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Abstract
In this paper, we study the following Chern—Simons—Schrodinger equation

2 +00
—Au + wu +)\.<—h (x]) ~|—/ h(s)
\

3 —uz(s)ds)u =g(u) in Rz,
| x| x| s

u e H'(R?),

where w, A > O and h(s) = % f(; ru?(r)dr. Since the nonlinearity g is asymptotically
5-linear at infinity, there would be a competition between g and the nonlocal term.
By constrained minimization arguments and the quantitative deformation lemma, we
prove the existence of least energy sign-changing radial solution, which changes sign
exactly once. Further, we study the concentration of the least energy sign-changing
radial solutions as A — 0.

Keywords Chern—Simons—Schrodinger equation - Asymptotically 5-linear -
Variational methods - Least energy sign-changing radial solution - Concentration
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1 Introduction and Main Results

In this paper, we are interested in the following type of Chern—Simons—Schrodinger
equation
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2 +00
—Au + ou + A(h (Ix]) + @uz(s)ds>u =g(u) in Rz,
|x|? Ix| §

(1.1)
u e H'(R?),

where w, A > 0 and h(s) = %f(; ru®(r)dr. As we all know, Eq.(1.1) derives from
studying the standing wave solutions of the following nonlinear Schrodinger system

iDo + (D1 D1 + D2D2) + g(@) =0,
00A1 — 01Ag = —Im (¢ D29),
A — hAg = —Im (D). (1.2)

1o
0142 — DA = —§|¢| ,

where i denotes the imaginary unit, dy = %, J1 = %, o) = % for (¢, x1,x2) €

R!*2 ¢ : R'*2 — C denotes the complex scalar field, A, : R!*2 — R denotes the
gauge field and D, = 9, + i A, denotes the covariant derivative for v = 0, 1, 2.

System (1.2) was firstly proposed in [12,13], where (1.2) is usually called as Chern—
Simons—Schrodinger system. The Chern—Simons—Schrédinger system defined in R?
is a non-relativistic quantum model describing the dynamics of a large number of
particles in the plane, in which these particles interact directly through the spontaneous
magnetic field. In addition, it describes an external uniform magnetic field, which is of
great significance to the application of Chern—Simons theory in quantum Hall effect
[20]. For more physical backgrounds of system (1.2), we refer readers to [10,18,19].
After these works, many mathematical scholars have been studying the existence of
standing wave solutions for system (1.2). Especially, when g(u) = A|u|?~2u with
p > 2 and A > 0, some interesting results are presented in [2,3,11,14,22]. When it
comes to the standing wave solutions of system (1.2) with the form

¢, x) = u(lx)e’ and Ag(t, x) = Ao(lx)),
X L

At x) = ME e

h(lx]) and Ax(r,x) = ——=h(|x]),

system (1.2) reduces to the following nonlocal equation

—Au+(w+s)u+( u2(s)ds)u=x|u|1’*2u inR2, (1.3)

|x|?

1 (x)) +/+°°@
\

x| s

where h(s) = % f()s ru?(r)dr, & € Risan integration constant of Ag. Here, Ag has the
expression

+00
Ao(r) =& +/ @lﬂ(s)ds.
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Moreover, in Chern—Simons theory, system (1.2) is invariant under the gauge trans-
formation

¢ — pe'X and A, > A, —d,x forany x € C®(R). (1.4)

Then, for a given stationary solution, if taking x = ct in (1.4), we may obtain
another standing wave solution, in the sense that the functions u(x), Aj(x), A2(x)
are unchanged, w — w + ¢ and Ag(x) — Ao(x) — c¢. That is, the constant w + & is a
gauge invariant of the stationary solution to system (1.2). Due to the above discussion,
we may take & = 0 below, then lim|y|— o0 Ag(x) = 0. In this case, Eq. (1.3) becomes

h2 400 h
—Au+ ou+ ( (D ﬁuz(s)ds)u — AP 20 inR2. (15)
|x|? Ix] s

Recently, many scholars pay attention to Eq.(1.5) and obtained lots of results,
see, for example, [2,3,10,11,14,15,21,22]. Especially, for the case of p € (2,4) and
o > 0, the standing wave solutions of Eq. (1.5) are found in [2] by the constrained
minimization methods. After this, Pomponio and Ruiz [22] proved the existence and
nonexistence of nontrivial solutions depending on the range of w to Eq.(1.5). Fur-
thermore, Pomponio and Ruiz [21] have studied the existence of positive solution for
Eq. (1.5) on large ball. For p = 4, Byeon et al. [2] proved that Eq. (1.5) has no stand-
ing wave solutions if A € (0, 1), has a family of weak solutions in Hrl R ifr =1
and has a standing wave solution if A > 1. In addition, Li and Luo [15] proved the
nonexistence of normalized solution by the constrained minimization method when
p = 4. Meanwhile, they also considered the case of p > 4. For p € (4, 6), Byeon et
al. [2] proved the existence of standing wave solutions of equation (1.5) by considering
a minimization problem on a manifold of Pohozaev—Nehari type in Hr1 (R?). Addi-
tionally, Huh [11] proved that Eq. (1.5) has infinitely many solutions for any p > 6.
For more investigations on the Chern—Simons—Schrodinger equations, we refer the
interested readers to [3,6,8,10,14,17,23,26,27] and references therein.

As far as we know, for the existence of sign-changing solutions to Eq. (1.5), there
are few works presented in [9,16,25]. In [16], Li, Luo and Shuai proved the existence
of least energy sign-changing radial solution which changes sign exactly once when
p > 6.1In[9], Deng, Peng and Shuai studied that Eq. (1.5) has multiple nodal solutions
when p > 6. Xie and Chen [25] considered the more general type of nonlinearity g,
and a least energy sign-changing radial solution with two exactly nodal domains is
obtained when g is 5-superlinear.

Inspired by the above results, we consider the existence of sign-changing solutions
for Eq. (1.1) under the following assumptions:

(g1) g € CR,R),

(g2) lim,o &2 =0,

(g3) lim;_ o0 % =1and gt(—? < 1forall 1 € R\{0},
g()

(g4) the function 7 — e is strictly increasing for all ¢ € R\{0}.

Our main results of this paper read as follows:
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714 J.-C.Kang et al.

Theorem 1.1 Assume that A > 0 and (g1) — (g4) are satisfied. Then, Eq. (1.1) admits
a least energy sign-changing radial solution u), which changes sign exactly once.

We further study the concentration of least energy sign-changing radial solutions
as A — 0.

Theorem 1.2 For any sequence {X,} C (0, 4-00) such that A, — 0asn — 00, {uy, }
strongly converges to ug in Hr1 (R?) up to a subsequence, where ug changing sign
exactly once is a least energy sign-changing radial solution of

—Au+ou = gu) in R (1.6)

Remark 1.3 To the best of our knowledge, the sign-changing solutions of Eq.(1.1)
were considered in [9,16,25], where the nonlinearity g is supposed as 5-superlinear
at infinity. In the present work, we assume that the nonlinearity g is asymptotically
5-linear, which means that there would be a competition between the nonlocal term
and the local nonlinearity. Hence, we will encounter the main difficulty in proving
Theorem 1.1 that the sign-changing Nehari-type manifold for Eq. (1.1) is nonempty
under our assumptions (g1) — (g4). Additionally, we point out that there are many

" forallt € R.

functions satisfying (g1) — (ga), for example, g(¢) = T

The rest of this paper is organized as follows. In Sect. 2, we give some preliminary
lemmas which are necessary for proving our results. Section 3 is devoted to proving
Theorems 1.1 and 1.2.

Henceforth, we use the following notations:

1
e L7(R?) is the usual Lebesgue space with the norm lul, = (fR2 |u|pdx) » for all
p € [1, +00).
° Hr1 (R?%) consists of the all radial functions in H'(R?) with the inner product and
norm

(u,v):/ (Vi - Vo + ouvydx and |[u| = (u, u)?.
]R2

e || - || z-1 denotes the norm of the dual space H,~!(R?) of H(R?).

e For any p € [2, +00), there exists the constant S, such that |u|£ < Spllull? for
allu € H(R?).

e “ —” and “—” denote the strong and weak convergences in function spaces,
respectively.

e u(x) = max{u, 0},u~ = min{u, 0}; C;,i = 1,2, - - -, denote positive constants.

e Foranyr > 0, B, := {x e R? : |x| < r}.

2 Preliminaries

Firstly, we present some properties on the nonlinearity g and its primitive G(t) =
fot g(s)ds. Due to (g1) — (g3), forany ¢ > 0 and p > 6, there exists some constant
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C¢,p > 0 such that
—1 e 2, Cep
lg(®)] < elt| + Ce plt|P~" and |G(z)|§5|t| + —=L)7|? forallt e R. (2.1)
p

Lemma 2.1 The function t — g(t)t — 6G(t) is strictly decreasing in (—o0, 0) and
strictly increasing in (0, +00). Particularly, there holds that g(t)t — 6G(t) > 0 for
allt € R.

Proof Let G(¢) := g(t)t — 6G(¢) for any t € R. Taking 0 < s < r, by (g4) we have

Gr) ~ G) = 6 ¢ (8¢ — 8(6)5) = (G) ~ G))]
_ gr) 5 g(s) 3 "g(T) 5
_6</0 . d—/o s d—/v 7zdr)
trgr)  gls) gy g(r)
:6|:/(; (r_S_S_S)TSdT—i_'/; (r_S_?)TSdT] > 0,

which implies that G is strictly increasing in (0, +00). Since G(¢) is even in ¢, then G
is strictly decreasing in (—o0, 0). Specially, G(t) > G(0) = 0 for all ¢+ € R. Hence,
the proof is completed. O

From now on, we fix & > 0. The energy functional of Eq. (1.1) is defined as

2

1 [x]
L(u) = E/Rz (|Vu|2 + wu )dx + = /11;2 |Z|2(/ le(r)dr) dx — /2 G(u)dx.

As in [2], by (2.1), it is standard to verify that I, € Cl(Hr1 (R2), R) and, for any
u, (p € Hrl (Rz)’

(L), ¢) = A&z (Vu - Vo + oup)dx

u? x| 5 5 [x]
)\/]RZ W(/ Eu (r)dr)(/o ru(r)go(r)dr)dx

2
+A/ h (|)§|) odx — / g(u)pdx.
R2 x|

Then, the critical points of [, are weak solutions of Eq.(1.1). For convenience, we

introduce
u? Il 2
B(u) = /]R2 W(/ —u (r)dr) dx,

|u+|2 /|X| o, 2
B = - dr) dx
= [ () qure)
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716 J.-C.Kang et al.

-2 x| |x]
2/ | (/ z|u+|2dr)(/ £|u7|2dr>dx,
r2 |x|? 0o 2 0o 2
=P (M :
B (u) ::/ 5 (/ —|u+|2dr) dx
r2 x| 0o 2
|u+|2 x| 5 Py x| _2
2/Rz e (/0 Sl dr)(/o Sl dr)dx.

Through direct calculation, we can prove that, for all u € Hrl (R2),

N A A
L) = Lu™) + L (u )+EB1(M)+§Bz(u), (2.2)
(L), u™) = (L"), ut) + 1B (u) + 2ABa(u), (2.3)
(L), u™) = I, (u™), u™) 4+ 2AB1 (1) + ABa(u). (2.4)

To find the sign-changing solutions of Eq. (1.1), we introduce the following constrained
set:

My o= {u e H®) st #0 and (5 ), u*) = 0.

Obviously, the set M contains all of the radial sign-changing solutions to Eq.(1.1).
Define

S, = {u € H'®RH\{0} : AHE(u) — /2 gwHutdx < o} , (2.5)
R

where the functional H* : H!(R?) > R is defined for u € H!(R?) by

|u|2 x| 5 ) x| 4o
Hrwy =2 [ L r r
() /}Rz |X|2<./0 Slu dr)(/o Sl dr)dx
|u:t|2 |x] r ) 2
+/Rz e (/0 Sl dr) dx.

By simple calculation, we get

H* () =3Bu™) + Bi(uw) + 2B (w), (2.6)
H™(u) =3Bu") + 2B (u) + Ba(u). Q2.7
Firstly, we prove S, # @, which plays an important role in verifying M, # @.
Lemma 2.2 The set Sy, is nonempty and M; C S,.

Proof From (g3), (¢3) and Lemma 2.1, it follows that there exist R > 0 and C; > 0
satisfying

¢t > 6G(t) >0 forall [t{| > R and |g(t)| < CiJ¢| forall |f| < R. (2.8)
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For any fixed u € Hr1 (R?) with u™ # 0, there exists some v > 0 such that {x eR?:
lu®(x)| > u} has positive measure. Setting u;(-) = u(¢-) for ¢t > 0, we deduce from
(2.8) that

AHi(tut)—/ g(tufc)tulidx

RZ
2 x| [x]

= [ ([ Swar)([ St Par)as
r2 [x[\Jo 2 0o 2
£2  plal )
2 ™| )
Y fRz T (/0 Sl dr) dx

1

1
g(tui)uidx - = g(tui)uidx

t /{xeRzzltui(x)lgR} t /{xeR2;|zui(x)|>R}

2 x| Ix|
< 2At2/ ﬂ(/ i|u|2dr)(/ 1|ui|2dr)dx
r2 X2\ Jo 2 0o 2
+2 Lx| 5
+M2/ ] (/ £|u|2dr) dx
r2 |x12 \Jo 2

+2 1 +
+ C lu™]7dx — — 6G (tu™)dx.
{xeR2:|tut (x)|<R)} 1% J{xeR2:|tu (x)|> R}

By (2.8), the Fatou lemma and (g3), one obtains

AHE (tuy) — [go g(tui)tuiFdx
4

lim sup

t— 400
6G (tu*

— liminf / #dx

=400 JixeR2:|ru* (x)|> R} t

G(tu®

—6/ lim inf (i 6)

(xeR2:ju*(x)|>v} I+ (tu™)

< 0.

A

|u*|®dx

=<

Thus, if taking uoo = foclts,, With oo > 0 sufficiently large, we conclude u, € Sy.
Moreover, by the definition of M, it is easy to see that M, C Sy. Therefore, we
finish the proof of this lemma. O

Lemma 2.3 For any u € S,, there exists a unique pair (s,, t,) of positive numbers
such that s,u™ + t,u™ € M.

Proof Let (s, 1) = (I} (su™ 4+ tu™), su™) and Yo (s, 1) = (I (su™ + tu™), tu~) for
s, t > 0, namely,

Yi(s, 1) = 2wt P + 31 Bw™) + As’* By (u) 4 225 1> By (u)
—/ g(su+)su+dx,
RZ

Ya(s, 1) = 2 lu”||> 4+ 300 B(u™) + 2457t By () + As*t? Ba(u)
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718 J.-C.Kang et al.

— / g(tu™)tu dx.
R2
Using (g4) and (2.6), forallt = s and s > 1, we have
Vi, s) = s lut)? + s6(3w(u+) + ABi(u) + ZABz(u)) — / g(su)suTdx
RZ
< 2t + s6<AH+(u) - [ g(u+)u+dx). (2.9
R2
It follows from (g4) and (2.7) that, forall s = and t > 1,
Ua(t, ) = 2u~|1? + z6(3,\13(u—) + 2AB; (1) + ABz(u)> —[ g(tu")tu"dx
R2
<2lu | + t6(kH_(u) — / g(u—)u—dx). (2.10)
RZ

From (2.9) and (2.10), there exists R > 0 large enough such that {1 (R, R) < 0 and
Y (R, R) < 0. Besides, we deduce that, for all > 0,

+
ViGs,0) = s ut|? - f glsutysutdx = 5 (Jut)? - f me),
R2 RZ S
2.11)
For all s > 0,
-
wz(sst)ztzllbfllz—/ g(ru*)m*dx=t2(||u*||2—f g(tu )u*dx).
R2 R2 t
(2.12)

Choose ¢ € (0, S, l), it follows from (2.1) and the Sobolev inequality that, for ¢ > 0,
+2 g(u®) + 2  p-2 +.p
lu™]~ — , dx > (1 —eS)llu™|I” = P77Ce p Spllu™|”.
R

By (2.11) and (2.12), there exists r € (0, R) small enough such that ¢;(r,r) > 0
and ¥ (r,r) > 0. Noting that the functions v (s, -) and (-, ¢) are increasing in
(0, 4-00) for any fixed s > 0 and ¢ > 0, respectively, we can conclude that

Yi(r,t) >0 and Y 1(R,t) <O forallt € [r, R],
Ya(s,r) >0 and yn(s,R) <0 foralls € [r, R].

Consequently, (¥, ¥2) # (0, 0) on the boundary of (r, R) x (r, R). Then, by [16,
Lemma 2.4], there exists (s, t,) € (r, R) x (r, R) suchthat {/{ (s, t,) = ¥2(s,, t,) =

@ Springer



Sign-Changing Solutions for Chern-Simons-Schrédinger... 719

0. That is, s,u™ +t,u~ € M. Further, we claim that such (s, t,,) is unique. Indeed,
for any u € Mj,,

lut 11>+ 3B W™) + 2B (1) + 21 By (u) = /2 guHutdx, (2.13)
R

lu™ 1% 4+ 32BW™) + 2AB1(u) + LB (u) = /Rz g Hu dx. (2.14)

We show that if u € M, then (s, t,) = (1, 1). In fact, since s,u™ + t,u= € Mj,
we have

s2NuTN? + 3asS Bu™) 4 As2t} By (u) + 2xst 2 Ba(u) = /Rz g(suut)s,utdx,
(2.15)

2w 1?4 308 B ) 4 2as26 By (u) + Ast2By(u) = /2 g(tyu ) t,u"dx.
R
(2.16)

Without loss of generality, we assume 0 < s, < t,,. Then, from (2.15), we conclude
s2lut)1? + 3xs8 Bu™) + AsS By (u) 4+ 2458 Ba(u) < f2 g(suuD)sutdx. (2.17)
R

From (2.13) and (2.17), we have

+ +
(s;“—1>||u+||25/2(g““” gy - 8 )>|u+|6dx.
R

salutP lut|?

Using (g4), we get 1 < s, < t,. Similarly, by (2.14) and (2.16), we obtain 7, < 1.
Therefore, s, = t, = 1. Moreover, if u € 5, \.M,,, suppose that there exists another

pair (s),, ;) of positive numbers such that s, u™* + 7/u~ € M,. Then, we get

/ /
s t _ _
sut) + t—“(tuu Yy=sut +tuT e M.
Su u

Hence, we obtain that s, = s, and ¢, = t,,. That s, such (s, t,,) is unique. This lemma
is proved. O

Lemma2.4 m) =infpq, I, > C2 > 0.

roo etting ¢ = 5 1n (2.1), we deduce that, for all u € As
Proof Letting ¢ in (2.1), we deduce that, for all u € M

2
/ (|Vu|2+wu2)dx+3A/ h=(1x])
R2

uzdx<9f uldx + Co /|u|de.
Rz |x|? T2 Jr 2P Jpo

(2.18)
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720 J.-C.Kang et al.

Then, by the Sobolev inequality,

1
Slull® < Cg plully < Cg pSpllull”. (2.19)

1
Since u # 0 and p > 6, inf,cpg, lull = (ZC%I,S[,)Z*P, For any u € M,, by
Lemma 2.1, one has

1, 1, 1 (I
L(u) = I (u) — 8(&(»!), u) = §||M|| + /Rz gg(u)u —Gudx = gllull - (2.20)

1
Then, m; = infyep, L) = §(2Cy ,S,)T7 = Cy > 0. Thus, this lemma is
proved. O

Remark 2.5 Ttis clear that (2.18) still holds for all u € H,!(R?) satisfying (I (), u) <
0. Then, there exists p > 0 such that |ul,, [u]| > p forall u € H!(R?)\{0} with
(I{(u), u) <0, where p > 6.

Lemma 2.6 The set M is closed.

Proof Let {u,} C Mj such that u, — u in H'!(R?). Due to [7, Proposition 7.2],
the maps v + v¥ are continuous from Hr1 (R?) to itself. Hence, we can verify that
y+() = (I} (v), v¥) are continuous in Hrl (R?), which implies y+(u) = 0. By (2.3)
and (2.4), we have (1] (u), u¥) < 0. Using Remark 2.5, it follows that |[uf|, > p > 0
for all n once p > 6. Moreover, since {u,jf} is bounded in Hr1 (R?), by the compactness
of H!(R?) — LP(R?), uf — u* in LP(R?) for any p > 6 up to a subsequence.
From this fact, |ujE [p > 0 and then u € M. Thus, this lemma is proved. O

Lemma2.7 Foranyu € My, L (su™ +tu~™) < I (u) foreverys,t > O and (s, t) #
(1, 1.

Proof Let Qt = {x e R : ut(x) # 0}, it is clear that |Q%| > 0. For any given
x € QF, we define

12 0

e = (5 -

6
t
. g)<|wi|2 + w|ui|2) + gt — Gu®) forall 1 = 0.

By direct computation, we obtain that, for any r > 0,

gu®) g(tui)].

, B 4 +.2 +.2 5.,,£\6 — 2 -
é.i(t)_t(l t )<|Vu |“ + wlu™| >+t (™) [(ui)s (tui)s

Clearly, ¢, (0) = ¢/.(1) = 0. By (g1) and (g4), £, (#) > 01in (0, 1) and ¢/ () < Oin
(1, 4+00). Then,

(1) < ¢4 (1) foreveryr € [0, 1)U (1, 400). (2.21)
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Ifu e M;,foralls,r > 0and (s, t) # (1, 1), we deduce from (2.2)—(2.4) and (2.21)
that

6 6

LiGut +tu™)=L(sut +1u™) — %(I)i(u), ut)— %(I/{(u), u”)
s6 t6
= L(su) + LGtu™) — g(1;(u+), ut)— g(1;(u*), u”)

SRR 2B - (- )5+ ) B

56 1%
= Busuh) = (L0 uT) + L) = (L), uT)

1 1
< I)L(u+) _ 6([;\(1,{"')’ u+) + Li(u") — g<1)/\(u_), M_>
+ _ A A
= L)+ L) + 2 Bi(w) + = By (u)

= I (u).
Therefore, we complete the proof of this lemma. O

Lemma 2.8 Ifm) = inf,caq, 1 (u) is attained by u € M, then u is a critical point
OfI)L.

Proof Assume by contrary that Iﬁ (u) # 0in H,’1 (R?), there exist g > 0 and § €
(0, ¥22) such that |} (v)]l -1 > so forall v € H!(R?) satisfying [|v — u] < 38,
where o = min {|u*|o, [u"|2}. Setting D = (4, 3) x (4, 3), we define the map
h:D— Hr1 (R2) for (o, B) € D by h(a, B) = au™ + Bu~. Due to Lemma 2.7, there
holds

m:=max [, oh < mj. (2.22)
aD

Lete := min {w %} and S := {v € Hr1 R : lv—u| < 6}.Bythe quantitative
deformation lemma (see [24, Lemma 2.3]), there exists a deformation n € C ([O, 1] x

H}(R?), H!(R?)) such that

@ n(l,v) =vifv ¢ I, (Im; — 2e, m; + 2¢]) N Sz,

®) n(1, NSy c 1", where I == {v € HI(R?) : L, (v) < my + ¢},
©) Li(n(1,v)) < L(v) forall v e H'(R?),

(d) |In(t,v) —v|| <déforallt € [0,1]and v € H,I(Rz).

Then, we conclude that

max _ I;L(n(l, h(a, ,3))) < m;. (2.23)
(a,B)eD
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722 J.-C.Kang et al.

Next, we end the proof by proving n(1, h(D)) N M, # ¢, then (2.23) implies
m) < m,;, acontradiction. For («, 8) € D, define ¢ («, 8) = n(1, h(x, B)) and

Wo(a, B) = (I (au™t + Bu™), au™), (I, (au™ + Bu™), pu~)),

Wi (e, ) = (1@ (. ). ¢ (@, B)). (L@, p). ¢~ (. B))).
By Lemma 2.3, we deduce deg(Wo, D, 0) = 1. From (2.22) and (a), it follows that & =
¢ on d D. Thus, using the degree theory, we get deg(V, D, 0) = deg(Wp, D,0) = 1.

Consequently, W1 (xg, Bo) = 0 for some («g, o) € D. If [¢(xp, BT =0, by the
Young inequality, we have

R2

1
6@ o) e, o)l = ([ olaou™ + fou™ ~ (@, fol~ar)
> w%aoluﬂz > 26,

which is contrary to (d). That is, [¢(xg, Bo)]t # 0. Similarly, we can prove
[¢ (a0, Bo)]~ # 0. Therefore, n(1, h(xg, Bo)) = ¢ (o, Bo) € M, and this lemma
is proved. O

3 Proof of Theorems 1.1 and 1.2

Before starting the proof of Theorem 1.1, we verify that there exists some o > 0 such
that

(L (w), wF) > %nwinz forall w € H'(R?) with |[w®|| <o.  (3.1)
In fact, fix ¢ € (0, %), by (2.1) and the Sobolev inequality, we infer that

(100, w¥) = 1P = [ 1)l
> fJw* | - S/Rz [w*?dx — Cp e fR lw*|Pdx

1
S EI2 = $,Cp w1,

v

v

1
Hence, if choosing o < (4S,C, ) >~7, we will conclude that (3.1) holds.

Proof of Theorem 1.1 Let {u,} C M, be a minimizing sequence of the infimum ;.
Similar to (2.20), we observed that {u,} is bounded in H!(R?). Then, u,—u; in
H'(R?), u, — wuy in LP(R?) for p > 6 and u,(x) — us(x) a.e. in R? up to a
subsequence. We will prove that, as n — oo,

/g(un)undxe/ g(u;)updx and /G(u,,)dx—)/ G(uy)dx. (3.2)
R2 R2 R2 R2
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Indeed, set Pi(s) = g(s)s, Po(s) = G(s) and Q(s) = es* + Cpels|? fors € R,
where p > 6, we get

p PO PG L Pas) L PaGs)
=% 0(s) 50 0(s) =% 0() 520 Q)

It is clear that sup,, fRZ |0 (up)|dx < +oo and P; (u,(x)) — Pi(u;(x)) a.e. in R? as
n — 00, i = 1, 2. Then, by Theorem A.I and Radial Lemma A.II in [1], (3.2) holds.
Due to [2, Lemma 3.2], we have

Jim B(un) = B(us), (3.3)
im (B (), un) = (B'(uy), ), (34)
lim_(B'(un), ¢) = (B'(uy). ¢) forally € H; (R?). (3.5)

Noting that u+—\uk and u, —u, in H;, '(R?) up to a subsequence, we w1ll prove

u,jf — ulin H, '(R?). For s1m11ar1ty, we Just glve the details of proving u,} — uj{

in H, (Réx) Assume by contradiction that u,’ — uy 5 in H, '(R?*) up to a subsequence
then ||“)\ | < liminf,— o [lu; . Foro > 0 given by (3. 1) choosing k € (0, 1) such

thatK||u)L | <o,by(3.1), we get

2

(Ii(/cu;f —|—tu;),/<u>\) (IA(Ku)L) Ku/\) > %||u;f||2 >0 foreveryt € («, 1),
2

(1] (1" + weu), k) = (1 euy), wuy) > %nu;n2 ~0 foreverys € (x, 1).

Besides, by (2.3), (3.2), (3.3) and the Fatou lemma, we have
(£, s)., uif)
= lu 1? + AB1(up) + 22 Ba(up) + 3AB(u)) — /2 g(u; uf dx
R

< lim inf (||u,j||2 + AB (i) + 27 Ba(ity) + 32 B(u)) — / g(u;)u,jdx)
n—oo R2
= linrgior;ﬂ],{(un), ')

=0. (3.6)

Recalling ||u, || < liminf, o [|u, |I, we deduce from (2.4), (3.2), (3.3) and the Fatou
lemma that

(£.(2), uy)

= lluy II* + 2B () + AB2(uy) + 3AB(u;) — /Rz g(u; u; dx
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< lim inf (||u,;||2 + 20.By (up) + ABa (i) + 31B () — / g(u;)u;dx)
= liminf (£} (uy). u;)

=0. (3.7)
Then, it follows from (2.3) and (3.6) that, for every ¢ € (x, 1),
(B + tu), uf)
= lu} 1* + At By (un) + 202 Ba(u;) + 3B (u)) — / g(uu dx
< llu 112 4+ ABy(un) + 2ABa(uy) + 3B () — / g(uuf dx
= (I} (up), u;") < 0.
From (2.4) and (3.7), for every s € («, 1), we conclude
(£ sul + u30). w3
= llu; I1* + 2252 By (u3) + As*Ba(u;) + 31B(u;) — /2 g(u; )u; dx
R
< llu I1? + 22By (up) + ABa(uz) + 3B (u;) — /2 g(u; u, dx
R

= (I (up), u;)) < 0.

Besides, itis easy to verify that ((I (su)\ +tu, ), suk) (I (suk +tu, ), tu, )) # (0,0)
on the boundary of (k, 1) x («, 1). Therefore, applying [16, Lemma 2.4], there exists
(o, B) € (k,1) x (k, 1) satisfying au; + Bu, € M,. Due to this fact, I;L(om;\|r +
Bu, ) > m;. From (3.2) and Lemma 2.1, there holds

_ _ 1 _ _
Lo + Buy)) = Lilau + puy) — 6(1;{(0{@L + Buy), au; + Bu;)

_ 2 2 1 + d
= ?” N || gg(auA )auk G(auy )dx
R2

2

+ ﬁ—nu; I+ f —g(Bu;)pu; — G(Bu; )dx
RZ 6

_||ul|| +/ =g )uy — G(uy)dx

w

1 1
< liminf <-||u,,|| +f Z o)ty — G(un)dx>
n—o0 3 RrR2 6
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.. 1
= hnrggéf (Ix(un) — 6<I)/‘(un)’ Mn))
= liminf I; (u,)

n—>oo

= m}\.?

which is a contradiction. Namely, ¥ — 3 in H!(R?). Hence, we obtain that u,, —
u) in Hr1 (Rz). This result and Lemma 2.6 imply u; € M,. Clearly, I; (#;) = m;. In
virtue of Lemma 2.8, u, is a critical point of I, . Then, i is aleast energy sign-changing
radial solution of Eq. (1.1).

Furthermore, we prove that u; changes sign exactly once. Following the arguments
in [4], we assume that u) = uj + up + u3z with u; # 0, u1(x) > 0, ua(x) < 0 and
supp u; Nsuppuj =Y fori # jandi, j =1,2,3. For o > 0 given by (3.1), taking
k € (0, 1) such that « [vE|| < o, we deduce

2
(L evt +1v7), c0t) = (L), cvt) > %||v+||2 >0 foreveryt € (x, 1),

(3.8)
2
(LsvT +xv7), 007) = (I (kv7), kv7) > ZIIU‘H2 >0 foreverys € (k, 1).
3.9)

Set v = uy + uz, then vt = uy and v™ = uy, from (1] (u;), v*) = 0 it follows that

lui)? o [ r 2
(). v*) = (1w, o) = fR NE (/0 Jlaldr) s
2 [x] x|
_ZA/ "“'2(/ £|v|2dr)(/ lusPdr ) dx
Rr2 |x] o 2 0o 2
2 x| [x]
v r r
- | — —|uy|*d —|us|?dr)d
/Rz |W(/O o r)(/o "l Par ) d

|u3|2 Ixl 5 Ixl 5
—ZX/ —2</ —|uk|2dr></ —|u1|2dr)dx
r2 x| 0o 2 0o 2

< 0. (3.10)

Then, one obtains that, for any 7 € (k, 1),

(Ii(v+ +1tv7), v+>

= ||u+||2+m4Bl(v)+2u232(v)+3)\3(u+)—/ gwHvTdx
]RZ

< vFI1? 4+ AB1(v) + 2AB2(v) + 3AB(v) — / gwHvtdx
RZ

= (L, v7) <0. 3.11)
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Similar to the proof of (3.10), we have (I{(v), v~) < 0, which implies that
(LsvT+v7),v7) <0 foralls € (k, 1). (3.12)

Clearly, we have ((I](sv™ + tv7),sv™), (1] (sv* + tv7),1v7)) # (0,0) on the

boundary of (x, 1) x (k, 1). Therefore, combining (3.8), (3.9), (3.11) and (3.12), by

[16, Lemma 2.4] we deduce that there exists a pair («’, 8') € (k, 1) x (k, 1) such that
T 4+ p'v™ € M,. Besides, we claim that

6 _ 46
L) > L(svT +1tv )+1 g (L), vh)+ 6t (L), v7). (3.13)

Indeed, from (g4), we deduce that, for all t > 0 and & € R,

1 1 ~('1e®) 8697 .5.6
G6) — Ga@f + ga©E =0 = [ [£2 - S ]vetas 0. Gy
Then, for all s, t > 0, we infer
1—s8 —1°
1.©) = Lsv" +107) 4+ —— (). v") + —— (@) v)
6 _ 2.2 ()
MO =3P o MO

6 6
+ %(s2 — 1) (s + 26%) Bi(v) — %(s2 —2)?(25% + %) Ba(v)

6
+/ G(svh) — S—g(v+)v+ + lg(er)vJr -G
R2 6 6

6
+/ G(tv™) — t—g(v_)v_ + lg(v_)v_ —GW)
R2 6 6

6

4 _ 1—s° , 4 -t _
> L(svT +tv7) + (L (v),v") + (I, (v),v7).

Hence, based on (3.13), Lemmas 2.1 and 2.7, using the fact that (Ii(v), vi) < 0, we
conclude that

1
my. = L) = Li(u,) — 6(1)(("%), )

1 1,
= L, (v) + L (u3) — (Ix(v) v) — 6(1A(u3),u3)
— 1—1%, _

zS?FZIJO(IA(sv +tv7) + 6 <I)L(v) v ) G <Ik(v),v ))
L L,

+ h(u3) — —(11(1)), v) — 6(1)\(“3% u3)

> sup L(svT 4+ v~ )+—||u3||

s,t>0
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1 2
Z my+ Zlusll®,

which implies u3 = 0.
That is, u; changes sign exactly once. Thus, Theorem 1.1 is proved. O

Similar to [5], we prove that the infimum m; has a minimax characterization
expressed by

my = inf max I (su™ + tu"). (3.15)
ueS, s,t>0

In fact, forevery u € M, from Lemma 2.7, we have max ;>0 I (su™ +tu™) < I, (u)
which implies inf, 5, max, ;>0 L (sut 4+ tu™) < m;. Additionally, for any u € Sy,
according to Lemma 2.3, there holds max; ;>0 I» (sut +tu~) > m,. Hence, (3.15) is
true.

As in Sect. 2, we denote the energy functional and the sign-changing Nehari-
type manifold of Eq. (1.6) by Iy and My, where Iy = I |y—o and Mo = M| —o.
Meanwhile, mo = inf,c A1, Io(u) denotes the least energy of sign-changing solutions
to Eq. (1.6). Further, it is not difficult to verify Iy € C! (H,1 (R?), R).

Proof of Theorem 1.2 Let {A,} C (0, +o0) such that A, 500, {uy,} C H,1 (R?) be
a sequence of least energy sign-changing solutions to Eq. (1.1), from Theorem 1.1 it
follows that u;, changes sign exactly once for every n € N_.

Firstly, we claim that {u,,,} is bounded in Hr1 (R?). Indeed, for any wg € Sy, by
(2.2), (2.6), (2.7) and (3.14) one obtains that, for any A > 0,

+ -
max I, (sw, + tw,
s,t>0 ( 0 0)
r 2 2.4

6
_ STz S +y + 57t
= max | > lwg I + 4B (wg) /ch(swo )dx + ——2.B1 (wo)

I _ _ stt?
+ = llwg I+ s AB(wy ) — / G(twy )dx + ——AB2(wo)
2 2 R2 2

r o2 6
s s
< max —||w(')"||2 + —(SAB(wa') + AB1(wo) 4+ 2AB2(wo) — / g(wa')wg'dx)
5,020 [ 2 6 R2
2 6

1 _ t _ . _
+ 3||w0 ||2 + g(3)\B(w0 ) 4+ 2AB1(wp) + A B2 (wo) — /RZ g(wg)w, dx)

! Hwd — 66 (wihdx + + 0wy — 6G (wy)d
+ g(wg)wy G(wy)dx + g(wg)w, G(w )dx
6 R2 6 R2

- %(s2 —1)2(s% + 263 By (wo) — %(s2 — 19?25 + lz)Bz(wo)]

2 6
ST 2 S_( + _ +y.5,F )
S?}%[zllwo 12+ (AH* (wo) /Rzg(wo)wodx
2, 18 _ o
+ S lwg 1P+ = (H ™ wo) — | glugwgdr)
2 6 R2
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! Hwd — 66 (wihdx + + 0wy — 6G (wy)d
+ g(wg )wy G(wy)dx + g(wg ) wy G(wg )dx
6 R2 6 R2
= Ayp.

By (3.15), we get my < Ag € (0, +o00) for all A > 0. In view of this fact, from

Lemma 2.1, we obtain

1

1
Ao = my, = Ly, () — —(I (un,), uz,) = §||m,1||2,

6

which means that {u; ,} is bounded in Hr1 (R?). Then, there exists ug € Hrl (R?) such
that uy, —ug in H,l (R?), uy, — U in LP(R?) for any p > 6 and uy, (x) — uo(x)
a.e. in R? up to a subsequence.

Secondly, we prove that u;, — ugin H,' (R?) up to a subsequence, then u is a sign-
changing solution of Eq. (1.6) and changes sign exactly once. Forany ¢ € C§° (R?), by
(3.5), we deduce that { (B’ (u,), @)} is bounded in R. Then, by Lebesgue’s dominated
convergence theorem, we get

(I5(o), @)

= / (Vuo -Vo + wu()(p)dx — / g(up)pdx
R2 R2

A
= lim </ (Vuz, - Vo + wuy,¢)dx + = (B'(uy,), ) — / g(u,\n)godx>
RZ 2 RZ

n—o0

= lim ([ (u3,),¢)=0 forallg € C°(R?).
n—o00 n
Since C$°(R?) is dense in H,! (R?), we conclude that

(Ii(uo), 9) =0 forall g € H'(R). (3.16)

In view of (2.1), (3.4), (3.5) and the Holder inequality, we obtain that, up to a subse-
quence,

s, — w0l = {15, ) ~ Fj(uo), s, — o) — (B tr,) — B'tuo), s, — )
+ /Rz (8(u5,) — g(uo))(uy, —ug)dx — 0 asn — oco.
It follows from (3.3) that {B(u,, )} is bounded. By (3.2) and Lemma 2.4, we obtain
Io(uo) = 1im 1y, (uy,) = lim mj, = Cs > 0. (3.17)

Hence, by (3.16) and (3.17), ug # 0 is a weak solution of Eq.(1.6). Similar to
(2.19), we obtain that uj_ [|> < 2C.., fp lui [Pdx < 2C ,Sp|uj ||7. Then,

2
P 5= .. . . . .
2C¢, p)2r S,% P < |ut Iﬁ. In addition, since {ut} is bounded in H,1 (R2), we obtain
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ufn—\u(df in Hr1 (R?) and ui — u(j)E in L?(R?) for any p > 6 up to a subsequence.

Then, we have |u(j)t|£ > 0, which implies u(j)E # 0. Therefore, u( is a radial sign-
changing solution of Eq. (1.6). It is clear that u( changes sign exactly once.

Finally, we prove Io(ug) = mg. Repeating the discussion in Sect. 2, we may prove
that Eq.(1.1) has a least energy sign-changing radial solution when A = 0. That is,
there exists zg € Mo such that Io(zo) = 0 and Iy(z0) = mo. Since (1)(z0), 2 ) =0,
we obtain fRz g(zo )ZO dx > 5 ||ZO 2. We claim that H*(u) < C7||u||® for all u €
Hr] (R?). In fact, by the Holder and Sobolev inequalities, for all u € Hr (R?), we get

(f\xl r 2(r)dr) (IBM ui%v)dy>2

|x|? |x|?

< Cilull* forall x e R\{0}. (3.18)

From (3.18), we deduce B(u™) < Csllu®||* [po lu®?dx < Cyllull® for all u €
H!(R?). Similarly, we can prove that By (u) < Cs|ul|® and By(u) < Cellu||® for
all u € H!(R?). Then, by (2.6) and (2.7), H*(u) < C7||u||® for all u € H!(R?).
Let A = min {(2C7)_1||Z(J{|| lzoll =, (2C7)_1||zall llzoll =8}, for all large n, we get
fRZ AnHE (z0) — (ZO )zO dx < A1C7llzoll® — ||ZO > < 0, which shows zg € Si,-
For every large n, by Lemma 2.3, there ex1sts a unique pair (s;,,, f,,) of positive
numbers such that s, z¢ + 1,25 € M;,,. We claim that {s;,} and {t;,} are bounded.
If not, without loss of generality, we may assume that lim,_, o 53, = +oo up to a
subsequence. Using Lemma 2.4, (2.2), (2.6), (2.7) and (3.14), for n large enough, we
get

+ —
0< I)Ln (S)\nZO + t}”nZO)
2 6 2 4

S S t
_ %nzm% ;"Anng)—/ G 53, 5)x + 22,8y zo)
L i
oy B(zo)—/ Gty,25)dx + 2223, By (z0)
2 R2 2

2 6
S)Ln +12 s)\n + +\ .+
< 21?4 22 (A H o) — | g(@)agdx)
2 6 R2
2 10

5y
F 2+ (o) - [ sagar)

l B Y 6 + dx l VT —6 —Vdx
+ g(ZO )ZO G(ZO ) + g(ZO )ZO G(ZO )
6 R2 6 R2

<0,

a contradiction. Hence, both {s;,,} and {z;,} are bounded. Then, up to a subsequence,
there exist constants s’,# > 0 such that (s,,,,) — (s',¢') as n — oo. Since
SaZg + hazg € M, we obtain

st llzd 17+ 3hns B(zd) + Ausi, 1 Bi(z0) + 22nsy 1 Ba(zo)
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= / 8(s3,20 )sn, 2¢ dx,
R2
17 llzg 1> + 3ant? B(zg) + 2husy 15 B1(20) + Ausy. 17 Ba(z0)

= /2 g, 20 )b, 2o dx.
R

Then, we deduce from (g4) and (/)(z0), zo) = Othat (s', ') equals (1, 1), (0, 0), (0, 1)
or (1,0). If (s', ') = (0,0), by (3.17), we have 0 < Io(it0) = limy_oo I, (it3,) <
limy— o0 I, (53,20 + 11,29 ) = 0, a contradiction. If (s, #') = (0, 1), we get

Io(z0) < o(wo) = lim L, (w,) = lim I, (1,58 +1,29) = lo(z)-

Since Ip(zg) = Io(z(‘)") + Io(zy ), we know Io(zg) < 0. Then, using the fact
(I{(z0). z0) = 0 and Lemma 2.1, we deduce 0 < [p2 g(z{)zg — 6G(z{)dx < O,
a contradiction. Similarly, we can prove (s, 1) # (1,0). Hence, (s',¢") = (1, 1).
Then,

Io(z0) < Io(uo) = lim L, (uy,) < lim I, (s5,20 + t2,29) = lo(20),
n—o0 n—0o0

which implies that u is a least energy sign-changing radial solution to equation (1.6).
Thus, we complete the proof of Theorem 1.2. O
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