fix(U) =
Fix(S); Fix(V) = Fix(T). Therefore, the solution set 2 of problem (1.1) is:

Q={z:z€ Fix(S) and Az € Fix(T)}
={z:z € Fix(U) and Az € Fix(V)} # ;

@ Springer



Split Common Fixed Point Problem for Quasi-Pseudo-Contractive... 1161

(Conclusion 2) U and V are demiclosed at zero; (Conclusion 3) U and V are L2-
Lipschitz continuous mappings.

(II) Now, we prove that the sequence {x, } generated by Algorithm 3.1 is well defined.

First, we prove that for each n > 0, C,, and E,, are closed and convex subsets of H.
In fact, the sets C,,, D, and E,, can be rewritten in the following forms:

1
Co={z€H:(xy—yn 2) < §<||xn||2 — lyal»}

1
(e € Hi: (A — 20, A2) = S AR = llzal®)),

E, ={z € Hy : (x0 — xu, 2) < (Xn, X0 — Xn)},

Since (x, — yu, 2), (Ayn — zn, Az) and (xg — x,, z) are continuous and convex
functions in z, therefore for each n > 0, C,, and E,, are closed and convex subsets in
H.

Next, we prove that @ C C,, (| E,, for all n > 0. Indeed, taking any point p € €,
we have p € Fix(U) = Fix(S) and Ap € Fix(V) = Fix(T). Since U and V are
quasi-nonexpansive, we have

llyn = pll = lUxn — Upl| < |Ixn — pll,
llzn — Apll = IV (Ayn) — V(Ap)I| < I|Ay, — Apl|.
These imply that 2 C C, Vn > 0.
Now, we show that Q C E, for all n > 0. In fact, since £y = Hi, 2 C Ep.

Now, suppose that Q2 C E, for some n > 1, therefore @ C C, () Ej. Since x,,41 =
Pc, N E,(x0), n = 0, by (2.6) (the property of projection operator), we have

(2= Xnt1, X0 — Xn41) <0, Vz € Cy [ | En
Since p € C, [ Ep,, we have
(P — Xn+1, X0 — Xp41) < 0.
This implies that p € E, 1. Thus by induction, we conclude that Q2 C E,, Vn > 0.
Hence, Q@ C C, () En, Vn > 0. This implies that C, (| E,, n > 0 is a nonempty

closed and convex subset of Hj. Therefore, the sequence {x,} defined by (3.1) is well
defined.

(IIT) Now, we prove that {x, } is a bounded sequence and
[Xn1 — Xnll = 0, [lxp — yull > 0 and [z, — Aynll > O as n — 00(3.2)

Let x* = Pgq(xp). Hence, x* € Q C E,, Yn > 0. Further by the definition of E,, and
the characterization of the metric projection (2.6), we have that x, = Pg, (xo). And
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so, we have
llxn — xol| < [Ix* = x0l|, Vn =0. (3.3)

This implies that the sequence {x,} is bounded.
Since x,4+1 € E, and x, = Pg, (xp), it follows from (2.7) that

2 2 2
[1Xn41 — Xnll® < {1Xn41 — xolI” — [Ixn — Xol|" (34

This shows that the sequence {||x,, — xol|} is increasing. Since it is also bounded,
the limit lim,,_,  ||x;, — Xxo|| exists. It now follows from (3.4 ) that

lim [[x,4+1 — xx|| = 0. (3.5)
n—oo
Since x, 11 = Pc, N E, (xp) € Cp, from the definition of C,, we have

xn+1 = Yull < lxne1 — xnll

(3.6)
Iz = Axpgtll = 1Ay — Axnrll < NAI Y — Xnt1ll-
It follows from (3.5) and (3.6) that
[[Xn4+1 = yull = 0 (asn — 00), (3.7
and
lzn — Axp+1]] = 0 (asn — o0). (3.8)

This together with (3.7) shows that

120 = Ayl < llzn = A%u i1l + 1 Ax041 = Ay,
< llzn — Axnq1ll + [|AlIXn41 — yull = 0 (asn — 00).
The conclusion (3.2) is proved.
(IV) Finally, we prove {x,} — x™ := Pq(xp)
Since {x,} is bounded, there exists a subsequence {x,,} C {x,} suchthatx,,—p € H;
asn; — o0. Since A is abounded linear operator, we also have Ax,, —~ Ap. Using (3.2),
we have y,,—p, Ay,,—Ap and
[1xn, — Uxy; || = 0 and [|Ay,, — V(Ayp)|| — 0 (as n; — 00). 3.9

Since U and V are demiclosed at zero, p € Fix(U) = Fix(S)and Ap € Fix(V) =
Fix(T),ie., p € Q.
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Since x* = Pq(xp) and p € , from (3.3) and Lemma 2.8 (ii) (the weakly lower
semi-continuity of the norm || - ||), we have that

|lxo — x*|| < [lxo — pl| < liminf [|xo — Xy, ||
ni—oo

< limsup [|xo — X, || < [[xo — x™|| (by 3.3)
ni—oo

Using the uniqueness of the nearest point x*, we have x* = p. Hence, we have
[|x;, —x0l] = [|x* —x0]|. Again by Lemma 2.8 (i), we get that x,, — x™ asn; — oo.
Using again the uniqueness of x*, we deduce that lim,,_, o x, = x*.

This completes the proof of Theorem 3.2. O

Remark 3.3 Theorem 3.2 not only gives an affirmative answer to the Wang’s questions
in Remark 1.3, but also extends and improves the corresponding results in Yao et al.
[6], Moudafi [7,8] and Wang [16,17] from the firmly nonexpansive operators and
demicontractive operators to a more general quasi-pseudo-contractive operator.

The following theorem can be obtained from Theorem 3.2.

Theorem 3.4 Let H| and H; be two real Hilbert spaces, S : Hl — Hyand T : Hy —
Hj be two firmly nonexpansive mappings and A : Hy — H, be a bounded linear
operator, and A* is its adjoint operator. For an arbitrary initial guess xoy € Hy, define
the sequence {x,} by

yl’l = Sx)’l?

zn = T(Ayn),

Co={z € Hi : |lyn — 2l <|lxa—zIl} Yz € Hi : |1z — Azl| < || Ay, — Az]]},

E, ={z € Hy : {2 —xu, x0 — x) <0},

Xnt1 = Pc,NE,(x0), n =0
(3.10)

If the solution set Q of problem (1.1) is nonempty, then {x,} converges strongly to a
solution x* of problem (1.1).

Proof 1In fact, since Q2 # @, Fix(S) # ¥ and Fix(T) # @. This implies that

(1) S and T are quasi-nonexpansive and L—Lipschitz mappings with L > 1;
(2) S and T both are demiclosed at zero.

These show that S, T satisfy all the conditions of U and V in Theorem 3.2. Hence,
the conclusion of Theorem 3.4 can be obtained from Theorem 3.2 immediately. 0O

4 Applications
In this section, we shall utilize the results presented in the paper to study the split

common null point problem and the split minimum point problem in real Hilbert
spaces.
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4.1 Application to Split Common Null Point Problems

Let Hy and H, be two real Hilbert spaces. Let S : H; — 2f1 and T : H, — 2
be two maximal monotone operators and A : H; — H; be a bounded linear operator.
The “so-called” split common null point problem for mappings S and 7 is to find an
element x* € Hj such that

0e Skx*) and 0 € T(Ax")), ie., x* € Q := S~10) ﬂA’l(T’l(O)) 4.1

Itis well known that if S is a maximal monotone operator, then for each A > 0, we can
define a single-valued and firmly nonexpansive mapping Jf : R+ AS) — D(S)
by J):9 = (I + AS)~!. This mapping is called the resolvent of S. It is not difficult to
see that S71(0) = Fix(J) forallx > 0.

In Theorem 3.4, if we replace S by Jf and T by J!, then the following theorem
can be obtained from Theorem 3.4 immediately.

Theorem 4.1 Let Hy and H> be two real Hilbert spaces. Let S : H] — 20 gpd
T : Hy — 2™ pe two maximal monotone operators and A : Hy — Hj be a given
bounded linear operator. For an arbitrary initial guess xo € H, define the sequence

{xn}by

Yo = J5 (),

Zn = J (Ayn),

Co={zeH : |lya—zl| < llxn—zll} Y2 €Hi : llza—Az|| <||Aya—Az]]}.

EHZ{ZEHl(Z_-xnv xO_xn)SO}’

Xn+1 = Pc,NE,(x0), n >0
4.2)

If the solution set Q21 of problem (4.1) is nonempty, then {x,} converges strongly to a
solution x* of problem (4.1).

4.2 Application to Split Minimum Point Problem

Let H; and H; be two real Hilbert spaces. Let f1 : H — (—o0o, +o00] and f> :
H, — (—o0, +00] be two proper, lower semicontinuous and convex functions, and
let A : Hl — H> be a bounded linear operator. The “so-called” split minimum point
problem for functions f] and f> is to find a point x* € Hj such that

x* € Q) = argmingep, fi(x) () A”! arg minye s, (7)) 43)
It is well known that since f;, i = 1, 2 is a proper lower semicontinuous and convex
function, the subdifferential 9 f; of f; is a maximal monotone operator and that x* €

argminyey; fi(x) if and only if 0 € 9 f; (x™). Let us define the resolvent of 9 f; by
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T = (1429 £)7", & > 0.1tis known that Fix(J") = 3 £ (0). Therefore, the
following theorem can be obtained from Theorem 4.1 immediately.

Theorem 4.1 Let H| and Hj be two real Hilbert spaces. Let fi : Hl — (—00, +00]
and f> : Hy — (—00, +00] be two proper, lower semicontinuous and convex func-
tions, d fi, i = 1, 2 be the subdifferential of f; and A : Hy — H» be a given bounded
linear operator. For an arbitrary initial guess xo € Hj, define the sequence {x,} by

)
Yn = J)\fl(xn)a
a
zn = I P (Ayn),
Co ={z € Hi : |lya—zll <llxa—zll} Yz€Hi : llza—Azl| <]l Ay, — Azll},

E, ={z € Hy : {2 — x4, X0 — x,) <0},

Xnt+1 = Pc,NE,(x0), n =0
4.4)

If the solution set Q27 of problem (4.3) is nonempty, then {x,} converges strongly to a
solution x* of problem (4.3).
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