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Abstract
In this paper, we study the following nonlinear Schrédinger—Bopp—Podolsky system

—Au+V@u+qpu=f@) . o3
{—A¢+a2A2¢ — du? inR°,
where a > 0,g > Oand V € C(R3 ,R). By means of the variational methods, we
prove the existence of infinitely many nontrivial solutions, the existence of a ground
state solution for f(u) = |u|? 2y + h(u) with p € [4, 6) and the existence of at least
one positive solution for f(u) = P(x)u’ + u|u|1’_2u with p € (2, 6) under some
certain assumptions.

Keywords Schrodinger—Bopp—Podolsky equation - Ground state solution - Positive
solution - Multiplicity of solutions

Mathematics Subject Classification 35J60 - 35J20

1 Introduction

In the recent paper [12], the following Schrodinger—-Bopp—Podolsky system has been
studied for the first time
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— 2 — p=2
{ Au+ owu +q-¢pu = [ulP"“u nR?, .0

—A¢ + a*A%p = 4mu?

where a,w > 0,9 # 0 and p € (2,6). The system appears when one couples
the Schrodinger field W = W (¢, x) with the Bopp—Podolsky Lagrangian of the elec-
tromagnetic field and considers standing wave W(t,x) = e'“’u(x) in the purely
electrostatic case. The Bopp—Podolsky theory, which is a second-order gauge the-
ory of the electromagnetic field, was developed by Bopp [3] and then independently
by Podolsky [20]. According to Mie theory [19] and its generalizations in [4-7], the
Bopp-Podolsky theory was introduced to solve the alleged infinity problem in classical
Maxwell theory.

d’ Avenia and Siciliano [12] used variational methods to prove the existence results
of problem (1.1). Indeed, the solutions can be found as critical points of a smooth
energy functional. When p € (2, 6) and |g| small enough or p € (3,6) and g # O,
they proved that the energy functional has the mountain pass geometry; hence, the
above system has a nontrivial solution. In addition, they proved the above system does
not admit any nontrivial solution for p > 6 by using Pohozaev-type identity, and in
the radial case, as a — 0, the solutions they got tend to solutions of the classical
Schrodinger—Poisson system. They also showed that, if p is the distribution density
of the given charge, then the electrostatic potential ® satisfies the following equation

—ADP=p inR>. (1.2)

1

=0l is the fundamental solution of

If p = 4méy, withxg € R3, then G(x — xg) =
(1.2). And the electrostatic energy is

1
Tm(©G) = —/ VG| = +oo.
2 R3

Hence, Eq. (1.2) is replaced by
—Ap+a’A*p=p R’

in the Bopp—Podolsky theory. Moreover, we know that /C(x — x¢) is the fundamental
solution of the equation

_A¢ + a2A2¢ = 47T8x0,

where

| — e~ lxl/a 1
Ko = —o  lim K(x —x0) = —.
a

|x] X—X0
And its energy is

1 2
TBp(K) = —/ IVKI* + “—/ IAK)? < +o0,
2 R3 2 ]R3
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more details can be found in [12].

Remark 1.1 The operator —A + A? appears also in other different physical and math-
ematical problems (see [2,14]).

After that, Gaetano and Kaye [15] supplemented and improved some results in [12].
It has been showed that (1.1) has no solution for large values of ¢’s and has two radial
solutions for small ¢g’s.

Chen and Tang [10] extended the subcritical case to more general cases and dealt
with the following system
—Au+V@u—+du=pufu)+u . R3
—A$ +a2A2p = dmu? s

where a > 0, u > 0, V € C(R3, [0, 00)) with Vo = limy 500 V(y) >
sup,ep3V(x) > 0, and f € C(R, R) satisfies that there exists a constant p € (2, 6)
such that fé f(s)ds > t? for all t > 0. They obtained the existence of ground state
solutions for p € (4,6) and u > Oor p € (2,4] and u > 4, where ., is a positive
constant.

Motivated by the cited papers [10,12], our aim here is to study the existence of
ground state solutions, positive solutions and infinitely many nontrivial solutions for
the following Schrédinger—Bopp—Podolsky system
[

where a > 0, g > 0 and V satisfies the following conditions:

(V1) V € C(R3, R) and inf g3 V(x) > 0;
(Va) there exists a constant dy > 0 such that

lim meas{x eR:x—y| <dp, V(x) < M} =0, VM > 0.
[y|—=+00

We work in the Hilbert space
E:= {u e H'(RY) : / |Vul? + V(x)u’dx < +oo} :
R3

endowed with the norm

1

llull == <f \Vul* + V(x)uzdx)z.
R3

Theorem 1.2 [23] Assume that (V)—(V2) are satisfied. Then, E is continuously embed-
ded into L*(R?) for s € [2, 6]. Moreover, the embedding E — L* (R3) is compact
fors €[2,6).
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We first consider the following system:

inR3. (1.4)

—Au+Vx)u+ du = f(u)
—A¢ +a’A%p = 4mu?

Assume that f is a continuous function and satisfies the following conditions:

(f) f@O) =—=f(=0;

(f2) there exist 1 < ¢ < 5 such that lim;—¢ % = limy> 400 % =0

(f3) lim; 5400 % = 00, and there exists i > 4, k > 0 such that

WF(t) < tf (1) + kt?,
t
where F (1) = [, f(r)dr.
Our first result is as follows.

Theorem 1.3 Assume that (V1)—(V2) and (f1)—(f3) are satisfied. Then, the problem
(1.4) possesses infinitely many nontrivial solutions.

Remark 1.4 To our knowledge, there are few results about existence of multiply solu-
tions to Schrodinger—Bopp—Podolsky equation.

Remark 1.5 In order to assure the boundedness of the Palais—Smale sequences of the
energy functional, the following condition is usually supposed.
(AR) There exists i > 4 such that

0 < uH(s) <sh(s), forall s #DO0.

Obviously, (f3) is weaker than Ambrosetti-Rabinowitz condition.

We next consider the case of f (1) = |u|”~2u+h(u), namely the following system:

{_A”+V(x)u+¢u=|u|”_2“+h(“) in 3 (15)

—A¢ + a*A%p = 4nu?
where h € C(R, R) satisfies the following conditions:

(hy) for some o € (1,5),

hw _ L hw)

3

mm = l1im
lul—+oco |u|@ lul—0 |u|

(hy) forany p € [4,6), H(u) + 3 |ul? = 0, where H(u) = [ h(r)dr,
(h3) there exists 0y € (0, 1) such that for any ¢ > 0 and u # 0,

]~ (HH@MM
sign o )2 > 0.

|:h(u) _ h(tu)

w3 (tu)d
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The following is the second result of our paper.

Theorem 1.6 Assume that (V1)—(Va) and (h1)—(h3) are satisfied. If p € [4, 6), then
the problem (1.5) has a ground state solution.

Remark 1.7 The condition (43) comes from [11], and it is weaker than Ambrosetti—
Rabinowitz condition and also weaker than the following condition:

h(u) . .
W is nondecreasing on (—o0, 0) U (0, +00).

Finally, we consider the case of f(u) = P (x)u’ + t|u|”~%u, namely the following
system:

inR3. (1.6)

—Au+V@)u+qpu = Px)u’ + wlulPu
—A¢ 4+ a?A%p = 4mu?

We assume that P (x) is a continuous function and satisfies the following conditions:

(P}) P(x)>0and P(x) € L®(R%);
(Py) |P(x) — P(x0)|=O(]x — xo|2) as x — xo, where P (xo) = sup, g3 P(x).

The difficulty in obtaining solutions of the problem (1.6) lies in two aspects. On the
one hand, since the problem involves critical exponent, the difficulty lies in the lack
of compactness. On the other hand, when p € (2, 4), the boundedness of the Palais—
Smale sequences of the energy functional is hard to get. Inspired by [1,9,12,13,16,21],
we construct a truncated function and use the mountain pass theorem with mountain

3 1
pass lever value under %S? P&
Now we are in a position to state the following results of our paper on the existence
of positive solutions.

Theorem 1.8 Assume that (V1)—(V;) and (P)—(Ps) are satisfied. If p € (4, 6) with
w > 0or p = 4 with u sufficiently large, then the problem (1.6) has at least one
positive solution for any q > 0.

Theorem 1.9 Assume that (V1)—(V2) and (P1)—(P>) are satisfied. If p € (2, 4) with u
sufficiently large, then there exists g, > 0 such that, for all g € (0, q4), the problem
(1.6) has at least one positive solution.

Notations Throughout the paper, we denote by meas(-) the Lebesgue measure in
R3. E* is the dual space of E. |- » denotes the usual norm of Lebesgue space L” (R3).
S is the best Sobolev constant for the embedding D'2(R?) < L°(R3). The symbol
C denotes a positive constant and may vary from line to line.

2 Preliminary

In this section, we want to introduce the variational setting, the functional setting and
some main results.
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958 Y.Zhuetal.

2.1 The Variational Setting

We first consider the nonlinear Schrodinger Lagrangian density

52
m|vw|2+2F<vf>, (2.1)

Lse =ihydy — .

where ¥ : R x R? — C and ,m > 0. If the gauge potential of the electromagnetic
field (E, H) is (¢, A), where ¢ : R® — Rand A : R3 — R3, then the following
equations hold

1
E=-V¢—-3A, H=V xA.
C

To study the interaction between i and its electromagnetic field (E, H), we can
replace the derivatives d; and V in (2.1) with the covariant ones

that—i—ﬂ(i), DZV—ﬂA
h he

Thus, we have

_ K2
Lese = iliy Dyyr — %mwz +2F ()
=ih1ﬁ<8,+%§¢)w n <v—ﬂA>¢f

2
+2F ).

I

1 2 1 1
+a? [(Aq& + —diva,A) - ‘v XV x A+ ~3,(Vp+ ~3A)
C C [

" 2m he

According to [3], the Bopp—Podolsky Lagrangian density is

1
Lpp = {|E|2 — H??> +a? [(divE)z — ‘v xH— -3E
C

1
8
— 1|V + —0,A|” — |V x A
8w c

It

Now, we add the Lagrangian density of the electromagnetic field to Lcsc so that we
can get the total Lagrangian density

L := Lcsc + Lp.

Therefore, the total action is

S, ¢, A) = / Ldxdr.
R3
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More details can be found in [12].

2.2 The Operator —A + a?A?
Let D be the completion of C2° (R3) with the inner product
(¢, ¥)p = / VeV +a* / ApAY.
R3 R3
Obviously, D is continuously embedded into D'-2(R3) and therefore in L®(R3).
The following lemmas were obtained in [12].

Lemma 2.1 [12] The Hilbert space D is continuously embedded in L% (R3).

Lemma 2.2 [12] The space C2° (R3) is dense in A, where
A= |¢> e D'2R3) : Ag € LZ(R3)]

normed by \/{¢, ¢)p and, consequently D = A.

Lemma2.3 [12] Forall y € R3, K(- — y) = el the fundamental solution

[-—=yl
of
—A¢ +a>A2P? = 4ns,.
Furthermore,

() if f € L}_(R3) and, for almost everywhere x € R>, the map y € R? — L0 g

loc [x=yl

summable, then K x f € L (R);
(i) if f € LSR3) with 1 < s < 3, then Ko f € L' (R3) for r & (33—2 +oo] .

In both cases, IC * f solves
—Ap +a’A*P? =4n f.
Moreover, almost everywhere in R3, we have
VIK* f)=(VEK)x f and AKX *x f) = (AK) * f.

Then, for any fixed u € H'(R?), ¢, := K * u? is the unique solution in D of the
second equation in (1.3), and the following lemma holds.

Lemma 2.4 [12] For every u € H'(R?), we have:
() foreveryy € R3, Qu(ty) = Gu(- +y);

(11) by > 0,
(iil) foreverys € (3, 4+oc], ¢, € L*(R?) [ Co(R?);
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960 Y.Zhuetal.

(iv) foreverys € (%, —I—oo], Vou = VK xu* € L*(R3) (N Co(RY);
(v) ¢ € D;
D) Ngulls < Cllull?;

(vil) ¢y, is the unique minimizer of the functional

1 2 a’ 2 2
E(p) = Vol + 5 11Adll; — | ¢u”, ¢ €D
2 2 R3
(viil) if vp,—v in H'(R3), then @y, — ¢y in D.

2.3 The Functional Setting

It is easy to see that the weak solutions of (1.3) are the critical points of the C! energy
functional

Lo 4 2 4q 2
R = — — dx — — — Fud
(u, 9) 2IIMII +2fR3¢u x 167_[”(]5”@ - (u)dx
on E x D.If (u, ¢) € E x D is a critical point of R, then we have

0=0,R(u,d)[v] = '/3 [VuVv 4+ V(x)uv + gpuv] dx
R\

—/ f(u)vdx, forall veE,
R3
and
0= 3R _ 4 2 q 2
= 0pRuw, P)IE]1 =L | guldr — = [v¢vg+a A¢Ag]dx, forall & € D.
2 R3 8 R3
Distinctly, the functional R is strongly indefiniteness, and hence, we adopt a reduction

procedure which used in [12]. Noting that dy R € CL(RY), by implicit function theorem,
we have

Go={u.¢) € ExD:93Ru,¢) =0} and & eC'(E, D),

where G ¢ is the graph of themap ® : u € E +— ¢, € D. Hence, we have the reduced
form

I(u) = %/R% [qu|2 + V(x)uz] dx + % qu duuldx — ng Fu)dx,

and it is of class C! on E. Forall u, v € E,

I'(w)[v] = 0, R(u, @) [v] + dpR(u, ®(u)) o ®'(u)[v]
= 0y R(u, ®u))[v]
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:/ [VuVov + V(x)uv + go,uv]dx —/ f(u)vdx.
R3 R3

In fact, to find solutions of Eq. (1.3), we only need to find critical points of 7.

3 Existence of Multiple Solutions

In this section, assume that (V1)—(V2) and (f1)—(f3) are satisfied. We prove that the
problem (1.4) possesses infinitely many nontrivial solutions. And we give the energy
functional I by

1 1
I(u) = —/ |Vu|2 + V(x)udx + —/ d)uuzdx — / F(u)dx.
2 R3 4 R3 R3

Lemma 3.1 [22] Let X be an infinite-dimensional Banach space, and there exists a
finite-dimensional space W such that X = W@ V. I € Cl(X,R) satisfies the (PS)
condition, and

() I(u) = I(—u) forallu € X, 1(0) = 0;
(ii) there exist p > 0, @ > O such that Ilyp Ay = o

(iii) for any finite-dimensional subspace Y C X, there exists R = R(Y) > 0 such
that I(u) <0 on Y\Bg.

Then, I possesses an unbounded sequence of critical values.

Lemma 3.2 Under the assumptions of Theorem 1.3, if {u,} C E satisfies the following
conditions:

(1) {I (u,)} is bounded above by a positive constant;
Gi) I’ (uy) [un] — O, then {u,} is bounded in E.

Proof 1If {u,} is unbounded in E, we can find a subsequence still denoted by {u,,} such
that ||u,|| — +oo. Let v, = ”’;ﬁ, we have ||v,|| = 1. Thus, we may assume that

v,—v in E. It follows from (f3) and (i) that there exists a constant ¢ > 0 such that

c+1=>1(uy) — lll (un) [unl
7

nw—2
2up
w—2 K
= et I 1on I — = a1 Nva I3,
2u 2

v

2 K 2
lunll™ — — llunllz
"

. . . 2k q- 2
as n — 0o, which implies 1 < =i lim sup,,_, o, llvx 5. Therefore, v # 0.

By (f3) and Fatou’s lemma, one has

I (un)

im =
=00 fluy [+ n=00 flu,||*
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962 Y.Zhuetal.

1 un |3 F
< lim 5+ I n”24 —/ (:t)vﬁdx = —00,
n—00 \ 2|luy || dalluy |l RN U

n

as n — —+oo. This is a contradiction, and hence, {u,} is bounded in E. O

Lemma 3.3 Under the assumptions of Theorem 1.3, then the functional I satisfies the
(PS) condition.

Proof To prove that I satisfies the (PS) condition, we only need to prove {u,} C E
which obtained by Lemma 3.2, has a convergent subsequence. As {u,} is bounded in
E, there exists a subsequence still denoted by {u, } and ug € E such that u,—ug in E
and u, — wugin L4(R3) for2 < g < 6. It follows from u,,—ug in E and I’ (ug) € E*
that (I’ (u), un — uo) — 0. And as I'(u,) — 0in E*, it is easy to obtain
(I'(un), un —uo) < 1" (wn) |l Nty — uoll — 0.

Therefore,

(I (un) = I' (o), up — uo) = (I'(uo), un — uo) — (I'wn), un — ug) — 0.
By (f2), for any € > 0, there exists C. > 0 such that

f) < €lul + Celul".

Hence, as n — 400, we have

/R o) = f (0) (g — ) dx
5/ |f(un>||un—uo|dx+/ \f o) [t — o] dx
]R3 R3

< [ (el + Cotual) i = ol dx + [ eluol + Celuol') e, = ol
R R3

< € (llunll2 + lluoll2) llun — uoll2
+ Ce (Ilunllyyy =+ luollyy 1) lun — uolli1 — O,

ase — Oand: € (1,5).
And then,

lun — uoll® = (I' (un) — I’ (wo), uy — u)

+ /R3 ((f (un) — f (uo)) (un — ug)) dx — 0.
This completes the proof. O
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Proof of Theorem 1.3 We have verified that I satisfies the (PS) condition. It follows
from (f7) that I is an even functional. As E is a separable space, E has orthonormal
basis {e;}. Forall k, j € Z, we define E; := Re;, Wy := €9I;:1Ej’ Vi = EB;?O:,{HEj.
Let W =W,V =V,clearly E =W &V anddim W < oo.

Next, we verify that / satisfies (ii) in Lemma 3.1. By (f>), for any € > 0, there
exists C. > 0 such that

1 2 1 2
Iw)=-lul+- | ¢u-dx— | Fu)dx
2 4 Jr3 R3

1 1
> —||u||2+—/ ¢uu2dx—e/ uzdx—CG/ utldx
2 4 R3 R3 R3

1
> Slul? = € (elul® + Celul ).
Therefore, there exists p > 0 small enough, « > 0 such that I(u) > o > 0 as
lull = p.

Now, we verify that I satisfies (iii) in Lemma 3.1. If /() > O for any finite-
dimensional subspace Y C E,then we can find a sequence {u, } such that ||u, || — 400
and I (u,) > 0. Letv, = ”,'j—"”, from the proof in Lemma 3.2, we have

1 1 3 F
0= lim (unz < lim 5+ ||un||24 —/ (z’:) vfldx = —00,
n=00 |y, ||* T n=o0 \ 2| unlls - 4allunll RN U

as n — —+oo, which is a contradiction. This shows that there exists R = R(Y) > 0
such that 7(#) < 0 on Y\ Bg. The proof is completed. O

4 Existence of Ground State Solutions forp € [4, 6)

In this section, to solve the problem (1.5), we apply Jeanjean’s trick [17] and give a
family of energy functionals

L(u) = 1/ [|Vu|2+V(x)u2] dx+1/ ¢uu2dx—A/ |:l|u|p+H(u)] dx.
2 R3 4 R3 R3 p

Lemma 4.1 [24] Assume that {u,,} is a bounded sequence in H'(R3). If

lim sup / |u,,|2dx:0 for some r > 0,
n—00 3
yeR
B, (y)

then u, — 0in L9 (R%) for all g € (2, 6).

Lemma4.2 [17]Let (X, ||-||) be a Banach space and T C R be an interval. Consider
a family of C functionals on X of the form

I, (u) =A(w) —rAB(u) VreT,
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964 Y.Zhu et al.

with B(u) > 0 and either A(u) — +00 or B(u) — +oo as ||u|| — +oo. If there are
two points v1, v2 € X such that

¢, = inf max I, (y(t)) > max{[, (v1), I (v2)} YA eT,
yel t€[0,1]

where
I'={y €C(0,1], X) : y(0) = vy, y(1) = v2}.

Then, for almost every A € T, there exists a bounded (PS)., sequence in X, and the
mapping A — ¢, is non-increasing and continuous from the left.

Lemma 4.3 Suppose that V, h satisfy (V1)—(Va) and (h1)—(h2). Then, for almost
every A € [%, 1], there is a bounded sequence {v,,}, such that I, (v,,) — c, in E and
I (v) — 0 in the dual E* of E.

Proof Obviously that
1
/ |:—|M|p + H(M)i| dx >0,
R LP

and
1 2 2 1 2
— [|Vu| +V(x)u ]dx + - ¢yu-dx — 400 as |u] — 4oo.
2 JRr3 4 Jgr3

Let u; = t2u(z-), then

3 3 _lx=yl
T T T 1—e 7
L(ug) = —||Vu||% + —/ V(x)u2 dx + —/ / —uz(x)uz(y) dxdy
2 2 Jr3 4 Jr3Jr3  |x — Y|
Aer—3 3
- lullh — At / H(u)dx
3 u? 2
< T—||Vu||%+ E/ V(x)u?dx + — / / w=u(y) dxdy
2 2 Jp3 R JR? X — ]
2p—3
- llully.

Since p € [4, 6), there exists 79 > 0 large enough such that I, (rpu) < 0. By taking
v = u,,, we have I (v) < 0.
Moreover, it follows from (/1) that

|h(u)| < €lu| + Celul®, forany e > 0.

By simple calculations, we derive
1
/ H @ d = S i+ 2
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The Schrodinger-Bopp—-Podolsky Equation Under the... 965

Hence,
1 , 1 2 1 p
Liw) = ullz+ 5 | ¢uu"dx —A—|lullp —A | H(u)dx
2 4 Jr3 p R3
1 2 P €2
2zllullz—zllullp—zllullz— T lellg+1
1 —€eC C CC,
> ol = = llull? = —[lufj@*".
o+1
Then, there exists p > 0 small enough such that 7, () > 0 as ||u]| = p. Now,
Lemma 4.2 leads to the conclusion. O

Lemma 4.4 If {v,,} is a bounded sequence in E obtained by Lemma 4.3, then

lim sup / |vm|2dx>0
m%+oo
Bl(})

Proof Assume that lim,,_, o Sup f |vm|2dx = 0. From Lemma 4.1, we have
yeR3 By (y)

vm — 0in L9 (R?) forall ¢ € (2, 6).
Hence,

1
f3 1) dx < €llum I3 + CellumISE] = 0(1).
R

Moreover, by the Hardy-Littlewood—Sobolev inequality (see [18]), we obtain

5 v ()2 () 82
/R3¢vmvmdx</R*/R3 X — | dxdy _3\/—”vm”12—0(1)

Thus, we have

o(1) = I, (wn)[vm] = llom > + /RS Pu U Ax = Al [y — k[w h(vm) vy dx

= llom|I* + o(1),
and then
1 , 1 5 A p
cn+o(l) = Li(vy) = Ellvmll + 1 ) Do, Uy dx — ;”vm”p
—A/ H(v,,)dx = o(1),
]R3
which is a contradiction. O
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966 Y.Zhuetal.

Lemma4.5 If {v,} C E is the sequence obtained by Lemma 4.3, then for a.e. ). €
[%, 1], there exists a sequence of points {y,} C R3, set up(x) := vy (x — ym), we
have
1) upm—u; =0in E;
(i) I; (up) =0in E*;
(iii) I) (up) <c, in E;
(iv) there exists M > O such that I (u;) > M.

Proof Putting together Lemmas 4.3 and 4.4, we know that for almost every A € [%, 1],
there exists a bounded sequence {v,, } whichsatisfies I, (v,) — ¢ in E and I} (v,) —
0in E* as m — +o00. Furthermore, by Lemma 4.4, there exists a sequence of points
{ym} € R3 and a > 0, such that

lim v2dx > a > 0. 4.1
m=>+00 Jp () "

Let u;, (x) := v, (x — yp). By the invariance translations of I, as m — 400, we
have that I, (u,,) — c¢;, in E and I] (u,,) — 0 in E*. Since {u,,} is bounded, there
exists u; € E such that

Up—u,; ink;
Uy —> u) inLY

(R, Vs e [1,6]; 4.2)
Uy — up a.e.inR3.

In the following, we complete the proof of this lemma.

(i) It follows from (4.1) that

Clusl? > s I > / 2dy = lim v a0,
B1(0) m—>+00 Jp,(0)

and thus uy #01in E.
(ii) We only need to show that (/] (u3) , ¢) = 0 for any ¢ € E. Observe that

(I (um) . @) = (I} (u3) . 9)

= / (Vum = Vup) o + V(x) (um —uy) ¢) dx +f (¢um’4m - ¢u;\uk) pdx
R3 R3

—Af (f (um) = F@3)) ¢ dx = Af (lm 1P 2 — 13 1P~205) g dx.
R3 R3

Moreover,

‘/R’ (¢umum - ¢ukuk)§0dx =< /R* D [t — up ||| dx

b [ 160, = b gl ar i= g1+ 0o
R
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By Lemma 2.4, {¢,,, } is bounded in LO(R?) and bu,,—Pu, in LO(RY). Using the
Holder inequality and the strong convergence of u,, to u; in L3(R?), we get

Ji < N bu, llsllum — uslzllellz — 0.

Since ¢ € E, for any € > 0 there exists R > 0 such that

/ lofdx) <e sel2, 6] 4.3)
B%(0)

Hence,

A =/ ™ —¢M~A||w|dx+f
Bgr(0) By (

R
< ll¢pu,, — (bm”L@(BR(O)) lurl2llells + ldu,, — ¢ux||6||”A||2||¢||L3(B§'e(0))
— 0,

|¢um - ¢uk [lu 0| dx
0)

asm — +ooand R — +o0.
Furthermore, notice that

‘ [ (ot = 1172, g s
R
<,
Br(0)
“J,
BR(0)

= J3+ Js.

-2 -2
ltm| P “um — |up|P~ us| lol dx

|Mm|p_2um - |14)L|p_2'4)\

lo| dx

From (4.2), we infer that there exists Q(x) € L?(Bgr(0)) such that |u,,| < O(x).
It follows from dominated convergence theorem that J3 — 0 as m — 0.
On the other hand, as R — 00, we obtain

145/ |um|"—1|<o|+/ 1P~ gl dx
B(0) BS.(0)

R
p—1 p—1
< Numllp “lelliLesso) + lualy llellLr o)
<eC — 0.
Moreover, as u,, — u; a.e.in R3, by continuity,

h(uy) — h(u;) ae.in R3.
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It follows from (/1) that {h(u,,)} is bounded in L%(R3), and so h(u,)—h(uy)
in Lg (R3). Hence, as R — oo, we have

‘[ (h(um) — h(u;)) ¢ dx
R3

< / [A(um) — h(u)| lg] dx +/ |A(um) — h(u;)| @] dx
Bgr(0) 2(0)

B (

5/ () — hw3)] || dx+/
Br(0) B%(

()| L] dx
£(0)
+/‘ b)) lpl dx
B%(0)

< h(um) — h(Mx)IILg(BR(O)) lIplle + llum Il s 191l Lo (B, 0))

+ Iluxllg lellLecss o))
<o(l)4+eC — 0.

Now, we get 1] (uy) = 0.
(ii1) It follows from (43) that

OV (x)
4

_ /1 [h(u) _ b 6oV (nd — %)
0

u3 sus (su)?

u2

%h(u)u — H(u) +

] sSutds > 0.

Hence, by Fatou’s lemma we get

4

o (22 2 diminf a2 + = timinf (]2 = 200 [ V0OlunPd
=\a 7 P mlis Mmlp T g R \ 0 Js MM
eoV(x)|um|2)

> (5= 2 st + 5 (hd =0 [ vl Pax
- 4 p P 4 R3

eovocnuuz)
T dx

. 1,
Cr = mgrﬂoo I:IA (Um) — — (I)L (um) , um)]

1
+,\hminf/ (—h(um)um — H(up) +
R3 4

m——+00

1
+2 / (—h(ux)ux ~H(u) +
]R3 4

1
=L, () — — (I} (up) ,up) = I ;) > 0.
4

(iv) Recall that C||u;, ||2 > «a, we infer

_90

1
I (uy) >
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The proof is completed. O

Now, according to Lemmas 4.3 and 4.5, there exists a sequence { (A, uz,)} C
[%, 1] x E, such that

(i) Ap = lasn — 4o0;
(i) up, £0,M < I, (u3,) < ca,:
(iii) Ii,, (“kn) =0.

Proof of Theorem 1.6 By Lemma 4.5, we have

1
c1 = b, (up,) = I, (u3,) — A_LIA/” ()1, ]

1 s A A p 1
e, 17+ (& = D luw, I + An ~h(uy,)us, — H(u,) | dx
4 )4 R3 4

4
1 An B

> Znuxnnz - TO/Ra V(x)|uy, |*dx

>

> — I, I,

which implies that there exists a constant K > 0 such that|lu; || < K.
Using the facts that for any ¢ € E,

() ) = 5, (1) )+ 0= ) [ (s,)
RN

I (u3,) = I, (u,) + O — 1)/H(uln) dx,
RN

and {u;w} is bounded in E, we obtain that M < lim,_, 4 [ (Mxn) < ¢; and
limy— 400 I’ (u ,\n) = 0. Up to a subsequence, there exists a subsequence still denoted
by {us,} and ug € E such that u;,—ug in E. By using the preceding method in
Lemma 4.5, we can obtain the existence of a nontrivial solution ug for / such that
I’ (ug) = 0and M < I (ug) < cy. Thus, ug is a nontrivial solution of (1.5). Define
m :=inf {I(u) cu#Z0,I'(u) = 0}. Let {u, } be a sequence such that I’ (u,) = 0 and
I (u,) — m. Similar to the argument in Lemma 4.5, we can prove that there exists
it € E such that I'(i) = 0 and I (i) < m. By the definition of m, we have m < I ().
Hence, I () = m, which shows that u is a ground state solution of (1.5). O

5 Existence of Positive Solutions forp € (2, 6)

In this section, assume that (V1)—(V2) and (P;)—(P») are satisfied and p € (2, 6). We
prove the existence of positive solutions for problem (1.6).
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By simple calculation, we have

I(u) = %/@ (|Vu|2 + V(x)uz) dx +%/]R3 duuldx

1
—/ <—P(x>|u|6+5|u|”)dx,
R3 \ 0 p

I'(w)[v] = / (VuVv + V(x)uv 4+ qp,uv) dx
R3
_ / (P(x)usv + p,|u|p_2uv> dx.

R3

Lemma 5.1 [12] If v,—v in H'(R3), then

/11%3 P, v,%dx — /]R‘ (pvvzdx - /R3 Pu,—v (U — v)%dx — 0.

Lemma 5.2 Let {v,} be a sequence such that v,—v in E, then
/ v, v,zldx — / Pyv’dx as n — 4oo.
R3 R3

Proof To prove [p3 ¢y, V2 — Jrs $,v2, we only need to prove that

M;@ (¢vn v,zl — ¢vv2) dx

IA

+ ‘/ (Pv, vn — Pvv) vdx
R3

'/ (¢vnvn_¢vv) vy, dx

R3

5/ ¢v,,|vn—v||vn|dx+/ (o, — Gollunv] dx
R3 R3

+f ¢Un|vn—v||v|dx+/ (o, — dollv]? dx
R3 R3
Ji+h+ I3+ J4p— 0.

We just give the proof of J; — 0, and the proof of J3 — 0 can be proved in the same
way. Lemma 2.4 and Theorem 1.2 imply that

Ji = lldy, l6llvn — vlizllvallz = 0 asn — +oo.

Moreover, since v € E, for any € > 0 there exists R > 0 such that

1

/ *dx ] <e€, se€[2,6]
B(0)

Obviously,
b= / (o, — dollumv] dx +/ (o, — dollunv] dx
Br(0) B (0)
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< ¢y, — ¢v||L6(BR(0))||Un||2||U||3 + v, — ¢v||6||vn||2||v||L3(B;a(0))
— 0,

asm — 400 and R — +o0, and J4 — 0 can be proved in the same way. O

5.1 TheCasep € [4, 6)

Lemma 5.3 Assume that (V1)—(V,) and (P1)—(Py) are satisfied. Then, the functional
1 verifies the mountain pass geometry, that is,

(1) there exist a, p > 0 such that I (v) > « for all ||v] = p;
(ii) there exists e € H'((R)*)\{0} such that I(e) < O with ||e| > p.

Proof Since P(x) < P(xgp), we have

Iw) > l/ <|Vu|2+V(x)u2) dx—/ <1p(x)|u|6+ﬁ|u|1’> dx
2 R3 R3 6 P

> §||M|| - EP(XO)”M”s - ;”M”ﬁ

1 1 0
> —ul? = C (= P@o)llull® + =full? ).
2 6 p

Then, there exist « > 0 and p > 0 small enough such that / (u) > « for all |ju| = p.
Moreover, let u; = tu, then

2 4 p 6
T T Wt T
I(u;) = 7||u||2 + T"/ Guu’ dx — —/ lu|Pdx — —/ P(x)|ul®dx.
R3 p Jrs 6 Jgr3

Hence, there exists 7o > 0 large enough such that I (rou) < 0. By taking e = u,, we
have I(e) < 0. O

Combine Lemma 5.3 and Mountain—Pass lemma, we infer that there exists a
sequence {v,} in E at the level c, such that

I(v,) = ¢ and I'(v,) = 0, as n — 400, 5.1
where
= inf I(y(t 0,
¢:= Inf max (y(1) >
I'={y €C(0. 11, H'(R))) : y(0) = 0, y (1) = e}.
Lemma 5.4 The sequence {v,} in (5.1) is bounded in E for p € [4, 6).
Proof Asn — +00, we have

1
c+o(l) =1(vy) — ZI/ (vn) [vn]
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2
.

\

= Z”vn

This prove Lemma 5.4.

Lemma 5.5 The sequence {v,} in (5.1) is compact in E if
1 3 -1
c< §SZIIP(X)|I<>02-

Proof As the sequence {v,} is given by (5.1), it satisfies that

1
1) = 5 /R3 (Ian|2 n V(x)vg) dx + %/ﬂ@ b, v2dx
1 6 M
- —P@)|v,|” + =va|? ) dx = ¢ + o(1),
R3 \ 6 p
1/(1),1)[1),1] = f (|an|2 + V(x)v,%) dx + C]/ ¢Un v,2,dx
R3 R3

- /ﬂ@ (P(x)v,? + ,u|vn|p) dx = o(1).

Since the sequence {v, } is bounded, there exists v € E\{0} such that

v,—v InkE;

vy — v in L} (R?), Vs €[1,6];

v, = v a.e.inR3.

From I’ (v,) — 0, we can obtain

I’(v)[v]:/ (|Vv|2+V(x)v2>dx—|—q/ Ppv’dx
R3 R3

— /RS (P(x)|v|6 n /L|U|p) dx = 0.

Set v, = v, — v. By Brezis-Lieb’s lemma in [8],

I(vy) —1(v) —I(v)) > 0 as n — oo,
I'(v)[vp] = I'W)[v] = I'(v))[v,] > 0 as n — +oo.

Theorem 1.2 and Lemmas 5.1, 5.2 and (5.4) imply that

lim v} [Pdx =0, nlin;O/3¢vé|v;|2dx=O as n — +oo.
R

n—oo R3
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Putting (5.8) in (5.6) and (5.7), as n — +00, we have

I(v) =c+o(l) —1(v))
1 2 4 2
— o) =3Il =% [ oyl far

1 jz
+ /RS (gp(x)|v;|6 + ;|u,;|1’> dx

_ 1 /2 1 /16
=c—slvl"+ [ P&, dx + o(1), (5.9
2 R3 6

and

o(1) = I'(w)[w] + I'(v)[v,]
=/ (|Vv;,|2+V(x)|v,’,|2) dx+q/ by |0, 2dx
R3 R3

_ /w (P(x)|u;,|6 + M|v,;|P) dx

zf (|w;|2+v<x)|v;,|2)dx—f P(x)|v)%dx + o(1).
R3 R3

Assume that [p; P (x)|v)|®dx — lasn — +00, then [p3 [V, >+ V (x)|v} [*dx — I.
It follows from Sobolev inequality that

1
/ (|Vv’ 2+ V@), |2) dxdx > § (/ v/ |6dx)3
n n _ n
R3 R3
1

> SIP()lI (/ P<x>|v:,|6dx)3 |
R3

If I > 0, we have
_1
> S|P (5.10)

(5.9), (5.10) and Lemma 5.4 imply that
1 1 3 _1
I(v)—>c—§l§c—§SZ||P(x)|| 2 <0. (5.11)
However, (5.5) shows that

1 q
I1(v) = 3 /Rs <|VU,/1|2 + V(x)|v,;|2) dx + n /RS Bpv’dx

1
—/ (—P<x>|v|6+ﬁ|v|l’>dx,
r3 \ 6 P
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— 1 6 1 6 M
= 5/}; (P(x)lvl -HLIUII’) dx — /R3 <8P(x)|v| + ;|U|p> dx

>0,

which is a contradiction to (5.11), thus / = 0. This concludes that {v,} is compact.
O

Proof of Theorem 1.8 Assume that (V;)—(V;) and (P;)—(P,) are satisfied. For each
€ > 0, xo is chosen such that P(xg) = sup,.g3 P(x), we consider the following
function

1
(3e)*
We,xo (X) = —————,
(€ + x — x0[?)2
which is a solution of the minimization problem S = inf{||Vv||% v €

DI2(R3), |lvlle = 1}, and we y, satisfies

IVoeryl3
llove, o l1g
Letn € Cgo(R3, [0, 1]) be a cutoff function such that n(x) = 1 for |x — xo| < r,

0 < nx) < lforr < |x —x9] < 2r and n(x) = 0 for |x — xo| > 2r. Set
Ve (x) = n(x)we x,(x), then as € — 0, the following estimations hold (see [9,25])

Vvl = 7 + O(e),
6 3 3
10 llé = §2 + O(e?),

O(e1), sel[2,3),
O(eillnel), s=3,
0 T), se(3,6).

llvells

As I1(0) =0, lim;—, 4 I (fve) = —00, there exist £, > 0 and M > 0 such that

di(t
L) = sup I(to) > M and SLEYe)
>0 t

|t:t6 =0.

Hence, we get

zJVwﬁ=ne@%+0@%g

IA

te”VUe”%"'te/ V(x)vezdx+qt€3/ ¢Uev3dx
R3 R3

=t§/ P(x)ug’dx+ﬁ/ It ve|Pdix
R3 te JR3

3P(o) (83 + 0(eh) + 11 (re 0D +1353 +130(e))

IA
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which shows that there exists a constant A; > O such that z, > Aj.
Moreover,

M < I(teve) < é||Vv I3 + A max V(x) ) llvell3 + ﬂnv I3
= Tl = BT S \ veBy, (x0) N2 gq T2
18 6
_ € i P
¢ <x61£1,1(1x0) (x)) llvellg
12 (2 1 1 qt! 1y?
(st oE)+( max V) o)) +—(0(ez))
2 X€By(x0) 4a
t6 3 3
€ . 3 3
——< min P(x)) (SZ +0(62)),
6 \xeBy (x0)

which gives that there exists a constant Ay > 0 such thatz, < Aj.
Next, we claim that

5 2 i 6 L3 =3 1
sup | — ngvf' dx—g Rgp(x)lvel dx §§52||P||oo + O(e2).

t>0

Choose § > 0 small enough such that |x — xg| < (SE% < r. Using the condition (P>),
there exists ¥ > 0 such that

IP(x) — P(x0)| < ylx —xol%. for |x —xo| < 8eZ,

hence
/ |P(x) — P(x0)||ve|®dx < / L vlx = xol*|ve|®dx
R3 [x—xp|<d€2
+C/ | lvel®dx
[x—xp|>8€2
p 3 |x—x0|=2r 1
5786||ve||6+067/ | —23dx
le—xol=8¢2 (€ + |x — x0/?)

< Ce+ 0(2) + 0(2).
Then, we have that

12 1o
if |Vve|2dx—i/ P(x)|ve|%dx
2 ]R3 6 R3

2 6
1t t

— € / [Vve|2dx — < / P (x0)|ve|®dx +/ [P(x0) — P(x)||ve|®dx
2 R3 6 R3 R3

1 3 _1
< §S%||P||002 £ 0(e2)+ 0(e3) + 0(e2) + Ce + 0(e?),
which implies the claim holds.

@ Springer



976 Y.Zhuetal.

Thus,

A 2 A 2 qt¢ 2
I(teve) . [Vue|“dx + > /3 V(x)vodx + T/g(pvévédx
R R R>

t? t6
—’“/ |ve|l’dx—i/ P (x)|ve|®dx
P 3 6 Jr3

4 p
< lSz P A i p
< l ”oo +1%2 el — » llve ll»

4a

FO0(@2) +Ce+ 0(3) + 0(€?) + 0(?)

1 1 »
< gS%||P||oo2 £ 03 + 0(€) + 0(e3) + 0(€3) + 0(e?) — Cue™ ™

1 3 -1
§SZ||P||OO + A.
If4 < p < 6 with u > 0 or p = 4 with p sufficient large, we have A < 0.

Combine Lemmas 5.2 and 5.4, we can easily verity that if there exists vo € E and
vo % 0 such that

1 _1
sup I (tvg) < §S%||P(x)||002. (5.12)

t>0

Then, the problem (1.6) has at least one positive solution. Taking vy = v, for € small
enough, then (5.12) holds, this completes our proof. O

5.2 The Caseof p € (2, 4)

Inspired by [12], we consider the truncated functional

2
Ir(w) = %,[Ra <|Vu|2 +Vxu )dx +2 <|Iu|| )/ puu’
—/ <1P<x>|u|6+ ﬁw) dx
R3 6 p

where x(s) = 1forO0<s <1, x(s) € (0,1)for1 <s <2, x(s) =0for2 < s and
x'lloo < 2.

Lemma 5.6 The functional It satisfies the mountain pass geometry:

(i) there exist a, p > 0 such that I (u) > o for all ||u]| = p;
(ii) there exists e € H'((R)*)\{0} such that I(e) < O with ||e| > p.

Proof As g > 0, we have

Ir(u) > l/ <|Vu|2+V(x)u2>dx—/ <1p(x)|u|6+ﬁ|u|l’> dx
2 R3 R3 6 p
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1
= S lul? ( (°)|| 16+ ||u||f’).
)4

Then, there exists p > 0 small enough such that I7(#) > 0 as |u|| = p.
In addition, consider u, = tu, we get

2 ™ flull?
Ir(eu) = - ful + %x( 2 )/ pun’
— / (—P(x)|u| +—|ulp> dx,
R3 \ 6 p

and there exists 7o > 0 large enough such that I, (rou) < 0. By taking v = u,,, we
have IT(v) < 0. O

By mountain pass theorem, there exists a sequence {u,} in E at the level cr, such
that

It (up) = cr and Ip(uy) = 0, as n— 400, (5.13)
where

cr .= inf max IT(y(t)) > 0,
yel'r tef0,1

'r={ye C([O, 11, H'(R)®) : y(0) = 0, IT(y (1)) < 0}.
Remark 5.7 1t follows from I < [ that cr < ¢, where the constant ¢ is given in (5.1).

Lemma 5.8 There exist Ty > 0 independent of q and g, > 0 dependent on Ty such
that if ¢ < qx, then the sequence {uy} in (5.13) satisfies

lim sup ||u, || < Tp.
n

Proof Similar to the proof in [12]. Arguing by contradiction, suppose for any 7' > 0,
there exists ¢ > 0 such that

limsup [lun|| > T. (5.14)

n

Notice that
, p pq ||un||2 2
pIr(un) = Iy )lual = (£ = 1) Jual? + (22 = q) | duax

[|u I|2 ||u ||2
(' / tui

— (£ _ 1)/ P(x)|un|6dx. (5.15)
R3

6
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Let ¢ be as in Lemma 5.6. As n — +00, we have

It (uy) < 2cr <2 max Iy(te)
1€[0,1]

||e|| maxt +— max t2”6”2 /qb e>dx
1€[0.1] 2 1e[0.1] e¢

q
=C =Ji.
1+21

IA

If 2le||? > 272 then J; = 0 and if r2||e||* < 272, then

4 AT
S Joa 9 S gpepalel
By Theorem 1.2, we have
I7(uy) < C1 + CagT*, (5.16)

Through similar discussions, we obtain

|un||2 u2 4
¢un dx < C3T7, (5.17)
and
2 2
||un||2x’<” | )f Gu,undx < [luyll* (” il )‘f bu,udx < C4TS.
(5.18)

Combining (5.14)—(5.18), we get

CsT>—T
= (5 = 1) hall® = 13- )

2 2
< plr(un) + (q2 - %) (”u”” )/ u, 1 dx
gllunl® , (Nunl? 2
+ 272 ( )/ ¢u,, dx
p 6
- (1 - g) /R3 P ()i [Odx

2
<pIT(un)+<q_p4_q (”Mn” )/ bu t de

u 2 u 2
+qun2II <|I nl )/ G 120

< Ce+qCiT*. (5.19)
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Obviously, the inequality (5.19) does not hold if g small enough and for large 7. O

Remark 5.9 Since lim sup ||u, || < To, we have I, (u,) = I (uy).
n

Proof of Theorem 1.9 Assume that (V;)—(V») and (P;)—(P,) are satisfied. From Lem-
mas 5.6, 5.8 and Remark 5.9, there exists g, > 0 such that if g € (0, g4) then [/
possesses a bounded (PS) sequence {u,} at level cr,. Moreover, we already know that

ifer, < 1 352 5 1P(x)] 002 ,then {u, } is compact in E. It remains to show that there exists
vy € E and vo # 0 such that

sup I (tvo) < 52||P(X)||oo )
>0

for p € (2,4) with pu sufficiently large. As its proof is similar with the Proof of
Theorem 1.8, we omit it here. O
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