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Abstract

In this study, we provide some classifications for half-conformally flat gradient f-
almost Ricci solitons, denoted by (M, g, f), in both Lorentzian and neutral signature.
First, we prove thatif ||V f|| is a non-zero constant, then (M, g, f) is locally isometric
to a warped product of the form / x, N, where I C R and N is of constant sectional
curvature. On the other hand, if ||V f|| = 0, then it is locally a Walker manifold. Then,
we construct an example of 4-dimensional steady gradient f-almost Ricci solitons in
neutral signature. At the end, we give more physical applications of gradient Ricci
solitons endowed with the standard static spacetime metric.

Keywords Ricci soliton - Gradient Ricci soliton - Gradient s-almost Ricci soliton -
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1 Introduction

Hamilton introduced the concept of the Ricci flow to prove the Poincare Conjecture
in the late of twentieth century [1]. Poincare Conjecture was one of the very deep
unsolved problems which aims to classify all compact three-dimensional manifolds.
In the 1900s, Poincare asked whether a simply connected closed three manifold is
necessarily the three sphere S3. For this purpose, Hamilton introduced the Ricci flow
as a partial differential equation % = —2Ric(g(?)), which evolves the metric in a
Riemannian manifold to make it rounder. By choosing harmonic coordinates, it can
be seen that the Ricci flow is a heat-type equation, and the characteristic property of

such equations is the maximum principle, which guarantees that this rounding metric
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happens in some specific case. Hence, as in the expectation of Hamilton, after the
evaluation of the metric, the manifold will become of constant curvature. Moreover,
Hamilton proved that for any smooth metric gy on a compact Riemannian manifold
M", there exists a unique solution g(¢) of Ricci flow defined on some interval [0, ¢),
for some ¢ > 0, with the initial condition g(0) = go [1]. Even in the non-compact
case, a complete solution of Ricci flow exists when the sectional curvatures of g¢ are
bounded [2].

Let (M", g(t)) be a solution of the Ricci flow and suppose that ¢, : M" — M" is
a time-dependent family of diffeomorphisms satisfying g9 = Id and o (¢) is a time-
dependent scale factor satisfying o (0) = 1. If g(t) = o(¢)¢; g(0) holds, then the
solution (M", g(t)) is called a Ricci soliton. Thus, one can regard the Ricci solitons
as the fixed points of the Ricci flow, which change only by a diffeomorphism and a
rescaling. If we take the derivative of the last relation at # = 0, by using the definition
of the Lie derivative, the Ricci flow equation and the initial conditions for ¢; and o (¢),
we obtain

. 1
Ric + zﬁvg = Ag, (D

where V = %‘%, Ly g is the Lie derivative of the metric g in the direction of V and
a/(O) = 2, for some real constant L. As a result, the triple (M, g, V) is said to be a
Ricci soliton, where V is the potential field and A is the soliton constant. Also, there
is a terminology according to the sign of A: a Ricci soliton is steady if A = 0, and
expanding or shrinking if A > 0 or A < 0, respectively. If the potential vector field
X is gradient, that is X = V f, for some smooth function f, then the equation (1)
reduces to the form

Ric + Hess f = Ag. 2)

Thus the triple (M, g, f) satisfying (2) is called a gradient Ricci soliton and f is called
a potential field. Mostly, in a gradient Ricci soliton A is a real constant. But, we are
also interested in the general case in which A is a smooth function on M. In that case,
(M, g, f) is called a gradient almost Ricci soliton. In these regards, Ricci solitons
and gradient Ricci solitons are natural generalizations of Einstein manifolds. In the
literature, there are many other different generalizations of Einstein manifolds and
gradient Ricci solitons, such as quasi Einstein manifolds [3-5], (m, p)-quasi Einstein
manifolds [6-8], generalized quasi Einstein manifolds [9-11] and etc.

In this paper, we will deal with another generalization of Ricci solitons, given as
follows:

An h-almost Ricci soliton is a complete Riemannian manifold (M", g) with a vector
field X € x (M) and two smooth real valued functions A and % satisfying the equation
[12]

h
Ric + Eﬁxg = Ag. 3)

For the sake of convenience, we denote an k-almost Ricci soliton by (M", g, X, h, A).
If A is constant, it is called an A-Ricci soliton. When X = V f for some smooth
function f, wecall (M", g, V f, h, A) a gradient h-almost Ricci soliton with potential
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function f. In this case, the fundamental equation (3) can be rewritten as [13]:
Ric + h.Hessf = Ag “4)

that constitutes the main theme of this work. This kind of manifolds are closely related
to the warped products so we should mention about the warped products [14]: For two
pseudo-Riemannian manifolds (B, gg) and (F, gr), the warped product B x, F' with
respect to warping function ¢ € CZ{,(B) is defined as the product manifold B x F
endowed with the metric g = g + ¢2gF. After some straightforward calculations,
all components of the Ricci tensor of (B x, F, g) can be found as follows [14]

(1) Ric(X,Y) =Ricg(X,Y) — %Hessqy(X, Y),
(2) Ric(X, V) =0,
2
(3) Ric(V, W) = Ricp (V. W) — [2 + (n — DIEELIE Loy w),

for all horizontal vectors X, Y and vertical vectors V, W where Hess¢ = Vdg denote
the Hessian of a smooth function ¢ on (B, gg), m > 1 is the dimension of (F, gF).
Einstein and quasi Einstein manifolds are closely related to the warped products. For
example, if B X, F' is an Einstein warped product, then (B, g, f, «) is quasi Einstein,
with f = —dimF (logyp) and ¢ = (ﬁ. Moreover, if we have a suitable fiber, the
converse of this statement is also true. Thus, this is a natural way to construct a quasi
Einstein manifolds and warped product metrics.

Additionally, if B x, F satisfies Ric(X, Y) = Ag(X, Y) forall X, Y € x(B), then
the base manifold (B, gp, Vo, —%, A) is the gradient (—%) almost Ricci soliton.
Conversely, if fiber (F, gr) is Einstein with Ricr = ugpr, then the necessary and
sufficient condition for B x, F to be an Einstein with Ric = Ag is that the base
(B, gp) is a gradient (— %)—almost Ricci soliton with potential function ¢ and soliton
function A satisfying 1 = pAg + (m — 1)[|Vel||> + r¢>.

Motivated by these results, in this study first we analyze the half-conformally flat
(i.e., self-dual or anti-self-dual) four-dimensional gradient f-almost Ricci solitons
(that is, throughout this study the function 4 is identified by the potential function f).
Indeed, we restrict ourselves to the particular case in which /& equals to the potential
function f. In [15], half-conformally flat gradient Ricci almost solitons are investi-
gated, showing that they are locally conformally flat in a neighborhood of any point
where the gradient of the potential function is non-null. In opposition, if the gradient of
the potential function is null, then the soliton is a Walker manifold. The first case cor-
responds to non-degenerate level hypersurfaces, whereas the second case corresponds
to degenerate level hypersurfaces and gives rise to the isotropic solitons [15]. From
the inspiration of these results, we will extend this problem to the gradient f-almost
Ricci solitons. In the last part, we also give more physical applications of gradient
Ricci solitons by using the standard static spacetime metric. We provide the character-
izations of certain manifolds satisfying Ricci—Hessian class-type equations endowed
with standard static spacetime metric, with respect to their fundamental equations.
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2 Preliminaries

Let (M, g) be a pseudo-Riemannian manifold with Levi—Civita connection V. The
curvature operator is defined by R(X, Y) = [Vx, Vy]—V|x v}, forany X, Y € x(M).
Then the Ricci tensor Ric and the scalar curvature r are defined by Ric(X,Y) =
trace{Z — R(X, Y)Z} and r = trace{Ric}, respectively, where Q denotes the Ricci
operator defined by g(Q X, Y) = Ric(X, ¥). As we mentioned before, Hess f denotes
the Hessian tensor defined by Hess f (X, Y) = (Vxdf)(Y) = XY (f) — (VxY)(f).

2.1 Some Key Lemmas About Gradient f-Almost Ricci Solitons

First we give the following which will help us to characterize the gradient f-almost
Ricci solitons.

Lemma1 Let (M", g,V f, f,A) be a gradient f-almost Ricci soliton. Then the fol-
lowing identities hold:

(1) r+ fAf =An

(2) Vi = =2(VAHAf +2fRic(Vf)+2hesyp(Vf)+2n—1)VA

(3) fRIX,Y,Z,Vf)=dr(X)g(Y,Z) —dr(Y)g(X, Z) — [df (X)Hessf(Y,Z) —
df (Y)Hessf(X, Z)] — [(VxRic)(Y, Z) — (VyRic)(X, Z)]

for all vector fields X, Y, Z on M.

Proof Contracting the fundamental equation of (M", g, V f, f, 1), the first assertion
is directly obtained. If we combine (1) with the Ricci identity, the second assertion
can be verified. Thus, (1)—(2) and the Ricci identity yield the last relation.

O

The Weyl tensor WV and the Cotton tensor C are defined as follows:

r

W(X,Y)Z=R(X,Y)Z+ m[g(X, 2)Y —g(Y, 2)X]
+ %[RiC(Y, Z)X —Ric(X,2)Y +g(Y,Z2)0X — g(X,Z)QY],

n—
(5
C(X,Y,Z)=(VxRic)(Y, Z) — (VyRic)(X, Z)
1

- ——g(Y, Z2)dr(X) — g(X, Z)dr(Y)], (6)

200 — 1)

for all vector fields X, Y, Z on M. Then by using Egs. (5) and (6) and Lemma 1, we
can immediately obtain the following result that will be given without proof:
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Lemma2 Let (M", g,V f, f, ) be agradient f-almost Ricci soliton. Then

WX, Y, Z,Vf) Z;[Ric(X, Vg, Z)—Ric(Y,V[fgX, Z)]
(n—1)1n-2)
r
TS NCE) (X, VY, Z)—g(Y,V[)g(X,Z)]
+ (n 1 2) [g(X, Vf)Ric(Y, Z) — g(Y, V f)Ric(X, Z)]
- %[df(X)Hessf(Y, Z) —df(Y)Hessf(X, Z)]
A

+ —f[df(X)g(Y, Z)—df(Y)g(X, 2)]

fn—1)

_ 2 _ 2
T 2= l)[X(IIVfII 18(Y,Z) = Y(IIVfIIN)eX, 2)]

1
- —-C(X,Y,Z 7

7 ( ) (7

for all vector fields X, Y, Z on M.

2.2 Half-Conformal Flatness of 4-Dimesional Manifolds

Let (V, < .,. >) be an inner product vector space and let << ., . >> be the induced
inner product on the space of two forms A%(V). For a given orientation voly, the
Hodge star operator % : A2(V) — A(V) given by @ A % =<< a, 8 >> voly
satisfies 2 = Id and induces a decomposition A% = A%r ® A%, where A2+ ={x e
A?:sa = a}and A2 = {o € A : xa = —a). Ai denotes the space of self-dual
and A2 denotes the space of anti-self-dual two forms. Let W : A2(V) —> A(V) be
the corresponding endomorphism associated to the Weyl conformal tensor. Then W
can be decomposed under the action of SO(V, < .,. >)as W = W+ @ W, where
Wt = M is the self-dual and W™~ = M is the anti-self-dual Weyl conformal
curvature tensor. Half-conformally flat metrics are known as self-dual or anti-self-dual
if W™ =0or WT = 0, respectively.

We will use the following characterization of self-dual algebraic curvature tensors
in sequel:

Lemma3 [15] Let (V, < .,. >) be an oriented four-dimensional inner product space
of neutral signature. Then the following holds:

(1) Analgebraic curvature tensor R is self-dual if and only if for any positively oriented
orthonormal basis {e1, e, e3, e4} ,

Wier, e, X,Y) =ojjkejexWiej, e, X,Y), VX, Y eV (8)

fori, j,k €{2,3,4}, where o;ji denotes the signature of the corresponding per-
mutation.
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(2) Analgebraic curvature tensor R is self-dual if and only if for any positively oriented
pseudo-orthonormal basis {T,U,V, W} (i.e., the non-zero inner products are
<T,V>=<U,W >=1)andforevery X,Y €V,

w(T,vV.X,Y)=WwWU,W,X,Y), WT,W,X,Y)=0, WU,V,X,Y)=0

©
fori, j,k €{2,3,4}, where o;ji denotes the signature of the corresponding per-
mutation.

3 Half-Conformally Flat Gradient f-Almost Ricci Solitons

The aim of this section is to analyze four-dimensional half-conformally flat (i.e., self-
dual or anti-self-dual) gradient f-almost Ricci solitons. Since we work at the local
sets, let p € M and orient (M, g) on a neighborhood of p so that it is self-dual.

3.1 Non-isotropic Case

First, we consider non-isotropic half-conformally flat gradient f-almost Ricci solitons.
That is, ||V f|| # 0 so the level sets of f are non-degenerate hypersurfaces. Here, we
also assume that V f is of constant length. Since Cotton tensor is a constant multiple
of divergence of Weyl tensor, by virtue of (7) and (8), we can express the self-duality
condition as follows:

3[Q(ei)gler. Vf) — Qer)glei, V /)] + Ric(er, V fle; — Ric(e;, V feg

6
+rlglei, Ver = gler. Vel = S18(V frenVe Vf = g(Vf ) Ve,V f]
A 1
+ 27f[g<Vf, eDei —g(Vf,eer] — ?[61(||Vf||2)ei — i (IIVfIP)er]

= 0jjk€jEk [3[Q(ek)g(ej, Vf)— Q(ejglex, VI +Riclej, V flex —Ric(eg, V fe;

6
+rlg(er Vej = 8(ej. V ek = L18(Vf.ep)Va VS = 8(V S, e)Ve, V1]

A 1
+ 27f[g<Vf, ej)er — (V. ep)ej] — ?[ej<||Vf||2>ek — ek(||vf||2)€j]] (10)

for i, j, k € {2, 3,4}, where ¢; =< ¢;,e¢; >. Since ||V f|| # 0, we can normalize
V f to be a unit and complete it to an orthonormal frame {E; : i = 1, 2, 3, 4}, where

E| = ||$J;|| . Then, normalizing (10) with respect to this orthonormal frame, we obtain

3Ric(E;, Z)g(E1, Vf) + Ric(E1, V f)g(E;, Z) — Ric(E;, Vf)g(E\, Z)
6
—rg(E1, V)g(Ei, Z) — 7g(Vf, ENg(Vg, VS, 2Z)

Af . 1 5 . ‘ 2
+ ZTg(Vf, E1)g(Ei, Z) — ?[El(va” )8(Ei, Z) — Ei([IV fIIP)g(E1, Z)]
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= 0jjk€jEk [RiC(Ej, V)g(Ek, Z) — Ric(E, V f)g(E}, Z)

1
= FLEIVAIP)g(Er 2) = EIV I8 (Ej. 2)1]. (1n)

Now, first putting Z = E7 in (11) and using the fact that ||V f|| is non-zero constant,
we get
Ric(E;, E1) =0, Vie{2,3,4} (12)

which means that V f is an eigenvector of the Ricci operator.
Next, putting Z = E; in (11), we get

Ric(E;, Ej) =0, Vi#j. (13)

That is, the Ricci operator can be diagonalizable on the basis {Ey, E2, E3, E4}.
Finally, setting Z = E; in (11), we obtain

6 A 1
e1Ric(Ey, E1) —r + 3¢;Ric(E;, E;) — ?Hessf(E,', E;) — ZTf ——=E1(JIVfI) =0.

f
(14)

In view of (14), the fundamental equation of gradient f-almost Ricci soliton yields
1. A .
Hess f(E;i, E;) = —?RIC(E,',E,')—F?, Vie{23,4}. (15)

As a consequence of the last two equations, we obtain
Hess f(Ei, E;) = yg(Ei, E;) (16)

where y = 3fgﬁ[Ric(El, E)+3x—r— ZATf]. On the other hand, when i # j,

Ric(EEj) = %Hessf(Ei, E;) = 0. Thus, the level hypersurface of f is totally
umbilical. Moreover, for i € {2, 3,4}, Hess f(E;, E1) = g(hesy(E}), E;) = 0 and
so hes¢(E1) = 0. Thus, the 1-dimensional distribution Span{E}} is totally geodesic.
Then, by using the reference [16], we conclude that (M, g) can be locally decomposed
as a twisted product I x, F. Also, as the Ricci operator is diagonalizable, the twisted
product reduces to a warped product (see [17]). That is, (M, g) is a 4-dimensional
self-dual warped product manifold. Thus, it becomes also anti-self-dual. Therefore, it
is necessarily locally conformally flat and as a consequence of this result, the fiber F
becomes an Einstein manifold. Hence we can state the following theorem:

Theorem 1 Let (M, g, f) be a four-dimensional half-conformally flat gradient f-
almost Ricci soliton of neutral signature. Then, if ||V f|| =constant # 0, then (M, g)
is locally isometric to a warped product of the form I x, N, where I C R and N is
an Einstein manifold. Furthermore, (M, g) is locally conformally flat.

@ Springer



3642 S. Giiler

3.2 Isotropic Case

In this case, the level hypersurfaces of the potential function are now degenerate. That
is, in contrast to the non-isotropic case, we have ||V f|| = 0. But, as V f # 0, we can
complete it to a local pseudo-orthonormal frame B = {V f, U, V, W}, i.e., the only
non-zero components of the metric g are

gVf, V)=gU, W)=1 a7

Since ||V f|| = g(V f, Vf) = 0, taking covariant derivative, we get forall X € T M,
Hessf(Vf, X) = g(hess(Vf), X) = 0, which yields hes¢(V f) = 0. Combining
this with the fundamental equation of gradient f-almost Ricci soliton, we have

O(Vf)=AVf (18)

where Q is the Ricci operator. Thus, V f is an eigenvector of the Ricci operator
corresponding to the eigenvalue A.

Now, since (M, g, f) is half-conformally flat, without lose of generality we can
assume that it is self-dual. Then by Eqgs. (3) and (9), for the pseudo-orthonormal frame
B={Vf,U,V, W}, wehave

WMV, X, Y)=WU,W,X,Y), W(Vf,W,X,Y)=0, WU,V,X,Y) =0,
(19)
forall X, Y. Setting Y = V f in the first equation of (19) and using Egs. (7) and (18),

we get
) 20)
6 T3r

Putting ¥ = V£ in the second equation of (19) and using Eqs. (7) and (18), we
get W(U, W X V) = 0. Combining the last relation with (20), we have either
r=4xr— 2— or for all X, g(Vf, X) = 0. But the last one gives rise to Vf = 0,

which is a contradlctlon. Thus, we getr = 41 — 2=+ AL
Similarly, putting ¥ = V f in the third equation of (19) and using Egs. (7), (18)
and the fundamental equation of the gradient f-almost Ricci soliton, we get

W(Vf,V,X,Vf):(

Ric(U, X) =rg(U,X), VX € TM 1)

which shows that U is an eigenvector of the Ricci operator corresponding to the
eigenvalue A.

Finally, putting X = V in the second equation of (19) and using Eqgs. (7) and (18),
we get

&g(Y, W) — Cg(Y, W) — lRic(V, Wy)g(Y,Vf)— %Hessf(Y, W)

+fg(Y V f)Hessf(V, W)—i——fg(Y W)+ Ric(Y,W)=0, VY € TM.

3f
(22)
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Now, putting ¥ = W and ¥ = V£ in (22) and using the fundamental equation,
respectively, we obtain

Ric(W, W) =Ric(Vf, W) =0. (23)

As a consequence of these obtained results, the Ricci operator can be written as in the
following form:

A0 a B
10 A B O
Q_00)\0
000

for some non-zero functions « and 8 on M. Now, we set D = {V f, U}, which is 2-
dimensional null-distribution. Since B = {V f, U, V, W}is pseudo-orthonormal basis
in which the only non-zero components of the metric g(V f, V) = g(U, W) = 1, we
have

g(VxVf,Vf)=g(VxU,U)=0. (24)

Also, by using the fundamental equation of gradient f-almost Ricci soliton and (21),
we have hes ¢ (U) = 0. Thus, we obtain

g(VxV [, U)=g(VxU,V[f)=0. (25)

Therefore, VD C D, i.e., the distribution D is invariant under the Levi—Civita connec-
tion V. Thus, D is a null-parallel distribution and so (M, g, f, 1) is locally a Walker
manifold. Hence, we can state that:

Theorem2 Let (M, g, f) be a four-dimensional half-conformally flat gradient f-
almost Ricci soliton of neutral signature. Then if ||V f|| = O, then (M, g) is locally a
Walker manifold, where r = 4\ — 2Af

f

Remark 1 From [18],ifdimM = 4 anddimD = 2, the metric g of the Walker manifold
(M, g, D) has the neutral signature (—, —, +, 4+) and in suitable coordinates it has
the form

00 1 0

00 0 1

gy 2O =1 g a(x,y,z,t) c(x,y,z,1)
01 clx,y,z,8) bx,y,z,1)

for some function a(x, y, z, t), b(x, y, z,t) and c(x, y, z, t), where D =< %, % >,

Some geometric properties of four-dimensional Walker metrics satisfying ¢ = 0
and ¢ =constant were investigated in [19,20], respectively. Here we are interested in
the particular case by choosing @ = ¢ = 0 in the metric g(x, y, z, ) and we construct
the following:
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3644 S. Gler

Example 1 Let{t, x, y, z} be the local coordinates with respect to the local frame fields
{0r, 0y, 0y, 0} and we consider the metric given by

(gp) = ds* = 2dtdy + 2dxdz + bdz? (26)

for some smooth function b. Then by long and straightforward calculations, the non-
zero components of the Riemannian curvature tensor Ricci tensor are as follows:

1 1 1
R(@y. 8)dy = =byydy.  R(dy. 8)8 = 5bbyydy — 5byydy 27)

1 1
Ric(dy, d;) = beyv RiC(ay, 1) zibyys
. 1 . 1

Ric(dz. ) = Sbyz. Rie(@r, ) = = bex + 5bby (28)
To construct a gradient f-almost Ricci soliton structure on (M, g r), by using (4), (26)
and (28), we need to find the potential function f and soliton function A satisfying
following system of differential equations:
8xfx =0, ayfx =0, fazfx =A, atfx - %bxfy =0,
dyfy =0, 9;f, =0,
%byy + f[atfy - %byfy] - )»,

9./ =0, %byz + florf: — %bzfy] =0,

—mﬁ&ww+fmﬁ+amﬂ—mﬁ—wwﬁ+mﬁ+mﬁn:wb%
where all indices denote the partial derivatives with respect to corresponding coordi-
nates.

First, without lose of generality, we assume that f depends only on y. Then, by the
system (29), weobtain A = 0, f = ay+B; for any «, B € R, and b is a differentiable
function of only y satisfying the resulting system of (29). Hence (M, g, Vf,0) is
the steady gradient f-almost Ricci soliton, where f and b are defined as above.

Secondly, to construct another explicit example we may consider f as a separable
function of x and z. In this case, we assume that f (x, z) = xz and by the system (29),
we obtain A = xz and b = xy%z + ¢, for any ¢ € R, which yields the non-steady
gradient f-almost Ricci soliton (M, gp, V f, 1).

4 More Physical Results: Standard Static Spacetimes

First, to fix the notation, we may give a formal definition of standard static spacetime:
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Definition 1 Let (F, g) be an n-dimensional Riemannian manifold and 2 : F —
(0, o0) be a smooth function. Then (n + 1)-dimensional product manifold M = I x F
furnished with the metric tensor § = —h?dr> @ g is called a standard static spacetime
(briefly $SS-time) and it is denoted by M = I, x F, where d¢ is the Euclidean metric
tensor on /.

Here throughout this section, each object denoted by “tilde” is assumed to be from
the SSS-time and each object denoted by “bar” is assumed to be from the fiber F'.
This is just the warped product F' x s I with time coordinate written first. Thus,
by contrast with a Robertson-Walker spacetime, space remains the same but time is
warped [14]. These type of metrics play an important role in the search of solutions
of the Einstein field equations so they have been previously studied by many authors.
Two of the most famous examples of standard static spacetimes are the Minkowski
spacetime and the Einstein’s static universe [21]. Another well-known examples are
the universal covering space of anti-de Sitter spacetime and the Exterior Schwarzschild
spacetime (for more details [22]).

Inthelate of 1980s, Besse [23] posed an important question about the construction of
Einstein manifolds that have warped product structures. More recently, some necessary
and sufficient conditions are obtained to construct Einstein warped product manifold.
If it is more clearly stated, (M x N, g) endowed with the metric g = gy & e# gN 18
Einstein if and only if the fiber manifold is Einstein and the m-Bakery—Emery Ricci
tensor of the base manifold is proportional to its metric, i.e., it is quasi Einstein [24].
Thus, it would be a very interesting idea to extend these studies to the generalizations
of Ricci solitons having the standard static spacetime metric structure. This will be
the point of view of this section.

The next lemma includes some geometrical objects such as the Levi—Civita con-
nection and the Ricci tensor of the standard static spacetime metric:

Lemma4 [14] Under the above notations, on the h-associated SSS-time, for any
vector fields X,Y € x(I)and U,V € x(F), one has:

(i) the only non-vanishing components of the Levi-Civita connection of V of M are
given by:

(1) VxY = Vxy — &&D gy
(2) VxV =VyX = ()X, (3)VyV =VuV,
(ii) the only non-vanishing components of the Ricci tensor of Ric of M are given by:

(1) Ric(X,Y) = —hAhg(X,Y),
(2) Rie(U, V) = S(U, v) — HesshW.v).

where Hessh and Ah denote the Hessian and Laplacian of h on F, respectively.

Moreover, the scalar curvature of I, X F is given byr =r — ZATh.

It is known that a smooth manifold (M", g) (n > 2) is said to be generalized quasi
Einstein manifold [9] if there exist three smooth functions f, o and X such that

Ric + Hessf —adf @ df = Ag, (30)
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whichis simply denoted by (M", g, Vf, A). Ifa = ”il,forpositive integer0 < m < 0o

then M is called an m-generalized quasi Einstein manifold. If in addition, A € R, then

M reduces to an m-quasi Einstein manifold. Moreover, defining a function ¢ = e,
1 . . . .

we ggt %Hesscp = —Hess f + ;-df ® df. By using this relation in the fundamental

equation, we obtain

m
Ric — —Hessp = Ag. (€2))
®

Thus, all m-generalized quasi Einstein manifold is a gradient (_(’fm)-almost Ricci soli-
ton. After this transformation, we can prove the following:

Theorem3 Let (M =1, x F, g, f, L) be an m-generalized quasi Einstein standard

static spacetime. Then, the potential function f depends only on the fiber (F, g) which
satisfies the Ricci—Hessian class-type equation

Ric + Hessy — dy @ dyr = Ag + ~ Hessg. (32)
¢

Proof Since (M = 1I;, x F, g, f, A) is an m-generalized quasi Einstein SSS-time, by
(31) its Ricci tensor satisfies

Ric — L Héssp = A3. (33)
¢

In view of Eq. (33), Lemma 4-(ii) ang the definition of the SSS-time metric, for all
X e x(I)and V € x(F) we have (Hessp)(X, V) = 0. Then, again by using Lemma
4-(i) we get the following separation for the tangential and the normal parts of the
vectors

Hess(¢)(X, V) =§(@xtan(grad§<p), V) + g(%xnor(gradgw), V)
=hdh(V)g(X, tan(gradg,w)) =0. (34)

From the last row, since 4 > 0, we have either dh(V) = 0, for any V € x(F) or
g(X, tan(grad;¢)) = 0.Butthe first case implies 4 is a constant, which makes the S.5.S-
time trivial. Thus, we have g (X, tan(gradg,w)) = 0, forall X. Therefore, the function ¢
and so the potential function f depends only on fiber. That is, nor(grad;¢) = gradz¢.

Since g = —(dr)?, we may choose X = Y = 9;. Then, by (33), we obtain
~ m__~ ~
Ric(9;, ;) — —Hessp(9;, 9;) = Ag(9y, 9), (35)
¢
from which following relation holds:
m
Ah + —(grad;@)(h) = —hA. (36)
¢
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Similarly, for all V, W € x (F), we get
Ric(V, W) — %Héssw(V, W) = 23(V, W). 37)
Again, by the definition of the metric g and Lemma 4-(ii), (37) yields
Ric(V, W) — %Hessh(V, W) — %Hessw(V, W) =Ag(V, W). (38)
Note that the following relation holds for any smooth function #;

V2(Inh) = Lo - Lan ® dh (39)
T h h? '

If we take ¥ = —Inh, then by virtue of (39), (38) yields the equation (32). Hence the
proof is completed. O

Then, we shall actually prove a slightly stronger theorem, which is the converse
case of the above theorem. This also allows us to obtain sufficient conditions about in
which conditions we can get standard static metric structure:

Theorem4 Let (F", g, f, — w) be a non-steady m-generalized quasi Einstein
manifold. Then the standard static spacetime (Ip x F, g, Vo, — %ﬂ) is a gradient

almost Ricci soliton, where ¢ = % and h = e™%.

Proof We assume that (F", g, f, A) be a non-steady m-generalized quasi Einstein
metric. Thus, we have

_ 1
Ric+Hessf — —df @df = Ag; A€ C®(F). 40)
m
Define ¢ = %, h = e%} and let m = 4«. Then, we get
) 1 2
—V°h=—-dp®dp — V7p. 41)
h o
Then, in view of (41), (40) can be written as follows (when o = 1);
¥ 2 N g
Ric+V <p=kg+EV h. (42)
By virtue of (42) and Lemma 4, for all V, W € x (F) the relation

Ric(V, W) 4+ V2oV, W) = A3(V, W) (43)

holds. Since forall X € x(I) and V € x(F), g(X,V) =0 and Ric(X, V) = 0, the
relation ~
Ric(X, V) + V2<p(X, V)y=xg(X,V) (44)
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trivially holds. Also, from Lemma 4 and Theorem 3, for all X,Y € x(M), i.e.,
X=Y= 3;,

(V20) (3, ) = §(Vy, Vo, &) = —hVe(h). 45)

As Ah = div(Vh), from assumptions, we have Ah + Vo(h) = —hAg. Thus, if we
choose the soliton constant A = —w, the relation

Ric(d;, 3;) + V2¢(d;, 8) = Ag(d;. 3;) (46)

also holds. Therefore, in each case (I, x F, g, Vo, —ZN";&) satisfies the funda-
mental equation of a gradient almost Ricci soliton, which completes the proof. O

On the other hand, if we assume that (I, x F", g, f, 1) is an m-generalized quasi
Einstein SSS-time, by virtue of (41), we have

Ric + V2 = 23 + %Vzh. (47)
Additionally, we assume that (F", g, f, A) satisfies the relation
o
—2dp +d[2 —n—a)\ + ||V<p||2—A<p— ZV(p(h)] =0. (48)

Contracting (47), the scalar curvature is obtained as follows:

f:m\+%Ah—Ago (49)
and so its differential is
- o o
dr = ndx + Ed(Ah) — ﬁdhAh —d(Ag). (50)

Notice that for all smooth function ¢ and (0, 2)-tensor T, the following general facts
are well known:
div(pT) = odivT + T (Ve, -). (&1))

. . 1
div(VZp) = Ric(Ve, ) + (Ap) and 2d(|Vel[") = Vie(Ve,).  (52)
Taking divergence of (47) and using Eqgs. (48), (51), (52) and the contracted second
Bianchi Identity, we get d[Ah2 + hAh + (@ — 1)||VA||> — hVe(h)] = 0 and so for
some constant cp, we have

ARE 4+ hAR + (@ — D||IVA|? = hVe(h) = co. (53)

Now, we consider the elliptic operator of second order given by
o—1
e()=A0)=Ve()+ TWI(-)- (54)
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Then by virtue of (53), (54) yields

a—1 s €O — 22
A(h)—pr(h)+TIIVhII == (55)
If we assume that / is bounded function which has maximum and minimum values at
some points p and g on F", respectively, then we have

Vh(p) =0=Vh(g) and Ah(p) <0 < Ah(q). (56)
If we take A < 0 such that A(p) < A(gq), then by (53) and (56), we get
co = Mp)(p) = co — Mq)h* (). (57)

Now, if A(g) # 0, then by (57), we have i (p) < h2(q) which implies for all
p,q € F, h(p) = h(q). Therefore, h is constant and so is L. If A(p) = 0, then
by (53), co = 0. In this case, from (53) and (54) we obtain ¢(h) > 0. It is known
that the Strong Maximum Principle tells us that for a solution of an elliptic equation,
extrema can be attained in the interior if and only if the function is a constant. Hence
we conclude that 4 is constant and so A = 0. As £ is constant, the potential function
fof(M=1,x F", g, f,A)is also constant. Thus, M is trivial.

Hence together with this result, we have obtained an answer to the question posed
by Besse in [23], for m-generalized quasi Einstein manifolds with A < 0, which also
extends the results obtained for the warped product manifolds in [25] to the standard
static spacetimes. Therefore, we can state the following:

Corollary 1 Let (M = I, x F", g, f, \) be an m-generalized quasi Einstein standard
static spacetime satisfying (48) with bounded warping function h and A < 0 such that
M(p) < A(q), where p and q are maximum and minimum points of h, respectively.
Then, (M = I, x F", g, f, A) is trivial Lorentzian product manifold.
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