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Abstract

Let G be a nontrivial connected graph with a vertex-coloring c¢: V(G) —
{1,2,...,9},qg € N.ForasetS € V(G) and |S| > 2, a subtree T of G satisfy-
ing S € V(T) is said to be an S-Steiner tree or simply S-tree. The S-tree T is called a
vertex-rainbow S-tree if the vertices of V(T') \ S have distinct colors. Let k be a fixed
integer with2 < k < |V (G)|, if every k-subset S of V (G) has a vertex-rainbow S-tree,
then G is said to be vertex-rainbow k-tree connected. The k-vertex-rainbow index of
G, denoted by rvxi(G), is the minimum number of colors that are needed in order to
make G vertex-rainbow k-tree connected. In this paper, we study the 3-vertex-rainbow
index of unicyclic graphs and complementary graphs, respectively.
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1 Introduction

All graphs considered in this paper are simple, finite and undirected. We follow the
notation and terminology of [1] for those not described here. In recent years, colored
notions of connectivity in graphs become a new and active subject in graph theory.
Stating from rainbow connection, rainbow-vertex connection and total rainbow con-
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nection appeared later. Many researchers are working in this field, and a lot of papers
have been published in journals, see [2,3,5-12,15-19,21] for details. The reader also
can see [14] for dynamic survey and [13] for a new monograph on this topic.

The concept of rainbow path was generalized to rainbow tree by Chartrand et al. [4].
For every set S of V(G) and |S| > 2, asubtree T of G suchthat § € V(T') is called an
S-Steiner tree or simply S-tree. For every set S of V(G), an S-tree is called a rainbow
S-tree if any two edges of the tree are assigned distinct colors. Let k£ be a fixed integer
with 2 < k < |V (G)|, the edge-coloring ¢ of G is said to be a k-rainbow coloring if
for every set S of k vertices of G, there exists a rainbow S-tree. The k-rainbow index
of a connected graph, denoted by rx(G), is the minimum number of colors that are
required in a k-rainbow coloring of G.

As a natural counterpart of the k-rainbow index, Mao introduced the concept of k-
vertex-rainbow index rvx (G) and investigated the Nordhaus—Gaddum problem with
k = 31in [20]. An S-tree T is called a vertex-rainbow S-tree or a vertex-rainbow tree
connecting S if no two vertices of V (T')\S share same color. Let k be a fixed integer
with 2 < k < |V(G)|, the vertex-coloring ¢ of G is said to be a k-vertex-rainbow
coloring if for every set S of k vertices of G, there exists a vertex-rainbow S-tree. If
such vertex-coloring ¢ exists, then G is called vertex-rainbow k-tree connected. The
k-vertex-rainbow index of a connected graph, denoted by rvx;(G), is the minimum
number of colors that are needed in a k-vertex-rainbow coloring of G.

In 2010, Chartrand et al. [4] considered the 3-rainbow index of unicyclic graphs.
In Sect. 2, we investigated the 3-vertex-rainbow index of unicyclic graphs. Moreover,
we studied the 3-vertex-rainbow index of complementary graphs in Sect. 3.

2 The 3-Vertex-Rainbow Index of Unicyclic Graphs

For a subset X of V(G), we use G[X] to denote the induced subgraph by X. The
distance between two vertices # and v in a connected graph G, denoted by d(u, v),
is the length of a shortest u-v path in G. The eccentricity of a vertex v is defined
as eccg (v) := maxyecy(G)d (v, x). The Steiner distance d(S) of a set S of V(G) is
the minimum number of edge of a tree in G containing S. The Steiner k-diameter
sdiamg (G) of G is the maximum Steiner distance of S among all sets S with k vertices
in G. In [20], Mao obtained the following results.

Proposition 2.1 [20] Let G be a nontrivial connected graph of order n. Then,
rvxg(G) = 0 if and only if sdiam(G) = k — 1.

Proposition 2.2 [20] Let G be a nontrivial connected graph of order n (n > 5), and
let k be an integer with2 < k < n. Then, 0 < rvxp(G) <n — 2.

Let Gy = C1UCo U {uv}, where Cy = uuuy ... u;u and Co = vvivz ... vjv. For
every k-subset S of {u1, ua, ..., u;, vi,v2, ..., vj}satisfying SO{ur, uz, ..., u;} #9
and SN {vy, v2,..., v} # @, we know that every S-tree contains the two cut vertices
u and v. The following observation holds.
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Observation 2.3 Let G be a connected graph of order n containing two cut vertices u
and v. For each integer k with2 < k < n, every k-vertex-rainbow coloring of G must
assign distinct colors to u and v.

In [4], Chartrand et al. proved that the 3-rainbow index of cyclesis n — 1 forn = 3,
or n — 2 for n > 4. Now we consider the 3-vertex-rainbow index of cycles.

Theorem 2.4 For integer n,

0 if 3
n—4 if n

<n <4,

rvxs(C,) = -

> 5.

Proof For 3 < n < 4, by Proposition 2.1, we have rvx3z(C3) = 0 and rvx3(Cs) = 0.

For n = 5, we assign one color to all vertices of Cs. Thus, rvx3(Cs) < 1. Since
sdiam3(Cs) = 3, we have rvx3(Cs) > 1,and so rvx3(Cs) = 1 =n — 4.

Forn = 6, we assign a vertex-coloring c to Cg as follows: c(vy) = c¢(v2) = c(v3) =
c(ve) = 1,c(vg) = c(vs) = 2. It is easy to verify that C¢ is vertex-rainbow 3-tree
connected with the above vertex-coloring, and so rvx3(Cg) < 2. Since every tree
connecting {vy, v3, vs} has size at least 4, every tree has at least two vertices which
are different from {v{, v3, vs}. Note that rvx3(Cg) > 2. Thus rvx3(Ce) =2 =n — 4.

Forn > 7,let Cy, : vy, v2, ..., Uy, Un+1 = V1. Assign a vertex-coloring ¢ to C,, as
follows: c(v) = c(v4) = c(v7) = 1,c(v2) = ¢(vs) = 2 and c(v3) = c(vg) = 3 if
n="7rcw)=iforl <i <n—4andc(v;)) =i —n+4forn—-3 <i <nif
n > 8. For n = 7, we can check that the coloring ¢ is a 3-vertex-rainbow coloring,
and thus, rvx3(C7) < 3 = n — 4. For n > 8, we need to show that there exists a
vertex-rainbow tree connecting any three different vertices v;, v; and v, of Cy,, where
1 <i < j<z=n Let§ = {v;,v;,v;}. Without loss of generality, we verify
rvx3(C,) < n — 4 by considering the following four cases.

Case 1 v;, v; and v, are three distinct vertices of the path P = viva...v, 4 (P =
V5V6...0,), Where 1 <i < j<z<n—4(05<i<j<z<n).Obviously, there is
a vertex-rainbow S-tree T = v; ... v ... vz, and sorvx3(Cy) < n — 4.

Case 2 Two vertices of S which lie on the path P = vjv; ... v,_4, and the remaining
vertex of S lies on the path P = Upn—3Un—2Vp—1Vy. Letl <i < j <4andn -3 <
z < n Ifi = 1and j = 2, then there exists a vertex-rainbow S-tree 7, where
T =v;...yv;.Ifi =1,j =3andn — 2 < z < n, then there exists a vertex-
rainbow S-tree T', where T = v, ... v;vpv;. If i =1, j = 3 and z = n — 3, then there
exists a vertex-rainbow S-tree T, where T = vjvovjvs...v;. If i = 1 and j = 4,
then there exists a vertex-rainbow S-tree T, where T = vjvs...v;...v;. If i = 2
and j = 3, then there exists a vertex-rainbow S-tree T, where T = v, ... vjv;v;. If
i=2,j=4andn — 3 < z < n — 1, then there exists a vertex-rainbow S-tree T,
where T = v;v3vjvs...v.. If i = 2, j = 4 and z = n, then there exists a vertex-
rainbow S-tree T', where T = v viv;v3v;. If i = 3 and j = 4, then there exists a
vertex-rainbow S-tree T, where T = v;vjvs ... v . Letl <i <4,5<j<n-—4and
n—3<z<nlIfn—-3 <z <n-—2,then there exists a vertex-rainbow S-tree T,
where T = v;...v;...v,. If i = 1 and z = n — 1, then there exists a vertex-rainbow

@ Springer



1018 Y. Ma and W. Zhu

S-tree T, where T = vj...v;...v;. If 2 <7 < 4 and z = n — 1, then there exists
a vertex-rainbow S-tree T, where T = v;...v;...v;. If z = n, then there exists
a vertex-rainbow S-tree T, where T = v, ...v;...vj. Let5 <i < j <n —4and
n—3 < z < n.Then, there exists a vertex-rainbow S-tree T, where T’ = v; ... v; ... v;.
Hence, rvx3(C,) <n — 4.

Case 3 One vertex of {v;, v}, v;} which lies on the path P = vv>...v, 4 and the
remaining vertices of {v;, v;, v,} lie on the path P = VUp_3Un_2Up_1Up. Letl <i <4
and n — 3 < j < z < n. Then, an argument similar to the one used in the proof of
l<i<j<4andn-3<z<nletS5<i<n—4andn—3 <j <z <n.Then,
there exists a vertex-rainbow S-tree 7', where T = v; ... v; ... v;. Thus, rvx3(C,) <
n—4.

Case 4 v;, v; and v, are three distinct vertices of the path P = v,_3v,_20,_1vp,
where n — 3 < i < j < z < n. Thus, there exists a vertex-rainbow S-tree 7', where
T =v;...vj...v;. Therefore, rvx3(C,) <n —4.

Next, we verify that rvx3(C,) > n — 4 by proving the following three claims.

Claim 1 No five vertices of C,, can be colored the same.

Proof Suppose that c(v;) = ¢(vj) = c(v) = c(vp) = c(vy), where 1 <i < j <
m < p < g < n. According to the adjacency of vertices of {v;, vj, Un, Vp, Uy}, We
only need to consider the seven types of { H|, H>, H3, Hs, Hs5, Hg, H7} shown in Fig.
1. (For all the graphs of this paper, if two vertices of a graph are joined by a solid line,
then the two vertices are said to be adjacent.) Let § = {vg, vp, v, }. Then, any tree
connecting § is not a vertex-rainbow S-tree, a contradiction. This completes the proof
of the Claim 1. O

Claim 2 At most one pair of four vertices of C,, can be colored the same. Moreover,
the four vertices share same color if and only if P4 contains them, and other vertices
have distinct colors.

Proof Suppose that there are two pairs 71 = {v;,vj,vp, v} and m =
{va, vp, ve, v4} Of vertices, where the colors of four of the eight vertices are the same
if and only if the four vertices belong to the same pair withi < j < p < ¢ and
a <b < c <d Ifvi,vj,v, and v, are four internally distinct vertices of the
path P = v, ...vp, then there is no vertex-rainbow S-tree, where S = {v;, vp, vy}
If v;,v; and v, are three internally distinct vertices of the path P = v,...vp,
vy is an internal vertex of the path P = Up...VUc...V4...V,, then there is no
vertex-rainbow tree connecting {v;, vp, vg}. If v; and v; are two internally distinct
vertices of the path P = v,...vp, v, and v, are two internally distinct vertices of
the path P = .VUe...V4 ...V, then there is no vertex-rainbow tree connect-
ing {v;, V¢, v4}. If Vi, V), Up and vq are four mternally distinct vertices of the paths
P=vg...05.P =vp...00, P =v....vgand P =vg...vg, respectively, then
there is no Vertex-ralnbow S-tree, where S = {vi, Ve, vg}.
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Fig. 1 Seven types of claim 2

Without loss of generality, assume that 7y = {v;, vj, vp, v4} satisfies c(v;) =
c(vj) = c(vp) = c(vy). Next, we verify that the four vertices of 71 can be colored the
same if and only if P4 contains 71, and the others have distinct colors. Consider the
four graphs G, G2, G3 and G4 shown in Fig. 2. For the type shown in G, there is
no vertex-rainbow tree connecting {vg, v;, v, }; In G2, G3 and Gy, there is no vertex-
rainbow tree connecting {vg, vy, vr}. If P4 contains 71, then we can check that there
exists a vertex-rainbow tree connecting any three distinct vertices of C,,. Suppose that
there exist two distinct vertices v, and vy, satisfying c(v,) = c(vp). By Claim 1, we
have c(v,) # c(v;). According to the adjacency of vertices of {v;, vj, vy, Vg, V4, Vp},
we consider the graphs Gs, Gg, G7, Gg and Gg in Fig. 2. For the type shown in
Gs, there is no vertex-rainbow tree connecting {v;, v;, vg}; In Gg, there is no vertex-
rainbow tree connecting {v;, vy, Vg}; In G7, Gg and Go, there is no vertex-rainbow
tree connecting {v;, vg, vy}, a contradiction. This completes the proof of the Claim
2. m]

Claim 3 If there are not four vertices of C, with the same color, then one of the
following cases holds.
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Fig.2 Nine types of Claim 2

(1) At most two pairs of three vertices of C, can be colored the same and other
vertices must be colored the different.

(i1) If C, contains only one pair of three vertices with the same color, then other
vertices contain at most two pairs of two vertices where the vertices in each pair
can be colored the same.

(iii) At most four pairs of two vertices of C, satisfy that any two vertices of C, have
the same color if and only if the two vertices in the same pair.

Proof (i) Let m; = {vg, v;, v;/} and mp = {vp, v;, v;} which satisfy c(v,) =
c(v;) = c(v;) and c(vp) = c(v;) = c(v;), where the vertices of 711 (772) are encoun-
tered in the clockwise order v, v/a, v(;, (vp, v[;, vZ) in C,. Since n > 7, we know that
there exists a vertex v, ¢ 71 U mp. There is a vertex-rainbow tree connecting any
three distinct vertices if and only if the following two cases hold: (1) v, and ”1/7 are
two internally distinct vertices of the path P = v, ... v/a, vZ and v, are the internal
vertices of the paths P = v,; ... v;, and P' = v; - vg, fespﬁectively; (2) vp and v;
are two internally distinct vertices of the path P = v, ... v,, v, and v, are the internal
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Some Results on the 3-Vertex-Rainbow Index of a Graph 1021

vertices of the paths P = vZ ...vgand P = v; ... Vg, respectively. (Isomorphism is
no longer discussed.) If v, and vl; are the internal vertices of the path P = v, ... v;,
v; is the internal vertex of P = v/ v// . Vg, and the location of v, that is different

from (1) and (2), then we can check that there ex1sts a set S’ of three vertices, any
tree connecting s is not vertex- ralnbow If vp, vh and vh are three internally distinct

vertices of the path P = Va - > then any tree connecting {vp, v,, Vg} i not vertex-
rainbow. If v, vb and vb are the internal vertices of the paths P Vg...Up.. vu,
P = v; e v;, e va and P’ = a/ e vg ... Vg, respectively, then any tree connecting

{va, v;, v;} is not vertex-rainbow.

Let vp and v; be two internally distinct vertices of the path P = v, ... v;, v; be
an internal vertex of the path P’ = v; . v; ... Vq. Suppose 73 = {v,, v;, UZ}’ where
c(ve) = c(v;) = c(v;/) # c(vg) # c(vp), and the vertices in 7r3 are encountered in the
clockwise order v, v;., v: in C,. Assume that v, v; and vZ are three internal vertices
of the path P = v, ... v,; .. v;. Then, any tree connecting {v,, v;./, v;} is not vertex-

"
" ’ a
Then, any tree connecting {vg, V¢, v} is not vertex-rainbow. Assume that v., v, and

rainbow. Assume that v, v; and vg are three internal vertices of the path P = v; Y

" . . 4 .

v, are three internal vertices of the path P = v, ...v,. Then, any tree connecting
"o, . / . .

{va, ve, v, } is not vertex-rainbow. Assume that v, and v, are two internal vertices of

"

thepath P = v, ... v; .. v;, v/c/ is an internal vertex of the path P’ = v:l C Vg Vg
If v, and v, are two internal vertices of the path P = v, ... vp. v/b, then any tree
connecting {v,,, vb, v } is not vertex-rainbow. If v, is the 1nternal vertex of the path
P =u,... vb v and v is the internal vertex of the path P /b , then
any tree connecting {vg, vc, vc} is not vertex-rainbow. Assume that v, and vc are

two internal vertices of the path P = v, ...v., v, is an internal vertex of the path

a a’> ~c
!’ "

! . ’ " . .
P =wv,...v,...v,. Then, any tree connecting {v,, v,,, vh} is not vertex-rainbow.

Assume that v, and v/c are two internal vertices of the path P = v; . Vg, UZ is an

internal vertex of the path P =,... v; S, Then there is no vertex-rainbow

tree connecting {v,, v, vb} Assume that Ve, v and v are the internal vertices of
the paths P = v, .. v, P = v v "and P’ = v Vg, respectlvely Then any
tree connecting {vg,, v, - , Uc} 18 not vertex-rainbow. Assume that v, v and v are the

” ’

internal vertices of the paths P = v v, P = v .V, and P’ = Vg .- v

(l a’ a’

. . /
respectively. Then, any tree connecting { Vg, Uys vc} is not Vertex-ralnbow. Assume
!

that v, v; and v/c/ are the internal vertices of the paths P = v;/ v P =, v,
and P’ = v; o v;, respectively. Then, any tree connecting {v,, v;l, v/c} 18 not vertex-
rainbow, a contradiction.

Next, we verify that other vertices must be colored different. Note that v, and v}o
are two internal vertices of the path P = v, ... v;, and v; is the internal vertex of

the path P =

P v; ... Vg. Suppose that 74 = {vg, v;} satisfies c(vy) = c(v;l),

and the vertices of w4 are encountered in the clockwise order vy, v;, in C,. Let vy
and v;, be two internal vertices of the path P = v, ... v; .. v;. If at least one vertex
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1022 Y. Ma and W. Zhu

of {vg, v;j} is the internal vertex of the path P = v, ... vp, then there is no vertex-
rainbow tree connecting {vg, v;,, v/a}. If vy and v; are the internal vertices of the
path P = vp... v;, then there is no vertex-rainbow tree connecting {vg, vg, v;}.
If v; and v;l are the internal vertices of the path P = U;; .. v/a, then there is no
vertex-rainbow tree connecting {vg, v;, v;}. If vy and v; are the internal vertices of
the paths P = vp... v,; and P’ = v,; . v;, respectively, then there is no vertex-
rainbow tree connecting {vg, v,, v;}. Let v; and v; be two internal vertices of the path
P = v; . vZ. Then, there is no vertex-rainbow tree connecting {v,, v;, vg}. Let vy
and v;, be two internal vertices of the path P = v; ... Vq. Then, any tree connecting
{va, v;, v;} is not vertex-rainbow. Let vy and v;i be the internal vertices of the paths
P=uv,...vu,and P = v,...v,...v,, respectively. If v, is the internal vertex of
the path P = v, ... vp, then there is no vertex-rainbow tree connecting {vg, v;, v;}.
If vy is the internal vertex of the path P = vy, . .. v;, then there is no vertex-rainbow
tree connecting {v,, v;, vg}. If vy is the internal vertex of the path P = v,; . v;, then
there is no vertex-rainbow tree connecting {v,, vZ, vg}. Let vg and v(/j be the internal

vertices of the paths P = v/ v// and P = v// Vg, respectively Then, there is no
vertex-rainbow tree connectmg {vp, vg, v d} Let vy and v ; be the internal Vertlces of
the paths P = v v "and P = v,... vh. v respectlvely, or vd and vd be the
internal vertices of the paths P = v;/ . Vg and P =... v; ..., respectively.

By the above similar argument, we can find a set of three vertices, and there is no
vertex-rainbow tree connecting it, a contradiction.

(i) Let m1 = {v,, v;, vZ} such that c(v,) = c(v;) = c(v;). To the contrary, assume
that there exist three pairs 7y = {vp, v;)}, w3 = {v, v;} and 4 = {vg, v;,} of vertices
where the colors of two of the six vertices are the same if and only if the two vertices
. ’ ’ I

belong to the same pair. Let {v;,, vi,, Viy, Viy, Vis, Vig} = {Vp, Uy, Ve, Vg, V4, v}, where
. . . . . . ’ " . .

i1 < iy < i3 <i4 <is < ig If vy, v, and v, are the internal vertices of the path
f: = v;, ... Vj,, then any tree connecting {vy, v;,, Vi, } 18 ?Ot vertex-rainbow. If v, and
v, are the internal vertices of the path P = v;, ... v;,, v, is the internal vertex of the
path P’ = Viy ... Vjy ... Vjg ... Vj;, then any tree connectlng {va, Viy, vlz} is not vertex-
rainbow. If v, is the 1nterna1 vertex of the path P=v,...v,, v and v are the internal
vertices of the paths P = =V, ...V;;and P = = Vj; ... Vj . .. Vj;, respectively, then any
tree connecting {v;,, v,z, v,3} 1s not vertex- ralnbow If va is the 1nternal vertex of the
path P = v;; ... v, v and v are the internal vertices of the paths P = = Vi3 ...V

"
and P = v;, ...vj...V;,, respectively, then any tree connecting {v;,, v;,, v,4} is not
vertex-rainbow, a contradiction.

(iii) Suppose that there are five pairs w1 = {va,v;},nz = {vb,v,;},m =
’ ’ ’ .

{ve, v.}, 14 = {vg,v,} and s = {ve, v,} of vertices where the colors of two of

the ten vertices are the same if and only if the two Vertlces belong to the same pair. Let

{vllvvlzv Ul3’ vl43 vl57 Ul(,v Ul7’ Ulg’ vlgs vl]()} = {Ua, a’ vbv Ub’ Ucv vc’ vda Ud’ UL,U }
wherei| < iy < ... < i10. Without loss of generality, we consider the two trees 71 =
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Some Results on the 3-Vertex-Rainbow Index of a Graph 1023

Vip oo Vig oo Uiy oo Vig e Vi o2 Vjg oo Vi and T2 = gy o0 Vs oo Vi o2 Vg o2 Vg
Vig -+ Viyg - vl1 Let S = {v”, v,4, v,7} We prove (iii) by cons1der the followmg two
cases.

Case 1 Two vertices of the set S can be colored the same. Without loss of generality,
we assume that c(v;,) = c(v;;) # c(v;). Denote S = {vjs, Vg, Vig, Viy, Vijo}. Since
c(vi,) = c(v;;), we know that at most four colors are assigned to Sy ; obviously, 7> is not
a vertex-rainbow S-tree. Suppose ¢(v;;) = c(v;;) with8 < j < 10.If c(vi5) # c(vig),
then we have c(v;,) = c(v;;), or only one color of {v;,, vi;} is among the colors
that are assigned to {v;s, v;,} and the another color of {v;,, v;;} is among the colors
that are assigned to {vig, vig, vi;o} \ {vi;}, or the two colors of {v;,, vi;} are among
the colors that are assigned to {v;s, vis}, and so there is no vertex-rainbow S-tree. If
c(vis) = c¢(vis), then there are two colors are assigned to {vi,, Viy, Vig, Viy, Vijo} \ {vi; },
and so there is no vertex-rainbow S-tree. Suppose ¢(v;;) = ¢(vis). If c(vig) = c(vi;)
and c(v;,) = c¢(v;;), where 8 < j < 10, then there is no vertex-rainbow S-tree. If
c(vig) = c(v,-j), where 8 < j < 10, then the colors that are assigned to {v;,, vi;}
are among the colors that are assigned to {vig, viy, Vijo} \ {vi;}, and so there is no
vertex-rainbow tree connecting {viy, vig, vi; }. If c(vig) # c(v;;), where 8 < j < 10,
then there are two vertices of {vig, Vig, Viyo} havmg the same color and the color of Vi
is among the colors that are assigned to {v;,, vj;}, and so there is no vertex-rainbow
S-tree. Suppose ¢(v;;) = c(vjq). If c(vis) = c(vjy), then there is no vertex-rainbow
tree connecting {v;,, vjs, Vig}. If ¢(v;5) = c(vjy), then there is no vertex-rainbow tree
connecting {v;,, Vi, vij}. If c(vis) = c(viyy) and c(v;,) = c(vjg), then there is no
vertex-rainbow tree connecting {v;,, vis, vig}. If ¢(vis) = c(vi),) and c(vy,) = c(vjy),
then there is no vertex-rainbow tree connecting {v;,, vy, Vig}. If c(vis) = c(viy,)
and ¢(v;,) = c¢(v;;), then there is no vertex-rainbow S-tree. If c(v;;) # c(vij), where
8 < j < 10, then there are two vertices of {v;y, vy, Vi;,} having the same color, and the
color of v, is among the colors that are assigned to {v;,, v;;}, and so there is no vertex-
rainbow S-tree. Suppose c(v;,) = c(vi,) (c(vi;) = c(vi;)). We can check that there is
no vertex-rainbow tree connecting {v;, Vi, Vi,o} ({viy, iy, Vijo}), @ contradiction.

Case 2 No vertex of S can be colored the same. Moreover, we have the following four
subcases.

Subcase 2.1 7, is vertex-rainbow, and 7] is not vertex-rainbow. Note that at least
one color of {v;,, v;;} is among the colors that are assigned to {v;s, vis}. Suppose
¢(vi,) = c(vj5). Then, the colors that are assigned to S are among the colors that are
assigned to {vjg, Vig, Vig, Vijo}- If c(vi,) = c(vi5) and c(vis) = c(v;), then any tree
connecting {vj,, vis, vig} is not vertex-rainbow. If c(vi,) = ¢(vis) and c(vis) = c(vi;),
where 8 < j < 10, then any tree connecting {v;,, vi;, Vis} is not vertex-rainbow.
Suppose c(v;,) = c(vjz). Then, the colors are assigned to {v;,, v;, vj,, Vi;} are among
the colors that are assigned to {v;s, vig, Vi, Vijy}, We know that one of vertices of
{vi,, Vi3, Viy, Vi, } has the same color as the vertex vj; . If ¢ (v, ) = c(vjq), c(vi)) = c(vis)
and c(v;;) = c(v;,), then any tree connecting {v;,, vi4, iy} 1S Not vertex-rainbow. If
c(vip) = c(vig), c(vi;) = c(vis) and c(v;;) = c(v;), where 8 < [ < 9, then any
tree connecting {v;,, Vj4, Vi;,} 1S not vertex-rainbow. If c(v;,) = c(v;) and c(v;y) =
¢(v;5), then any tree connecting {v;,, vj4, iy} is not vertex-rainbow. If ¢(v;,) = c(v;,)
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and c(vi,) = c(vjs), then any tree connecting {v;,, vjs, V;y} i nOt vertex-rainbow. If
c(vi,) = c(vis) and c(vis) = c(v;;), then any tree connecting {vj,, vj,, Vig} 1S not
vertex-rainbow, a contradiction.

Subcase 2.2 Both 77 and T are vertex-rainbow. Obviously, the colors that are assigned
to {v;,, vi;} are among the colors that are assigned to {vjg, vjy, vj;,}, and the colors
that are assigned to S are among the colors that are assigned to {v;s, Vig, Vig, Vig, Vijo)-
For c(v;;) = c(vi),), we know that the colors of {v;,, v;;} are same with the col-
ors that are assigned to {v;s, v;;}. Then, there is no vertex-rainbow tree connecting
{vi,, Vis, Vig}. For c(v;)) = c(viy) (c(vi;) = c(vi)), we have a similar argument
with ¢(v;;) = ¢(v;,,). Then, there is no vertex-rainbow tree connecting {v;,, Vig, iy}
({viy, viy, vig}). For c(vi;) = c(vi), we can find that one of vertices of {v;,, v;;} has the
same color with the vertex v;s. If c(v;;) = c(vig), c(viy) = c(viy,) (c(Viy) = c(vig))
and c(v;,) = c(v;5), then there is no vertex-rainbow tree connecting {v;;, Vi, vig}. If
c(vi;) = c(vig), c(vi,) = c(vjy,) (c(viy) = c(viy)) and c(vi;) = c(v;5), then there is
no vertex-rainbow tree connecting {v;,, v, Vig}. If c(vi;) = c(vig), c(vi,) = c(vig)
and c(v;,) = c(vjs), then there is no vertex-rainbow tree connecting {vj;, v;;, Vi, }. If
c(viy) = c(vig), c(viy) = c(vjg) and c(v;;) = c(vi5), then there is no vertex-rainbow
tree connecting {v;,, vi,, Vig}. For ¢(v;;) = c¢(vi5), we can find one of vertices of
{vi,, vi;} has the same color with the vertex v;,. If c(v;;) = c(vi5), c(vi,) = (Vi)
(c(viy) = c(viy)) and c(viy,) = c(vi4), then there is no vertex-rainbow tree con-
necting {vjy, vis, V). If c(vi)) = c(vi5), c(vy,) = c(viyy) (c(vy) = c(viy)) and
c(vi;) = c(vjs), then any tree connecting {vj;, Vs, Vig} is not vertex-rainbow. If
c(viy) = c(vi5), c(vi,) = c(vjg) and c(v;,) = c(viq), then there is no vertex-rainbow
tree connecting {vi;, v;,, Vijo}. If ¢(vi)) = c(vi5), c(vi,) = c(vig) and c(vi;) = c(vjy),
then there is no vertex-rainbow tree connecting {v;,, v;,, V;g}, a contradiction.

Subcase 2.3 T3 is not vertex-rainbow, and 77 is vertex-rainbow. We have c(v;,) #
c(viy) # c(vis) # c(vig), and there are two vertices of {vjg, vig, vi;,} having the
same color. Therefore. the colors that are assigned to S are among the colors that
are assigned to {v;,, Vi3, Vis, Vig}. If ¢(vig) = c(vjy), then there is no vertex-rainbow
tree connecting {v;,, vi;, Vi,o}. If ¢(viy) = c(viy,), then there is no vertex-rainbow
tree connecting {v;,, vi,, vig}. If ¢(vig) = c(v;,,), then there is no vertex-rainbow tree
connecting {v;,, v;,, V;y}, a contradiction.

Subcase 2.4 Neither 77 nor 75 is vertex-rainbow. Consider the tree 73 = vj; ... vjg . . .
Vig -+ Vijg -+ Vi -+ Vi ... Vjy ... Vj,. Assume that T3 is vertex-rainbow. Note that T;
is not vertex-rainbow, and so an argument similar to the one used in the proof of
Subcase 2.1 shows a contradiction.

Combining the above three claims, we have rvx3(C,) > n — 4, and hence
rox3(C,) =n — 4. O

The girth of a graph G with some cycles, denoted by g(G) or simply g, is the
length of the smallest cycle in G. Let Ny = {1, 2, ..., k} for each positive integer k,
and d(v, H) = min{dg(v, x) : x € V(H)}, where H is a subgraph of a connected
graph G and v € V(G)\V (H). Now we determine the 3-vertex-rainbow index of all
unicyclic graphs that are not cycles.
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Theorem 2.5 If G is a unicyclic graph of order n > 4 and 3 < g(G) < 4 that is not
a cycle, then rvx3(G) < n — 3, and the bound is tight.

Proof Let G be a subgraph of G , where V(G/) = {vy, v, 03,04, ..., 0},
E(G) = {viv2, vav3, v1v3, vivi1|3 < i < t — 1} for g(G) = 3, or E(G) =
{viva, V2v3, V3V4, VIV4, ViV41|4 <1 <t — 1} for g(G) = 4, and dGg(v;) = 1. Let
V(G) \ V(G/) = {Vt+1, V¢42, . .., Un}. Suppose that there are &1 + 1 leaves in G,
denote 1 = h; 4+ 1 (May be h; = 0). Assign a vertex-coloring c to G’ as follows:
c(v,) =1i—2for4 <i <t — 1 and other vertices with color 1. We can find that
G’ is vertex-rainbow 3-tree connected with 3 < g(G) < 4, thus rvxg(G ) <t-—3.
For g(G) = 3, we know that G’ contains ¢ — 3 cut vertices. Then, by Observation
2.3, rvxg(G/) > t — 3. Therefore, rvxg(G/) =t — 3. For g(G) = 4, assume that
ruxs (G,) < t — 4, by Observation 2.3, we assign t — 4 colors to the cut vertices
of G. Then, the colors that are assigned to {vy, vz, v3, v;} are among the colors that
are assigned to {v4, vs, ..., v,_1}. If c(v1) = c(v3) = c(vs4), then there is no vertex-
rainbow tree connecting {va, v;—1, v;}. If c(v3) = c(v4) # c(v1) and c(vy) # c(vi—1),
then there is no vertex-rainbow tree connecting {vo, vr—1, v;}. If c(v3) = c(v4) # c(vy)
and c(v1) = c(v;—1), then there is no vertex-rainbow tree connecting {vo, v;—2, v;}. If
c(v1) = c(vg) # c(v3), then we draw a same conclusion with c¢(v3) = c(v4) # c(vy).
If c(v1) # c(vq) and c(v3) # c(vy4), then there is no vertex-rainbow tree connecting
{va, v4, v, }. Therefore, er3(G/) >t — 3. Hence, rvxg(G/) =t — 3. Next, we assign
color 1 to the leaves of G, and colorst —2,¢t — 1,¢,t+1,...,n — 3 — hj to the cut
vertices in G but not in G'.

Suppose g(G) = 3. Let d(vy) = d(v2) = 2 and d(v3) > 3. Then, by checking
the given 3-vertex-rainbow coloring, we have rvx3(G) =n—3—hy =n—2—h,
where h > 1. Let d(v;) = 2 and d(vp) > 3. Thus, there exists a leaf v,, of G
satisfying d(v,,, C) = d(vy,, v2), we assign a new color n — 2 — h to the cut vertex
vy instead of the color 1; otherwise, any tree connecting {va, vs, vy, } 1S not vertex-
rainbow, and so rvx3(G) =n—2—h;y =n—1—h,where h > 2. Letd(vy) > 3.
Then, there exists a leaf v, of G satisfying d(v,,, C) = d (v, v1), and we assign a
new color n — 2 — h to the cut vertex v instead of the color 1; otherwise, any tree
connecting {v4, vs, vy} is not vertex-rainbow. Assume that there exists another leaf
Uy, satisfying d (v, C) = d(vp,, vj), where 2 < j < 3. Then, we must assign a
new color n — 1 — hy to the cut vertex v;; otherwise, there is no vertex-rainbow tree
connecting {Vy,, Um,, v4}. Therefore, rvx3(G) =n —1—hy =n—h withh > 3. If
h =1,then G = Gl, and so rvx3(G) = n — 3. Finally, we have rvx3(G) < n — 3,
andG =G isa tight example.

Suppose g(G) = 4. Let d(vy) = d(v2) = d(v3) = 2 and d(v4) > 3. Then, by
checking the given 3-vertex-rainbow coloring, we have rvx3(G) = n —3 — h] =
n—2—h,where h > 1. Let d(v;) = d(v2) = 2 and d(v3) > 3. Then, rvx3(G) =
n —3 —h; = n — 2 — h by checking the given 3-vertex-rainbow coloring, where
h > 1. Letd(vi) = 2 and d(v2) > 3. Then, there exists a leaf v, of G satisfying
d(vy, C) = d(vy, v2), and so we must assign a new color n — 2 — h to the cut vertex
vy instead of the color 1, otherwise, any tree connecting {v4, vs, v,,} iS not vertex-
rainbow. Thus, rvx3(G) =n—2—h;y =n—1—h, where h > 2. Let d(vy) > 3.
Ifd(wvy) =dws) = 1, thenrvxz3(G) =n—-3—hy =n—2—hwithh > 2. If
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d(vj) > 3, where 2 < j < 3, then there exist two leaves v,, and v, satisfying
d(vy, C) = d(vy, v1) and d(vy,, C) = d(vy,, v;). Note that we must color vy with
a new color n — 2 — h; instead of color 1; otherwise, there is no vertex-rainbow
tree connecting {vy,, Upm,, U}, and so rvx3(G) = n —2 —h; = n — 1 — h with
h > 3.1f d(vy) = d(v3) > 3, then there exist three leaves v, v,, and v,,, satisfying
d(m, C) =dWp, v1),d(p,, C) = dWpy,, v2) andd (Vy,, C) = d(Vy,, v3).Inorder
to ensure there exists a vertex-rainbow tree connecting {v,,, Vp,, Um,}, wWe assign the
new colorsn —2 — hy and n — 1 — hp to vy and vy, respectively, and so rvx3(G) =
n—1—hy =n—h,where h > 4. For h = 1, we have rvx3(G) = n — 3. Finally,
rvx3(G) <n—3,and G = Gisa tight example. O

Theorem 2.6 If G is a unicyclic graph of order n > 6 and girth 5 that is not a cycle,
then rvx3(G) < n — 4, and the bound is tight.

Proof Let G be a subgraph of G , where V(G/) = {vg,va, ..., v}, E(G/) =
{viva, V2v3, V3V4, VU5, VIV, ViVL1]S <@ <t — 1} and dg(vy) = 1. Let V(G) \
V(G/) = {Vt4+1, V142, ..., Up}. Suppose that there are 7; + 1 leaves in G, and
denote & = h; + 1. Assign a vertex-coloring ¢ to G as follows: clvi) =1 -3
for 5 < i <t — 1, and other vertices with color 1. By checking the given vertex-
coloring, we have rvx3 (G/) <t — 4. To the contrary, assume that rvx3 (Gl) <t->5.
Let X1 = {v1, v2, v3, v4, vy} and X2 = {vs, v, ..., v;—1}, by Observation 2.3, we
have the colors that are assigned to X| are among the colors that are assigned to X».
Then, there is no vertex-rainbow tree connecting {vy, v3, v;}, and so rvxs (G/) >t—4.
Hence, rvxs (G/) = t — 4. Moreover, an argument similar to the one used in the proof
of Theorem 2.5 shows that rvx3(G) < n — 4. Finally, rvx3(G) <n —4,and G = G
is a tight example. O

Theorem 2.7 If G is a unicyclic graph of order n > 7T and girth at least 6 that is not
a cycle, then rvx3(G) < n — 5, and the bound is tight.

Proof Let G be a subgraph of G with V(G/) = {v1, V2, ..., Vg, Ug41,..., V;} and
E(G,) = {v1vg, vivi41ll <i <t — 1}, where g > 6 and di(v,) = 1. Let V(G) \
V(G’) = {v/41, Vs42, ..., Uy }. Suppose that there are h; + 1 leaves in G and h =
h1+ 1. Assign a vertex-coloring ¢ to G’ as follows: c(vj)) =1fori =1,4,t,c(v;) =2
for2 <i <3andc(v;) =i —4for5 <i <t — 1. We can check that G’ is vertex-
rainbow 3-tree connected with the vertex-coloring ¢, and thus rvx3 (G,) <t—5.Tothe
contrary, assume that rvxs (G/) < t —6. Then, there exists a 3-vertex-rainbow coloring
cof G using colors in N,_g. Let A be the set of colors assigned to the g vertices of
the set §1 = {v1, v2, ..., vg_1, v/} and A; be the set of colors assigned to the # — g cut
vertices of the set S = {vg, vg41,...,v,-1}. Then, A1 U Ay = N,_¢. Furthermore,
|A2| =t — g by Observation 2.3. We may therefore assume that Ay = N;_.

If g = 6,then A, = N;_g = A1 U A, and so A; € Aj. Obviously, any tree
connecting {vy, v4, v;} is not vertex-rainbow. If g > 7, then there are g — 6 colors in
Ay different from A;. Let §3 = {v1, v2, ..., vg_1} and A3 be the set of colors assigned
to S3. We consider the following two cases.

Case 1¢(v;) # c(v;),where | <i < g—1.Then, there are g—7 colors in A3 different
from A, and A3 = Ay \ c(v;). Let S5 C S3 and |S;| = g — 7. Then, we assign g —7
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colorsin A3 that are different from A, to the vertices set S;. Suppose A3NA; = (. Then
Az = g—7,and so g—6 colors are assigned to C,,, which contradicts rvx3(Cg) = g—4;
Suppose Az N Az # . According to rvx3(Cg) = g — 4, we have that at least two
colors of A3 are among the colors that are assigned to {vg41, Vg42, ..., v,—1}. Then,
c(vp) = c(vj),wherel < p <g—1landg+1 < j <1t — 1. Furthermore, there
exist four vertices of S3 \ S; U {vp} satisfying the colors that are assigned to them are
among the colors that are assigned to the other vertices of G .1If p = 1, then there
is no vertex-rainbow tree connecting {vz, v3, v;}; If 2 < p < g — 1, then any tree
connecting {v,_1, Vp41, v;} is not vertex-rainbow.

Case 2 c(v;) = c(v;), where 1 <i < g—1.Then, there are g — 6 colors of A3 that are
notcontainedin A and A3 = Ay.Let S5 C S3and |S;| = g—6. Then, we assign g —6
colors in A3 that are different from A, to the vertices set S;. Suppose A3 N Ay = (.

Then, |A3] = g — 6, and so g — 5 colors are assigned to Cg, which contradicts
rvx3(Cy) = g — 4. Suppose Az N Ay # #. Since rvx3(Cy) = g — 4, we have at
least one color of A3 is among the colors that are assigned to {vg11, Vg42, ..., V—1}.

Then, ¢(vy) = c(vj), where 1 < p < g—1,g+1 < j <1t — 1. Moreover, an
argument similar to the one used in the proof of Case 1 shows that if p = 1, then any
tree connecting {vo, v3, v;} is not vertex-rainbow, and if 2 < p < g — 1, then there
is no vertex-rainbow tree connecting {v,_1, Vpy1, V). Finally, rvxg(G/) >t — 5.
Therefore, rvx3(Gl) =t—5.

Next, we assign the color 1 to the leaves of G, the colors t —4, ¢t —3, ..., n—5—h;
to the cut vertices in G but not in G . Let d (v;) = 2, where 1 < i < 6. Then,
rvx3(G) = n—5—h; = n—4— h by checking the given 3-vertex-rainbow coloring,
where i > 1. Let d(v;) = 2 and d(vg) > 3, where 1 < i < 5. Then, there exists
a leaf v, of G satisfying d(vy,, C) = d(vn, ve). Note that we must assign a new
color n — 4 — hy to v3 or vg; otherwise, there is no vertex-rainbow tree connecting
{vm, v2, v4} or {v,, v3, v7}, and so rvx3(G) = n —4 — h; = n — 3 — h, where
h > 2. Let d(v;) = 2 and d(vs) > 3, where 1 < i < 4. Then, there exists a
leaf v, of G satisfying d(v,,, C) = d(vy, v5). Note that we must assign a new
color n — 4 — hy to vy or vg; otherwise, there is no vertex-rainbow tree connecting
{vm, v2, v7} or {v,, v3,v7}, and so rvx3(G) = n —4 — hy = n — 3 — h, where
h > 2. Letd(v;) = 2 and d(vq) > 3, where 1 < i < 3. Then, there exists a leaf
vy, of G satistying d(vy,, C) = d(vy, v4). Note that we must assign a new color
n — 4 — hy to vg; otherwise, there is no vertex-rainbow tree connecting {v,,, vz, v7}.
Suppose that there exists another leaf v,,, of G satisfying d(v,,,, C) = d(vp,, ve).
We must assign a new color n — 3 — hj to ve; otherwise, there is no vertex-rainbow
tree connecting {vy,, v, v2}, and so rvx3(G) = n —3 — h; = n — 2 — h, where
h > 3. Letd(vi) = d(vy) = 2 and d(v3) > 3. Then, there exists a leaf v,, of G
satisfying d (vy,, C) = d(vy, v3). Note that we must assign the new color n — 4 — h
to v3; otherwise, there is no vertex-rainbow tree connecting {v,, v1, vs}. Suppose that
there exists another leaf v,,, of G satisfying d(vy,,, C) = d(vn,, vs). Then, assign
a new color n — 3 — hj to vs; otherwise, there is no vertex-rainbow tree connecting
{Vm, Uy, v1},and sorvx3(G) =n—3—hy =n—2—h,where h > 3. Letd(vy) =2
and d(v2) > 3. Then, there exists a leaf v,, of G satisfying d(v;,, C) = d (v, v2).
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If d(v4) = d(vs) = d(vg) = 2, then c(vy) = n — 4 — hy; otherwise, there is
no vertex-rainbow tree connecting {v,, v1, v4}, and so rvx3(G) = n —4 — h; =
n—3—nh,where h > 2. If d(vg) = 2 and d(v;) > 3, where 4 < i < 5, then
c(vy) =n —4 —hy and c(v;) = n — 3 — hy; otherwise, there is no vertex-rainbow
tree connecting {vy,, v, v7}, and so rvx3(G) = n —3 — h; = n —2 — h, where
d(Wm,, C) = dp,,v;) and h > 3. If d(ve) > 3 and d(v3) = d(v4) = d(vs) = 2,
then c(vy) = n—4—hy and c(v3) = n—3 — hy; otherwise, there is no vertex-rainbow
tree connecting {Vy;, Um,, v4}, and so rvx3(G) = n —3 — hy = n — 2 — h, where
d(p,,C) = d(vm,,ve) and h > 3. If d(ve) > 3 and d(v4) > 3, then c(v2) =
n—4—nhy,c(vs3) =n—3—h; and c(vg4) = n — 2 — hy; otherwise, there is no vertex-
rainbow tree connecting {vVy,, U, , Um,}, and sorvxz(G) =n —2—hy =n—1—h,
where d (v, C) = d(Vp,, v4), d(Wp,, C) = d(vy,, v6) and h > 4. Let d(vy) > 3.
Then, there exists a leaf v, of G satisfying d(v,,, C) = d (v, v1). Note that we
must assign the color n —4 — hy to v4 or vs; otherwise, there is no vertex-rainbow tree
connecting {vy,, v3, vs} or {vy,, v4, v}, andsorvx3z(G) = n—4—h| = n—3—h, where
h > 2. Suppose that there exist other leaves vy, Uiy, Ums, Umg and vy, satisfying
d(Wm;, C) = d(U;, vi+1), 1 < i < 5.1In order to ensure that there exists a vertex-
rainbow tree connecting any three vertices of {vy, Upy, Uy s Uy, Umy» Ums), WE assign
some new colorsn —4 —hy,n —3—hy,n—2—hyandn — 1 — hj to v3, v4, v5 and
vg, respectively. Therefore, rvx3(G) =n—1—hy =n —h,where h > 7.Forh = 1,
we have rvx3(G) = rvx3(G/) =n — 5. Finally, rvx3(G) <n —5,and G = G isa
tight example. O

3 The 3-Vertex-Rainbow Index of Complementary Graphs

Let G be a simple graph with order n. The complement graph G of G is the simple
graph whose vertex setis V (G) and whose edges are the pairs of nonadjacent vertices
of G. If G is an disconnected graph with r > 2 connected components, then G
contains a complete ¢-partite spanning subgraph. We immediately draw the following
conclusion.

Proposition 3.1 Let G be a graph with t > 2 connected components G; and n, =
n(G;) (1 <i <t). Then, ruxz(G) < roxs(Kyr s oo )-

Now we investigate the 3-vertex-rainbow index of a connected graph G by use of
its complement graph G with diameter at least 3.

Theorem 3.2 Let G be a connected graph of order n.

() If G is connected and diam(G) > 4, then rvxz(G) = 1;
@) If G is connected and diam(G) = 3, then 1 < rvx3(G) < 2, and the bounds are
tight;
(iii) If G is disconnected, then 0 < rvx3(G) < 1, and the bounds are tight.

Proof Choose a vertex x in G, where x satisfies eccy(x) = diam(G) = d. Denote
N’é(x) ={v:d(x,v) =i} for0 <i < d, especially, N%(x) = {x} and N]E(x) =
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Ng(x). Then, Up<i<a N%(x) is a vertex partition of V (G). Let X = U;—o(mod 2) N"E(x)
and Y = Ui=1(mod Z)NIE()C).

(i) G is connected and d > 4. Then, G[X] (G[Y]) contains a spanning complete
k1-partite subgraph (complete k,-partite subgraph) by the definition of complement
graphs, where k1 = fd%]'l (ky = f%]). Now, we show a vertex-coloring ¢ of G as
follows: c(z) = 1 forz € G. Let § = {u, v, w}, where u, v and w are any three
different vertices of G.

Suppose u, v, w € N’é(x), where i is even. Then, T is a vertex-rainbow S-tree

with E(T) = {ux, vx, wx}. Suppose u,v € N%(x) and w € NL(x), where i, j
are even and i # j. Then, T is a vertex-rainbow S-tree with E(T) = {uw, vw}.
Suppose u € N%(x), v e Né(x) and w € N’E(x), where i, j and r are even and
i # j # r.Then, T is a vertex-rainbow S-tree with E(T) = {uv, uw}. Suppose
u,v e N%(x) and w € Y, where i is even. Then, one of the following two cases

holds. (1) uw, vw € E(G); (2) uy, vy, wy € E(G), where y € Né(x), J is even
and i # j. For (1), there is a vertex-rainbow S-tree 7 with E(T) = {uw, vw}.
For (2), there is a vertex-rainbow S-tree T with E(T) = {uy, vy, wy}. Suppose
u € N%(x), v € Né(x) and w € N’E(x), where i, j are even and r is odd and

i # j. Then, either uv,vw € E(G) or uy,vy,wy € E(G), where y € N%(x),
gisevenand i # j # q. If uv,vw € E(G), then T is a vertex-rainbow S-tree
with E(T) = {uv, vw}. If uy, vy, wy € E(G), then T is a vertex-rainbow S-tree
with E(T) = {uy, vy, wy}. Suppose u € X and v, w € Y or u, v, w € Y. Then, a
similar argument as above shows that we can find a vertex-rainbow S-tree. Therefore,
rvx3(G) < 1.

Next, we prove rvx3(G) > 1. Letu € N%_2(x), v e N%_l(x) and w € N%(x).
Then, uv, vw € E(G) and uw ¢ E(G). 1t follows that uv, vw ¢ E(G) and uw €
E(G), and so rvx3(G) > 1. Hence, rvx3(G) = 1.

(i) G is connected and d = 3. According to the definition of complement graphs, we
know that G[X] (G[Y]) contains a spanning complete 2-partite subgraph. Now, we
give the graph G a vertex-coloring ¢ as follows: ¢(z;) = 1 forz; € X and ¢(z2) =2
for zp € Y. Denote S = {u, v, w}, where u, v and w are any three different vertices
of G.

Assume that u, v, w € N%(x). Then, the tree T connecting § is vertex-rainbow,
where E(T) = {ux, vx, wx}. Assume that u, v € N2(x) and w = x € N%(x). Then,
the tree 7' connecting S is vertex-rainbow, where E(T) = {uw, vw}. Assume that
u,v e Ni(x)andw € Ng(x). Then, there are two vertices x € N%(x) andy € N2(x)
such that xu, xv, xy, yw € E(G), and so the tree T connecting S is Vertex-raingow,
where E(T) = {xu, xv, xy, yw}. Assume that u, v € Nl(x) and w € N%(x). Then,
the tree 7' connecting S is vertex-rainbow, where E(T') = {ux, vx, wx}. Assume that
u € N%(x), v E Ng (x) and w € Ng(x). Then, there is a vertex y € N%(x) such
that vu, yv, yw € E(G), and so the tree T connecting S is vertex-rainbow, where
E(T) = {vu, yv, yw}. Assume that u € N%(x), v E Ng(x) and w € N%(x). Then,
the tree 7 connecting S is vertex-rainbow, where E(T) = {vu, vw}. Assume that
u,v € Yandw = x € N%(x). Ifu,v € N%(x), then the tree T connecting S is
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vertex-rainbow, where E(T) = {wu, wv}; If u, v € Ng(x), then there is a vertex
y € N%(x) such that yu, yv, wy € E(G), and so the tree T connecting S is vertex-

rainbow, where E(T) = {uy, vy, wy}; If u € N%(x) and v € Ng(x), then the tree T
connecting S is vertex-rainbow, where E(7T') = {uw, uv}. Assume that u, v € Y and
w e N%(x). If u, v € NL(x), then there are two vertices y € N%(x) and x € N2(x)
satisfying xw, xy, yu, yv € E(G), and so the tree T connecting S is vertex-rainbow,
where E(T) = {xw, xy, yu, yv}; lf u,v € N%(x), then the tree 7' connecting S is

vertex-rainbow, where E(T) = {xv, xu,xw}; If u € Nla(x) and v € N2(x), then
the tree T connecting S is vertex-rainbow, where E(T) = {xv, xw, uv}. Assume
that u,v,w € Y. If u,v,w € Né(x) (u,v,w € N%(x)), then there is a vertex

y € N%(x) (v e Né(x)) satisfying uy, vy, wy € E(G), and so the tree T connecting
S is vertex-rainbow, where E(T) = {uy, vy, wy}; If u, v € Né(x) (u,v € N%(x))
and w € Ni(x) (w € NL(x)), then the tree T connecting S is vertex-rainbow, where
V(T) = {u, v, w}and E(T) = {uw, vw}. From what has been discussed above, we

get that rvx3(G) < 2.
Next, we show rvx3(G) = 1. Letu € Ng(x), v € N2(x) and w € N2(x). Then,

uv,vw € E(G) and uw ¢ E(G). It follows that uv, vw ¢ E(G) and uw € E(G),
and so rvx3(G) > 1. Hence 1 < rvx3(G) < 2.

Tight Example 1. Let G be a connected graph of order n with diam(G) = 3. We can
prove that rvx3(G) = 1.

Pick a vertex x of G that satisfies eccg(x) = diam(G) = 3. Denote N%(x) =
{x}, Ng(x) = {y1, 2}, N%(X) = {uy, uz}, N%(X) = {v1,v2,..., U5} and
E(G) = {xy1, xy2, uiy1, uoy», uiua, uivi, upv;|l < i < n — 5}. Then, V(G) =
{x,y1,y2,u1,u2,v1,v2, ..., 0,5} and E(G) = {y1y2, u1y2, u2y1, xuy, xuz, xv;,
Y1vi, Y20, vivj|1 < i, j < n — 5}. Since the tree connecting {u1, u2, y1} has at least
three edges, we have rvx3(G) > 1. Now we only need to prove rvx3(G) < 1.

Assign color 1 to all vertices of G. Suppose S = {x, u1, ua}. Then, the tree T
connecting S is vertex-rainbow, where E (T) = {xu1, xus}. Suppose S = {u1, us, vi},
where 1 < i < n — 5. Then, the tree 7 connecting S is vertex-rainbow, where
E(T) = {xu1, xup, xv;}. Suppose S = {u1,uz, y;j}, where 1 < j <2.1If j =1, then
the tree T’ connecting S is vertex-rainbow, where E(T) = {xuy, xuz, upy;};If j =2,
then the tree T connecting S is vertex-rainbow, where E(T) = {xuy, xu, u1y;}.
Suppose § = {x,uj,v;}, where 1 < i < n—5,1 < j < 2. Then, the tree T
connecting S is vertex-rainbow, where E(T') = {xu;, xv;}. Suppose § = {x, ur, y;},
where 1 < j < 2.If j = 1, then the tree T connecting S is vertex-rainbow, where
E(T) = {xuy, xuz,uzy;}; If j = 2, then the tree T connecting S is vertex-rainbow,
where E(T) = {xuy,u1y;}. Suppose S = {x,u3,y;}, where 1 < j < 2. Then,
we have a similar argument with § = {x, u1, y;}. Suppose S = {x, u, v}, where
u,v € Ng(x) U N%(x). If u,v € Ng(x), then the tree T connecting S is vertex-

rainbow, where E(T) = {xvy, uvy, vv}.Ifu, v € N%(x),thenthetree T connecting S

is vertex-rainbow, where E(T') = {xu, xv}.Ifu € Ng(x)andv € N%(x), then the tree
T connecting S is vertex-rainbow, where E(T) = {xv, uv}. Suppose S = {uy, u, v},
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whereu, v € Ng(x) UN%(x). Ifu, v € Ng(x), then the tree T’ connecting S is vertex-
rainbow, where E(T) = {uju, uv}. If u, v € N%(x), then the tree 7 connecting S is

vertex-rainbow, where E(T') = {u1y2, uv, uy>}. If u € Ng(x) and v € N%(x), then
the tree 7' connecting S is vertex-rainbow, where E(7T) = {xui, xv, uv}. Suppose
S = {uz, u, v}, where u,v € Ng(x) U N%(x). Then, we have a similar argument
with § = {uy, u, v}. Suppose S = {u,v, w}, where u,v,w € Ng(x) U N%(x).
Then, the tree T connecting S is vertex-rainbow, where E(T) = {uv, wu}. Therefore,
rvx3(G) < 1.

Tight Example 2 Let G be a connected graph of order n with diam(G) = 3. We can
prove that rvx3(G) = 2.

Pick a vertex x of G such that eccg(x) = diam(G) = 3. Suppose that N%(x) =
) NL() = Ng() = {y1.y2. - a3 N2 = {ur}, N2(x) = {v1} and
E(G) = {xy;, u1yi, urvi|1 <i <n—3}.Then, V(G) = {x,uy, vy, yi|l <i <n-3}
and E(G) = {xuy, xvy, vy, yiyjll <i,j < n — 3}. Since the tree T connecting
S = {u1, y1, y2} has atleast fouredges and V(T')\ S = {x, v}, wehave rvx3(G) > 2.
Now we only need to prove rvx3(G) < 2.

Define a vertex-coloring ¢ of G as follows: c(x) = c(u1) = 1, c(v1) = c(y;) = 2,
where 1 <i <n —3.Let S = {x, uy,v1}. Then, T satisfying E(T) = {xuj, xv1}
is a vertex-rainbow S-tree. Let S = {x,uy,y;}. Then, T satisfying E(T) =
{xui, xvy, v1y;} is a vertex-rainbow S-tree. Let S = {x, vy, y;}. Then, T satisfy-
ing E(T) = {xuy, xvy, v1y;} is a vertex-rainbow S-tree. Let § = {x, y;, y;}. Then, T
satisfying E(T) = {xvy, v1y;, y;y;} is a vertex-rainbow S-tree. Let S = {uy, vy, y;}.
Then, T satisfying E(T) = {xui, xvy, v1y;} is a vertex-rainbow S-tree. Let S =
{u1,yi,y;}. Then, T satisfying E(T) = {xuy, xvi, v1y;, yiy,} is a vertex-rainbow
S-tree. Let § = {u, v, w} € Ng(x) U N%(x). Then, T satisfying E(T) = {uv, uw} is
a vertex-rainbow S-tree. Thus, rvx3(G) < 2.

(iii) If G is disconnected, then G has r > 2 connected components. Suppose that
G1,Ga, ..., G_, are the connected components of G. It results that G contains a
complete ¢-partite spanning subgraph. Given a vertex-coloring ¢ of G as follows:
assign the color 1 to all the vertices of G. Next, we show that there exists a vertex-
rainbow tree connecting any three different vertices u, vand w of G. Let S = {u, v, w}.
Letu,v,w € V(a-), where 1 < i < t. Then, there is a vertex y € V(G_j) such that
uy,vy,wy € E(G), where | < j < tandi # j, and so the tree 7T connecting S
is vertex-rainbow, where E(T) = {uy, vy, wy}. Let u,v € V(G;) and w € V(G_j),
where | <i # j <t,oru € V(G)),v € V(G_j) and w € V(G,), where 1 < i *
Jj # r < t.Then, the tree T connecting S is vertex-rainbow, where E(7T") = {uw, wv}.
Therefore, rvx3(G) < 1. Finally, we have 0 < rvx3(G) < 1 by Proposition 2.2.

Tight Example 3 Let G be a graph of order n with V(G) = {y1, ¥2. ... Ya—1. Y}
and E(G) = {yp—1yn}. Then, V(G) = V(G) and E(G) = {yiy;, Yiyn—1, Yiyall =
i # j <n—2}. We can find that sdiam3(G) = 2. Therefore, rvx3(G) = 0.
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Tight Example 4 Let G be a connected graph of order n and G be disconnected. We
can prove that rvx3(G) = 1.

Suppose that V(G) = {y1, y2, ..., yn—1, yu} and E(G) = {yn—2Yn—1, Yn—1Yn, Yn—2
yn}. Then, V(G) = V(G) and E(G) = {yn—2Yis Yu—1Yi> YnYi> Yiyjll < i,j <
n — 3}. Since the tree T connecting {y,—2, Y»—1, Yn} has at least three edges, we have
rvx3(G) > 1. Now we only need to prove rvx3(G) < 1. Assign one color to all
vertices of G. Let X = {y1,y2,..., =3} and Y = {y,—2, Yu—1, Yn}. Suppose that
u, v and w are any distinct vertices of G, denote S = {u, v, w}. Assume that at least
one vertex of S lies on the set X. Without loss of generality, assume that u € X.
Then, we obtain a vertex-rainbow S-tree T, where E(T) = {uw, uv}. Assume that all
vertices of S lie on the set Y. Then, the tree T connecting S is vertex-rainbow, where
E(T) = {uy1, vy;, wyt}, and so rvx3(G) < 1. O

A graph G is connected with diam(G) = 2. Let x be a vertex of G satisfying
eccg(x) = diam(G) = 2. Suppose that Ng(x) = {y1,y2,..., Yn—2}, N%(x) =
{yn—1} such that y,,_ and y; are adjacent in G, where 1 <i <n —3.Then, rvxz(G)
can be very large if the number of cut vertices in G[Ng(x)] is sufficiently large. Here,
we add an additional constraint to study the 3-vertex-rainbow index of G.

Theorem 3.3 Let G be a triangle-free graph with diam(G) = 2. If G is connected,
then rvx3(G) = 1.

Proof Select a vertex x of G satisfying eccz(x) = diam(G) = 2. Let |N’é(x)| =n,,
where 1 <i < 2. We need to consider the following four cases: (1) ny = 1,ny = 1;
@n =1Ln =22,3)n =2 2,n=1&H n = 2,np > 2.1f (1),(2) or 3)
occurs, then G is not connected. Thus, we only need to study (4). Let N%(x) =
{x}, Ng(x) = {y1, y2, ..., y} and N%(x) ={wy, wa, ..., w;},wherek+t+1=n.
For every w; € N%(x), where 1 < j < ¢, define Ng(w;) = {y; € Ng(x) :
yiw; € E(G)|1 < i < k}. Since G is a triangle-free graph and diam(G) = 2,
t
we have Ng(wj) # . Without loss of generality, assume that y; ¢ (J Ng(w;).
j=1
For every w; € N%(x), we have yyw; ¢ E(G). Then, de(y1, wj) > 3. Hence,

t
U Ng(w;j) = Ng(x) = {y1, y2, ..., Y&}. First, we verify the following claim.

j=1

Claim 1 For every vertex y; of Ng(x), where 1 < i < k, define Ng(y;) = {w; €
N%(x) syiw; € E(G)|1 < j <t}. Then Ng(y;) # 9.

Proof Without loss of generality, we assume that y; € Ng(x) satisfying NG (y1) = 4.
Then, for every vertex w; € N%(x), we have yyw; ¢ E(G), and so yyw; € E(G).
For every y; € N%(x)\{yl}. Then, we consider the following two cases: (1) There
exists a vertex w; € N%(x) such that y;w; ¢ E (G). (2) Every vertex w; € Né(x)
such that y;w; € E(G).If (1) occurs, then d(y;, w;) > 3.If (2) occurs, then G is not
connected. Therefore, NG (y;) # @. O
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Define a vertex-coloring to G as follows: assign one color to all vertices of G.
We need to verify that G is vertex-rainbow 3-tree connected with the above vertex-
coloring. Let u#, v and w be any three distinct vertices of G and S = {u, v, w}.

Let u,v,w € Ng(x). Then, the tree T connecting S is vertex-rainbow, where
E(T) = {uv,uw}. Let u,v € Ng(x) and w = x € N%(x). Then, there exists a
vertex w; € N%(x) satisfying ww;, uw;, uv € E(G) by Claim 1, and so the tree T
connecting S is vertex-rainbow, where E(T) = {ww;, uw;, uv}. Let u, v € Ng(x)
and w € N%(x). Then, one of the following two cases holds: (1) uw, uv € E(G);
(2) uw,vw ¢ E(G) and uw; € E(G), where w; € NZ(x) \ {w}. For (1), then the
tree T connecting S is vertex-rainbow, where E(T) = {uv, uw}. For (2), we further
consider the following subcases. If vw; ¢ E(G), then ww; € E(G), and so the tree
T connecting S is vertex-rainbow, where E(T) = {uv, uw;, ww;}. If vw;, ww; €
E(G), thenthetree T connecting S is vertex-rainbow, where E(T) = {uv, uw;, ww;}.
If vw; € E(G) and ww; ¢ E(G), then ww; € E(G), since G is a triangle-free
graph and d = 2, we know that there exists a vertex y; € Ng(x) \ {u, v} such that
Yiw;j € E(G), wy; ¢ E(G),itfollows that wy; € E(G), and so the tree T connecting
S is vertex-rainbow, where E(T') = {wy;, uy;, uv}.Letu € Ng(x)andv, w € NZ(x).
If uv € E(G), then T is a vertex-rainbow S-tree, where E(T) = {xv, xw, uv}. If
uv, uw ¢ E(G), then there exists a vertex w; € NZ(x) such that uw; € E(G),andso
we have the following two cases: (3) ww; € E(G); (4) ww;, vw; ¢ E(G). When (3)
occurs, the tree T connecting § is vertex-rainbow, where E(T) = {uw;, ww;, wv}.
When (4) occurs, since G is a triangle-free graph and d = 2, we know that there
exists a vertex y; € Ng(x) \ {u} such that y;w; € E(G), wy;,vy; ¢ E(G), it
follows that wy;, vy; € E(G), and so the tree T connecting S is vertex-rainbow,
where E(T) = {wy;, vy;, uy;}. Letu € Ng(x), v € N%(x) and w = x. Then, there
exists a vertex w; € N%(x) such that uw; € E(G), and so the tree T connecting S is
vertex-rainbow, where E(T') = {wv, ww;, uw;}. Letu, vand w € Né(x). Then, the
tree T connecting S is vertex-rainbow, where E(T) = {ux, vx, wx}.Letu, v € NZ(x)
and w = x. Note that the tree T is vertex-rainbow, where E(T) = {uw, vw}. Thus,
rvxz(G) < 1.

Obviously, we know that a tree connecting {x, y;, y;} has at least three edges in G.
Then, rvx3(G) > 1, and so rvx3(G) = 1. O
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