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Abstract
In this paper, we generalize the notion of the ergodic shadowing property to the iterated
function systems and prove some related theorems on this notion. In addition, we give
an example to show that there is an iterated function system which has the ergodic
shadowing property but not weakly mixing. Moreover, we show that ergodic shadow-
ing property implies the average shadowing property for iterated function systems.

Keywords Ergodic shadowing · Average shadowing · Iterated function system

Mathematics Subject Classification Primary: 37C50; Secondary 37C15

1 Introduction

Throughout this paper, (S, X , φ) denotes a topological dynamical system (or dynam-
ical system for short), where S is a topological semigroup, (X , ρ) is a compact metric
space and

φ : S × X → X , (s, x) �→ sx

is a continuous action. So t(sx) = (ts)x for all x ∈ X , t, s ∈ S. Sometimes, the
dynamical system is denoted as a pair (S, X). Let F = { f0, f1, . . . , fm−1} be a
family of continuous maps on X . The iterated function system IFS(F ) is the action
of the semigroup generated by { f0, f1, . . . , fm−1} on X . If F = { f }, then it is the
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classical dynamical system (it also is called a cascade). We use the standard notation:
(X , f ). In this paper, let Z+ be the set of nonnegative integers, and let N be the set of
positive integers, respectively. For any n ∈ N and n ≥ 2, let Xn = X × X ×· · ·× X (n
times). The action of S on Xn is defined by s(x1, x2, . . . , xn) = (sx1, sx2, . . . , sxn),
for all s ∈ S and (x1, x2, . . . , xn) ∈ Xn .

In the general qualitative theory of dynamical systems, the shadowing property
plays an important role (cf. [1]). At the end of 1980s, the average shadowing property
was introduced and studied by Blank [3,4] in cascades. Later, some new notions
of shadowing were introduced in cascades. For example, Dastjerdi introduced d-
shadowing [5] and Fakhari andGhane introduced the ergodic shadowing [7]. Recently,
we observed an increasing interest in shadowing property for iterated function systems
(cf. [2,6,8–11,13]). Some important notions in cascadeswere extended to iterated func-
tion systems, such as chain transitivity [2], shadowing [8] and the average shadowing
[10], etc.

In cascades, the notion of ergodic shadowing property was introduced in [7], and
the following result was proved (see Theorem A in [7]).

Theorem 1.1 ([7], Theorem A) Let f be continuous onto map of a compact metric
space X. For the dynamical system (X , f ), the following properties are equivalent:

1. ergodic shadowing;
2. shadowing and chain mixing;
3. shadowing and topologically mixing;
4. pseudo-orbital specification.

In this paper, we generalize the notion of the ergodic shadowing property to the
iterated function systems. The following theorems are main results of this paper.

Theorem 1.2 For an iterated function system IFS(F ), where one of F is surjective,
the following properties are equivalent:

1. ergodic shadowing;
2. shadowing and chain mixing;
3. shadowing and topologically I-mixing;
4. pseudo-orbital specification.

Theorem 1.3 Let IFS(F ) be an iterated function system, where one of F is surjec-
tive. If IFS(F ) has the ergodic shadowing property, then IFS(F ) has the average
shadowing property.

By Theorem 1.1, we know that the ergodic shadowing implies mixing in cascades.
However, we find out that the ergodic shadowing may not imply weakly mixing for
iterated function systems (see Example 5.12). In [11], another notion of the “ergodic
shadowing” was introduced to iterated function systems and we call it as “concordant
ergodic shadowing” in this paper. If IFS(F ) has the concordant ergodic shadowing
property, and one of F is surjective, then IFS(F ) is weakly mixing (see Proposi-
tion 7.2).

The present work is inspired by the notions and results from the papers mentioned
above and is organized as follows. In Sect. 2, we review some notions to be used
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Ergodic Shadowing Properties of Iterated Function Systems 769

in this paper. In Sect. 3, we prove that if an IFS(F ) has the concordant shadowing
property, then so does IFS(F k) for any k ∈ N, where IFS(F k) is k-fold composition
of IFS(F ); if IFS(F k) for k ∈ N has the concordant shadowing property, then so does
IFS(F ) (see Proposition 3.3). In Sect. 4, we point out that the two notions of mixing
and I-mixing are different (see Example 4.2). In Sect. 5, Theorem 1.2 is proved. In
Sect. 6, Theorem 1.3 is shown. Finally, we study some properties of the concordant
ergodic shadowing.

2 Preliminaries

Firstly, we introduce some basic notations. For any A ⊂ Z+, the cardinal number of
A is denoted |A|. The upper density of A is defined by d(A) = lim supn→∞ 1

n |A ∩
{0, 1, . . . , n − 1}|; The lower density of A is defined by d(A) = lim infn→∞ 1

n |A ∩
{0, 1, . . . , n−1}|; If d(A) = d(A) = a, then the density of A is defined by d(A) = a.

Let (X , ρ) be a compact metric space, and let x ∈ X . For ε > 0, let B(x, ε) =
{y ∈ X : ρ(x, y) < ε}.

Let

�m = {ω = ω0ω1 · · ·ωi · · · : ωi ∈ {0, 1, . . . ,m − 1}}.

For n ∈ Z+, let

[i0i1 · · · in] = {x = x0x1 · · · · xn · · · ∈ �m : x0 = i0, x1 = i1, . . . , xn = in}.

Let IFS(F ) be an iterated function system, and letω = ω0ω1 · · · ∈ �m . Put f 0ω = idX .
For n ∈ N, let

f nω = fωn−1 ◦ · · · ◦ fω1 ◦ fω0 .

For k ∈ N, let

F k = { fwk−1 ◦ fwk−2 ◦ · · · ◦ fw0 : w0, . . . , wk−1 ∈ {0, 1, . . . ,m − 1}}.

Then, IFS(F k) is also an iterated function system. Let

�mk = {t0t1 · · · ti · · · : ti = wi1wi2 · · · wik , wi j ∈ {0, 1, . . . ,m − 1}, j = 1, 2, . . . , k}.

Then, �mk = �m .

1. Step-skew product
For an iterated function system IFS(F ) and the shift map σ : �m �→ �m , we
consider the step-skew product

F : �m × X → �m × X , (ω, x) �→ (σω, fω0(x)).
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770 H. Wang, Q. Liu

A metric ρ on �m × X is defined as follows:

ρ((ω, x), (λ, y)) = max{ρ1(ω, λ), ρ2(x, y)}

for (ω, x), (λ, y) ∈ �m × X , where ρ1 and ρ2 are metrics on �m and X , respec-
tively. The metric ρ1 on �m is defined by ρ1(ω, λ) = 1

2k
, where k = min{i : ωi 
=

λi }.
Let k ∈ N. Then,

Fk : �m × X → �m × X , (ω, x) �→ (σ kω, f kω(x)).

2. Pseudo-orbit and shadowing
A sequence {xi }i∈Z+ in X is called an orbit of IFS(F ) if there isω ∈ �m such that
fωi (xi ) = xi+1 for all i ∈ Z+. Meanwhile, the sequence {xi }i∈Z+ is also called
the ω-orbit of x0.
Let δ > 0. A sequence {xi }i∈Z+ in X is called a δ -pseudo-orbit of IFS(F ) if
there is ω ∈ �m such that ρ( fωi (xi ), xi+1) < δ for all i ∈ Z+. Meanwhile, the
sequence {xi }i∈Z+ is also called a ω–δ-pseudo-orbit of IFS(F ).
Let λ ∈ �m , and let ε > 0. A sequence {xi }i∈Z+ of IFS(F ) is ε-shadowed by a
λ-orbit {zi }i∈Z+of IFS(F ) if ρ(zi , xi ) < ε for all i ∈ Z+. In this case, one says
that {zi }i∈Z+ or z0, ε -shadows the {xi }i∈Z+ .
An IFS(F ) has the concordant shadowing property (cf. [8]) if for any ε > 0, there
is δ > 0 such that any ω–δ-pseudo-orbit of IFS(F ) can be ε-shadowed by some
ω-orbit in X , where ω ∈ �m .
An IFS(F ) has the shadowing property (cf. [8]) if for any ε > 0, there is δ > 0
such that any ω–δ-pseudo-orbit of IFS(F ) can be ε-shadowed by some λ-orbit in
X , where ω, λ ∈ �m .

3. Chain transitivity
Assume x0 = x, x1, . . . , xn = y ∈ X and δ > 0. If for any i ∈ {0, 1, . . . , n − 1}
there is ωi ∈ {0, 1, . . . ,m − 1} such that ρ( fωi (xi ), xi+1) < δ, the sequence
x0, x1, . . . , xn is called a δ -chain of IFS(F ) with length n from x to y. An
IFS(F ) is called chain transitive (cf. [2]) if for any two points x, y ∈ X and any
δ > 0, there is a δ-chain from x to y. An IFS(F ) is called chain mixing (cf. [2])
if for any two points x, y ∈ X and any δ > 0, there is a positive integer N such
that for any n ≥ N there is a δ-chain with length n from x to y.

We need the following result (see Theorem 2.3 in [13]).

Proposition 2.1 Let IFS(F ) be an iterated function system. Then, IFS(F ) is chain
mixing if and only if IFS(F k) is chain transitive for all k ∈ N.

3 Concordant Shadowing Property

Bahabadi showed the following result (see Theorem 1.3 in [2]):
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Proposition 3.1 Let IFS(F ) be an iterated function system, and let F be the step-skew
product map corresponding to the IFS(F ). Then, F has the shadowing property if
and only if IFS(F ) has the concordant shadowing property.

Proposition 3.2 Let IFS(F ) be an iterated function system, and let F be the step-skew
product map corresponding to the IFS(F ), and let k ∈ N. Then, Fk has the shadowing
property if and only if IFS(F k) has the concordant shadowing property.

Proof (⇒). Suppose that Fk has the shadowing property. We show that IFS(F k)

has the concordant shadowing property. Given 0 < ε < 1
2k
, let 0 < δ < ε be an ε

modulus shadowing for Fk . Assume that {xi }i∈Z+ is a η-δ-pseudo-orbit of IFS(F k),
where η = η0η1η2 · · · ∈ �mk . Then, ρ2(gηi (xi ), xi+1)) < δ, where gηi ∈ F k .

Suppose

η0 = ω0ω1ω2 · · · ωk−1;
η1 = ωkωk+1ωk+2 · · ·ω2k−1;

· · ·

Then, η = ω0ω1ω2 · · · ωk−1ωkωk+1ωk+2 · · · ω2k−1 · · · ∈ �m . Put ω0 = η, ω1 =
σ k(ω0), ω2 = σ 2k(ω0), · · · . Therefore, ρ1(σ k(ωi ), ωi+1) = 0 and

ρ2( f
k

ωi (xi ), xi+1) = ρ2(gηi (xi ), xi+1) < δ

for all i ∈ Z+. So {(ωi , xi )}i∈Z+ is a δ-pseudo-orbit of Fk . Since Fk has the shadowing
property, there exists z ∈ X such that ρ(Fki (η, z), (ωi , xi )) < ε for all i ∈ Z+. This
implies that ρ2( f ikη (z), xi ) = ρ2(giη(z), xi ) < ε for all i ∈ Z+, so IFS(F k) has the
concordant shadowing property.

(⇐). Suppose that IFS(F k) has the concordant shadowing property. We show that
Fk has the shadowing property. Given 0 < ε < 1

2k
, let 0 < δ < ε be an ε modulus

shadowing for IFS(F k). Let {(ωi , xi )}i∈Z+ be a δ-pseudo-orbit of Fk , whereωi ∈ �m

and xi ∈ X for all i ∈ Z+. Then, ρ(Fk(ωi , xi ), (ωi+1, xi+1)) < δ for all i ∈ Z+. This
implies that ρ1(σ k(ωi ), ωi+1) < δ and ρ2( f kωi (xi ), xi+1) < δ for all i ∈ Z+. Let

λ0 = ω0
0ω

0
1 · · · ω0

k−1

λ1 = ω1
0ω

1
1 · · · ω1

k−1

· · ·
λn = ωn

0ω
n
1 · · ·ωn

k−1

· · ·

Considering λ = λ0λ1 · · · λn . . ., then λ ∈ �mk ⊂ �m .
Thus, {xi }i∈Z+ is aλ-δ-pseudo orbit of IFS(F k). Since IFS(F k) has the concordant

shadowing property, there is a λ-orbit {zi }i∈Z+ of IFS(F k) such that ρ2(zi , xi ) < ε

for all i ∈ Z+. In addition, for this λ, we can get ρ1(σ
ik(λ), ωi ) < ε for all i ∈ Z+.

Therefore, we have ρ(Fki (λ, z0), (ωi , xi )) < ε for all i ∈ Z+. This implies Fk has
the shadowing property. 
�
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ByTheorem4.3 andTheorem4.5 in [1],weknow that F has the shadowingproperty,
then so does for Fk for any k ∈ N; if Fk for k ∈ N has the shadowing property, then
so does for F . So by Proposition 3.1 and Proposition 3.2, the following result holds.

Proposition 3.3 Let IFS(F ) be an iterated function system.

1. If IFS(F ) has the concordant shadowing property, then so does IFS(F k) for any
k ∈ N;

2. If IFS(F k) for k ∈ N has the concordant shadowing property, then so does
IFS(F ).

4 Mixing

Let (S, X) be a dynamical system, and letU , V ⊂ X . We denote N (U , V ) = {s ∈ S :
sU ∩V 
= ∅}. A dynamical system (S, X) is (topologically) transitive if for every pair
of nonempty open subsets U , V in X , we have N (U , V ) 
= ∅. A dynamical system
(S, X) is (topologically) weakly mixing if (S, X×X) is transitive. A dynamical system
(S, X) is (topologically) mixing, if N (U , V ) is confinite (that is, S \N (U , V ) is finite)
for every pair of nonempty open subsets U , V in X .

Let IFS(F ) be an iterated function system, let ω ∈ �m and let U , V ⊂ X . Put
Mω(U , V ) = {n ∈ Z+ : f nω (U ) ∩ V 
= ∅}, and M(U , V ) = ⋃

ω∈�m
Mω(U , V ).

An IFS(F ) is (topologically) transitive, if there is ω ∈ �m such that Mω(U , V ) is
nonempty.An IFS(F ) is (topologically) I-weaklymixing ifM(U1, V1)∩M(U2, V2) 
=
∅ for any nonempty open subsets U1,U2, V1, V2 in X . An IFS(F ) is (topologically)
I-mixing if M(U , V ) is confinite for every pair of nonempty open subsets U , V in X .

Remark 4.1 In [2,9,11], the notion of I-mixing is called directly “mixing”, the I-weakly
mixing is called “weakly mixing”, but the following example shows that I-mixing and
mixing are different, and I-weakly mixing and weakly mixing are different.

Example 4.2 There is an IFS(F ) which is I-mixing but not weakly mixing.

Proof We define two continuous maps f0, f1 on �2 as follows: for all x = x0x1 · · · ∈
�2,

f0(x) = 0x0x1 · · · ; f1(x) = 1x0x1 · · · .

1. IFS(F ) is not weakly mixing.
Assume that IFS(F ) is weakly mixing. Take open subsets U1 = [1], U2 = [0],
U3 = [0], U4 = [1] of �2. Then, N (U1,U2) ∩ N (U3,U4) 
= ∅, so there are ω =
ω0ω1 · · · · · · ∈ �2 and n ∈ N such that

fωn−1 ◦ · · · ◦ fω1 ◦ fω0(U1) ∩U2 
= ∅, fωn−1 ◦ · · · ◦ fω1 ◦ fω0(U3) ∩U4 
= ∅.

This implies that ωn−1 = 0 and ωn−1 = 1, a contradiction.
2. IFS(F ) is I-mixing.

Take open subsets U = [x0x1 · · · xn] and V = [y0y1 · · · yn] of �2. It is clear that
M(U , V ) is confinite subset of Z+. So IFS(F ) is I-mixing. 
�
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The following implications are true.

mixing weakly mixing transi tive

I − mixing

\
I − weakly mixing

\

It is easy to see that the following two propositions hold.

Proposition 4.3 Let IFS(F ) be an iterated function system.

1. If IFS(F ) is transitive, then IFS(F ) is chain transitive.
2. If IFS(F ) is I-mixing, then IFS(F ) is chain mixing.

Proposition 4.4 Let IFS(F ) be an iterated function system. Suppose that IFS(F )

has the shadowing property (it is not necessary to have the concordant shadowing
property).

1. If IFS(F ) is chain transitive, then IFS(F ) is transitive.
2. If IFS(F ) is chain mixing, then IFS(F ) is I-mixing.

Amap f : X → X is semi-open if for any nonempty open subsetU of X , f (U ) has
nonempty interior. By Theorem 2.1 and Theorem 2.4 in [13], Lemma 3.3 and Lemma
3.4 in [9], the following proposition holds.

Proposition 4.5 Let IFS(F ) be an iterated function system, and let F be the step-skew
product map corresponding to the IFS(F ). Then, the following results hold:

1. If F is transitive (resp. weakly mixing, mixing), then IFS(F ) is transitive (resp.
I-weakly mixing, I-mixing).

2. If every f ∈ F is semi-open and IFS(F ) is transitive ( resp. I-weakly mixing,
I-mixing), then F is transitive (resp. weakly mixing, mixing).

The following example shows that I-mixing may not imply shadowing.

Example 4.6 There is an IFS(F ) which is I -mixing but without shadowing.

Proof Consider the map f0(x) ≡ 0, and the tent map f1(x) on X = [0, 1] (that is,
f1(x) = 2x, x ∈ [0, 1

2 ]; f1(x) = 2 − 2x, x ∈ [ 12 , 1]). Since the cascade (X , f1) is
mixing, then the IFS( f0, f1) is I-mixing. Example 1.5 in [2] shows that the IFS( f0, f1)
does not have the concordant shadowing property. In fact, the IFS( f0, f1) does not
have the shadowing property too. 
�

5 Ergodic Shadowing Property and Sub-shadowing Property

Let IFS(F ) be an iterated function system. Let ω = ω0ω1 · · · ∈ �m and δ > 0, an
infinite sequence ξ = {xi }i∈Z+ in X is called a ω–δ -ergodic pseudo-orbit of IFS(F )

if

d({i ∈ Z+ : ρ( fωi (xi ), xi+1) < δ}) = 1.
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An IFS(F ) has the ergodic shadowing property if for any ε > 0, there is δ > 0 such
that any ω–δ-ergodic pseudo-orbit {xi }i∈Z+ of IFS(F ) can be ε-ergodic-shadowed
by some η-orbit {zi }i∈Z+ where ω, η ∈ �m , that is, d({i ∈ Z+ : ρ(zi , xi ) < ε}) = 1.
In this case, one says that {zi }i∈Z+ or z0, ε-ergodic-shadows the {xi }i∈Z+ .

Let q ∈ [0, 1). An IFS(F ) has the q-ergodic shadowing property if for any ε > 0,
there is δ > 0 such that anyω–δ-ergodic pseudo-orbit {xi }i∈Z+ of IFS(F ) can be ε-q-
shadowed by some η-orbit {zi }i∈Z+ whereω, η ∈ �m , that is, d({i ∈ Z+ : ρ(zi , xi ) <

ε}) > q. In this case, one says that {zi }i∈Z+ or z0, ε -q-shadows the {xi }i∈Z+ .
Let p ∈ [0, 1). An IFS(F ) has the p-ergodic shadowing property if for any ε > 0,

there is δ > 0 such that anyω–δ-ergodic pseudo-orbit {xi }i∈Z+ of IFS(F ) can be ε-p-
shadowed by some η-orbit {zi }i∈Z+ whereω, η ∈ �m , that is, d({i ∈ Z+ : ρ(zi , xi ) <

ε}) > p. In this case, one says that {zi }i∈Z+ or z0, ε-p-shadows the {xi }i∈Z+ .
We need the following two lemmas (see Lemma 4.1 and Lemma 4.2 in [12]).

Lemma 5.1 Let A, B ⊂ Z+. If d(A) + d(B) > 1, then d(A ∩ B) > 0.

Lemma 5.2 Let A, B ⊂ Z+. Then, d(A ∩ B) ≥ d(A) + d(B) − d(A ∪ B).

Proposition 5.3 Let IFS(F ) be an iterated function system, where one of F is sur-
jective. Then, the following results hold:

1. If IFS(F ) has the 0-ergodic shadowing property, then IFS(F ) is chain transitive.

2. If IFS(F ) has the 1
2 -ergodic shadowing property, then IFS(F ) is chain transitive.

Proof We only prove the (1) holds, since the proof of (2) is similar to (1). Fix any
ε > 0 and any x, y ∈ X . Next, we will show there exists an ε-chain from x to y. Let
n0 = 2. For any i ∈ N, let ni = i ! · n0. For convenience, we will also use f −1

0 (y) to
represent an element of f −1

0 (y).
Let

ξ1 = x, f0(x), . . . , f n10 (x)

ξ2 = f −(n2−n1)+1
0 (y), . . . , f −1

0 (y), y

ξ3 = x, f0(x), . . . , f n3−n2−1
0 (x)

ξ4 = f −(n4−n3)+1
0 (y), . . . , f −1

0 (y), y

· · ·

Put η = {xi }i∈Z+ = ξ1ξ2ξ3 · · · . For any δ > 0, η is a δ-ergodic pseudo-orbit of f0. For
ε > 0, we find a ω-orbit {zi }i∈Z+ for some ω ∈ �m , which ε-0-shadows η. Let E =
{i ∈ Z+ : ρ(zi , xi ) < ε}. Then, d(E) > 0. Let M1 = {i ∈ Z+ : xi ∈ orb(x, f0) =
{ f n0 (x) : n ∈ Z+}}, and let M2 = Z+ \ M1. Clearly, d(M1) = d(M2) = 1. By
Lemma 5.1, we have d(E ∩ M1) > 0 and d(E ∩ M2) > 0.

We can choose nonnegative integers s, r , ir , is such that r < s−1, d( f ir0 (x), zr ) <

ε and d( f −is
0 (y), zs) < ε.

Then, the sequence

x, f0(x), . . . , f ir−1
0 (x), zr , zr+1, . . . , zs−1, f −is

0 (y), f −is+1
0 (y), . . . ,
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is an ε-chain from x to y. Thus, IFS(F ) is chain transitive. 
�
Remark 5.4 In Proposition 5.3, we assume that one ofF is surjective. We can replace
this assumption by the following:

m−1⋃

i=0

fi (X) = X .

So the condition of “one of F is surjective” in Theorem 1.2 can be replaced by it.

Proposition 5.5 Let IFS(F ) be an iterated function system, where one ofF is surjec-
tive. If IFS(F ) has the ergodic shadowing property, then IFS(F ) has the shadowing
property.

Proof Given ε > 0, let δ > 0 be ε modulus of ergodic shadowing property. Let ω ∈
�m , and let {xi }i∈Z+ be aω–δ-pseudo-orbit. Suppose ξn = x0, x1, . . . , xn . Then, ξn is a
δ-chain from x0 to xn . By Proposition 5.3, we choose a δ-chain γ = xn, y1, . . . , yk, x0
from xn to x0. Then, η = ξn y1 · · · ykξn y1 · · · ykξn · · · is a δ-pseudo-orbit. So it can be
ε-ergodic shadowed by aλ-orbit {zi }i∈Z+ . Hence, at least one ξn is entirely ε-shadowed
by a piece of the {zi }i∈Z+ .

Next, we prove that {xi }i∈Z+ is ε-shadowed by an orbit. As every ξn is ε-shadowed
by a piece {znn0 , znn1 , · · · , znnn } of an orbit. Since X is compact, we may assume
s0 = limn→∞ znn0 , s1 = limn→∞ znn1, · · · , sn = limn→∞ znnn . Then, there is a θ -orbit
{si }i∈Z+ which ε-shadows {xi }i∈Z+ , where θ ∈ �m . 
�
Proposition 5.6 Let IFS(F ) be an iterated function system. If IFS(F ) has the ergodic
shadowing property, then IFS(F k) has the 0-ergodic shadowing property for any
positive integer k.

Proof Give a positive integer k. Suppose that IFS(F ) has the ergodic shadowing
property. Given ε > 0, let δ > 0 be ε modulus of ergodic shadowing property. Let
η = {ui }i∈Z+ be a ω–δ-ergodic pseudo-orbit of IFS(F k), where ω ∈ �mk . Then, for
all i ∈ Z+, we have

d({i ∈ Z+ : ρ(gωi (ui ), ui+1) < δ}) = 1.

where gωi = ft ik−1
◦ · · · ◦ ft i1

◦ ft i0
, and t i0, t

i
1, . . . , t

i
k−1 ∈ {0, 1, . . . ,m − 1}.

Let ξ = {xi }i∈Z+ be

u0, ft00
(u0), ft01

◦ ft00
(u0), . . . , ft0k−2

◦ · · · ◦ ft01
◦ ft00

(u0);
u1, ft10

(u1), ft11
◦ ft10

(u1), . . . , ft1k−2
◦ · · · ◦ ft11

◦ ft10
(u1);

· · ·

For every l ∈ Z+ and every j ∈ {1, . . . , k − 1}, we have xlk+ j = ftlj−1
◦ · · · ◦ ftl0

(ul).

In particular, for any l ∈ Z+, we have xlk = ul . Then, ξ is a δ-ergodic pseudo-orbit
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of IFS(F ), so there is an orbit {zi }i∈Z+ of IFS(F ) such that

d({i ∈ Z+ : ρ(zi , xi ) < ε}) = 1.

As d({i ∈ Z+ : xi ∈ {ui }i∈Z+}) = 1
k , by Lemma 5.2 we have

d[({i ∈ Z+ : ρ(zi , xi ) < ε}) ∩ ({i ∈ Z+ : xi ∈ {ui }i∈Z+})] ≥ 1 + 1

k
− 1 > 0.

That is, d({i ∈ Z+ : ρ(zki , ui ) < ε}) > 0. Note that {zki }i∈Z+ is an orbit of IFS(F k).
So IFS(F k) has 0-ergodic shadowing property. 
�
Corollary 5.7 Let IFS(F ) be an iterated function system, where one ofF is surjective.
If IFS(F ) has the ergodic shadowing property, then IFS(F ) is chain mixing

Proof By Proposition 5.6, for all positive integer k, IFS(F k) has the 0-ergodic shad-
owing property. By Proposition 5.3, IFS(F k) is chain transitive for all positive integer
k. By Proposition 2.1, IFS(F ) is chain mixing. 
�

The following definition is different from Definition 2.3 in [11].

Definition 5.8 An IFS(F ) has the pseudo-orbital specification property, if for any
ε > 0 there exist δ = δ(ε) > 0 and K = K (ε) > 0 such that for any ω ∈ �m and
given nonnegative integers a0 ≤ b0 < a1 ≤ b1 < · · · < an ≤ bn with ai+1 − bi ≥ K
for all i = {0, 1, . . . , n − 1}, for any δ-chains ξ0, ξ1, . . . , ξn with ξi = {xij } for all
j ∈ [ai , bi ] ⊂ Z+ and 0 ≤ i ≤ n (that is, ρ( fω j (x

i
j ), x

i
j+1) < δ for all j ∈ [ai , bi ] and

0 ≤ i ≤ n), there exists an orbit {z j } j∈Z+ such that ρ(z j , xij ) < δ for all j ∈ [ai , bi ]
and 0 ≤ i ≤ n.

Remark 5.9 If IFS(F ) is I-mixing, then for any ε > 0, there exists a natural number
N (ε) such that for any two points x and y in X ,

M(B(x, ε), B(y, ε)) ⊇ {N (ε), N (ε) + 1, · · · }.

Indeed, given ε > 0, assume X = ⋃l
i=0 B(xi ,

ε
2 ) and put

N (ε) = max
1≤i, j≤l

min{n : for all k ∈ M
(
B

(
xi ,

ε

2

)
, B

(
x j ,

ε

2

))
we have k ≥ n}.

Lemma 5.10 Let IFS(F ) be an iterated function system. If IFS(F ) has the shadowing
property and is I-mixing, then IFS(F ) has the pseudo-orbital specification property.

Proof Let ε > 0 be given and δ be an ε modulus of shadowing for IFS(F ). Since X
is compact, then there exists 0 < η < δ such that for any a, b ∈ X and ρ(a, b) < η,
we have ρ( fi (a), fi (b)) < δ for all fi ∈ F . As IFS(F ) is I-mixing, for η > 0 we
choose N (η) by Remark 5.9. Put K (ε) = N (η) and let nonnegative integer intervals
[a0, b0], [a1, b1], . . . , [an, bn] with ai+1 − bi ≥ K (ε) for all i ∈ {0, 1, . . . , n − 1}.
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Suppose that ξ0, ξ1, . . . , ξn are δ-chains such that ξi = {xij } and ρ( fω j (x
i
j ), x

i
j+1) < δ

for all j ∈ [ai , bi ] and 0 ≤ i ≤ n, where ω ∈ �m . By choice of K (ε), there exists a
true orbit θi with ai − bi−1 − 1 elements which begin at θ i1 and end at θ

i
ai−bi−1−1 with

ρ( fωbi−1
(xi−1

bi−1
), θ i1) < δ and ρ(θ iai−bi−1−1, f −1

ωai−1
(xiai )) < η for any i ∈ {1, 2, . . . , n}.

So

ρ( fωai−1
(θ iai−bi−1−1), x

i
ai ) < δ

for any i ∈ {1, 2, . . . , n}. Thus, ξ0, θ1, ξ1, θ2, . . . , ξn is a piece of δ-pseudo-orbit which
can be ε-shadowed. So IFS(F ) has the pseudo-orbital specification property. 
�
Lemma 5.11 IFS(F ) has the pseudo-orbital specification property, then IFS(F ) has
the ergodic shadowing property.

Proof Suppose that IFS(F ) has the pseudo-orbital specification property. Given ε >

0, put δ > 0 and K be two modulus according to the ε as in definition of the pseudo-
orbital specification property. Let ξ = {xi }i∈Z+ be a ω–δ-ergodic pseudo orbit, where
ω ∈ �m . Let A = {i ∈ Z+ : ρ( fωi (xi ), xi+1) < δ} and choose a sequence

a1 < b1 < a2 < b2 < · · ·

of nonnegative integers with the following properties:

1. for any n, [an, bn] ⊆ A;
2. for any n, an+1 − bn ≥ K ;
3. limn→∞

∑n
k=1(ak+1 − bk)/bn → 0.

For any n, there exists orbit {zni }i∈[0,bn ] which ε-shadows n pieces of the ergodic
pseudo-orbit {xi }i∈Z+ corresponding to the n intervals

[a1, b1], [a2, b2], . . . , [an, bn].

Without loss of generality, suppose limn→∞ zn → y0, then there exists an orbit
{yi }i∈Z+ which ε-ergodic shadows ξ . So IFS(F ) has the ergodic shadowing property.


�
Proof of Theorem 1.2 It is sufficient to assemble the obtained results in Sect. 5. (1) ⇒
(2) is Proposition 5.5 and Corollary 5.7, (2) ⇒ (3) is Proposition 4.4, (3) ⇒ (4) is
Lemma 5.10 and finally, (4) ⇒ (1) is Lemma 5.11. 
�

In cascades, ergodic shadowing implies mixing (see Theorem 1.1). However, for
iterated function systems, this implication may not be true.

Example 5.12 There is an iterated function system IFS(F ) which has the ergodic
shadowing but not weakly mixing.

Proof Let IFS(F ) be defined as in Example 4.2. Then, IFS(F ) is I-mixing but not
weakly mixing. By Example 1.2 in [2], IFS(F ) has the concordant shadowing prop-
erty. Since f0(X) ∪ f1(X) = X , by Theorem 1.2 and Remark 5.4, IFS(F ) has the
ergodic shadowing property. 
�
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6 Average Shadowing Property

Given δ > 0, we say that an infinite sequence {xi }i∈Z+ in X is a δ-average pseudo-
orbit of IFS(F ) if there are ω ∈ �m and positive integer N = N (δ) > 0 such that
for every integer n ≥ N (δ) and every nonnegative integer k, the following condition
is satisfied:

1

n

n−1∑

i=0

ρ( fωi+k (xi+k), xi+k+1) < δ.

An IFS(F ) has the average shadowing property if for any ε > 0 there is δ > 0
such that every δ-average pseudo-orbit {xi }i∈Z+ is ε-shadowed in average by some
orbit {zi }i∈Z+ of IFS(F ), that is,

lim sup
n→∞

1

n

n−1∑

i=0

ρ(zi , xi ) < ε.

In this case, one says that {zi }i∈Z+ or z0, ε-shadows in average {xi }i∈Z+ .
An IFS(F ) has the has q-average shadowing property if for any ε > 0 there is

δ > 0 such that any δ-average pseudo-orbit of IFS(F ) can be ε-q-shadowed by
some orbit {zi }i∈Z+ of IFS(F ), that is, d({i ∈ Z+ : ρ(zi , xi ) < ε}) > q. In this case,
one says that {zi }i∈Z+ or z0, ε-q-shadows {xi }i∈Z+ .

Lemma 6.1 Let IFS(F ) be a chain mixing iterated function system. Then, for every
ε > 0, there is k(ε) ∈ N, such that for any x, y ∈ X and any n ≥ k(ε), there are
points z1, z2, · · · , zn ∈ X such that the sequence

x, z1, z2, · · · , zn, y

is an ε-chain.

Proof As IFS(F ) is chain mixing, then for any ε > 0 and any x, y ∈ X there exists
kxy(ε) ∈ N, such that for any n ≥ kxy(ε) there exist some points z1, z2, . . . , zn ∈ X
such that x, z1, z2, . . . , zn, y is an ε

2 -chain. Since X is compact, there exists 0 < δ < ε
2

such that for any two points u, v ∈ X with ρ(u, v) < δ, we have ρ( f (u), f (v)) < ε
2

for all f ∈ F .

Claim For any two points u ∈ B(x, δ), v ∈ B(y, δ), the sequence u, z1, z2, . . . , zn, v
is an ε-chain.

Assume ρ( fi (x), z1) < ε
2 and ρ( f j (zn), y) < ε

2 for fi , f j ∈ F . Then,

ρ( fi (u), z1) ≤ ρ( fi (u), fi (x)) + ρ( fi (x), z1) <
ε

2
+ ε

2
< ε,

ρ( f j (zn), v) ≤ ρ( f j (zn), y) + ρ(y, v) <
ε

2
+ δ < ε.

Therefore, the claim holds.
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Since {B(x, δ) × B(y, δ) : (x, y) ∈ X × X} is an open cover of X × X , then there
exists a finite subcover {(B(x1, δ)×B(y1, δ)), (B(x2, δ)×B(y2, δ)) · · · , (B(xm, δ)×
B(ym, δ))}. Let k(ε) = max{kxi yi (ε), i = 1, 2, . . . ,m}. Then, for any x, y ∈ X and
any n ≥ k(ε), there exists an ε-chain with length n + 1 from x to y. 
�
Theorem 6.2 Let IFS(F ) be an iterated function system. Then, the following condi-
tions are equivalent:

1. IFS(F ) has the average shadowing property;
2. IFS(F ) has the q-average shadowing property for all q ∈ [0, 1).
Proof (1) ⇒ (2). Let q ∈ [0, 1). Fix any ε > 0, let γ = (1 − q) · ε. Taking any
δ-average pseudo-orbit ξ = {xi }i∈Z+ , then there exists an orbit {zi }i∈Z+ which γ -
shadows ξ in average. Denote A = { j ∈ Z+ : ρ(z j , x j ) < ε} and observe

γ > lim sup
n→∞

∑n−1
i=0 ρ(zi , xi )

n

≥ lim sup
n→∞

ε · n − |A ∩ {0, 1, . . . , n − 1}|
n

≥ ε − ε · d(A).

But γ = (1 − q) · ε, thus d(A) > q and so IFS(F ) has the q-average shadowing
property.

(2) ⇒ (1). Without loss of generality, we assume diam(X) = 1. Give ε ∈ (0, 1).
Let q > 1 − ε

3 . As IFS(F ) has the q-average shadowing property, there is δ > 0
such that any δ-average pseudo-orbit {xi }i∈Z+ can be ε

3 -q-shadowed by some orbit

{zi }i∈Z+ . Let E = {i ∈ Z+ : ρ(zi , xi ) ≥ ε
3 }. Then, d(E) ≤ 1 − q ≤ ε

3 . Let En =
E ∩ {0, 1, . . . , n − 1}. Then,

lim sup
n→∞

1

n

n−1∑

i=0

ρ(zi , xi ) = lim sup
n→∞

1

n

⎛

⎝
∑

i∈En

ρ(zi , xi ) +
∑

i∈Ec
n

ρ(zi , xi )

⎞

⎠

≤ d(E) + ε

3
< ε.

So, IFS(F ) has the average shadowing property. 
�
Proposition 6.3 Let IFS(F ) be an iterated function system. If IFS(F ) has the shadow-
ing property and is chain mixing, then IFS(F ) has the q-average shadowing property
for all q ∈ [0, 1).
Proof Give ε > 0 (ε < 3(1−q)). Let γ be an εmodulus of shadowing. ByLemma 6.1,
there is a positive integer M such that for any x, y ∈ X , there is a γ -chain of length
M from x to y.

Without loss of generality,we assume diam(X) = 1. Let δ = ε·γ
3M . Let ξ = {xi }i∈Z+

be a ω–δ-average pseudo-orbit where ω ∈ �m . Then, there is N such that for any n ≥
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N and k ≥ 0, we have

1

n

n−1∑

i=0

ρ( fωi+k (xi+k), xi+k+1) < δ.

We may assume N > M .
For any j ∈ Z+, let

y j N , y j N+1, . . . , y j N+N = x j N , x j N+1, . . . , x j N+N .

Next, if there is j N ≤ i < j N + N such that ρ( fωi (yi ), yi+1) ≥ γ , we choose
k so that j N ≤ k < i < k + M ≤ j N + N and replace yk, yk+1, . . . , yk+M

with any γ -chain of length M from yk to yk+M . We repeat these replacements until
y j N , y j N+1, . . . , y j N+N becomes a γ -chain. Therefore {yi }i∈Z+ is a γ -pseudo-orbit.
Then, there is an orbit {zi }i∈Z+ which ε-shadows {yi }i∈Z+ .

Observe that for any j ∈ Z+, we have

M · |{i ∈ [ j N , j N + N ) : ρ( fωi (xi ), xi+1)≥γ }|≥|{i ∈ [ j N , j N + N ) : xi 
= yi }|,

and

δ · M >
M

N

N−1∑

i=0

ρ( fω j N+i (x j N+i ), x j N+i+1)

≥ M

N
· γ |{i ∈ [ j N , j N + N ) : ρ( fωi (xi ), xi+1) ≥ γ }|.

So

γ

N
|{i ∈ [ j N , j N + N ) : xi 
= yi }|
≤ γ

N
· M |{i ∈ [ j N , j N + N ) : ρ( fωi (xi ), xi+1) ≥ γ }

< δ · M .

It follows

|{i ∈ [ j N , j N + N ) : xi 
= yi }|
N

<
δ · M

γ
= ε

3
< 1 − q.

123



Ergodic Shadowing Properties of Iterated Function Systems 781

Let E = {i ∈ Z+ : xi = yi }. For any n ∈ N, let n = kN + l, 0 ≤ l ≤ N − 1. Then,

lim sup
n→∞

|Ec ∩ {0, 1, . . . , n − 1}|
n

≤ lim sup
k→∞

|Ec ∩ {0, 1, . . . , N (k + 1) − 1}|
kN

≤ lim sup
k→∞

N (k + 1)

kN
· ε

3

= ε

3
< 1 − q.

So d(E) > q. This implies d({i ∈ Z+ : ρ(zi , xi ) < ε}) > q. 
�
Proof of Theorem 1.3 By Theorem 1.2, Propositions 6.2 and 6.3, the theorem holds. 
�

Next, we give two iterated function systems which have average shadowing prop-
erty.

Example 6.4 There is an IFS(F ) with average shadowing but not chain transitive.

Proof Let X be a compact metric space with more than two elements, and let a, b
be two different points of X . Consider the constant maps f0(x) = a, f1(x) = b.
The IFS( f0, f1) has the average shadowing property but it is not chain transitive (see
Example 2.2 in [2]). 
�
Example 6.5 There is an IFS(F ) with average shadowing and concordant shadowing
but not transitive.

Proof Consider the map f0(x) = 1
3 x , and the map f1(x) = 1

4 x on [0, 1]. Then,
the IFS( f0, f1) has the average shadowing property and the concordant shadowing
property (see Theorem3.2 in [10], and the proof of Theorem2.1 in [8]), but IFS( f0, f1)
is not transitive. 
�

7 Concordant Ergodic Shadowing Property

An iterated function system IFS(F ) has the concordant ergodic shadowing property
[11], if for any ε > 0, there is δ > 0 such that any ω–δ-ergodic pseudo-orbit {xi }i∈Z+
of IFS(F ) can be ε-concordant ergodic-shadowed by some η-orbit {zi }i∈Z+ where
ω, η ∈ �m , that is, d({i ∈ Z+ : ρ(zi , xi ) < ε}) = 1 and d({i ∈ Z+ : ηi = ωi }) = 1.
In this case, one says that {zi }i∈Z+ or z0, ε-concordant ergodic-shadows the {xi }i∈Z+ .

Let IFS(F ) and IFS(G ) be two iterated function systems, where F =
{ f0, f1, . . . , fm−1} is a family of continuous maps on X , and G = {g0, g1, . . . , gm−1}
is a family of continuousmapsonY . LetF⊗G = { f0×g0, f1×g1, . . . , fm−1×gm−1}.
Then, IFS(F ⊗G ) is the action of the semigroup generated byF ⊗G on X ×Y . Let
F × G = { fi × g j : i, j = 0, 1, . . . ,m − 1}. Then, IFS(F × G ) is the action of the
semigroup generated byF × G on X × Y .

Proposition 7.1 Let IFS(F ) and IFS(G ) be two iterated function systems, whereF =
{ f0, f1, . . . , fm−1} and G = {g0, g1, . . . , gm−1}. If IFS(F ) and IFS(G ) have the
concordant ergodic shadowing property, so do IFS(F ⊗ G ) and IFS(F × G ).
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Proof We only consider the case of IFS(F ⊗ G ), since the case of IFS(F × G ) has
been proved (see Lemma 4.2 in [11]). Let {(xi , yi )} be a ω–δ-ergodic pseudo-orbit of
IFS(F ⊗ G ) where ω ∈ �m . Then,

d({i ∈ Z+ : ρ( fωi (xi ), xi+1) < δ and ρ(gωi (yi ), yi+1) < δ}) = 1.

Thus, {xi }i∈Z+ and {yi }i∈Z+ are ergodic pseudo-orbits for IFS(F ) and IFS(G ),
respectively. Since IFS(F ) and IFS(G ) have the concordant ergodic shadowing
property, there are z1 and z2 of X , which ε-concordant ergodic-shadow δ-ergodic
pseudo-orbit {xi }i∈Z+ and {yi }i∈Z+ , respectively. Obviously, {(z1, z2)} ε-concordant
ergodic-shadows {(xi , yi )}. 
�

Shabani showed that if IFS(F ) has the concordant ergodic shadowing property,
and∪ f ∈F f (X) = X , then IFS(F ) is I-weaklymixing (see Lemma 4.6 in [11]). If we
enhanced the condition ofF such that one ofF is surjective, we have the following
result.

Proposition 7.2 Let IFS(F ) be an iterated function system such that one of F is
surjective. If IFS(F ) has the concordant ergodic shadowing property, then IFS(F )

is weakly mixing.

Proof Without loss of generality, we assume that f0 is surjective, then f0 × f0 is also
surjective from X × X to itself. Since IFS(F ) has the concordant ergodic shadowing
property, by Proposition 7.1, so does IFS(F ⊗F ). By Theorem 1.1 in [11], IFS(F ⊗
F ) is transitive. Then, for any nonempty open subsetsU1, V1,U2, V2 in X , there exist
ω ∈ �m and n ∈ N such that

f nω × f nω (U1 × V1) ∩ (U2 × V2) 
= ∅.

Therefore, IFS(F ) is weakly mixing. 
�
Acknowledgements The authors are grateful to the referees for the careful reading and many valuable
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