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Abstract

The irregularity of a graph G is the sum of |deg(u) — deg(v)| over all edges uv of G.
In this paper, this invariant is considered on 7 -permutation graphs, Fibonacci cubes,
and trees. An upper bound on the irregularity of -permutations graphs is given, and
m-permutation graphs that attain the equality are characterized. The concept of the
irregularity is extended to arbitrary edge subsets and applied to permutation edges
of m-permutation graphs. An exact formula for the irregularity of Fibonacci cubes is
proved. An upper bound on the irregularity of trees in terms of the diameter is given,
and trees that attain the equality are characterized.
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1 Introduction

The degree of a vertex v of a graph G = (V (G), E(G)) is denoted by deg; (v). Graphs
in which all vertices have the same degree, that is, regular graphs, are in the center of
interest of the graph theory community. If G is not regular, then it is called irregular,
cf. [5], and one is interested in how irregular it is. For this sake, let the imbalance
imbg (e) of an edge e = uv € E(G) be defined by

imbg (¢) = | degg (u) — degg(v)].

The imbalance of an edge is thus a local measure of non-regularity of a given graph,
cf. [7], where Ramsey problems with repeated degrees were investigated. To measure
graph’s global non-regularity, different approaches have been proposed; they are nicely
presented in two recent papers [4,31]. One of the most natural such measures is the
irregularity irr(G) of G (lately also called the Albertson index) defined as [6]:

irr(G) = Z |deg; (u) — degg (v)| = Z imbg (e) .

uveE(G) ecE(G)

Let us explicitly mention some of the papers in which the irregularity has been studied.
In [29] related extremal problems are proved; the paper [40] reports several bounds on
irregularity; the paper [15] gives a spectral bound for graph irregularity that improves
a bound from [40]; in [20] bipartite graphs having maximum possible irregularity are
determined; the irregularity of some graph families that are important in chemistry
is reported in [3]; for the irregularity of cacti see [25]; see also [30] for the role of
irregularity indices used as molecular descriptors. We also point out that graphs in
which imbg(e) = 1 holds for all edges have been recently investigated in [18] and
named stepwise irregular graphs.

In this paper we focus on the irregularity of three classes of graphs: 7 -permutation
graphs, Fibonacci cubes, and trees. In the next section we give an upper bound on
the irregularity of m-permutation graphs which is, roughly speaking, stronger by a
factor of 4 than the corresponding bound for general graphs. We also characterize
the m-permutation graphs that attain the equality. In Sect. 3 we extend the concept
of the irregularity to arbitrary edge subsets and prove a related upper bound for the
irregularity of permutation edges in m-permutation graphs. In Sect. 4 we prove an
exact formula for the irregularity of Fibonacci cubes. In the final section we prove an
upper bound for the irregularity of trees in terms of the diameter and characterize the
graphs that attain equality. We also give bounds for the irregularity of 7-permutation
graphs over trees.

In the rest of the introduction we give some further, basic definitions used in this
paper. All graphs in this paper are simple and connected. The order (= number of
vertices) and the size (= number of edges) of a graph G = (V (G), E(G)) are denoted
with n(G) and m(G), respectively. If W C V (G), then (W) denotes the subgraph of G
induced by W. The minimum and the maximum degrees of vertices from G are denoted
by §(G) and A(G), respectively. A vertex v € V(G) with deg;(v) =n(G) —lisa
universal vertex of G. The distance dg (u, v) between vertices u# and v of a graph G
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is the number of edges on a u, v-geodesic. The diameter diam(G) of G is the length
of a longest geodesic in G. For a positive integer n we will denote the set {1, ..., n}
with [n].

2 7-Permutation Graphs

Let G’ and G” be disjoint copies of a graph G, and let 7 : V(G') — V(G”) be
a bijection; in other words, 7 is a permutation on V (G). The m-permutation graph
G™ of G has the vertex set V(G™) = V(G’) U V(G") and the edge set E(G™)
= E(G')U E(G")U EZ,, where

Efl={uv: ueV(G),veV(G"),v=n)}.

Hence, a w-permutation graph is obtained from two disjoint copies of a given graph
by adding a matching between them. This concept was introduced half a century ago
in [11] and further investigated in a series of papers including [10,14,17,19,39]. We
point out that the term “permutation graph” is also frequently used for intersection
graphs of the lines representing a permutation; see, for example, [13]. In this paper we
are only interested in the former interpretation which will be emphasized by speaking
of m-permutation graphs and by the notation G™.

Let G™ be a w-permutation and G’ and G” be two isomorphic copies of G in G™.
If u € V(G), then the vertices corresponding to u in G’ and G” will be denoted,
respectively, by u’ and u”. We begin with the following simple result.

Proposition 2.1 If G is a graph and m is a permutation on V (G), then

irr(G™) =2-irm(G) + Y |degg(u) — degg(r(w))] .
ueV(G)

In particular, if w induces an automorphism of G, then irr(G™) = 2 - irr(G).

Proof Let G’ and G” be the isomorphic copies of G in G™. If u € V(G), then
deggr (') = deggr (u”) = deg (u) + 1, and, consequently, E(G’) and E(G”) each
contribute irr(G) to irr(G™). For the same reason, each matching edge u'w (1) con-
tributes |deg; (1) — degs (w(u))| to irr(G™), and, consequently, the first assertion
follows. The second assertion then follows because automorphisms preserve degrees.

O

In [2,36] it was proved in two different ways that if G is a graph of order n = n(G),
then

w0 2] [2]([2]-0) =26 [2D - L)) o

Moreover, let KS;, 4, p, g > 1, be the clique-star graph, that is, the join of a complete
graph K, and an edge-less graph K. (The join of graphs G and H is the graph
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obtained from the disjoint union of G and H by adding all possible edges between
vertices of G and vertices of H.) Then, the equality in (1) is attained if and only if
Gis KS),|rw7o0rifn =2mod3, Gis KS[ VJJ’ see [2, Theorem 2.2]. This

zn n
311 3 3 3

immediatély irﬁplies the following lemma which we need in the proof of our below
result analogous to (1) for -permutation graphs.

Lemma 2.2 If G is a graph of maximum irregularity among all graphs of order n, then
G has at most (%1 universal vertices.

Theorem 2.3 If G is a graph of order n = n(G) and 7 is a permutation on V(G),

then
2
ir(G™) <2 %W (L%”J - 1) .

Moreover, the equality holds if and only if G = KS[%-HZT"J

Proof Let a graph G and a permutation 7 of V(G) be selected such that the graph
G7” has the maximum irregularity among all permutation graphs over graphs of order
n.Let V(G) = U U W, where U = {uy, ..., us} is the set of universal vertices of G
and W = V(G)\ U = {wy, ..., w,—s}. Without loss of generality, we may assume
that deg;(wy) < --- < degs(w,—s). Under these assumptions and with Lemma 2.2
in mind, we may assume without loss of generality that

m(up) = w), w(w;)) =uj,i €[s], and w(wj,;) =w, ;.. i €n—s]. (2

Let G’ be the spanning subgraph of G obtained from G by removing all the edges of
(W).If e = uw € E(G), where u € U and w € W, then

imbg'(e) = imbg (e) + deg ) (w) . 3)

If e € E({(W)), then imbg(e) < n — s — 3 and consequently

1
> imbg(e) < 3 > degyy (w)(n —s —3). )

ecE((W)) weW

Setting

X = Z imb(gryr (€) — imbgr (e) ,

T
eckEy
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and having in mind that E7, = E7,, we can do the following estimations:

s
X =2 (imbigr (ujw;) — imbgx (ujw}))
i=1
n—s

. / " 3 / "
+ 2 " fimbgryr (i w) ) — imbgx (w) wy )
i=1

N n—s
>2 Zdeg(m(wi) -2 Z | deg ) (Ws+i) — deg ) (Wp—i+1)|

i=1

zZ(Zdeg (i) — Z deg ) (w;) ) ©)
i=1

i=s+1
From (3)—(5) we get

n—s

irr((G)™) —irr(G™) = 2 degyyy (wi)s — Zdeg<w)(w,~)(n —5—13)

i=1

+ 2<Zdeg (w,) — Z deg (wl )
i=1

i=s+1

1 n—s
> 2 (s — 5 —s=3) - 1) ;deg(m(wi)

n—s

=@s—n+1))_ degy,(w).
i=1

Since G” has maximum irregularity and the expression 3s — n + 1 is positive for

s > 47, weinferthat) '~} degy (w;) = 0.Hence, G isaclique-star graph K S ,s.
For a fixed value of s we have

max{irr(KSj,T’nﬂ,) : 7 is a permutation} = 2s((n — )2 —1).

If f(s) = 2s((n — $)2 — 1), then f(s) is maximized at s = (%]. Therefore, we
conclude that
|2
wan <23 (| %] -1).
3 3

Note that if n = n(G), then n(G™) = 2n. Hence, the upper bound of Theorem 2.3
bounds irr(G™) from the above with, roughly, 2—17n(G” )3. On the other hand, the gen-

eral bound (1) yields, roughly, %n(G”)3. Hence, Theorem 2.3 improves the general

m}

@ Springer



4448 Y. Alizadeh et al.

upper bound in the case of w-permutation graphs by, roughly speaking, again a factor
of 4.

3 Irregularity of Edge Subsets and -Permutation Graphs

As a variant of the irregularity measure, Abdo et al. [1] suggested to consider the
imbalance over all pairs of vertices, introducing in this way the fotal irregularity
irr; (G) of a graph G with

im(G) = ) |degg(u) —degg(v)].
{u,v}CV(G)

The total irregularity has been compared with the irregularity in [12] see also [9,35,38].
However, for our purposes, it is useful to extend the concept of irregularity from the
sum of the imbalances of all the edges of a graph to arbitrary edge subsets. More
precisely, if F € E(G), then let

irrg (F) = Z imb(f).

feF
Note that with this notation irr(G) = irrg (E(G)) and that Proposition 2.1 reads as:
irr(G™) =2 - irr(G) + irrgr (EG) .

Hence, irrgr (E7) is of special interest, and in our next result we give a sharp upper
bound for it.

Theorem 3.1 If G is a graph of order n and 7 a permutation on V (G), then

. . —1 —1
irrgr(Eg) <2 LnTJ ’7,1 5 —‘ .

Moreover, equality holds if and only if G = KSL%J’PH—‘ orG = KS[E-HMJ

2 2 2

Proof Let G™ be a permutation graph that has maximum irrg= (Ef;) among all G of
order n and all permutations on V (G). Moreover, assume that among such graphs,
G has maximum number of universal vertices. Let U = {uy,...,us} and W =
{wi, ..., w,—s} be the sets of its universal and its non-universal vertices, respectively,
defined just as in the proof of Theorem 2.3. Then, (2) applies also to 7.

We claim that degy, (w;) = O for i € [n — s]. On the contrary, suppose that
degy (wp—s) > 1. Let w, and w, be two adjacent vertices in W, where w;
is adjacent to w, and non-adjacent to w,. Consider the following transformation:
remove the edge wpw, and then add an edge between w,_s and w,. Let H be
the newly obtained graph. Then, we have degy(w,—s) = degg;(w,—s) + 1 and
degy (wp) = degg(wp) — 1. Moreover, the degrees of the other vertices remain
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the same. If 77 (wy,_,) = wy, then imby (w;,_ 7 (wy,_)) = imbg (w,_ 7w (w;,_,)) +2;

otherwise, imby (w),_ 7 (w),_,)) = imbg(w,,_ 7 (w,_,)) + 1.

Also for w, we have imbH(w;n(w;)) > imbg (w,’ln(w;)) — 1. Therefore,
irryg (E Z) > irrg(E g)). Then we apply the above transformation until w, _ is adja-
cent to all vertices of W. As we have assumed that G has the largest possible number
of universal vertices, we have a contradiction.

Hence, degy, (w,—s) = 0 and consequently degy, (w;) = 0, i € [n — s]). This
implies that irrg= (Ef,) = i imb(ujw;) = 2(n — 1 —s)s. By Lemma 2.2, s <
I_%J. Hence, irrgr (E7) is maximized when s = L%J ors = (%1 and then
G=KSp,qwherep=L"T_1J0rp=(%landqzn—p. O

We close this section with a certain sub-additivity result on irrg= (E g), where 7o
denotes the composition of the permutations 7 and «.

Theorem 3.2 If w and « are permutations on V(G), then
T Gre (Ez[;oz) <irrgn (Eg) + irrge (E%) .
Proof Set 8 = ma. Then, having in mind that the degree of each vertex of G# (as well

as of G” and G%) is larger by 1 than the degree of its corresponding vertex in G, we
can estimate as follows:

irrgs(Ep) = Y imbgs(/B(W)) = Y |deggs(B()) — deggn ()]

veV(G) veV(G)
= Y |deg(B(v)) — degg (v)|
veV(G)
— Z |degs (B(v)) — degg (a(v)) + degg (a(v)) — deggs (v)]
veV(G)
< Y (1dega(B()) — degg (@())] + | degg (a(v) — degg (v)])
veV(G)
= Z | deggr (7w (v)) — deggr (V)]
veV(G)
+ D ldeggu(@(v)) — degga )|
veV(G)

= irrgr (E?;) + irrge (E%)

and we are done. O

4 Fibonacci Cubes

Fibonacci cubes were introduced by Hsu [21] as an interconnection network model.
Afterward, they have been studied from different perspectives; the developments until
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2013 are summarized in the survey article [23]. Among the subsequent develop-
ments on Fibonacci cubes we point out the studies of the structure of their induced
hypercubes [16,27,33] and the investigations of their domination invariants [8,22,32].
Moreover, Fibonacci cubes can be recognized in linear time [37]. In this section we
add to the literature on the Fibonacci cubes their irregularity.

A Fibonacci string of length n is a binary string b; ... b, with b; - bj;1 = 0 for
1 < i < n, that is, a binary string that contains no consecutive 1s. The Fibonacci
cube T',,, n > 1, is the graph whose vertices are all Fibonacci strings of length n,
two vertices being adjacent if they differ in a single coordinate. It is well known that
V()| = Fyq2, where Fo = 0, F1 = 1, and Fj4p = Fyy1 + Fy, n > 0, are the
Fibonacci numbers.

Theorem 4.1 Ifn > 1, then
_ 2
i (T,) = g((n —1)F, + 2nFn_1) .

Proof We proceed by induction on n. By a direct computation we see that irr(I';) = 0,
irr(I'p) = 2, irr(I'3) = 4, irr(I"y) = 10, and irr(I's) = 20; hence, the stated formula
holds for n < 5. From now on assume that n > 6.

Define the following subsets of vertices of I';;:

Ap = {00b3 ... by : b3, ... by €10,1}},
By = {10b3...by: b3, ..., by € {0,1}},
Cp = {010bs...by : ba,... by €1{0,1}}.

The sets A,, By, and C,, are disjoint and V(I',) = A, U B, U C,,. In addition, the
subgraphs (A,), (B,), and (C,) are isomorphic to I',,_, [',_7, and I';,_3, respectively.
Since each vertex from B, has exactly one neighbor outside B, (more precisely in
A,), we see that

o irrr, (E((By))) = irr(I'y—2).

Similarly, since each vertex from C, has exactly one neighbor outside C, (more
precisely in A,), we get

o irrr, (E((Cp))) = irr(I'y-3).

Consider now the edges uv from G[A,], where u = 00u3 . ..u, and v = 00v3 ... v,.
If us = v3, then ¥ and v have the same number of neighbors outside A,. Hence,
the irregularity of uv in I, is equal to the irregularity of the corresponding edge in
G[A,] = ',—>. Suppose now that u = 000u4 ...u, and v = 001vy...v,. In this
case v4 = 0 and hence, also uqy = 0, so that u = 0000us . . .u,, and v = 0010v5 ... v,.
The irregularity of such an edge in I',, is by 1 larger than the irregularity of the
corresponding edge in I',,_5. Since there are precisely F,_» such edges, we get

o irrr, (E((Ap))) = irr(Cp—2) + Fr2.
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We still need to consider the edges between A, and B, and between A, and C,,. (Note
that there are no edges between B, and C,,.)

Consider first the edges uv between A, and B,, in which case u = 00us...u,
and v = 10us3...u,. Among them, the edges where u = 0000us ... u, contribute
F,_», the edges where u = 0010us . .. u, contribute nothing, and the edges where
u = 00010ug . . . u, contribute F,,_3. Hence,

e the contribution of the edges between A, and Bj, is F,,—2 + F,_3.

Consider next the edges uv between A, and C,, in which case u = 000uy4 . .. u, and
v = 010u3 ... u,. Among them, the edges where u = 0000us5 . . . u, contribute 2F,_»
and the edges where u = 00010ug . . . u;, contribute F;,,_3. Hence,

o the contribution of the edges between A, and C,, is 2F,,_» + F;,—3.

We have thus considered all the edges of I',,. Putting together the above itemized
contributions, we infer that

irr(l'y) =2 -irr (T, ) +irr(Ty,3) +4F,_» +2F,_3
=2.-irr(l"y,_p) +irr (T, _3) + 2F, .

Using the induction assumption we thus get

. 4
irr(T,) = g(m =3 Faa 4201 = DF3)
2
+§((n A Fys +2(n — 3)F,,_4) +2F,

_ %(m ~DE 4 2nF ).

where the last equality follows by a lengthy but straightforward computation using the
definition of the Fibonacci numbers. O

In [28] it is proved that m(I",)) = (nF,4+1 + 2(n + 1)F,)/5. Hence, Theorem 4.1
has the following interesting consequence.

Corollary 4.2 [fn > 2, then
irr(l'y) =2-m(T,—1).

To conclude the section we remark that in [34] the so-called boundary enumer-
ator polynomials Dy of hypercubes in Fibonacci cubes are considered and that the
proof of Dy has similarities with our proof of Theorem 4.1. Namely, D is related to
> wver(r,) (deg() + deg(v) — 2) and the proof in [34] uses the same decomposition
as we do here. Both proofs were produced independently, though. (We are adding this
remark while preparing a revised version.)
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5 Trees

The irregularity of trees has been already investigated. In [26] the irregularity of trees
(and of unicyclic graphs) with given matching number was studied, while in [24] trees
with minimum/maximum irregularity among the trees with given degree sequence and
among the trees with given branching number were investigated. In the main result
of this section we add to these studies the irregularity of trees of a given diameter
and characterize the trees that attain the equality. Connecting the present section with
Sects. 2 and 3 we also find lower and upper bounds for the irregularity of the x-
permutation graph of an arbitrary tree.

Let Ti(n,d),2 <i <d,n > 2,d <n — 1, denote the tree obtained from the path
P, 1 by attaching n —d — 1 leaves to the i th yvertex of Pyy1.Note that n(T; (n,d)) =n
and that diam(7;(n, d)) = d. Observe also that if d = n — 1, then for every i the
graph T; (n, d) = T;(n, n — 1) is the path on n vertices. Recall also that a tree is called
a caterpillar if, after its leaves are removed, a path graph remains. In other words, a
caterpillar is obtained from a path graph by attaching some leaves to its vertices. Thus,
the trees T; (n, d) belong to the class of caterpillars.

Theorem 5.1 [f T is a tree of order n > 2 and with diam(T') = d, then
irr(Ty<(n—d)Y((n—d+1),

where the equality holds if and only if T € {T>»(n, d), ..., Ty(n,d)}.

Proof Let T be a tree of order n > 2 and diameter d such that irr(7') is the largest
possible.

We claim first that T is a caterpillar and assume on the contrary that it is not. Let P
be a diametrical path of T'. Since T is not a caterpillar and the path P is diametrical, P
contains an inner vertex y such that the rooted tree 7y, defined as the maximal subtree
of T with V(Ty) N V(P) = {y}, is of depth r > 2. Clearly, n(Ty) > 3.

Consider the following transformation. Letu € V (7)) be a vertex with dr, (y, u) =
r—2. (Ifr =2,thenu = y.) Let A = {wq, ..., wi} be the set of down-heighbors
of u in the rooted tree Ty and B = N7 (u) — A. Let §; = Nr(w;) — {u}, i € [k], and
S = Ule S;. Set s = |S| and note that s = Zﬁ-‘zl(degT(wi) —1). Let now T’ be
the tree obtained from 7 by removing the edges between w; and the vertices of Sj,
i € [k], and then adding edges between vertices of S; and u.

In T’ the vertices w;, i € [k], as well as all the vertices from S are leaves. The
contribution to the irregularity in 7 and 7" differs only for the edges incident with u
and w;. Therefore, setting D = irr(T’) — irr(T), we have

k k
D =" (imbp (uw;) — imbr (uw;)) + Y (imby/(ux) — imby (w;x))

i=1 i=1 xes;

+ Z (imbz/(uz) — imbr (uz))

zeB

=FN+mKh+F,
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where

k
Fi =) [(degy () + ) — 1) — | degy (u) — degy (wi)],

i=1

k
Fy=Y" 3" [(degr(u) +5 — 1) — (degy(wp) — D],

i=1 xeS;

Fy =Y [(degr () +s — 1) — [degy (u) — degy (2)]] -

ZeEB

Now we have

k
F > ZZ -min{degs (1) — 1, degy (w;) — 1} > 0,

i=1

k
Fy =Y [(egr(u) +5 — 1) — (degy(w) — 1)]
i=1xeS;
k
=s-degy(u) + 5% — ZdegT(wi)(degT(wi) -1

i=1
k

=5 -degr(u) +5> — Y _(degr(w;) — 1)* —s
i=1

k
=5 (degr(u) — 1) + 57 = Y _(degy(w;) — 1),
i=1

F3 =) [(degy(u) +s — 1) — | degy (u) — degy ()| = —|B| -] .
ZEB

Note that |B| € [2]. If | B] = 1, then

k
Fy+ Fy = (s +5> = ) (degr(w;) — 1)*) =5 = 0.

i=1
If |[B| = 2, then u = y and deg; (1) > 3. Therefore,
k

Fy+ F3 > (25 + 5> = ) (deg(wi) — 1)* = 25) = 0.

i=1

Hence, if S # ¢, then D > 0. Applying iteratively the above transformation as many
times as required, we arrive at a caterpillar.

Letnow T be a caterpillar of diameter d, and let P be its diametrical path. Suppose
that T ¢ {Tr(n,d), ..., Ty(n,d)}. Let v; and v, be vertices with the first and the
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second largest degree among the vertices of P, respectively. Note that deg(vy) >
deg(vy) > 3. Let S; = N(v;) — V(P), i € [2]. Remove the edges between v, and S»,
add edges between the vertices of S, and vy, and denote the obtained tree with T”. The
contribution of the edges incident by vertices v; and v, is changed in 7’ compared with
T, while the contribution of every other edge to the irregularity is the same. Therefore,
setting D = irr(T’) — irr(T), we have

D= )" (imbp(viw) — imby(v;w)) + Y (imby/(v1w) — imby (vw))

weS wWESH

+ ). (imbp(viw) —imbr(viw)
weN (v)NV(P)

+ ). (imby(vaw) — imbr (vaw)
weN (v2)NV(P)
= [S11(degy (v2) — 2) + (IS21((degy (v1) — 2) — (degy(v2) — 1))

+2(degr (v2) —2) + Z (imbz/ (v2w) — imb7 (v2w))
weN (v2)NV (P)
> |81] (degy (v2) — 2) + |52 (degy (v1) — degy (v2) — 1)
+2(degr (12) — 2) — 2(degy (v2) — 2)
= (degz (v2) —2)(2degy(v1) +degyp(v2) —3) > 0.

This proves the theorem. O

To conclude the paper we find bounds for the irregularity of the m-permutation
graphs of tree.

Theorem 5.2 If T is a tree of order n > 3 and w a permutation on V(T), then
4 <irr(T™) < 2n(n —2).

Moreover, the left equality holds if and only if T = P, and ® = id, and the right
equality holds if and only if T = S, and 7w is a permutation that maps the center of
Sy into a leaf.

Proof From the fact that path P, has the minimum possible irregularity among the
trees of order n > 3, that is, irregularity 2, and by Proposition 2.1, we infer that
irr(T7) > irr(P)) with equality holding if and only if T = P, and 7 = id.
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Let v be an arbitrary permutation on V (T'). Then, we have

ir(T7) =2 (T) + Y |degyx (V) — degg= (7())]
veV(T)

<2-0m(T) +2 ) |degr(v) = 8(T)]
veV(T)

=2-irr(T) +2@2m(T) — n(T)(T))

< 2-irr(Sp) +2(n — 2)

=irr(S7).

In the last equality 7" is a permutation on V (S,;) that maps the center of S, to a leaf.
Since S, is the only tree with maximum irregularity, the right equality holds if and
only if T = S, and = is a permutation as just described. O
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