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Abstract

It is known that if E is a C*° determining set, then E is a Markov set if and only if it
has Bernstein’s property. This article provides the equivalent of this result for compact
subsets of some algebraic varieties.
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1 Introduction

Jackson’s famous estimate of the error of the best polynomial approximation for a
fixed function is one of the main theorems in constructive function theory. According
to a multivariate version of the classical Jackson theorem (see, e.g., [10]), if I is a
compact cube in RY and f:I —>Risa Ck+1 function on 1, then

ke N 8k+1f
n dIStI(fv PV!) S Ck 2 /S\,lél; _xk+1 (x) I
j=l1 J

where the constant Cy depends only on N, I and k. As usual, dist; (f, P,) = inf{|| f —
plr : p € Py}, Pnis the space of all algebraic polynomials of degree at most n and
Il - |I7 is the sup norm on .

Communicated by See Keong Lee.

The author was supported by the Polish National Science Centre (NCN) Opus Grant No.
2017/25/B/ST1/00906.

B<I Tomasz Beberok
tomasz.beberok @urk.edu.pl

1 Department of Applied Mathematics, University of Agriculture in Krakow, Krakéw, Poland

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40840-020-00924-9&domain=pdf
http://orcid.org/0000-0002-0862-7719

4304 T. Beberok

As an application of Jackson’s theorem, one can prove classical results like the well-
known Bernstein theorem (see, e.g., [5,6]) which allows to obtain a characterization
of C* functions:

A function f defined on I can be extended to a C*®function on RN if and only if

lim nkdistl(f, Pn) = 0  forall positiveinteger numbers k.
n—oQ

A natural question arises: For which compact subsets E of RV the following Bernstein
property holds?

For every function f : E — R if the sequence {distg (f, Py)}, is rapidly decreasing
(i.e. nli)rrgo nkdistg (f,P,) = 0 for all k > 0), then there exists a C* function F -

RN — R such that F = f on E.
It turns out that these matters were considered by Plesniak in 1990 (see [8,9] for
previous results). He proved that the Markov inequality

IDPllz < M(deg PY™||Pllg, o <ZY,
and Bernstein’s property are equivalent for C*° determining sets. Our goal is to find
a generalization of this fact for sets which are not C* determining.
2 Markov Inequality

Our intention in this section is to study an extension of the Markov inequality to
compact subsets of algebraic set. We will consider nonempty sets of the form

V={en o) e RY sxf = 000) + Qi+ + Qs ()

where Q; are polynomials for every 0 < i < d — 1 and the variable y =
(X1 v vy Xk—1y Xk1s .- -, XN) € R¥=! One can verify that every polynomial P
from the space P(x1, ..., xn),on V, coincides with some polynomial from P(y) ®
Pa—1(xx) (see [3]). Here P(y) ® Py—1(xx) denotes the subspace of P(xy, ..., xy)

formed of all polynomials of the form thol Gi (y)x,i with G; € P(y). Hence
PWV):={Py,P P, ....x»)} ={Pv, P € P(Y) @ Pa—1(x)}. (2

Considerations in [2,3] suggest the following definition:

(Markov set and Markov inequality on F) Let F be an infinite-dimensional subspace

of P(x1,...,xn)such that P € F implies D*P € F for all « € Zﬁ. A compact set

@ # E C RVis said to be a F-Markov set if there exist M, m > 0 such that

ID*P|p < M“(deg PY"||Pllg, P €F, acZf. 3)
This inequality is called a F-Markov inequality for E.
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Note that, similarly as in the classical case, it is enough to check the property for
la] = 1.

It is clear that if P € P(y) ® Py_1(xx), then D*P € P(y) ® Py_1(xx) for all
o € Zﬁ. Now we give an example to demonstrate that the above definition makes
sense.

Example 1 Let V = {y> = (1 —x?)y} c R2. The compactset E = {(x,y) e V:x €
[—1, 11} is a P(x) ® P>(y)-Markov.

Proof We recall first the three classical inequalities Markov’s inequality: For any
polynomial P

1P l-1.17 < (deg P)*[[Plli-1.11. “)
Bernstein’s inequality: If 7}, is a trigonometric polynomial of degree at most n, then
IT'I| < nI T, (&)

where || - || denotes the supremum norm. If P, is an algebraic polynomial of degree
at most n, then 7,,(t) = P,(cost) is a trigonometric polynomial of degree at most n,
and (5) yields

|P(x)] < IPll-1,17, x € (=1,1), (6)

n
V1—x2
which is also known as Bernstein inequality. The classical inequality of Schur states
that

1Pl < (eg P+ 1) [ Peov/1 =2 ™

-1.1]

holds for every polynomial P. This can be generalized to weights (1 — x2)* with
o > 1/2 (see [1], Lemma 2.4, p. 73):

IPll—11) < n® | P — 2

PeP,_. )

Combining the above inequality and Markov’s inequality (4), we obtain

H P'(x)(1 — xZ)H[_H] <3(n+2)? HP(x)(l _ xz)ﬂ[_“] PeP, (9

Let P € P(x) @ P2(y). Then P(x,y) = Go(x) + G1(x)y + G2(x)y? for some
G, €ePx)(i=0,1,2). Now

IA

ot o], = ool + [+ oo

= 1Go@ |-+ | 1@y +Ghn?| .
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where E/ = {(x,y) € R? : y2 = 1 — x?}. Since (x, y) € E/ < (x, —y) € E/, we
have

[p00Pe | = IG5l + HG’l(x)\/mH[_1 ;

+ H Gy(x)(1 — xz)H -1

By (4), (5), and (9), respectively, we get

[pU0 P, )| | = (@eg G0 1GoM)l1.1y +deg G1 IGIW) N1 1

32 + deg G)? H Ga(x)(1 — x2) H .

The inequality (7) yields the following

|D0OP@. | = @G 1Go@ 1y
+ (deg Gy + 1) HGl(x)\/l—xQH[ -

+3(2+ deg G2)? ” G2(0) (1 =27 H[—l n’

Using again the fact that (x, y) € E/ <= (x, —y) € E’, we obtain
[D0OPe | = 5w@e P (IGoN-11+ |61y + Ga@n?] ).
Now if —1 <& < 1, then (£,0) € E and Go(§) = P(&, 0). Hence

1Go()l—1,11 < 1P| E-

This together with the triangle inequality, implies
[D1OPG )|, = 15Wee P I
Next, we consider the case of DD It is clear that
[DOVP@ | = 1610k + 2162031k = 1GIOIE + 2162 e -
Then, using (7) and (8), we have

HD(O,l)P(x, y) HE < (degG1+ 1) HGl(x)mH

[—1.1]
+2(1 + deg G»)? HGz(x)(l — xz)H[_l 1’
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Now a similar proof to that of the previous case gives the following
|DOVPexy)| | < 6deg P IPIE.

That is what we wished to prove. O

Next example shows that F-Markov inequality depends not only on the set but also
on the family F.

Example 2 ConsidersetV = {y> = 1—x2} C Rz.Thecompact setE ={(x,y)eV:
x € [-3. —1]U[3. 31} isaP(y) ® P (x)-Markov, but it is not P (x) ® P> (y)-Markov.

Proof The fact that E = {(x,y) € V : x € [—3, —3] U [3, 51} is a P(y) ® Py (x)-
Markov follows from [2,4]. So we need only show that E is not P (x) ® P> (y)-Markov.
Seeking a contradiction, we consider the sequence of polynomials

STk —1/3) 5
Pn(x,y)zy—g ——x
= T(=1/3)k!

It is well known that

e¢]

—1/3
Z PE=1/3) o g x| < 1.
~ ( 1/3)k!
Hence
o0
'k —1/3)
1Pae. ) = Lk 1/3)
I'(—1/3)k!
+1 [—3.— 41045

X0 (@2 +3m) F (1,3 +n,2 +n,x?%)
I (-3)TQ+n)

where F is the hypergeometric function defined for |z| < 1 by the power series

Flabian =3 @0L

T
=0 (o),

Here (q), is the (rising) Pochhammer symbol. If x € [0, 1], then the function
(1 24 n,24n, x2) is the increasing function of x, since its Taylor coefficients

are all positive. Therefore, by F(a, b; c; 1) = %F(’;Zg and zI'(z) = 'z + 1),
we have

> 2 rQ+mr(
F(l,—+n,2+n,x2> =< F(l,—+n,2+n, 1) =(4—)(3)
3 3 r(3)T+1
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=3(1 +n).

If we recall that lim,,_, oo % =1, then

) 3F(%+n)(l+n)
lim 1 =
n=00 4T (—3) T2 +n)

We thus may conclude that there exists a constant C > 0 (independent of n) for which
1Pa(x, y)lle < C47".
Consequently for r > 0,
Tim || Py (x, )l = 0.

This gives a contradiction, and the result is established. O

Remark 1 Note that (x, y) € E <= (—x,y) € E. On the other hand, if (x, y) € E,
then (x, —y) ¢ E. This is one of the reasons why the set E is a P(y) ® P (x)-Markov,
but it is not P(x) & P> (y)-Markov.

Example 1 illustrates the more general idea.

Example 3 Combining methods used in [2] with method from Example 1, one can
provide other examples of P(y) ® P2 (xr)-Markov sets by considering algebraic sets
of the form

V={(x1.....xn) e RV : x5} = 0(n)xi),

where Q; € P(y)and y = (X1, ..., Xk—1, Xkt1, - - -, Xn) € RV 7L

3 C*° Functions

First we introduce the subspace of the space C>°(R") related to an algebraic set
defined by (1). We define

CP@®Y) = {1 € CRY) :¥,mg lim n'disty (f, Pa(y) @ Pa-1 () =0

for every compact cube / in RY } . (10)

Since every cube [ is a Markov set, then by Plesniak’s theorem (see [9]) C7° RN ¢

C>®(RM). It should be noted that Plesniak’s result, together with the Jackson theorem,
implies
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CP®RY) = {f € CRN) :¥,og Tim n'disty (f, Puxt, ..., xn)) = 0

for every compact cube [ in RV } .

We say that f is a C}° function on a compact subset E of V if, there exists a function

f e Ccy (RY) with f| e = f. We denote by C°(E) the space of such functions.
Let 7, be the topology on C}°(E) determined by the seminorms §_(f) := || f |,
So(f) == distg(f, Po(y) ® Pa—1(xr)) and

Su(f) = ?ull)lvdiStE(f, Pi(y) @ Pa—1(xk))

forv = 1,2, ... (This idea comes from Zerener’s work [11].) The fact that §,’s are
seminorms on C{°(E) follows from the definition of the set C‘O,O(RN ). It should be
noted that this topology need not be complete.

The natural topology 7o on the set C*°(R") is determined by the seminorms | - %
where for each compact set K in RN andeachv =0,1,...,

| flx = max | D* fllk.
o] <v
Therefore, we consider the topology 7p on C}°(E) determined by the seminorms
axo(f) = inf {|flx 5 f e CP®Y), fie = £

Then 7 coincides with the quotient topology of the space C?,O(RN )/I(E), where
C°(RV) is considered with the natural topology 7o and /(E) := {f € C*([R") :
fie = 0}. Notice that the space (C{° (RM), 19) is a closed subspace of the com-
plete space (C °o(R¥), 19). Therefore, the space (C?,O(]RN ), Tp) is also complete. In
view of the fact that /(FE) is a closed subspace of (C;"(RN ), 7o), the quotient space
C?(RN)/I(E) is complete. Hence (C}°(E), tg) is a Fréchet space. To prove the
main result, we will need the following lemma (see, e.g., [7], 1.4.2).

Lemma 1 There are positive constants C,, depending only on a € Zf such that
for each compact set K in RN and each € > 0, one can find a C™ function h on
RN satisfying 0 < h < 1 on RY, h = 1 in a neighborhood of K, h(x) = 0 if
dist(x, K) > €, and for all x € RN and o € Z%, |D*h(x)| < Coe~1?l.

4 Main Result

Before starting the main result, we prove the following lemma.

Lemma2 Let E be a P(y) ® Py—1(xi)-Markov set. Also define
n(E) = {(xl,...,xk_l,xk+1,...,xN) e RV, (x1,...,xN) € E, xi ER}.
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4310 T. Beberok

IfEisaP(y) ® Pa—1(xk)-Markov set (with M and m), then 7t (E) is a Markov set (as
a subset of RN 1), and for every polynomial P = » i;()l Gi(y)x,, there exist constant
C > 0 (depending only on E and d) such that

C _
1Gillne) < =+ (deg PY" V)P,

foreveryi =0,1,...,d — 1. Conversely, if t(E) is a Markov set (with A and n) and
for every polynomial P =} i _, - Gi (y)xk, there exist B, A > 0 (depending only on
E and d) such that

IGillxcey < B(deg P)|Pllg, i=0,1,...,d—1, (11)

then E is a P(y) ® Py—1(xr)-Markov set.

Proof Let E be a P(y) ® Py—1(xx)-Markov set. The proof starts from the observation
that

9P

d—1
dxy

= (d - D!Gq_1.

Therefore the P(y) ® Ps—1(xr)-Markov property of the set E gives

d—1
1Ga-tllxe) < 7, (deg PY" @=D|P|g.
Ifi =d — 2, then
34=2p
d—=2D'Gg2=—F= —(d—1)Gg-1x.
axf—z

Hence, there exists constant C > 0 (depending only on the set £) such that

(C 4+ 1HMma!

G e PP,

1Ga-2llzE) <

Continuing this process, one can show that there exists a constant C; > 0 (depending
only on the set E and d) such that

Ci _
IGillxe) < —(deg PY" =D P .

To prove the converse direction, assume that 77 (E) is a Markov set and (11) holds.
Then, for every polynomial P = Zf;ol G;(y)x;, we have

aP ¢!

3xj

E i=0
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Since E is compact, there exists K > 0, depending only on the set E, such that

0G;

<k [|IZ=2

- 0x;
E

forevery j =1,2,...,Nandi =0, 1,...,d — 1. Therefore,
d—1

), <+ (2
E i=0

Then, using the fact that w (E) is a Markov set, there exists constants A > Qandn > 0

such that

Finally, we use (11) to see that

G, dx!
—fx,’( + Gl#
J

+ ||Gi||7'r(E)) ,

n(E)

G,

ax]‘

P
ax]‘

w(E)

+ ||Gi||7r(E)) .

apP

ax]'

d—1
<K (Z A(deg G)"[|Gillx(e) + ||G,~||n(E>) :
E i=0

apP

|

Xj

< Kd (AB(deg P)"** + B(deg P)") || P| .
E

That concludes the proof. O

We say that the set E C V is C}° determining if for each f € C;’,O(RN), fie=0
implies D% fig =0, for all o € Zf . Now we are ready to state our main result.

Theorem 1 IfE is a C{7 determining compact subset of V, then the following state-
ments are equivalent:

1) (P(y) ® Pa—1(xx)-Markov Inequality) There exist positive constants M and r
such that for each polynomial P € P(y) ® Py_1(xx) and each o € 7,
ID* Pl g < M(deg P)'“!|| P .

(i1) There exist positive constants M and r such that for every
P e P(y) @ Pi—1(xx) of degree at mostn,n = 1,2, ...,

[P(x)| < M||P|lg if x€E,:={xeR :dist(x, E) < 1/n"}.

(iii) (Bernstein’s Theorem) For every function f : E — R, if the sequence
{diste (f, Pi(y) ® Pa—1(xx))} is rapidly decreasing, then there is a Cy7 (RM)
function f on RN such that f| E=f.

(iv) The space (C\F(E), t7) is complete and C{P(E) = C*(E).

(v) The topologies t; and t¢ for C f,o(E ) coincide.
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4312 T. Beberok

Proof The proof of equivalence of (i) and (ii) is almost the same as in [9], and we omit
the details.

Next we show that ((i) and (ii)) < (iii). Suppose that we have function f : E — R
such that for each s > 0,

lim I*|| f — Pllg = 0.
[—o0

Here P, = Zflz_ol G;g,-(y)x,’; is a metric projection of f onto P;(y) ® Py—1(xx) (I =
0,1,...). Set, as in Lemma 2,

T(E) = {y = (X1, vy Xk—1s Xt 15 - 8) €RV TV (g, ay) € E
for some x; € R}.

We assume that r is an integer so large that both (i) and (i) are valid for E. Lete; = 1/1”
and for [ = 1,2, ... take a function h; € C*® (RN_I) of Lemma 1 corresponding to
¢ and 7w (E). We will show that

d—1 oo d—1
FOon o xn) =) Goixp + Y > h()(GLi(y) = Gr1i(0))x)
i=0 I=1i=0

determines a function from C}° (RV) such that f| £ = f.In order to prove that f €
C ?,O(RN ), it suffices to check that

Go.i(y) + D h((Gri(y) — G () € CPRN ),
=1

foreveryi =0,1,...,d — 1. Thus, if y € Z_ZX_I, then, by (i) and (ii),

14 _
sup | D7 (h(Gri — Gi1.)] < Z( ) sup [DPh DY P(Gri — Gio1 )
RN-1 B<y 7(E)

Y _
=M Z <ﬁ)cﬁlr|ﬂl||Dy P(GLi — Gi—1.) )
B=y
< Mil""NG1; — Giotillnee)

where 7 (E); := {y € RN~ : dist(y, 7 (E)) < ¢}. From Lemma 2, there is a constant
C > 0 so that

sup |DY (hi(Gi — Gi—1,))| < C(deg P)""H=V P — Py |
RN—I
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Now if [ > max{2, d}, then

sup | DY (hi(Gri — Gi—1,)| < 2C17282r(|y|+d—1)+2(f),
RN—I

with a constant C independent of /. Taking into account that 82,(,+a—1)42(f) is
independent of / and the series Y ;o / ~2 is convergent, one sees that

o
Z D" (hi(Gri — Gi-1,))
=1

converges uniformly foreveryi =0, 1,...,d — 1.

Next we shall show that (iii) = (iv) = (v). If Bernstein’s theorem holds, then it
is clear that C{°(E) = C°°(E). From this and the fact that the map C(E) > f —
distg (f, Pi(y) ® Py—1(xx)) € R is continuous, we have (iv). Now suppose that
(CYP(E), t7) is complete. Let I be a cube which contains E in its interior. Applying
the Jackson theorem on the cube, for every v, there exists a constant C,, > 0 so that

S(f) =< qu1,v+1(f)

forall f in C}? (R™). Hence by Banach’s isomorphism theorem (for Fréchet spaces),
we have (v).

The final step of the proof is to show that (v) implies (i) . If topologies 7; and 7o
coincide, there are a positive constant M and an integer © > —1 such that gg 1 (f) <
M§, (f) for every f € C{P(E). Since w(E) is C* determining and do(f) < || fII
we conclude that © > 1. Hence if f € Py (y) ® Py—1(xx), then

for j = 1,2,..., N. This implies that E is a P(y) ® Ps—1(xx)-Markov set. (It is
essential here that E is C}° determining.) O

af

il = M sup I"distg(f, Pi(y) ® Pa—1(xx)) < MA"| flle
J

E I1<i=<x

Remark 2 Let E be compact subset of V. If E satisfies (i), above, then E is C$
determining set.

To see this, take a compact cube 7/ in RV containing E in its interior. We let
f e C‘O,O(RN ) such that f = 0 on E. It follows from the definition of C?,O(RN ) that

d—1
e = dist; (f, Pr(y) @ Pa1(x)) = IIf = Pillr = I1f =Y Grixils

i=0

is rapidly decreasing. Hence by Markov’s inequality, we have

d—1 oo d—1
Df =Y DGo;(Mxi}+ ) Y DGLi(y) — Gi1i(»)xi} onl,
i=0 =1 i=0
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4314 T. Beberok

forall o € Zﬁ. Finally, by (i), we obtain that D f(x) = lim;_, oo D* P;(x) = 0 for
every x € E.
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