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Abstract

The three-dimensional magnetohydrodynamics equation with damping is considered
in this paper. Global attractor of the 3D magnetohydrodynamics equations with damp-
ing is proved for 4 < 8 < 5 with any o > 0.
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1 Introduction

In this paper, we consider the following three-dimensional magnetohydrodynamics
(MHD) equations with damping:

u—vAu+ w-Vu—b-Vb+aulflu+vVip+ #) = fi(x),

b —KkAb+ (u-V)b— (b-VIu= fr(x),

V.u=0, V-b=0, (1.1)
ulagp = blygp =0,

ul;=0 = uo, bli=o = bo,
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where D € R3 is a bounded domain with the boundary 0D and ¢ > 0. u, b are
the fluid velocity and magnetic field, respectively. f1(x), f2(x) are the external body
force. p is the pressure, B > 1 is constant, and « is the damping coefficient. The
constants v, k¥ > 0 are kinematic viscosity and magnetic resistivity. For simplicity, we
setv =« = 1.

The magnetohydrodynamic model has been investigated by many authors. In [12],
Sermange and Temam have proved the well-posedness of solutions for MHD system
in a bounded and a periodic domain. At the same time, regularity properties and
attractors were also obtained. In [1], the pullback attractors and well-posedness of
solutions of 2D MHD system were proved by using the Galerkin method. Based on
the well-posedness of strong solutions of 3D MHD system that is difficult problem,
many authors in [3,6,18,19,21] have studied the attractors and invariant measures of
solutions of 3D-modified MHD system. Our result improves the early results in [21].

The damping term is very important for proving the well-posedness of 3D MHD sys-
tem. In previous years, well-posedness and regularity of solutions of 3D Navier—Stokes
system with damping were proved in [2,20]. In [4,5,7-9,11], the global existence of
strong solution for 3D Navier—Stokes system with damping was proved for § > 3
with any ¢ > 0 and o > 4—1‘ as B = 3. Moreover, the global well-posedness of the
3D magnetohydrodynamics equations with damping was proved for 8 > 4 with any
a > 01in [16]. Based on [10], global well-posedness of the 3D magneto—micropolar
equations with damping was proved for § > 4 with any o > 0. The existence and
regularity of the trajectory attractor of 3D modified Navier—Stokes equations were
proved in [17].

To obtain the existence of attractors for the three-dimensional magnetohydrody-
namics equations with damping, we overcome the main difficulty lies in dealing with
the nonlinear term (u - V)u, (u - V)b, (b-Vu, (b- V)b and F (u) = a|u|f~'u. Cisa
nonnegative constant which may change from line to line.

This paper is organized as follows. In Sect. 2, we give some preliminaries and main
Theorem 2.1. In Sect. 3, the uniform estimate of solutions for system (1.1) is proved.
In Sect. 4, the existence of a global attractor for system (1.1) is proved.

2 Preliminaries

In this paper, the inner products and norms are defined by
(u,v) = f u-vdx, Yu,ve H, ((u,v)) = / Vu -Voudx, Vu,veV,
D D

and || - |1 = (), IV ]P = (). V = {u € (C¥(D))’ : divu = 0}, H = the
closure of V in (L%(D))3 and V = the closure of V in (HO1 (D))3. The L? —norm is
given by || - ||,. By using the Poincaré inequality, there exists a positive constant A
such that

Vil + 11611 < IVull + (IVbIl, Vu,beV, 2.1
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here, A1 represents the minimum of between the first eigenvalue of —Au and the
first eigenvalue of —Ab. Let F(u) = a|u|?~'u and D(A) = H?*(D) N V. Here,
P is the orthogonal projection of (L3(D))3 onto H such that Au = —PAu and
Ab = —PAb. For u, v € V, we define the bilinear form B(u, v) = P((u - V)v). We
define g(#) = P F (u). Now, we rewrite system (1.1) as follows in the abstract form:

du + Au+ B(u,u) — B(b,b) + g(u) = fi,
b+ Ab+ B(u,b) — B(b,u) = f, (2.2)
uly=0 = uo, bli=0 = bo.

Now, we introduce the main result as follows.
Theorem 2.1 Assume that 4 < S < 5 with any a > 0, (ug,bg) € V x V and

f1, f € H. The operator {S(t)};>0 of the three-dimensional MHD equations with
damping system (2.2) satisfies

S(1)(uo, bo) = (u(t), b(1)).

{S()}i>0 is defined in the space V x V. System (2.2) hasa (V x V, H?x H2)—global
attractor that satisfies the following.

(i) The global attractor A is invariant and compact in H*> x H>.
(ii) The global attractor A attracts bounded subset of V- x 'V in relation to the norm
topology of H> x H?.

3 Uniform Estimate

Firstly, we will prove the uniform estimates of strong solutions for system (2.2) as
t — o0o. We show the existence of attractors by using the following estimates.

Lemma 3.1 Let (ug,bg) € V x V and f1, fo» € H for4 < B < 5 withany o > 0.
There exists a constant to such that

lu@1> + 11bOI* < C, (3.D

t+1
f (IVu)|[* + VB + llu()| 1 1)ds < C. (3.2)
13

Proof Multiplying the first equation of (2.2) by u and the second equation of (2.2) by
b, integrating over D, then we have

d
SUOIP +116@IP) +2 (I1Vull® + 1961 + allull ) = 2f1. 1) +2(£2.6)

1
< |IVull®> + IVbI|* + E("fl“z +1AIP).
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Hence,

d
5(||u(r)||2+ 1611 + 11Vl 2 + [|VBI[* + el jul |51} < —(||f1 2+ 1115,
(3.3)

and

d 1
a(nu(nnz +1BOI) + A (lul)? + 11b11%) < A—l<||f1||2 +ALID. (B4

Applying the Gronwall inequality, it is easy to get
-~ 1
u()11? + 11BOI1 < (luoll* + 11bol|)e 1 + ?(||f1||2+ A5, (3.5)
1

LA+ f 112

Let tp = max{— B e
0 (=31 22 (lluol P+l1bol %)

0}. For any ¢ > 19,

2
Hlu(|* + [1b@)|]> < F(Ilflllz +IAI1P < C. (3.6)
1

Integrating (3.3) on [z, ¢ + 1] and applying above inequality (3.6), we get for any
1 =1,

t+1
/ (HVu(s)||2+IIVb(S)HZ+a||u(S)|I§i})ds<IIM(I)II + b1 +o- (||f1H + 1115
t
<C.

Lemma 3.2 Let (uo,bo) € V x V and f1, f» € H for4 < B < 5 withany a > 0.
There exists a t| such that for every t > t1,

Va1 + [IVh@OII* + [lullp+1 < C. (3.7)

Proof Inspired by [16], it is easy to get for 8 > 4 with any o > 0,
IVu®[1* + [IVb@)| > + fOZ(HAu(s)n2 + [|Ab(s)|[*)ds
+/0t(|||u|ﬁz'w||2+||vm|f’z“||2)dssc. (3.8)
Multiplying the L?—inner product of the first equation of (1.1) by u,, then we get

2 2 B+l
——||Vu — =— - V)uu,d b - V)bu,d ,
el + 5 19l +ﬁ+1dtnunﬂ+1 /(u uy x+/D< burdx + (fiur)

1
EllutH + AP+ Cllu - Vul* + Clib - Vb, (3.9)
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It is easy to get that
2, d 2, 2 2 2
e | +EIIVMII —|| ||,3+1 ClIANT + Cllu - Vul|” + Cl[b - Vb]|”. (3.10)

For the second term on the right-hand side of inequality (3.10), inspired by Theorem
1.1 in [10], we deduce

2 2 74 =
Cllu - Vul|” < C/ |u|“|Vu|F-1 |Vu| T A-Tdx
<C(Illul Vull +[1Vul?). (3.11)
Inspired by Theorem 1.2 in [16] and Theorem 1.1 in [7], we get for 8 > 4
bOl3p+1 =< C. (3.12)
BT
For the third term on the right-hand side of inequality (3.10), using (3.12), then we get
Clib- Vb|* < C||b||3(f3+l) VD[54

,3+5

2(B=1)
< Cllbllwm)IIVbIIﬁ“IIAbII B+
B—1

< C(IVBIP +11ADI1%). (3.13)
Integrating (3.10) on [0, #] and applying inequalities (3.11) and (3.13) to get
llullp+1 <C, V>t +1=1. (3.14)

Lemma 3.3 Let (uo,bo) € V x Vand f1, f» € H for4 < B < 5 withany a > 0.
There exists a ty such that for every t > 1y,

+1
/ (I1Aul* + [|Ab||? +|I|M| vMII )ds < C. (3.15)
t
Proof By (3.8), there exists a t, such that for any ¢t > ,
r+1
/ (I1Aul|* + || Ab]|? +II|M| VMII )ds < C. (3.16)
t

Lemma 3.4 Let (uo,bo) € V x Vand f1, f» € H for4 < B < 5 withany a > 0.
There exists a t3 such that for every t > 13,

luel1? + 111> < C. (3.17)
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Proof Multiplying the first equation of (1.1) by u; and the second equation of (1.1) by

by, integrating the result on D, then we have

b ——(IV Vb —
g |1 + 1161 + (|| ul|> +[|Vb| )+,B—|—1dt

2 2
u b
_ Nedl1” + 11041

< 5 AP+ 1112

+Cllu-Vul||> + C||b - Vb||*> + Cl|b - Vul||> + C||u - Vb|)?

_ Nl + 1181

4
2 2 .
5 HIAIP+IAIP+ ) L

i=1
For I, inspired by Theorem 1.1 in [10], we get
2 = =
I < C/ u|“|Vu| B~ |Vu| T A-Tdx
< C(IIIMI VMII + 1| Vul ).
For I, by Sobolev inequality and (3.12), we get
L < C||b||3(ﬂ+l) ||Vb||6(,3+1)

ﬁ+5

-1
< Cl[pll3 <,s+1>||Vb|Iﬂ+‘||Ab|| R

< C(IIVbII +11AB| ).

Similarly, we also have

) 4 28-1)
I3 < ClID[ 5340 VUl [T || Aulf] AT
B—1

< C(IVul? + || Aul ).
For 14, applying the Sobolev inequality, we get

2 2
Iy < Cllullg 1 1IVOl 3441
BT

2 2(8-2) 6
< Cllullg 4 |IVDI| FFT || Ab||FH1
< C(IVDI* + [|Ab|%).
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Adding up (3.18)—(3.22), we get

d d
2 2 2 2 B+1
[ur 17 + 116:]] +d—t(||Vu|| +1IVbl| )+d—tllullﬁ+1

B-1
< CUIAIZ + 1AI1D + CUIVBIP + [1AbI* + [[Vull* + [|Aul* + [[|lu] = Vul[).

(3.23)

By Lemma 3.2-Lemma 3.3, integrating (3.23) in time from ¢ to ¢ + 1, it is easy to get

t+1
/ (e ($)I* + [1b: (5)]1*)ds < C. (3.24)
t

We apply 9; to the first equation of (2.2) and multiply the L?—inner product by u;.
Similarly, we apply d; to the second equation of (2.2) and multiply the L*—inner
product by b,. Then we get

1d
5 7 (1l 1B A1) + 11V 2+ (1511 < |/ utwuzdx|+|/ b Vbuydx|
t D D

9
+|/ u; Vbb,dx| + |/ b;Vub,dx| —/ F'wupudx =Y I;. (3.25)
b b b i=5

For I9, by Lemma 2.4 in [14], we have Iy < 0.
For I5, by using Sobolev inequality and Lemma 3.2, we get

1 3
Is < Cllug|[>[|Vuq||2[|Vul|

< %IIWIIIZ+C||uzI|2||Vu||4

< %||Vu,||2+6||ut||2. (3.26)
For I3, similarly, then we get

Iy < }Luw)mz + Cllby . (3.27)

For I and I7, by Gagliardo—Nirenberg inequality and Lemma 3.2, we get

Is + I7 < Cllus[la]lbe|14]IVD]|
1 301 3
< Cllue|[* IV ug [|# 1D [|* [V De |V b|

IA

1 1
antnz + —IVB1* + C(|lue1? + 1B 1D VD]*

4
1 1
< ZIIVutllz + Z“W””2 + Cluel1> + 116 11). (3.28)
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Adding up (3.25)—(3.28), we get

d
E(Hutuz + 1B 1P + [IVue|1* + V12 < CUlul* + 11b15). (3.29)
Applying the uniform Gronwall’s lemma, there exists a #3 such that for any s > 13

s ()11 + [1b:(5)I* < C. (3.30)

Lemma 3.5 Let (uo,bo) € V x V and f1, fo € H for4 < B < 5 withany a > 0.
There exists a ty such that for every t > ty,

[[Au()]| + [|Ab(D)]| < C. (3.31)
Proof By using the Minkowski inequality, we deduce

[Aull + [|ABI] < luell + 1Ubel| + 1AL+ 1 21l + 1B, )]
+ 1B, b)|| + |B(u, b)|| + | B(b, w)|| + el

5
= lluell + bl + LA+ 2l + D i (3.32)

i=1

By the Sobolev inequality, we have
1 < CllulloolIVul| < CI[Vull3]]Aull? < %IIAMII + C||VulP. (3.33)
For J;, similarly, then we also have
J < %llAblI + C||Vb| . (3.34)
For J3, applying the Sobolev inequality, we deduce

1 1 1
J3 < CllullolIVDI| < ClIVul|2||Aul|2]|VD]| < gllAull + C||Vul* + C||Vb|*.
(3.35)

For J4, similarly, then we also have
1
Jy < Z||Ab||+C||Vb||2+C||Vu||4. (3.36)

For Js, since B3~ 1ford < B < 5, applying the Young’s inequality, we get
) pplymng g

B B3 g3 1 g3
Is = allullyg = Cllaull = [[Vull 27 = cllAull + Cl[Vul| 3.

(3.37)
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Substituting (3.33)—(3.37) into (3.32), it is easy to get that for any ¢ > 14,
[lAul| + ||Ab]| = C. (3.38)

Lemma 3.6 Let (uo,bo) € V x V and f1, f» € H for4 < B < S withany a > 0.
There exists a ts such that for every t > ts,

IVur 12 4 11Vby |

IA

C, (3.39)
t+1
/ (IVur ($)|1> 4 1|V (5)[]*)ds < C. (3.40)
t

Proof We integrate inequality (3.29) from 7 to r + 1 and use the Lemma 3.4 to get
t+1 t+1
/ (IVur O + 11Vbe ()11%)ds < e I + 115 ()] + Cf (lue |1 + 1oy | *)ds
t t
<C. (3.41)
By virtue of Lemma 3.5, then we deduce
lu(llpay + 11bOIIpay = C.
Applying the Agmon inequality, it is easy to get

(@)oo + 11600 < C. (3.42)

We apply 9, to the first equation of (2.2) and multiply the L>—inner product by Au;.
Similarly, we apply 9; to the second equation of (2.2) and multiply the L?—inner
product by Ab;. Then we also have

1d
5d—<||wt||2+||wt||2>+||Au,||2+||Abt||2
t
< |/ u;VuAu,dx| + |/ uVutAutdx|+|f b;VbAu,dx| +|f bVb;Au,dx|
D D D D

—|—|/ u;VbAb,dx| + |f uVb;Ab,dx| + |/ b VuAb,dx| + |/ bVu,Ab;dx|
D D D D
9
+|/ F'(wu; Auydx| =) K;. (3.43)
D i=1

For K1 and K>, applying the Sobolev inequality and Lemma 3.5, we get

1 1
Ky < ClI[Vu|[[IVul|2 || Aul[2 ]| Au||

1
< —6||Auz|I2+C||Vut||2, (3.44)
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and
1 3
Ky = ClIVullllVu |12 1| Au |2
i 2 2
< 16IIAMzII + Cl[Vusll”. (3.45)
For K3 and K4, we get by using the similar method
1 1
K3 < ClIVD|IIIVDI|12||Ab]| 2 [| Aul|
1 2 2
< EllAurll + ClIVbiI7, (3.46)
and
1 1
Ky < CIIVDINVD A2 || A |2 || Aus ]
1 2 1 2 2 4
< EIIAuzII +ZIIAbrII + ClIVbiI”. (3.47)

Similarly, we deduce

8

1 1 1 3
E Ki < C[[Vu||[IVDI|2[|AD||2 || Ab; || + ClIVull[[ V|2 ]| Aby|]2
i=5

1 1 1 1
+ CUVDAIIVull 21| Aul|2[|Abi || + CIIVDINVue 12 [ Aus |2 || Aby ||

1 1
< §||Aut||2+ é—lnAbtn2 + C(IVue | ? + VD1,

For Ko, by (3.42), we have

A

-1
Ko < CllullB 1l 1] Au |

IA

1 2 2
gl1Aul™ + Cllug|[* for t = 4.

Summing up (3.43)—(3.49), we get

d
Emwtnz +1IVBA?) < CUIVu* + [IVB 1.

(3.48)

(3.49)

(3.50)

By the uniform Gronwall’s lemma, there exists a s such that for every ¢ > s,

[IVu, |12 + 1|Vh|* < C.
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4 Global Attractors

In this section, we will show the existence of a global attractor for system (2.2) in
H? x H?. Inspired by [13,14], we introduce the following the main lemmas.

Lemma 4.1 {S(¢)};>0 is Lipschitz continuous in V x V.

Proof Let (u1, b1) and (uy, by) be two solutions of system (2.2) with initial values
(uo1, bor) and (uoo, boz)_. We setu = u; —us and b = by — by. We multiply the inner
product with Au and Ab, respectively. Then we get

1d _ - B _

——(IVill* + IVBII*) + [|Aill* + || Ab||*

2 dt

§a/ ||u1|ﬁ—1u1—|u2|ﬂ—1u2||Aﬁ|dx+[ IﬁVulAﬁldx+/ lun Vit Air|dx
D D D

+/ |I5Vb1Aﬁ|dx+/ |b2Vl5Aﬁ|dx+/ |u1VI5AI5|dx~|—/ |iiVby Ab|dx
D D D D

9
+f |13w1A13|dx+/ |b2 Vit Ab|dx :ZL,-. 4.1)
D D i=1

. . 2(B—1 2(B-2 2(p-2
Inspired by [13,14], since [y (Ilu1l[35_1) +11Vual P (llu1 |15 _3) +1ual[gh_o))ds <
C for4 < B < 5, then we get

I 208—1 2(8—2 2(8—2 _
L15§||Au||2+cq|u1||<ﬁ D IVl P 112572 + 12820 vl 2.

3(B—1) 6(8—2) 6(8—2)
4.2)
For L, and L3, applying the Sobolev inequality, we have
_ 1 1 _
Ly < C||Val|ll|Vu1||2 || Auy || 2 || Adll|
1 _ _
< EnAunz+C||Vu1||||Au1||||Vu||2, (4.3)
and
_. 1 _..3
L3 < C||Vual|||Vil|2 || A2
L — 12 419112 4.4
< S @l + ClIVual )|Vl . (4.4)

Similarly, for the rest of terms L4 — Lg, we get

- 1 1 _ -1 =1 -
L4+ Ls < CIIVDIIIVD1112]|Ab1]12[|Aull + ClIVb2|[IIVD]|2||Ab|2 || Aull

| 1 - -
< gllAMII2 + gllAbll2 + CUIVBIIIIABI + VB2 [DIIVBIP, (4.5

@ Springer



348 H.Liuetal.

Sl 3 . 1 Lo
Lo+ L7 < C[[Vur||[IVbI[2]|Ab[|2 + C[|Vull[|Vb2|| || Abz|[2 || Ab|

1 - ~ _
< gllAbll2 + CUIVur|* + IVD2 ||| Ab2 | (| Vil 1> + || VB[, (4.6)
and

- 1 1 - _n L _ L -
Lg+ Lo < ClIVD[[[Vu1ll2 [|Aur[|2|]AD|| + ClIVh|[|IVul|2 [|Aul|2 || AD]|

1 1 - ~ _
s§||Au||2+§||Ab||2+C<||Vum||Au1||+||vbz||“)<||w||2+||Vb||2>. 4.7

Adding up (4.1)—(4.7), it is easy to get

d _ - 2(8—1
E(IIWHZHIWIIZ)SC[IIW1|I2+IIW1II4+HM1H O 11V [[11Aby |

3(8-D
2(B-2 2(B-2
+1Vaa  P(llullgh23) + g —3) + 11 Vaall*

+ AU |2 + VO [* + Vb2 | * + [|Ab2 12101 Vil 1> + [|VBI1%).  (4.8)

Applying the Gronwall inequality and Lemma 3.1-Lemma 3.6, this completes the
proof of Lemma 4.1.

Lemma 4.2 Assume that Aisa (V x V,V x V)—global attractor for {S(t)};>0. A is
a (V x V, H? x H?)—global attractor if and only if

1) {S®)}i>0 is a bounded (V x V, H? x H?)—absorbing set.
(1) {S@}s0is (V xV, H? x H?)—asymptotically compact.

Firstly, we will prove the operator {S(t)};>o0 hasa (V xV, V x V)—global attractor,
then by using above Lemma 4.2, we get the attractor is a (V x V., H*> x H?*)—global
attractor. Let

Bi ={u,beV:||Vul* +|Vb|* < C}
and
By = {u,b € D(A) : ||Au||* 4 ||Ab|* < C}.

By above Lemma 3.2, we deduce that B; is bounded absorbing set of {S(#)};>¢ in the
space (V x V,V x V). By above Lemma 3.5, we get that B, is bounded absorbing
set of {S(#)};>0 in the space (V x V, H? x H?). By Lemma 3.5, the {S(f)};>0 is
(VxV, VxV)-asymptotically compact. Inspired by [13—15], we geta (V xV, V x V)-
global attractor A. Finally, we will show {S(#)};>0is (VxV, H IxH 2)-asymptotically
compact. We need the following lemma.

Lemmad4.3 Let (ug,bo) € V x V and f1, f» € H for4 < B < 5 with any a > 0.
The dynamical system {S(t)}>0is (V x V, H 2 x H?)-asymptotically compact.
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Proof Assume that (uq,, bg,) is a bounded in V x V and t, — o0o. We will show
{S(t,)(uon, bon)} has a convergent subsequence in H 2 % HZ?. Let

duy, 0by,

|T=In ) _|l=ln)'

(un (), by (1)) = S@)(uon, boun),  (Un(ty), 5n(tn)) = (W a7

For the first equation and the second equation of (2.2), we get

Auy(ty) = f1 — un(ty) — Buy(tn), un(ty)) + B(by(tn), by (1)) — gun(tn)),
Aby(ty) = f2 — l;n(tn) — B(un(ty), bp(tn)) + B(by(tn), un(ty)).

By Lemma 3.5 and Lemma 3.6, then there exists a positive constant 7 > 0 such that
foreveryt > T,

ouy, ob,,
ON+NV—OI = C, [|[Aun(D)]| + [|Aby(1)|| < C. 4.9)

[V
at dt

When t, — oo, there exists a N > 0 such thatt, > T for every n > N. Applying
4.9), we deduce forn > N,

Vit (t)1] 4+ [1Vha (1) ] < C, || An(ta)]] + [|Aba(82)]] < C. (4.10)

Applying the compactness of embedding V' < H and D(A) < V and (4.10), then
there exist (i, b)) € V x V and (i1, b) € D(A) x D(A) such that

uy(t,) — u strongly in V, 4.11)
b, (ty) — b strongly in V, 4.12)
un(t,) — u strongly in H, 4.13)
bp(ty) — b strongly in H (4.14)
By (4.10) and H?> < L, we get
Ntn (tn)lloo + [1bn(tn)lloc < C, Vn = N. (4.15)
Inspired by [13,14], applying (4.11), we get
IF (1)) = F@|1* < Cllun (1) — @l|> — 0,asn — o0,
Hence,
g (ty)) — g(@i) strongly in H. (4.16)
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Then, by Sobolev inequality, we have

1B (un(t), un(tn)) — B(@, i)
< CUn(tn) - V) (tn) — DI + ||n (1) — &) - Vii||)
< CUIVUn PNV Wn (1) — DA W () — DI+ 11V @n (1) — D11 VAl || Adl])
— 0, as n— oo. 4.17)

Similarly, we have

1B by (1), b (tn)) — B(b, b)|?

< C(l|(bn(tn) - V) (b (tn) — D) + [|(bu(tn) — b) - VB|*)

< CUIVb )|V (Bi(tn) — DAy (t2) — D] + [V (bu (1) — DI 1VDII|AbI))

— 0, as n— o0,

1B (un (1), bu (1)) — B(it, b)|* (4.18)
< C(1Gun(tn) - V(b (tn) — DI + || (un (1) — &) - VB[

< CUIVun PV (bn (1) — DY IAGBn (1) — DI + 1V (n (1) — D121 VbI[|AbI))

— 0, as n— oo, (4.19)

and

|| BBy (tn), n(t2)) — B(b, )]
< C(1(bn(t) - V) (ty) — D + | (bn (tz) — b) - Vi||*)
< CUIVB )PV i (1) — DA @n (1) — D]+ |V by (1) — D)1Vl Adil])
— 0, as n— oo. (4.20)

(4.17)—(4.20) imply that

—B(un(tn), un(ty)) + B(b,(ty), by (t,)) — —B(it, it) + B(l;a l;) strongly in H,

4.21)
—B(un(tn), bu(tn)) + B(bu(ty), un(tn)) — —B(ii, b) + B(b, i) strongly in H.
(4.22)
Applying (4.13), (4.14), (4.16), (4.21) and (4.22), then we get
Au,(t) — fi — it — B(ii, it) + B(b, b) — g(it) strongly in H, (4.23)
Aby(ty) = f» — b — B(i, b) + B(b, ii) strongly in H, (4.24)

asn — 0o. We get {S(#)}i=0is (V x V, H? x H2)—asympt0tically compact.

Proof of Theorem 2.1 Applying Lemma 3.5, we get Bo = {u, b € D(A) : ||Au||* +
[|Ab||*> < C} denotes a bounded (V x V, H? x H?)—absorbing set. Next, applying

@ Springer



Attractors of the 3D Magnetohydrodynamics Equations with... 351

Lemma 4.3, we obtain the {S(#)};>0 is (V x V, H? x H2)-asymptotically compact.
Finally, by Lemma 4.2, Aisa (V x V, H> x H?)—global attractor.
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