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Abstract

In this paper, we generalize the notion of the ergodic shadowing property to the iterated
function systems and prove some related theorems on this notion. In addition, we give
an example to show that there is an iterated function system which has the ergodic
shadowing property but not weakly mixing. Moreover, we show that ergodic shadow-
ing property implies the average shadowing property for iterated function systems.
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1 Introduction

Throughout this paper, (S, X, ¢) denotes a fopological dynamical system (or dynam-
ical system for short), where S is a topological semigroup, (X, p) is a compact metric
space and

¢ :SxX—>X,(s5,x) = sx

is a continuous action. So #(sx) = (ts)x forall x € X, t,s € §. Sometimes, the
dynamical system is denoted as a pair (S, X). Let % = {fo, f1,-.., fu—1} be a
family of continuous maps on X. The iterated function system IFS(%) is the action
of the semigroup generated by {fo, f1,..., fu—1} on X. If # = {f}, then it is the
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classical dynamical system (it also is called a cascade). We use the standard notation:
(X, f). In this paper, let Z_ be the set of nonnegative integers, and let N be the set of
positive integers, respectively. Foranyn € Nandn > 2,let X" = X x X x---x X (n
times). The action of S on X" is defined by s(x1, x2, ..., x,) = (sX1,5X2, ..., 5X,),
foralls € S and (x1, x2, ..., x,) € X".

In the general qualitative theory of dynamical systems, the shadowing property
plays an important role (cf. [1]). At the end of 1980s, the average shadowing property
was introduced and studied by Blank [3,4] in cascades. Later, some new notions
of shadowing were introduced in cascades. For example, Dastjerdi introduced d-
shadowing [5] and Fakhari and Ghane introduced the ergodic shadowing [7]. Recently,
we observed an increasing interest in shadowing property for iterated function systems
(cf. [2,6,8-11,13]). Some important notions in cascades were extended to iterated func-
tion systems, such as chain transitivity [2], shadowing [8] and the average shadowing
[10], etc.

In cascades, the notion of ergodic shadowing property was introduced in [7], and
the following result was proved (see Theorem A in [7]).

Theorem 1.1 ([7], Theorem A) Let f be continuous onto map of a compact metric
space X. For the dynamical system (X, f), the following properties are equivalent:

1. ergodic shadowing;

2. shadowing and chain mixing;

3. shadowing and topologically mixing;
4. pseudo-orbital specification.

In this paper, we generalize the notion of the ergodic shadowing property to the
iterated function systems. The following theorems are main results of this paper.

Theorem 1.2 For an iterated function system IFS(.F), where one of 7 is surjective,
the following properties are equivalent:

1. ergodic shadowing;

2. shadowing and chain mixing;

3. shadowing and topologically I-mixing;
4. pseudo-orbital specification.

Theorem 1.3 Let IFS(.F) be an iterated function system, where one of ¥ is surjec-
tive. If IFS(F) has the ergodic shadowing property, then IFS(.F) has the average
shadowing property.

By Theorem 1.1, we know that the ergodic shadowing implies mixing in cascades.
However, we find out that the ergodic shadowing may not imply weakly mixing for
iterated function systems (see Example 5.12). In [11], another notion of the “ergodic
shadowing” was introduced to iterated function systems and we call it as “‘concordant
ergodic shadowing” in this paper. If IFS(.%) has the concordant ergodic shadowing
property, and one of .% is surjective, then IFS(.%) is weakly mixing (see Proposi-
tion 7.2).

The present work is inspired by the notions and results from the papers mentioned
above and is organized as follows. In Sect. 2, we review some notions to be used
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in this paper. In Sect. 3, we prove that if an IFS(.%) has the concordant shadowing
property, then so does IFS(.Z*) for any k € N, where IFS(.Z¥) is k-fold composition
of IFS(.%); if IFS(.Z¥) for k € N has the concordant shadowing property, then so does
IFS(%) (see Proposition 3.3). In Sect. 4, we point out that the two notions of mixing
and I-mixing are different (see Example 4.2). In Sect. 5, Theorem 1.2 is proved. In
Sect. 6, Theorem 1.3 is shown. Finally, we study some properties of the concordant
ergodic shadowing.

2 Preliminaries

Firstly, we introduce some basic notations. For any A C Z, the cardinal number of
A is denoted |A|. The upper density of A is defined by d(A) = lim SUP,, s 00 %|A N
{0,1,...,n — 1}|; The lower density of A is defined by d(A) = liminf,_ %|A N
{0,1,...,n—1}]; Ifd(A) = d(A) = a, then the density of A is defined by d(A) = a.

Let (X, p) be a compact metric space, and let x € X. For ¢ > 0, let B(x, ¢) =
{yeX:pk,y <e}

Let
Yw={lo=wow - -w;---:w; €{0,1,...,m— 1}}.
Forn € Z,, let

Lioi1---ip] ={x =x0x1 -+ - Xy -+ € Zpy 1 X0 = i0, X1 = i1,..., %, = ip}.

LetIFS(.%) be an iterated function system, and letw = wow; - - - € Z,,. Put fa()) = idy.
Forn € N, let

Joo = fou1 00 for 0 fuy-
Fork € N, let
jkz{fwk_l O fuga © -0 fuy two, ..., w1 €{0,1,...,m—1}}.
Then, IFS(.Z*) is also an iterated function system. Let
ke =Atoty -ttt = wiwip - wi, wi; €40, 10 m =1 j=1,2, ..k}

Then, Y.

mk =
1. Step-skew product
For an iterated function system IFS(.%) and the shift map o : ¥, > X,,, we
consider the step-skew product

F:Y, xX— Xy xX,(0,x) = (0w, fu,(x)).
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A metric p on X,, x X is defined as follows:

p((w, x), (A, y)) = max{p1(w, 1), p2(x, y)}

for (w, x), (A, y) € &, x X, where p; and p, are metrics on %, and X, respec-
tively. The metric p; on %, is defined by p1(w, A) = 2%, where k = min{i : w; #
Ai}

Let k € N. Then,

FFiS, x X = Z, x X, (0, x) — (%o, f5x)).

2. Pseudo-orbit and shadowing
A sequence {x;};ez, in X is called an orbit of IFS(.%) if there is w € X, such that
Ja; (xi) = x;41 for all i € Z,. Meanwhile, the sequence {x;};cz, is also called
the w-orbit of xp.
Let § > 0. A sequence {x;};ez, in X is called a § -pseudo-orbit of IFS(F) if
there is w € X, such that p(fy, (x;), x;+1) < 6 for all i € Z. Meanwhile, the
sequence {x;};ez. is also called a w-8-pseudo-orbit of IFS(F).
Let A € X, and let & > 0. A sequence {x;};cz, of IFS(F) is e-shadowed by a
A-orbit {z;}iez, of IFS(F) if p(z;, x;) < e forall i € Z. In this case, one says
that {z;}iez, or zo, € -shadows the {x;}icz, .
An IFS(.%) has the concordant shadowing property (cf. [8]) if for any ¢ > 0, there
is § > 0 such that any w-3§-pseudo-orbit of IFS(.#) can be e-shadowed by some
w-orbit in X, where w € %,,.
An IFS(.%) has the shadowing property (cf. [8]) if for any & > 0, there is § > 0
such that any w—3-pseudo-orbit of IFS(.%) can be g-shadowed by some A-orbit in
X, where w, A € X,,.

3. Chain transitivity

Assume xp = X, X1,..., X, =y € Xandé > 0. Ifforanyi € {0, 1,...,n — 1}
there is w; € {0,1,...,m — 1} such that p(f,, (x;), x;+1) < &, the sequence
X0, X1, ..., %, is called a & -chain of IFS(.%#) with length n from x to y. An

IFS(%) is called chain transitive (cf. [2]) if for any two points x, y € X and any
8 > 0, there is a 8-chain from x to y. An IFS(%) is called chain mixing (cf. [2])
if for any two points x, y € X and any § > 0, there is a positive integer N such
that for any n > N there is a §-chain with length n from x to y.

We need the following result (see Theorem 2.3 in [13]).

Proposition 2.1 Let IFS(F) be an iterated function system. Then, IFS(F) is chain
mixing if and only if IFS(.F¥) is chain transitive for all k € N.

3 Concordant Shadowing Property

Bahabadi showed the following result (see Theorem 1.3 in [2]):

@ Springer



Ergodic Shadowing Properties of Iterated Function Systems 771

Proposition 3.1 Let IFS(F) be an iterated function system, and let F be the step-skew
product map corresponding to the IFS(%). Then, F has the shadowing property if
and only if IFS(F) has the concordant shadowing property.

Proposition 3.2 Let IFS(.%) be an iterated function system, and let F be the step-skew
product map corresponding to the IFS(.F), and letk € N. Then, F¥ has the shadowing
property if and only if IFS(F¥) has the concordant shadowing property.

Proof (=). Suppose that F* has the shadowing property. We show that IFS(.Z*)
has the concordant shadowing property. Given 0 < ¢ < 2Lk’ let0 <6 < ebeane

modulus shadowing for F k. Assume that {x;}icz, . is a n-8-pseudo-orbit of IFS(.# Ky,
where n = noninz - - - € X,k. Then, p2(gy, (xi), Xi+1)) < 8, where g, € Fk.
Suppose

No = WoW W2 -+ - Wg—1;

N = WgWg41Wk+2 * * - W2k—1;

Then, n = WOWI W2 * + + Wk—| Wk Wk Wk+2 * * - W2k—] * -+ € 2. Put o = n, ol =

ok (@?), w* = 6 ("), - - - . Therefore, p; (¥ (o), ®' 1) = 0 and

,Oz(f(ii (i), Xi+1) = p2(&y; (Xi), Xig1) <8

foralli € Z4.So {(wi, Xi)}iez., is a-pseudo-orbit of F k_Since F¥ has the shadowing
property, there exists z € X such that ,o(Fk"(n, 2), (&', x;)) < eforalli € Z. This
implies that pz(f,;'k(z), Xj) = ,()g(gf7 (z),xi) <eforalli € Z4, so IFS(.Z*) has the
concordant shadowing property.

(<=). Suppose that IFS(.Z*) has the concordant shadowing property. We show that
F* has the shadowing property. Given 0 < & < %, let 0 < § < ¢ be an € modulus
shadowing for IFS(.Z%). Let {(o', Xi)}iez, bead-pseudo-orbit of F¥ where o' € I,
andx; € X foralli € Z,. Then, p(FF(&', xi), (01, Xi+1)) < éforalli € Z . This
implies that p1 (0¥ ('), @' 1) < 8 and pa(f¥ (xi), xi11) < 8 foralli € Z,. Let

Ao = w(o)a)(l) .. -a),?fl

PR |
A = @ywy - o

hn = @@ - @y

Considering A = AgA[ -+ Ay ...,then A € X« C %,,.

Thus, {x;};ez, isaA-8-pseudo orbit of IFS (ﬁk). Since IFS (ﬂk) has the concordant
shadowing property, there is a A-orbit {z;};e7, of IFS(F# k) such that ps(z;, x;) < €
for all i € Z . In addition, for this A, we can get p; (6’ (1), ') < e foralli € Z,.
Therefore, we have p(F¥ (1, zo), (', x;)) < ¢ for all i € Z. This implies F* has
the shadowing property. O
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By Theorem 4.3 and Theorem 4.5 in [ 1], we know that F has the shadowing property,
then so does for F¥ for any k € N; if F¥ for k € N has the shadowing property, then
so does for F. So by Proposition 3.1 and Proposition 3.2, the following result holds.

Proposition 3.3 Let IFS(.%) be an iterated function system.

1. IfIFS(.F) has the concordant shadowing property, then so does IFS(.F*) for any
k e N;

2. If IFS(F%) for k € N has the concordant shadowing property, then so does
IFS(.7).

4 Mixing

Let (S, X) be adynamical system, andlet U, V C X. Wedenote N(U,V) ={s € S:
sUNV # #}. A dynamical system (S, X) is (fopologically) transitive if for every pair
of nonempty open subsets U, V in X, we have N (U, V) # . A dynamical system
(S, X) is (topologically) weakly mixing if (S, X x X) is transitive. A dynamical system
(S, X) is (topologically) mixing, if N(U, V) is confinite (thatis, S\ N (U, V) is finite)
for every pair of nonempty open subsets U, V in X.

Let IFS(.%) be an iterated function system, let w € %, and let U, V C X. Put
M,U,V)=1{necZy: f(UNV #@},and MU, V) = UwGEm My, (U, V).
An IFS(%) is (topologically) transitive, if there is w € X%, such that M, (U, V) is
nonempty. An IFS(.%) is (topologically) I-weakly mixing it M (U1, V1) NM (U, V) #
# for any nonempty open subsets Uy, Uz, Vi, V2 in X. An IFS(%) is (topologically)
I-mixing if M (U, V) is confinite for every pair of nonempty open subsets U, V in X.

Remark 4.1 In[2,9,11], the notion of I-mixing is called directly “mixing”, the I-weakly
mixing is called “weakly mixing”, but the following example shows that [-mixing and
mixing are different, and I-weakly mixing and weakly mixing are different.

Example 4.2 There is an IFS(.%) which is I-mixing but not weakly mixing.
Proof We define two continuous maps fj, f1 on X as follows: for all x = xgx; --- €
X,

Jox) = Oxpxy--- 5 fi(x) = Ixoxy--- .

1. IFS(.%) is not weakly mixing.
Assume that IFS(.%) is weakly mixing. Take open subsets U; = [1], U, = [0],
Us = [0], Uy = [1] of 5. Then, N(U;, Up) N N (U3, Uy) # @, so there are w =
wow - € ¥ and n € N such that

fw,kl ©---0 fw1 Ofwo(Ul) NU, 75 @, fwnq S Ofwl ° fwo(U3) N Uy 75 @.

This implies that w,—; = 0 and w,_; = 1, a contradiction.

2. IFS(%) is I-mixing.
Take open subsets U = [xgx1 ---x,] and V = [ygy1 - - - yu] of X». It is clear that
M (U, V) is confinite subset of Z. So IFS(.%) is [-mixing. O

@ Springer



Ergodic Shadowing Properties of Iterated Function Systems 773

The following implications are true.

mixing ————= weakly mixing ——=> transitive

I I _—

I —mixing ——= I — weakly mixing

It is easy to see that the following two propositions hold.

Proposition 4.3 Let IFS(.7) be an iterated function system.

1. IfIFS(F) is transitive, then IFS(F) is chain transitive.
2. If IFS(F) is I-mixing, then IFS(.F) is chain mixing.

Proposition 4.4 Let IFS(F) be an iterated function system. Suppose that IFS(.F)
has the shadowing property (it is not necessary to have the concordant shadowing
property).

1. IfIFS(Z) is chain transitive, then IFS(F) is transitive.

2. If IFS(%) is chain mixing, then IFS(.%) is I-mixing.

Amap f : X — X is semi-open if for any nonempty open subset U of X, f(U) has
nonempty interior. By Theorem 2.1 and Theorem 2.4 in [13], Lemma 3.3 and Lemma
3.4 in [9], the following proposition holds.

Proposition 4.5 Let IFS() be an iterated function system, and let F be the step-skew
product map corresponding to the IFS(). Then, the following results hold:
1. If F is transitive (resp. weakly mixing, mixing), then IFS(F) is transitive (resp.
I-weakly mixing, I-mixing).
2. If every f € % is semi-open and IFS(F) is transitive ( resp. I-weakly mixing,
I-mixing), then F is transitive (resp. weakly mixing, mixing).
The following example shows that [-mixing may not imply shadowing.
Example 4.6 There is an IFS(.#) which is I-mixing but without shadowing.

Proof Consider the map fo(x) = 0, and the tent map f;(x) on X = [0, 1] (that is,
filx) = 2x,x € [0, %]; filx) =2 —-2x,x € [%, 1]). Since the cascade (X, f1) is
mixing, then the IFS( fy, f1) is [-mixing. Example 1.5 in [2] shows that the IFS( fo, f1)
does not have the concordant shadowing property. In fact, the IFS( fy, f1) does not
have the shadowing property too. O

5 Ergodic Shadowing Property and Sub-shadowing Property
Let IFS(.%) be an iterated function system. Let w = wow; --- € X, and § > 0, an
infinite sequence & = {x;};cz, in X is called a w—§ -ergodic pseudo-orbit of IFS(%)
if

d({i € Zy : p(fo; (xi), xiy1) < 8}) = L.
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An IFS(.%) has the ergodic shadowing property if forany ¢ > 0, thereis§ > 0 such
that any w—d-ergodic pseudo-orbit {x;};ez, of IFS(%) can be ¢-ergodic-shadowed
by some n-orbit {z;};cz, where w,n € X, thatis, d({i € Zy : p(z;, x;) < ¢}) = 1.
In this case, one says that {z;};cz, or zo, €-ergodic-shadows the {x;};cz. .

Letg € [0, 1). AnIFS(.%) has the g-ergodic shadowing property if for any ¢ > 0,
there is 6 > O such that any w—§ -ergodi_c pseudo-orbit {x;};ez, of IFS(.#) canbe e-q-
shadowed by some n-orbit {z;};cz, wherew, n € Xy, thatis,d({i € Zy : p(zi, xi) <
€}) > q. In this case, one says that {z;};cz, or zo, ¢ —g—shadows the {x;}iez, -

Let p € [0, 1). An IFS(%) has the p-ergodic shadowing property if for any ¢ > 0,
thereis § > 0 such that any w—6-ergodic pseudo-orbit {x; };c7, of IFS(#) canbe e-p-
shadowed by some n-orbit {z;};cz, where w, n € Xy, thatis,d({i € Zy : p(zi, x;) <
€}) > p. In this case, one says that {z; };cz, or zo, &-p-shadows the {x;}icz, .

We need the following two lemmas (see Lemma 4.1 and Lemma 4.2 in [12]).

Lemma5.1 Let A, B C Zy. Ifd(A) +d(B) > 1, thend(AN B) > 0.

Lemma5.2 Let A, B C Z. Then, d(AN B) > d(A) + d(B) —d(A U B).
Proposition 5.3 Let IFS(.%) be an iterated function system, where one of .7 is sur-
Jjective. Then, the following results hold:

1. IfIFS(%) has the 0-ergodic shadowing property, then IFS (F) is chain transitive.
2. IfIFS(%) has the %—ergodic shadowing property, then IFS(F) is chain transitive.

Proof We only prove the (1) holds, since the proof of (2) is similar to (1). Fix any
¢ > 0 and any x, y € X. Next, we will show there exists an e-chain from x to y. Let
ng = 2. Forany i € N, let n; = i! - ng. For convenience, we will also use f(;1 (y) to

represent an element of fo_l ().
Let

g1 =x, foo), ..., fy'' )
g = f "Gy T o)y
g5 =ux, fol), ..., 77" ()

g = £ 0, LT o)y

Putn = {x;}icz, = §162&3--- . Forany § > 0, nis a §-ergodic pseudo-orbit of f. For
e > 0, we find a w-orbit {z;};cz, for some w € X,,, which g-0-shadows 7. Let E =
{i € Zy : p(zi,xi) < ¢€}. Then,d(E) > 0. Let M1 = {i € Z+ : x; € orb(x, fo) =
{fi(x) : n € Zy}}, and let My = Zy \ M. Clearly, d(M)) = d(M>) = 1. By
Lemma 5.1, we have d(E N M) > 0 and d(E N M) > 0. '

We can choose nonnegative integers s, r, i, iy such thatr < s—1, d(f(;'" (x),zr) <

¢ and d(fofi“ ), z5) < &.
Then, the sequence

. . n
X fo0)s ey 7 ) 2 Tt o zsmts o PO £ BT O
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is an g-chain from x to y. Thus, IFS(.%) is chain transitive. m]

Remark 5.4 In Proposition 5.3, we assume that one of .% is surjective. We can replace
this assumption by the following:

m—1
U oo =x.
i=0

So the condition of “one of .# is surjective” in Theorem 1.2 can be replaced by it.

Proposition 5.5 Let IFS(.%) be an iterated function system, where one of F is surjec-
tive. If IFS(F) has the ergodic shadowing property, then IFS(.F) has the shadowing

property.

Proof Given ¢ > 0, let § > 0 be ¢ modulus of ergodic shadowing property. Let w €
YXm,andlet{x;};ez, beaw-5-pseudo-orbit. Suppose &, = xo, x1, ..., x,. Then, §,isa
8-chain from xg to x,,. By Proposition 5.3, we choose a 6-chain y = x,,, y1, ..., Yk, X0
from x, to xo. Then, n = &, y1 - - - y&,y1 - - - V&, - - - is a §-pseudo-orbit. So it can be
g-ergodic shadowed by a A-orbit {z;};¢7, . Hence, at least one &, is entirely e-shadowed
by a piece of the {z;}iez, -

Next, we prove that {x;};cz, is e-shadowed by an orbit. As every &, is e-shadowed

by a piece {z;,,2,,, " ,2,,} of an orbit. Since X is compact, we may assume
so = lim,, o zﬁo, st =limy 5002y, -+, Sn = limy 0 7, . Then, there is a 6-orbit
{si}iez, which e-shadows {x;};ez. , where 6 € X,. O

Proposition 5.6 Let IFS(.%) be an iterated function system. If IFS(.F) has the ergodic
shadowing property, then IFS(F*) has the 0-ergodic shadowing property for any
positive integer k.

Proof Give a positive integer k. Suppose that IFS(.#) has the ergodic shadowing
property. Given ¢ > 0, let § > 0 be ¢ modulus of ergodic shadowing property. Let
n = {ui}iez, be a w—5-ergodic pseudo-orbit of IFS(.F ky, where o € %,,«. Then, for
alli € Z4, we have

d({i € Zy : p(8uw; (i), uiy1) < 8}) = 1.

— . _ ) i i i
where g, = ft}c,l O'”offi oft(,),andto,tl, oot €{0,1,...,m—1}L
Leté = {xi}iez, be

u f10(o), fro 0 fo(wo), ... fro oo fioo fo(uo);
i, fo @), firo fr@uo), ..., fu o---o firo fi(ui);

Foreveryl € Z andevery j € {1, ...,k — 1}, we have xjx1; = fu
i

[o- o fy ).

In particular, for any [ € Z,, we have x;; = u;. Then, & is a §-ergodic pseudo-orbit
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of IFS(.%), so there is an orbit {z;};ez, of IFS(.F) such that
d{i € Z4 : p(zi, xi) < e}) = 1.

Asd({i € Zy : x; € {uilicz,}) = %, by Lemma 5.2 we have
1
dl({i € Z4 : p(zisxi) <ehN{i € Zy : xi €{uitiez, D] =1+ ri 1>0.

Thatis,d({i € Z4 : p(zki, ui) < €}) > 0. Note that {zx; };cz, is an orbit ofIFS(ﬁZk).
So IFS(#*) has 0-ergodic shadowing property. O

Corollary 5.7 Let IFS(.F) be an iterated function system, where one of F is surjective.
If IFS(.F) has the ergodic shadowing property, then IFS(F) is chain mixing

Proof By Proposition 5.6, for all positive integer k, IFS(.#¥) has the 0-ergodic shad-
owing property. By Proposition 5.3, IFS(.Z*) is chain transitive for all positive integer
k. By Proposition 2.1, IFS(.%) is chain mixing. O

The following definition is different from Definition 2.3 in [11].

Definition 5.8 An IFS(%) has the pseudo-orbital specification property, if for any
& > 0 there exist § = é(¢) > 0 and K = K(e) > 0 such that for any w € %,, and
given nonnegative integers ap < by < a; < by < --- < a, < b, with a; 41 - b; > K
foralli = {0, 1,...,n — 1}, for any §-chains &, &1, ..., &, with & = {x}} for all
J €lai,bi] C Zyand0 < i < n(thatis, p(fo,; (x}), x}, ;) < 8forall j € [a;, b;]and
0 <i < n), there exists an orbit {z;} ez, such that p(z;, x;'.) < dforall j € [a;, b;]
and0 <i <n.

Remark 5.9 If IFS(.%) is I-mixing, then for any & > 0, there exists a natural number
N (¢) such that for any two points x and y in X,

M(B(x,¢), B(y,e)) 2 {N(e), N(e) + 1,---}.

Indeed, given ¢ > 0, assume X = Uﬁ:o B(x;, §) and put

N(e) = 1Ir_lax min{n : forallk e M (B (x,-, %) , B (xj, %)) we have k > n}.

<i,j<l

Lemma 5.10 Let IFS(.%) be an iterated function system. If IFS(.%) has the shadowing
property and is I-mixing, then IFS(.%) has the pseudo-orbital specification property.

Proof Let ¢ > 0 be given and § be an ¢ modulus of shadowing for IFS(.%). Since X
is compact, then there exists 0 < n < § such that for any a, b € X and p(a, b) < 7,
we have p(f;(a), fi(b)) < & forall f; € F. As IFS(%) is I-mixing, for n > 0 we
choose N (1) by Remark 5.9. Put K(¢) = N(n) and let nonnegative integer intervals
[ao, bol, [a1, b1], ..., [an, byl with a; 41 — b; > K(e) foralli € {0,1,...,n — 1}.
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Suppose that &, &1, .. ., &, are §-chains such that§; = {x;} and p(fo, (xj.), x;H) <6
forall j € [a;,b;]and 0 < i < n, where w € %,,. By chpice of K(e),_there exists a
true orbit §; with a; — b; _1 — 1 elements which begin at 6| and end at 9"11,_ bio—1 with
p(fur,_ (X 1), 00) < Sandp(@] _, . wny, (X)) < mforanyi € {1,2,....n}.
So

'O(fw"i—l (Q(ii*bi—lfl)"xlili) <3

foranyi € {1, 2,...,n}.Thus, &, 61, &1, 62, ..., &, is apiece of 6-pseudo-orbit which
can be e-shadowed. So IFS(.%) has the pseudo-orbital specification property. O

Lemma 5.11 [FS(.%) has the pseudo-orbital specification property, then IFS(.F) has
the ergodic shadowing property.

Proof Suppose that IFS(.%) has the pseudo-orbital specification property. Given & >
0, put § > 0 and K be two modulus according to the ¢ as in definition of the pseudo-
orbital specification property. Let§ = {x;};cz, be a w—d-ergodic pseudo orbit, where
we X, Let A={i € Zy : p(fu;(xi), xi+1) < 8} and choose a sequence

a1<b1<a2<b2<-~-

of nonnegative integers with the following properties:

1. for any n, [a,, b,] C A;

2. forany n, ay+1 — by, > K;

3. limy o ZZ=] (@g+1 — br)/bp — 0.

For any n, there exists orbit {z!'};c[0,5,] Which e-shadows n pieces of the ergodic
pseudo-orbit {x;};ez, corresponding to the n intervals

[alﬂ bl]v [a27 b2]7 R [am bn]

Without loss of generality, suppose lim, .oz, — Yo, then there exists an orbit
{yi}iez, which e-ergodic shadows &. So IFS(.%) has the ergodic shadowing property.
O

Proof of Theorem 1.2 1t is sufficient to assemble the obtained results in Sect. 5. (1) =
(2) is Proposition 5.5 and Corollary 5.7, (2) = (3) is Proposition 4.4, (3) = (4) is
Lemma 5.10 and finally, (4) = (1) is Lemma 5.11. O

In cascades, ergodic shadowing implies mixing (see Theorem 1.1). However, for
iterated function systems, this implication may not be true.

Example 5.12 There is an iterated function system IFS(.%) which has the ergodic
shadowing but not weakly mixing.

Proof Let IFS(.%) be defined as in Example 4.2. Then, IFS(.%) is I-mixing but not
weakly mixing. By Example 1.2 in [2], [FS(.%) has the concordant shadowing prop-
erty. Since fo(X) U f1(X) = X, by Theorem 1.2 and Remark 5.4, IFS(.%) has the
ergodic shadowing property. O
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6 Average Shadowing Property

Given 6§ > 0, we say that an infinite sequence {x;};cz, in X is a §-average pseudo-
orbit of IFS(.%) if there are w € X, and positive integer N = N(§) > 0 such that
for every integer n > N (8) and every nonnegative integer k, the following condition
is satisfied:

n—1

- Z P Sowrp Kigr)s Xigkr1) < 6.
i=0

An IFS(%) has the average shadowing property if for any ¢ > 0 there is § > 0
such that every §-average pseudo-orbit {x;};cz, is &-shadowed in average by some
orbit {z;};ez, of IFS(.#), that is,

n—1

1
lim sup — Zp(zi, Xij) <e.

— n -z
n—00 i—o

In this case, one says that {z;};ez, or zo, e-shadows in average {x;};cz. .

An IFS(Z) has the has g-average shadowing property if for any & > 0 there is
8 > 0 such that any S8-average pseudo-orbit of IFS(.Z) can be e-g-shadowed by
some orbit {z;};cz, of IFS(F), thatis, d({i € Z : p(z;, x;) < €}) > ¢. In this case,
one says that {z;};ez, or zo, e—g—shadows (xi}iez, -

Lemma 6.1 Let IFS(.F) be a chain mixing iterated function system. Then, for every
e > 0, there is k(¢) € N, such that for any x,y € X and any n > k(¢), there are
points 21, 22, - -+ , Zn € X such that the sequence

X, Z1, 32,0 ’Z}’l?y

is an e-chain.

Proof As IFS(.%) is chain mixing, then for any ¢ > 0 and any x, y € X there exists
kyy(e) € N, such that for any n > ky(¢) there exist some points z1, 22, ...,2, € X
suchthatx, z1, z2, ..., Zn, yisan %—Chain. Since X is compact, there exists 0 < § <
such that for any two points u, v € X with p(u, v) < 8, we have p(f(u), f(v)) <
forall f € Z.

[SlIGTSTI)

Claim For any two points u € B(x, §), v € B(y, §), the sequence u, 21, 22, .- -, Zn, V
is an e-chain.
Assume p(fi(x),z1) < 5 and p(fj(z4),y) < 5 for f;, f; € F. Then,

p(fiw).21) < p(fiw). fi(0)) + p(fi(x). 21) < §+§ <e

&
p(fizn), v) < p(fj(zn), y) +p(y,v) < 3 +d<e
Therefore, the claim holds.
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Since {B(x,8) x B(y,6) : (x,y) € X x X} is an open cover of X x X, then there
exists a finite subcover {(B(x1, ) X B(y1, 8)), (B(x2,8) X B(y2,6)) -+ , (B(xp, §) X
B(ym, 8))}. Let k(¢) = max{ky,;y, (¢),i = 1,2,...,m}. Then, for any x, y € X and
any n > k(¢), there exists an e-chain with length n 4 1 from x to y. O

Theorem 6.2 Let IFS(F) be an iterated function system. Then, the following condi-
tions are equivalent:

1. IFS(.7) has the average shadowing property;
2. IFS(F) has the q-average shadowing property for all q € [0, 1).

Proof (1) = (2).Letq € [0,1). Fixany ¢ > 0, let y = (1 — g) - e. Taking any
d-average pseudo-orbit & = {x;};ez, , then there exists an orbit {z;};ez, which y-
shadows & in average. Denote A = {j € Zy : p(zj,xj) < ¢} and observe

. S oz, xi)
v > limgp S
Zlimsups-n_|Am{O’l"“’n_1}|
n—00 n
>e—e¢e-d(A).

Buty = (1 — q) - ¢, thus d(A) > ¢ and so IFS(.%) has the gq-average shadowing

property.
2) = (). Without loss of generality, we assume diam(X) = 1. Give ¢ € (0, 1).
Letg > 1 — 5. As IFS(#) has the g-average shadowmg property, there is § > 0

such that any 8 average pseudo-orbit {x;};cz . can be £ 3-¢-shadowed by some orbit

{zitiez, Let E = {i € Zy : p(zi, xi) > 3}. Then, d(E) <l—-g< g.Let E, =
EN{0,1,...,n—1}. Then,

n—1
lim sup — ZP(Zz,xz)—thUP_ Zp(zl’xl)+zp(zl’xl
n—o0 icE, icEg
<d(E)+ § < €.
So, IFS(.%) has the average shadowing property. O

Proposition 6.3 Let IFS(.%) be an iterated function system. If IFS(.%) has the shadow-
ing property and is chain mixing, then IFS(.%) has the q-average shadowing property
forallg € [0, 1).

Proof Givee > 0 (¢ < 3(1—¢q)).Lety be an ¢ modulus of shadowing. By Lemma 6.1,
there is a positive integer M such that for any x, y € X, there is a y-chain of length
M from x to y.

Without loss of generality, we assume diam(X) = 1.Letd = 53;. Leté = {xi}icz,
be a w—§-average pseudo-orbit where w € %,,. Then, there is N such that for any n >
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N and k > 0, we have

n—1
- Zp(fw,+k(xz+k) Xitk+1) < 6.
=0
We may assume N > M.
Forany j € Z4, let
YjNs YjN+1s-+-s YiN+N = XjN, XjN+1s---s XjN+N-

Next, if there is jN < i < jN + N such that p(fy, (i), yi+1) = ¥, we choose
ksothat jN < k <i < k+ M < jN + N and replace i, Yk+1,---s Yk+M
with any y-chain of length M from y; to yxyp. We repeat these replacements until
YjN>YjN+1,--.,YjN+nN becomes a y-chain. Therefore {y;};cz, is a y-pseudo-orbit.
Then, there is an orbit {z; };cz, which e-shadows {y;}icz, .

Observe that for any j € Z,, we have

M- [{i € [[N,JN+N):p(fo(xi), xiz) =y} =i € [[N, jN + N) : xi #yi}l,

and
N—
M
>N Z P(fwjnyi (XjN+i)s XjN+it1)
i=0
M . S
z 5" y{i € [N, jN + N) : p(foy; (xi), Xi+1) > ¥}
So
Yo ran s _
—I{l €[N, N+ N):x; # yi}l
)’
ﬁ M{i € [jN,jN + N): p(fo, (xi), Xi+1) = v}
<34
It follows

l{i e [/N.JN +N):xi # yill <5-M_8
N y 3
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Let E={i €Z4:x;i =y;}.Foranyn e N,letn =kN +1,0 </ < N — 1. Then,

. |[ECN{0,1,...,n—1}] . |[E€N{0,1,...,Nk+1)—1}]
lim sup < lim sup
n—00 n k— 00 kN
Nk+1
k— o0 kN 3
o
=—-<1-—g.
3 q
Sod(E) > q. This implies d({i € Z+ : p(zi, xi) < &}) > q. O

Proof of Theorem 1.3 By Theorem 1.2, Propositions 6.2 and 6.3, the theorem holds. O

Next, we give two iterated function systems which have average shadowing prop-
erty.

Example 6.4 There is an IFS(.%) with average shadowing but not chain transitive.

Proof Let X be a compact metric space with more than two elements, and let a, b
be two different points of X. Consider the constant maps fo(x) = a, fi(x) = b.
The IFS(fo, f1) has the average shadowing property but it is not chain transitive (see
Example 2.2 in [2]). O

Example 6.5 There is an IFS(.%) with average shadowing and concordant shadowing
but not transitive.

Proof Consider the map fp(x) = %x, and the map fi(x) = ;llx on [0, 1]. Then,
the IFS(fo, f1) has the average shadowing property and the concordant shadowing
property (see Theorem 3.2 in [10], and the proof of Theorem 2.1 in [8]), but IFS( fo, f1)
is not transitive. O

7 Concordant Ergodic Shadowing Property

An iterated function system IFS(.%) has the concordant ergodic shadowing property
[11], if for any & > 0, there is 6 > O such that any w—-§-ergodic pseudo-orbit {x;};ez,
of IFS(.#) can be e-concordant ergodic-shadowed by some n-orbit {z;};ez, where
w,n € Xy, thatis,d({i € Z+ : p(zi,xi) <e}) =landd{i € Z4 : n; = w;}) = 1.
In this case, one says that {z;};cz, or zo, e-concordant ergodic-shadows the {x;}icz, .

Let IFS(#) and IFS(¥) be two iterated function systems, where % =
{fo, f1,---, fm—1}1s a family of continuous maps on X, and ¢ = {go, g1, ---, &m—1}
isafamily of continuous mapson Y. Let # QY = { fox g0, f1X&1s - > fim—1X&m—1}-
Then, IFS(¥ ® ¥) is the action of the semigroup generated by .# ® 4 on X x Y. Let
FxG={fixgj:i,j=0,1,...,m—1}. Then, IFS(F x ¥) is the action of the
semigroup generated by # x Y on X x Y.

Proposition 7.1 Let IFS(.%) and IFS(%) be two iterated function systems, where F =
{f01 fl’ LRI fm—l} and g = {g()? gl» ] gm—1}~ I.fIFS(y) and ]Fs(g) have the
concordant ergodic shadowing property, so do IFS(% ® 4) and IFS(F x 94).
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Proof We only consider the case of IFS(.# ® ¥), since the case of IFS(.# x 4) has
been proved (see Lemma 4.2 in [11]). Let {(x;, y;)} be a w—§-ergodic pseudo-orbit of
IFS(% ® ¢) where w € %,,. Then,

d({i € Zy : p(fu; (xi), xi11) < 8 and p(guw; (i), yit1) < 8}) = 1.

Thus, {x;i}icz, and {y;}iez, are ergodic pseudo-orbits for IFS(%) and IFS(¥),
respectively. Since IFS(.#) and IFS(¥) have the concordant ergodic shadowing
property, there are z; and zp of X, which e-concordant ergodic-shadow §-ergodic
pseudo-orbit {x;};cz, and {y;}iecz, , respectively. Obviously, {(z1, z2)} £-concordant
ergodic-shadows {(x;, y;)}. O

Shabani showed that if IFS(.%#) has the concordant ergodic shadowing property,
andUrc gz f(X) = X, thenIFS (%) is I-weakly mixing (see Lemma4.6in [11]). If we
enhanced the condition of .% such that one of .7 is surjective, we have the following
result.

Proposition 7.2 Let IFS(.%) be an iterated function system such that one of F is
surjective. If IFS(F) has the concordant ergodic shadowing property, then IFS(%)
is weakly mixing.

Proof Without loss of generality, we assume that fj is surjective, then fy x fp is also
surjective from X x X to itself. Since IFS(.%#) has the concordant ergodic shadowing
property, by Proposition 7.1, so does IFS(# ® .%). By Theorem 1.1 in [11], IFS(# ®
) is transitive. Then, for any nonempty open subsets Uy, Vi, Us, V; in X, there exist
w € X, and n € N such that

foo X fo U1 x Vi) N (U2 x V2) # 0.
Therefore, IFS(.%) is weakly mixing. O
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