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Abstract

In general, the study of gradations has always represented a cornerstone in the study
of non-associative algebras. In particular, natural gradation can be considered to be
the first and most relevant gradation of nilpotent Leibniz (resp. Lie) algebras. In fact,
many families of relevant solvable Leibniz (resp. Lie) algebras have been obtained by
extensions of naturally graded algebras, i.e., solvable algebras with a well-structured
nilradical. Thus, the aim of this work is introducing the concept of natural gradation
for Lie and Leibniz superalgebras. Moreover, after having defined naturally graded
Lie and Leibniz superalgebras, we characterize natural gradations on a very important
class of each of them, that is, those with maximal supernilindex.
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1 Introduction

In general, the study of graded algebras has always played a fundamental role into
Lie theory (see for instance [10,15]). Recently, the importance of naturally graded Lie
and Leibniz algebras has been increased by means of the use of them as nilradical
of relevant families of solvable ones (see [1,5,13,28]). Therefore, it remains as an
immediate and future work and the use of the results of the present paper to obtain
important families of solvable Lie and Leibniz superalgebras by extensions of non-
nilpotent outer derivations. Recall that filiform Lie algebras were firstly introduced
in [34] and the generalization for Lie superalgebras has already been obtained (see
[8]) and, in the same way as occurs for Lie algebras, filiform Lie superalgebras have
maximal supernilindex. On the other hand, the notion of Leibniz superalgebras as a
generalization of Leibniz algebras was firstly introduced in [2], and general graded
Leibniz algebras were considered before in work [29], though. Since Leibniz algebras
are a generalization of Lie algebras [30], consequently many of the features of Leibniz
superalgebras are generalization of Lie superalgebras [3,11,12,19]. Likewise, the study
of nilpotent Leibniz algebras [2,6,7] can be very useful to study nilpotent Leibniz
superalgebras.

Thus, we begin the present work introducing the concept of naturally graded for
Lie and Leibniz superalgebras. Secondly we tackle the problem of determining which
filiform Lie superalgebras are naturally graded obtaining a complete classification
(up to isomorphism) for total dimension less or equal to 7 as well as some other
classifications. Finally, we characterize naturally graded Leibniz superalgebras with
maximal supernilindex. Note that the techniques used for Leibniz superalgebras are
totally different from the ones used for Lie superalgebras and involve a huge amount
of computation.

Throughout the present paper we will consider vector spaces and algebras over the
field of complex numbers C.

2 Preliminary Results
2.1 Preliminary Results for Lie Superalgebras

A vector space V is said to be Z-graded if it admits a decomposition in direct sum,
V =V, @ Vi, where 0,1 € Z>. Anelement X € V is called homogeneous of degree
i if it is an element of Vs, ic Zy. In particular, the elements of Vj (resp. V7) are also
called even (resp. odd). A Lie superalgebra (see [14,32]) is a Z-graded vector space
g = gy @ g7, with an even bilinear commutation operation (or “supercommutation”)
[+, -1, which satisfies the conditions

L [X, Y] = —(=DU[Y, X], B

2. (—DMX, [V, Z] + (=DU[Y, [Z. X]] + (=1)J*[Z, [X, Y]] = O (super Jacobi
identity)

forall X € g;,Y € 97, Z € g; with i, j, k € Z.

@ Springer



On Naturally Graded Lie and Leibniz... 3413

Thus, g is an ordinary Lie algebra, and gj is a module over gg; the Lie superal-
gebra structure also contains the symmetric pairing 5> g7 — gp- Hereafter, any time
we write [X;, X;] or [X;, Y;] with X; even and Y; odd elements, and the products
[X;, X;], [Y}, X;] are assumed to be obtained by the skew-symmetric property as it
is usual in Lie theory. Also, for simplicity the symmetric products [Y;, Y;] = [¥}, Y;]
are denoted by (Y;, Y;). Note that when we deal with Leibniz superalgebras we do not
have skew-symmetric nor symmetric property and each single bracket product must
be specified.

In general, the descending central sequence of a Lie superalgebra g = g5 @ g7
is defined in the same way as for Lie algebras: C*(g) := g, C**1(g) := [CX(g). g]
for all k > 0. Consequently, if C¥(g) = {0} for some k, then the Lie superalgebra is
called nilpotent. Nevertheless, there are also defined two other descending sequences
called C* (g5) and ck (g7) which will be important in our study. They are defined by
Co%gy) := g7, C* (@) := g5, CX(gp)], k> 0,i € Zo.

If g = g5 @ g7 is anilpotent Lie superalgebra, then g has supernilindex or s-nilindex
(p, q) if satisfies

C" ) #0, (€ Ngp) #0,  CP(gy) = C%(g) = 0.

Note that a module A = Ay @ Aj of the Lie superalgebra g is an even bilinear map
g x A — A satisfying

X(Ya) — (=) Y(Xa) = [X, Y]a
forall X e g;, Y € g],f,fe Zs,and a € A.
Lie superalgebra cohomology is defined in the following well-known way ( see, e.g.,

[14,33]): the Z,-graded vector space of g-dimensional cocycles of the Lie superalgebra
g = gy © g7 with coefficients in the g-module A = Ap @ Aj is given by

Cil(g; A) := @ Hom (A%g5 ® S7'gj, A)
q0+q1=4

The above space is Z,-graded as C¥(g; A) = C{ (g; A) & C{(g; A) being

Ci(g; A) = @ Hom (A%g5 ® S7'g7, A)
q0 +4q1 =49
q1 +r = pmod?2
Thus we have the cohomology groups
Hj(g: A) == Z}(g: A)/B}(g: A)
where, in particular, the elements of Zg (g; A)and Z ;1 (g; A) are called even g-cocycles

and odd g-cocycles, respectively. We denote the variety of nilpotent Lie superalgebras
g = gy @ g7 with dim(gy) = n + 1 and dim(g7) = m with the notation NFLm in
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3414 L. M. Camacho et al.

complete analogy to Lie algebras (see [23,24]). Then, any nilpotent Lie superalgebra
g =gy @ g7 € N1 with s-nilindex (n, m) is called filiform [16].

We denote by F"+1 the subset of A"+ consisting of all the filiform Lie super-
algebras. Likewise, it can be seen that any filiform Lie superalgebra can be always
expressed in a suitable basis or so-called adapted basis. Therefore, if g = g5 @ g7 €
Frtlm then there exists an adapted basis of g, namely { X, X1, ..., Xu, Y1, ..., Y},
with {Xo, X1, ..., X} abasis of g5 and {Y1, ..., Y}, } a basis of gi, such that

[Xo, Xil=Xi41, 1 <i <n—1, [Xo,X,]=0
(X0, Yj1=Yj41, 1 <j<m—1,[X0,Yu]=0

From this result it can be observed that the simplest filiform Lie superalgebra or
so-called the model filiform Lie superalgebra, denoted by L™™, will be defined by the
only nonzero bracket products

Lmm - [Xo, Xil=Xiy1, 1 <i<n—1
| [Xo, Y=Y, 1< j<m—1

L™™ will be the most important filiform Lie superalgebra, in complete analogy to
Lie algebras, since all the other filiform Lie superalgebras can be obtained from it by
deformations. These infinitesimal deformations will be given by the even 2-cocycles,
Z%(L"'m, L™"™), which can be decomposed in the way

Z3(Lmm, Ly = ZA(L™™, L™™) N Hom(gg A g5, 85) ® Z2(L™™, L™™) N Hom(gg A g1, g7) &

A B
Z2@Lm™ L™y N Hom(S%g7,05) = A®@B®C

c

where g5 = Lg’m andg; = L'T"m. The component C has been determined in [8,17], and
components A, B have been determined in [26] and [25], respectively. Moreover, using
these deformations it has been obtained a complete classification (up to isomorphism)
of complex filiform Lie superalgebras of dimension less or equal to 7 (for more details
see [31]). The main result used for this classification is the fact that every filiform
Lie superalgebra can be obtained by L"" 4+ W with W an infinitesimal deformation
verifying W o W(x, y,2) = V(V(x,y),2) + V(¥ (z,x),y) + V(¥ (y,2),x) =0.

2.2 Preliminary Results for Leibniz Superalgebras

Many results and definitions of the above section can be extended for Leibniz super-
algebras.

Definition 2.1 [2]. A Z,-graded vector space L = Ly @ Lj is called a Leibniz super-
algebra if it is equipped with a product [-, -] which satisfies the condition

[x, [y, zll = [[x, y], z] — (—1)2][[X, z1,¥]1 (super Leibniz identity)
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forallx e L,y € Lj,z € Lj,i,j€Z.

Note that if a Leibniz superalgebra L satisfies the identity [x, y] = —(— 1) [y, x]
forx € L;, y € L;, then the super Leibniz identity becomes the super Jacobi identity.
Therefore Lelbmz superal gebras are a generalization of Lie superalgebras. In the same
way as for Lie superalgebras, isomorphisms are assumed to be consistent with the Z,-
graduation.

If we denote by R, the right multiplication operator, i.e., R, : L — L given
as Ry (y) := [y, x] for y € L, then the super Leibniz identity can be expressed as
Riyy) = RyRy — (=1)'/ RyRy where x € L;, y € L.

We denote by R(L) the set of all right multlpllcatlon operators. It is not difficult to
prove that R(L) with the multiplication

< R4, Ry >:= RyRy — (=1)'/ RyR,, @2.1)

for R, € R(L);, Rp € R(L)Jf, becomes a Lie superalgebra.

Note that the concepts of descending central sequence, the variety of Leibniz super-
algebras and Engel’s theorem are natural extensions from Lie theory.

Let V = V5 @ Vj be the underlying vector space of L, L = Ly @ Lj € Leib™"™,
being Leib™™ the variety of Leibniz superalgebras, and let G(V') be the group of
the invertible linear mappings of the form f = f; + fi, such that f5 € GL(n, C)
and fj € GL(m, C) (then G(V) = GL(n,C) ® GL(m, C)). The action of G(V) on
Leib™™ induces an action on the Leibniz superalgebras variety: two laws A1, A, are
isomorphic if there exists a linear mapping f = f5 + f; € G(V), such that

ha(x.y) = [ 5 (f(). £;0))), foranyx € Vi.y € V.

The description of the variety of any class of algebras or superalgebras is a difficult
problem. Different papers (for example, [4,9,20,21]) are concerning the applications
of algebraic groups theory to the description of the variety of Lie/Leibniz algebras.

Definition 2.2 ForaLeibniz superalgebra L = L@ L we define the right annihilator
of L as the set Ann(L) :={x € L : [L,x] =0}.

It is easy to see that Ann(L) is a two-sided ideal of L and [x, x] € Ann(L) for
any x € Lg. This notion is nice and compatible with the right annihilator in Leibniz

algebras. If we consider the ideal generated as I := ideal < [x, y] + (—l)ij[y, x]:
xel;ye L]v >,then I C Ann(L).

Let L = Ly ® Lj be a nilpotent Leibniz superalgebra with dim L = n and
dim L7 = m. From Equation (2.1) we have that R(L) is a Lie superalgebra, and in
particular R(Lg) is a Lie algebra. As Ly has Lj-module structure we can consider
R(Lg) as asubset of GL(V7) , where V7 is the underlying vector space of L. So, we
have a Lie algebra formed by nilpotent endomorphisms of V;. Applying the Engel’s
theorem [22] we have the existence of a sequence of subspaces of Vi, Vo C Vi C
Vo C--- C Vi = Vi, with R(Lg) (V; +1) C V;. Then, it can be defined the descending
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sequences C"(L()) and Ck (L7) and the supernilindex in the same way as for Lie
superalgebras.

Similar to the case of null-filiform Leibniz algebras, it is easy to check that a
Leibniz superalgebra is null-filiform if and only if it is single generated. Moreover, a
null-filiform superalgebra has maximal supernilindex (see [27]).

3 Naturally Graded Lie and Leibniz Superalgebras

In terms of algebras, recall that for nilpotent Lie and Leibniz algebras g, the descending
central sequence defines a filtration over the algebra and therefore there is associated
a graded Lie (resp. Leibniz) algebra structure that we denote as

gra:=y C'(g)/C'(g)

If g, grg are isomorphic, then g is said to be naturally graded. In particular, there are
only two non-isomorphic naturally graded filiform Lie algebras called L, and Q,,
whose laws can be expressed in an adapted basis {Xg, X1, ..., X, } by the following
nonzero bracket products (for more details it can be consulted [20,34])

Lo [0, X = X, 1=i<n—1 @ f ({01 S Xt H=i=n ]

Note that both algebras are (n + 1)-dimensional, although @, only appears in the
casesn odd and n > 5.

Analogously, for superalgebra structures, i.e., nilpotent Lie and Leibniz superal-
gebras g = g @ gi, can be considered the descending sequences ck (g;) = g5,
CHl(gs) := [gg, CX(g7)], with k > 0,7 € Zo.

It can be seen that these sequences define a filtration over g5 and gi, respectively.
Thus, we have on the one hand a structure of graded Lie (resp. Leibniz) algebra

grag =y _C(gp)/C (gp)

and on the other hand a structure of graded gg-module
grap = > C'(ap/C (ap)

If we denote gg = C'~!(gg)/C'(gg) and g% := C'~!(gq)/C'(g7), then it is verified
that

i+j

o o
g5 93] C g5 lce’

and  [gg, 011 C o]
Definition 3.1 Given anilpotent Lie (resp. Leibniz) superalgebra g = g5@gj, consider

g' = g5 @ g}, with gf = C'~'(g5)/C" (g5) and g = C'~'(g7)/C'(g7). Thus, g is said
to be naturally graded if the following conditions hold:
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1. gr(g) =Y ;cn 0 is a graded Lie (resp. Leibniz) superalgebra ([g', g/] C g' /),
2. g, gr(g) are isomorphic.

Note that when dealing with Lie superalgebras the usual bracket products [ , ] are
skew-symmetric and the products deriving from the symmetric pairing S> 91 — 95
and denoted by (, ) are symmetric.

Remark 3.1 Condition 1 is in fact required in the above definition. Note that in contrast
with Lie or Leibniz algebras, gr(g) could not be Z;-graded. Indeed, if we consider
the nilpotent Leibniz superalgebra (which is also a Lie superalgebra) expressed in the
adapted basis {X1, X2, X3, X4, Y1} as

[X2, X111 = X3, [X3, X1]l=Xy4, [Y1,V1]=X4

[X1, X2l = —X3, [X1, X3] = —X4
we have g' = g @ g1 = (C%(g5)/C'(g5) @ (C°(gD/C'(g7) =< X1, X2 > & <

Y1 > Analogously, L? =< X3 > and g3 =< X4 >. Nevertheless, as (Y1, Y1) = X4
then it is not verified that [g', g'] C g and consequently it is not graded.

4 Naturally Graded Filiform Lie Superalgebras

Among all the nilpotent Lie superalgebras, the filiform ones (those with maximal
supernilindex) constitute one of the most important types due to its properties and
applications. Thanks to both the theorem of adapted basis and the definition itself of
filiform Lie superalgebras it can be seen that if g = g5 @ g7 is a filiform Lie superal-
gebra, then its graded superalgebra associated gr(g) = > ;. g with [g, g/] C gt/
is exactly

< X0, X1, Y1 > <X, o> < X3, V3>

g! g’ g

where for simplicity g! = g(l-) @ g% =< X0, X1 > @ < Y1 > has been replaced by
< Xo, X1, Y1 > as there cannot be any possible confusion between even elements,
called X;, and odd ones, called Y;. Similarly, the same replacement has been applied
to every g'. The last terms of gr(g) depend on three possibilities:

1. If n < m, then
<Xy, >0 <Y1 >0 - B <Yy >
————— ———— ———
gn gn—H gm
2. If n = m, then

B < X1, Vo1 >0 < Xy, ¥y >

n

g! g
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3418 L. M. Camacho et al.

3. If n > m, then

e B <Xy, Y > <Xpp1 >P - B < X, >
——

gn

gm gerl
Remark 4.1 Tt can be seen that the even elements of gr(g), thatis gf-), constitute a
naturally graded filiform Lie algebra. Furthermore, the definition of naturally graded
Lie superalgebras is a generalization of the one of naturally graded Lie algebras. Thus,
if g = gg @ g7 is a naturally graded Lie superalgebra, then g is a naturally graded
Lie algebra. Indeed, gé-) is equal to C'~! (g5) /C! (gg)- Recall that the latter is used in
the definition of naturally graded Lie algebras.

Thanks to this remark we can divide our study into two cases: either g5 = L, or
gy = On. Nevertheless, before doing that we are going to obtain all the naturally
graded filiform Lie superalgebras for low dimensions. We can accomplish such classi-
fication due to the results of [31]. The main result used in [31] is that any filiform Lie
superalgebra is a linear deformation of the corresponding model filiform Lie superal-
gebra. Thus, it can be expressed by L™ + W with L™ the law of the model filiform
Lie superalgebra and W a linear (infinitesimal) deformation which is integrable that
is verifying W o W = 0. On the other hand, recall that an infinitesimal deformation of
L™™ will be an element of the following space

Z§Lmm, L")y = Z*(L"™™, L™™) N Hom(go A go. go) @ Z>(L™™, L™™) N Hom(go A g1, g1) @
Z2(L™™, L™™) N Hom(S2g1,g0) = A® B & C

where go = L™ and g; = L. Recall also that all the infinitesimal deformations
belonging to C are always integrable in the aforementioned sense, for instance the
infinitesimal deformations ¢; ; which are determined from the symmetric product
¢i,j(Y;, Y;) = X;. Thus, in particular the law L™ +¢; ; constitutes always a filiform
Lie superalgebra.

Theorem 4.1 Let g = g5 @ g7 be a non-degenerated filiform Lie superalgebra with
dim(gg) = n+ 1 and dim(gy) = m. If dim(g) < 7 and g is naturally graded, then the
law of g will be isomorphic to one law of the following list.

List of laws

Pair of dimensions n = 2, m = 1. There is only one naturally graded filiform Lie
superalgebra whose law can be expressed in an adapted basis by

L* 491 [ [Xo, X11= Xa, (Y1, Y1) = X>

Pair of dimensions n = 2, m = 2. There is only one naturally graded filiform Lie
superalgebra whose law can be expressed in an adapted basis as

[Xo, X1]1 = Xo, (Y1, 1) = X2

L>? + :
1.2 [Xo, Y1] = Y2,
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Pair of dimensions n = 2, m = 3. There is only one naturally graded filiform Lie
superalgebra whose law can be expressed in an adapted basis by
2.3 J[Xo, Xil=Xo, (Y1,71) =Xz
L7 +e '{[Xo,Yi]:YiH, 1<i<2

Pair of dimensions n = 2, m = 4. There is only one naturally graded filiform Lie
superalgebra whose law can be expressed in an adapted basis by

Xo, X11= X2, [Xo, Yi] =Yip1, 1 =i <3

L>* 4 : [

L2 (v = Xo

Pair of dimensions n = 3, m = 2. There are two non-isomorphic naturally graded
filiform Lie superalgebras whose laws can be expressed in an adapted basis by

L3241y L3~2+\1112,1 T
[Xo, Xil= Xisr, 1<i <2 (Vv =x, | K0 Xil=Xip, 152 (1) = X0
[Xo. Y11 =1, 1.7y =1y, Konl=r (Y1, Y2) = 1 X3

’ ’ 2 XL nl=1

Pair of dimensions n = 4, m = 2. There is only one naturally graded filiform Lie
superalgebra whose law can be expressed in an adapted basis by

. [X0, Xi]l=Xi41, 1 i <3 (Y1, Y2) =X3
L™ +9y4: 9 [Xo, 1]=T2 (Y2, Y2) = X4
I, 1) =2X,

Pair of dimensions m = 3, n = 3. There are two non-isomorphic naturally graded
filiform Lie superalgebras whose laws can be expressed in an adapted basis as

L 415 L¥¥ 4+ Wl 49
[Xo, Xi]l=Xi41, 1 2i 22 (Y, Y1) = X2
{[Xo,Xi]=Xi+1, 1<i<2 M, ) =X> [Xo0,.Y;1=Yj1, 1 <j<2,Y2) = lX3
[Xo,Yjl=Yj41, 1 <j <2V, V) =3X; | [X1,Yil="2
[X1, V2] =713

Proof In [31], Theorem 8.1 (Classification’s theorem) pages 80-81 is obtained the
classification up to isomorphism of all the non-degenerated filiform Lie superalgebras
with total dimension less or equal to 7. From this list we check which ones are naturally
graded obtaining then the result of the statement of this theorem. O

Remark 4.2 There is no any naturally graded filiform Lie superalgebra for the cases
n=3,m=1;n=4,m=1andn =5, m = 1. Note also that all the naturally graded
filiform Lie superalgebras of the aforementioned theorem derive from the naturally
graded filiform Lie algebra L,,. There is no one deriving from Q,,.

Next, we start with dim(gg) =3 =n + 1.
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4.1 n = 2 and m Arbitrary

Throughout this subsection we are going to study naturally graded filiform Lie super-
algebras g = g5 @ g7 withdim(gg) =n+1 =3 andm > 5sincethecases1 <m <4
have already been studied.

Theorem 4.2 Let g = gy @ g7 be a non-degenerated filiform Lie superalgebra with
dim(gg) = 3 and dim(gy) = m withm > 5. If g is naturally graded, then the law of
g is isomorphic to

2m )Xo Xil=Xo (N, Y1) =X
L +¢"2'{[X0,Yi]=Yi+1, l<i<m-—1
Proof It can be seen that g5 = Lo since dim(gg) = 3 and g is a naturally graded
filiform Lie algebra. Therefore gr(g) is exactly

< X0, X,Y1 > < X0, > <YV3>6h---d<Y, >
——— ——

g g’ g’ h

Thus, the bracket products can be considered to be

[Xo0, X1] = X, [X1,Yil=D01Yi1, 1 <i<m—1
[Xo.Yil=Yiq1, 1 i <m—1,[X0, Y] =b3Yiq2, 1 <i <m—2
(Y1, Y1) =cui X2

with c11 # 0 in order not to have a degenerated Lie superalgebra, that is, a Lie algebra.
By means of a simple change of scale it can be seen that there is no loss of generality in
considering c1; = 1. Itcanbe seen that (Y1, Y1) = X2 corresponds to the cocycle ¢ ».
Additionally, the remaining structure constants by;, by; indeed will be determined by
the cocycles lI!]Z’] , \IJS’I, respectively (more details can be consulted [25]), given as

WXL Y=Y LS j<m—1 w3 {Bﬁ; 2} - Yj(iz, 11)§];;ri§é <m—1

These cocycles, or so-called infinitesimal deformations, are the only one “naturally
graded,” that is, of weight 0. Recall that the weight of \IJ; piss —k—1.

Next, we apply the method of classification used in [31]: every filiform Lie super-
algebra can be expressed by L'"™ + W, with L™ the law of the model filiform Lie
superalgebra and WV a linear (infinitesimal) deformation that verifies ¥ o W = 0,
being W oW (x,y,z) = V(W(x,y),2) +V(W¥(z,x),y) +V(V(y,2),x). Thus, we
can consider

[Xo0, X1] = Xo, [X1,Yjl=la—b(j—DIYj41,2<i<m—1
LW 3 [Xo. Yil=Yip, 1 <i<m—1, [X2,Y;]=bYjpn, 1 <i<m—2
[X1, Y1] = aY, Y1, Y1) =Xz
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where W = @12 + allll |+ b\ll2 |- From the condition W o W (X1, X2, Y1) = O itis
obtained that b = 0. Then applymg the isomorphism, or so-called change of basis,
defined by X, = Xo, X| = X1 —aXo, X, = X and Yj’ =Y, forany j € N, it canbe
seen that there is no loss of generality in supposing a = 0. Consequently, it remains
only L>m 4 ®1.2. O

42n=3andm=4
In this case we have the following results:
Theorem 4.3 Let g = gy @ g7 be a non-degenerated filiform Lie superalgebra with

dim(gg) = dim(g7) = 4. If g is naturally graded, then the law of g is isomorphic to
one of the following lists of pairwise non-isomorphic laws

L3¥* 4915 L g0+ \Ij?,l : L + 12+ \1112,1 :
[Xo, Xil = Xip1 (Y1, Y1) = X> [Xo, Xi]l = Xi+1
[Xo, Xil = Xit1
XoVil=v¥in |Xo¥il=Yin Ly =3xs | Xo.Yjl=Y 7
Y. 7)) = Xo [X1, V3] = Yy (X1, Y] = Y4
(YI’YZ): 1X3 [X27Y2] =_Y4 (YI,YI) _X2
’ 2 (X3, V1] =Y4 (Y1,Y)) = 31X

withl <i <2and1 < j <3.

Proof We consider naturally graded filiform Lie superalgebras g = g5 @ g7 with
dim(gg) = 4 and dim(g7) = 4. Therefore g5 = L3 and gr(g) is

< X0, X,Y1 > <X, > < X3, V3> <Yy >
—— ——

1 2 3 4

g g g g

Thus, the bracket products can be considered to be

[Xo, Xi] = Xit1, i = 1,2
[Xo,Yil=Yi41, 1 i <3
[X1,Yi1=01Yiq1, 1 <i <3
[X2,Yil=Db2iYi40, 1 <i <2

[X3, Y1] = b31Ys,
Y1, Y1) =cnXa
(Y1, Y2) =c12X3

In a similar way to the previous case the structure constants can be considered to be
determined by the cocycles \1112 1 \I!S > \Ilg,l and ¢ 7 (see [8,25]). In general, \1112’1 and
‘~IJ23 | have already been described in the above case, and \Ilg1 1 and @1 > are as follows

X1, Y3] =Y.

4 . [X1, Y] 4 (Y1,Y1)—X2

Vi) X2, ol ==Yy ¢12: (V1. Yy = 1x
(X3, V1]=Y4 172 =243
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Thus, in order not to have a degenerated case, that is, a Lie algebra, the coefficient of
@12 must be different from zero and then, it can be easily seen that there is no loss of
generality in considering this coefficient equals 1. Therefore we can consider

[Xo, X1] = X>,
[Xo, X2] = X3,
[Xo.Yi] =Yy, 1 <i <3,

[X2, Y] = axY;
[X2, V2] = (a2 —a3)Ys

L3’4+\IJ: [Xl Y]]_a1Y2 [X3’ Y1]=a3Y4
’ _ ’ Yi,Y))=X
[X1, V2] = (a1 — a2)Y3, X, 1) 12
(Y1, Y2) = 5X3

[X1, Y3] = (a1 — 2a2 + a3)Ya,

being ¥ = (p1,2+a1\1112’1+a2\11%1+a3\11§’1.Fr0mtheconditi0n WoW (Y, Y,Y)=0
we obtain ap = 0, and on account of ¥ o W (X, X», Y1) = 0 we conclude ajaz = 0.

e If a; = 0 we distinguish two cases: a3 = 0 or az # 0.

— In the case of a3 = 0 we obtain L34+ ©1,2.
— If az # 0 without loss of generality we can consider a3 = 1 (by means of a
simple change of scale) obtaining L>* 4 ¢ 5 + \Ilg"l.

e If a; # 0 then a3 = 0. Therefore, applying the isomorphism (change of scale)
defined by X = a1Xo, X| = X1, X5 = a1 X2, X} = (@1)*X3, Y| = JaiY1,
Y, = aj/arY2 and Y5 = (a1)%/a1Ys, it can be seen that there is no loss of
generality in supposing a; = 1, and we obtain L3* + 012+ \1112,1.

O

43n=3andm>>5

Throughout this subsection we are going to study naturally graded filiform Lie super-
algebras g = gy @ g7 withdim(gg) =n+1 =4andm > Ssincethecases1 <m <4
have already been studied.

Theorem 4.4 Let g = g5 @ g7 be a non-degenerated filiform Lie superalgebra with
dim(gg) = 4 and dim(gy) = m withm > 5. If g is naturally graded then the law of g
is isomorphic to one of the two non-isomorphic laws:

[Xo, Xi]l = Xiq1
[Xo, Yjl=Y;t1
Y, Yn=Xx;

(Y1.Y2) = 5 X3

[Xo, Xi]l = Xi41 (Y1, Y1) = X2
L3 4+ @10+ WE 11 [Xo, Yj1=Yjp (Y1,Y2) = 3X3
[X1, Y=Y

L3 4+ 15

withl <i<2,1<j<m-—1.

Proof Let g = g5 @ g be a naturally graded filiform Lie superalgebra with dim(gg) =

4 and dim(gq) = m > 5. Therefore, g5 = L4 and gr(g) is

< X0, X1, Y1 >0 <X, 0> <X3,V3>5>B<Ys>P - B<Y, >
—— — —

g! g’ g’ gt hi
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So the bracket products are

Xo, X1] = X2, [Xo,Yil=0boiYipo, 1 Si <m—2
Xo, X2] = X3, [X3,Yil=03iYi43, 1 i <m—3
X0, Yil=Yiq1, 1 <i <m—1, Y1, Y1) =cnXo
X1,Yil=01Yiq1, 1 <i <m—1, (Y1,Y2) =c12X3

As in the above case and in order not to have any degenerated case the coefficient
of @12 must be different from zero and then, it can be easily seen that there is no
loss of generality in considering this coefficient equal to 1. Therefore we can consider
L3 4 W, with W = Y12+ allllf’l + az\llg.l + a3\11§’1, and we have the following
products:

[Xo, X1] = X»

[Xo, X2] = X3

[Xo,Yil=Yiy, 1 i <m—1

[X1, V1] =a1Y2, o

3y XY= (a1 — (- Dap + U =2a3)y, 0, 2 <i<m — 1

[X2,Yi]l= (a2 — (i — Daz)Yip2, 1 i <m—2
[X3,Yi]l=a3Yis3, 1 <i<m—-3
(Y1, Y1) = Xo

(Y1, Y2) = 1 X3

The condition ¥ o W (Yq, Yy, Y1) = 0 leads to a; = 0, and then, from the condition
Vo W (X1, X3,Y;) = 0itis obtained that a3 = 0. So if a; = 0 we have L3m 4 01,2.
Otherwise we have L>* 4+ ¢1 5 + \1112’1 after applying a simple change of scale. O

4.4 n and m Arbitrary withn > 2m

Theorem 4.5 There is not any non-degenerated naturally graded filiform Lie super-
algebra g = g5 ® g7 with the condition n > 2m, being dim(gg) = n + 1 and
dim(gy) = m.

Proof This result derives from the fact that there is not any cocycle ¢ ¢ naturally
graded, that is, of weight equals O since we have always max{%, n—2m} <
weight(gy ) (see [8], Proposition 6.4). O

Remark 4.3 We have as particular cases of the above theorem m = 1,n > 3;m =
2,n > 5and m = 3,n > 7. Consequently, and in order to study all the possibilities
for m < 3, it only remains to consider the cases 4 <n < 6 and m = 3.

45n=4andm=3
Theorem 4.6 Let g = g5 @ g7 be a non-degenerated filiform Lie superalgebra with
dim(gg) = 5 and dim(gy) = 3. If g is naturally graded, then the law of g is isomorphic

to one of the following non-isomorphic laws:
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L4’3 + ©2.4 + \.1,112’1 + 2\1‘13’1
L% + gy
[Xo, Xi] = Xiy1, [X2, V1] =713
[Xo, Xil = Xit1 (Y1,Y3) = —Xa | [Xo,Yj]=Y;11, (V1,Y3) =Xy
[Xo, Yj1=Yj41 (Y2,Y2) = X4 X1, i]=Y2 (F2,12) = X4
[X1, h]=-V3
43 2 .
L% 4 g1a+ 124 L™ +4gio+@oa+ V7
Xo, Xil = Xiy1, (Y1, Y1) =4X,

11— Y. _1 [
[Xo, Xil = Xi1, (Y1, 12) = 5X3 [Xo. ¥;1 = Yj41. (Y1, ¥2) = 2Xs
[
[

[Xo, Yjl=Yjq1, (Y1,Y3) = (% — X4

X1,Y1] =Y, Yi,Y3) =X
Y1, Y1) =X, (Y2,Y2)=1tXy Yl > (1, ¥3) 4

X1, hl=Y;, Y2,Y2)=2X4

withl <i <3, 1< j<2andt € Caparameter.

Proof Let g = g5 @ g be a naturally graded filiform Lie superalgebra with dim(gg) =
5 and dim(g7) = 3. Therefore, g5 = L4 and gr(g) is

< X0, X1,Y1 > < X0, >P<X3,Y3>P < Xgq >
——

g! g’ g’ gt

In an analogous way to previous cases, we can consider L*? 4+ W, with ¥ =
cp12+dera+an LIll2 L+ a2\1123 1» and we have the following products:

[Xo, Xi]= X411, 1 i <3,

. Yi,Y1)=cX
[Xo, Yi]=Yiy1, 1 <i <2, EYI Y1§:£X2
L4+ w: X, 7] = arna, bR
(X1 V)= @ —ayys, 07— =D
’ > (Y2, Y2) =dXy

[X2, Y] =axY3

where at least ¢ or d is nonzero. The condition VoW (Y1, Y7, Y1) = O givesusazc = 0,
and since W o W (X1, Yy, ¥2) = 0, we have aid + (a2 — a1)(5 —d) = 0.

e If c =0thend # 0, and from a1d + (a2 — a1)(5 — d) = 0 we have a; = 2a;.

— Fora; = 0isay; = 0and d # 0, so using a change of scale d = 1 and we
obtain L*3 + ©2.4.

— For a; # 0 again d # 0, and with a similar change of scale a; = d = 1 and
ar = 2, obtaining L*3 + ©2.4 + \1112’1 + 2\115"1

e In the case of ¢ # 0 then necessarily a, = 0 and from a;d + (a2 —al)(g —d)=0
is4aid = ajc.

— For a; = 0 by means of the change of scale c = 1, d = ¢, being ¢ a parameter,
we obtain L*3 + 012 + 192, 4.

— For a; # 01is d # 0 and with the change of scale a; = d = 1,a; = 0 and
¢ = 4 we obtain L*3 + 412+ 024+ \1112’1. |
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46n=5andm=3

Theorem 4.7 Let g = g5 @ g7 be a non-degenerated filiform Lie superalgebra with
dim(gg) = 6 and dim(gy) = 3. If g is naturally graded, then the law of g will be
isomorphic to the following law

[Xo, Xil = Xiy1, 1 <i <4, 1

. Y1, Y3) = 5X4
X0, Yi]l=Yi41, 1 <i <2, 2
[Xo, ¥i] i+1 (V. YVa) = X4

(Y1, Y1) = 3X>, ]
(Y1, Y2) = 5X3, (Y2, 13) = 3%s

L3349,

Proof Letg = g5 @® gi be a naturally graded filiform Lie superalgebra with dim (go) =
6 and dim(gy) = 3. Then gr(g) is

< X0, X1, Y1 >80 <X, o> <X3,V3>B<Xyg>6P < X5 >
—— ———

g! g’ N g* g

In this case we have to distinguish two separate sub-cases: g5 = Ls or g5 = Os,
the two possible naturally graded filiform Lie algebras for this dimension.

e If g5 = Ls, and as in previous cases we get L>3 4+, with & = Py 4 —i—al‘lllz’l +
az\llgyl, being ¥, 4 = 3¢1,2 + 2.4 and ¢ # 0. So we have

[Xo, Xil=Xiy1, 1 <i <4, (Y1,Y1)=3cX>
[X0.Yil=Yiy1, 1<i <2, (Y1.Y2) = 3cX3

L3+ W (X, Y] =arYs, (Y1,Y3) = §X4
[X1, V2] = (a1 —a2)Y3, (Y2, Yr) =cXy
[X2. Y1] = a2 )3, (Y2, Y3) = 5Xs

The condition VoW (X1, Y1, Y2) = Ogivesusa; = 0. Since WoW (Y7, Y1, Y1) =0
we have ap = 0. With a change of scale we can consider ¢ = 1 and we obtain
L3 + 3,

e If g5 = Qs we have to add the brackets [ X, X4] = —X5 and [X»2, X3] = X5.
Indeed, these brackets stem from cocycles of [26]. All the above reasoning is also
valid, but from the condition ¥ o W (X1, Y», Y») = 0 we obtain that [ X, X4] = 0,
which is clearly a contradiction. Thus, there is not any non-degenerated filiform
Lie superalgebra deriving from the Lie algebra Q5.

47n=6andm=3

Theorem 4.8 Let g = g5 @ g7 be a non-degenerated filiform Lie superalgebra with
dim(gg) = 7 and dim(gy) = 3. If g is naturally graded, then the law of g is isomorphic
to the following law
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[Xo, Xil =Xiy1, 1 i <5, (Y1,Y3) = X4
[Xo,Yi]=Yit1, 1 i <2, (Y2,Y2) =2X4
(Y1, Y1) =6X>, (Y2, Y3) = X5
(Y1, Y2) =3X3, (Y3, Y3) = Xe

L% + 956

Proof Let g = g5 @ gy be a naturally graded filiform Lie superalgebra with dim(gg) =
5 and dim(gj) = 3. Therefore g5 = L¢ and gr(g) is

< X0, X1, Y1 > <X, n>0<X3, 3> <Xyg>P<X5>60 < Xg>
—— —— ——

g g’ g’ gt g g°

As in previous cases, since the products we get L3 4+ W, with & = cP3.6tai \1112 1+
a2\1123 1» Where @3 ¢ = 6912 + 2¢2 4 + @36, and we have these products:

[Xo, Xi] = Xip1, 1 =i <5,

[XOv Yi]:Yl‘+1, 1 Sl 52’ (YleZ):3CX3

(Y1,Y3) =cXy
163 1y [X1, il=a1Y2, (Y. V) = 2cX4
[X1, Y2] = (a1 — a2) Y3, (Yz’ Ys) = cXs
X2, Y] =ayYs, ’ -
[X2, ] = a2 (13, Y3) = cXe

(Y1, Y1) = 6¢X2,

with ¢ nonzero to avoid the trivial case. The condition ¥ o W (Y7, Y1, Y1) = 0 gives
us ap = 0, and since ¥ o W (X1, Y1, ¥Y2) = 0 we have a; = 0. By using a change of
scale ¢ = 1 we obtain L3 4 @36 O

5 Naturally Graded (Non-Lie) Leibniz Superalgebras with Maximal
Supernilindex

Throughout this section we are going to study the Leibniz superalgebras with
supernilindex (n, m) because of the fact that in this case the even part L is a null-
filiform Leibniz algebra and the odd part L{ has structure of filiform Lg—module.
Consequently, it seems to be the first case to consider the “naturally graded” structure.
Note that all these Leibniz superalgebras with supernilindex (n, m) are non-Lie ones
and contain in particular the only type of Leibniz superalgebra single generated or so-
called null-filiform Leibniz superalgebras (for more details see [27]). It is not difficult
to see that these last superalgebras, in the case of non-degenerated, are not naturally
graded.

Next, we are going to recall the general expression of the Leibniz superalgebras
with supernilindex (n, m) (see [18]).

Theorem 5.1 If L = L5 @ Lj is a Leibniz superalgebra of supernilindex (n, m), then
there exists an adapted basis of L, namely {X1, X2, ..., X,,, Y1, Y2, ..., Yy}, with
{X1, X2, ..., Xp} abasis of Ly and {Y1, Y2, ..., Yy} a basis of Ly, such that
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Xi. X1]=Xip1, 1 <i<n—-1, [X;,X1]1=0
Y, Xil=Yj11, 1 = j<m—1, [Yin, X1]1=0

Moreover, [Y;, X;] =0 for1 < j <mand?2 < k < n, and the omitted products of

Ly =< X1, X2, ..., X, > vanish.

Thus, it can be seen that if L = Lj & Lj is a Leibniz superalgebra of s-
nilindex (n, m), then its graded superalgebra associated gr (L) = Y ien L', satisfying
[LY, L/] C L'"/, is exactly:

<X, 1> <X0, 1> <X3,V3>68---
L! L? L?

where for simplicity L! = L(l) o L% =< X; > @ < Y; > has been replaced by
< X1, Y1 > as there cannot be any possible confusion between even elements, called
X, and odd ones, called Y;. Analogously, the same replacement has been applied to
every L'. The last terms of gr(L) depend on three possibilities:

1. If n < m, then
B <Xy > <Y1 >80 0<Y, >
———— ——— ——
L Ln+1 Lm
2. If n = m, then
D <Xy, Y1 >0 <X, Y, >

Ln—l L"
B < Xp 1, Y>> <Xpy>h--- B < X, >
3. If n > m, then —_— —
Lm Lm+1 L"

Remark 5.1 Tt can be seen that the even elements of gr (L), thatis Y, L%, constitute
a naturally graded null-filiform Leibniz algebra. That is,

NF":[Xi, Xi]=Xi11, 1=i<n-—1,

Furthermore, the definition of naturally graded Leibniz superalgebras is a general-
ization of naturally graded Leibniz algebras. Thus, if L = Ly @ Lj is a naturally
graded Leibniz superalgebra, then Lj is a naturally graded Leibniz algebra. Indeed,
L% is equivalent to C'~!(Lg)/C! (Lg). Recall that the latter is used in the definition of
naturally graded Leibniz algebras.

5.1 Low Dimensions
Next we are going to obtain all the naturally graded Leibniz superalgebras with

supernilindex (n, m) for low dimensions of either the even part or the odd part. We
can accomplish such classification due to the results of [18].
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Theorem 5.2 Let L = L5 ® Li be a non-degenerated naturally graded Leibniz super-
algebra with s-nilindex (n, m), then the law of L is isomorphic to a law of the following
list where the omitted products are equal to zero.

List of laws.

Pair of dimensions n = 2, m = 2. There is a one-parametric family of naturally
graded Leibniz superalgebras of s-nilindex (2, 2) whose law can be expressed in an
adapted basis {X1, X2, Y1, >} as

u = [X1, X1]l=Xo, [ X1, V1] =a)2, xeC
! [Y1,X1]=Y, [Y1,Y1]=X

Pair of dimensions n arbitrary with n > 3, m = 2. The only sub-case in which there
are naturally graded superalgebras is exactly n = 3. In this case there exist two non-
isomorphic naturally graded Leibniz superalgebras of s-nilindex (3, 2) whose laws
can be expressed in an adapted basis {X 1, X», X3, Y1, Y2} by:

[Xi, X1]=Xi1, 1 5i <2

X = s [Xi, X1l =Xi41, 1 i <2, [V, X1]=T2
wr = [YI,Y1]=X2 u3 =13 [X1, Y1] = -V, [Y1,Y2] = X3
Y. ¥1] — Xs [Y1, V1] = Xo,

Pair of dimensions n = 2, m = 3. There are two non-isomorphic naturally graded
Leibniz superalgebras of s-nilindex (2, 3) whose laws can be expressed in an adapted
basis {X1, X2, Y1, Y2, Y3} by:

X1, X1l = X,
%Yll X]l]]z Y22 X1, X1]1=Xo, [, Xi]l=1
V. X =1; M= )XuNl=-h [N Xi]=17;
(Y1 Y1] = X2 (X1, Yol = V3. (Y1, Y1] = X»

Pair of dimensions n = 3, m = 3. There are two non-isomorphic naturally graded
Leibniz superalgebras of s-nilindex (3, 3) whose laws can be expressed in an adapted
basis {X1, X2, X3, Y1, Y2, Y3} by:

[Xi, X1l = Xiy1, 1 i 22

[Xi, X1l = Xi41, 1 =i =2 [Y;. X1]= Y1, 1 < j <2

Y, Xel =Yy, 1 <j <2

= [Y1, Y2] = X3 ug =14 [X1, l=-13
Y2 V1] = —X;3 [¥1. V1] = X»
’ * (Y], Ya] = X3

Pair of dimensions n = 4, m = 3. There are two non-isomorphic naturally graded
Leibniz superalgebras of s-nilindex (4, 3) whose laws can be expressed in an adapted
baSiS {X]5 X29 X39 X47 Y]a YZ’ Y3} by‘.
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[Xi, X1] = Xiy1, 1 =i <3

[Xi, X1]=X;11,1 i <3, [V, 3] =Xy Y, Xi]=Yj, 1<j<2

[Y;, Xil]=Yj11,1 2 j <2, [12, V2] = =Xy

= =1 [Y, "l=X
= X il = -n, aonl=xg T ER =
[X1.Y2] = V3 X

Y3, Y11= X4

Pair of dimensions n arbitrary withn > 5, m = 3. There is not any naturally graded
Leibniz superalgebra of s-nilindex (n, 3).

Pair of dimensions n = 2, m arbitrary withm > 4. There are two non-isomorphic nat-
urally graded Leibniz superalgebras of s-nilindex (2, m) whose laws can be expressed

in an adapted basis {X1, X2, Y1, Y2, Y3, Y4, -+, Yiu} by
X1, Xi1]=X
= Ef(l;l]]—:YXZ 1<i< 1 - EX:’Y/‘l]]=—2j+1,25]'5”1—1
S e B N RS TR TR
’ [Y1, Y11= X>

5.2 Casesn > 3andm > 4

Throughout this sub-section we deal with the problem of determining the structure of
the aforementioned naturally graded Leibniz superalgebras for the remaining dimen-
sions. Notice that the naturally graded Leibniz superalgebra with maximal s-nilindex
named N G™™ appears in every pair of arbitrary dimensions n and m.

[Xi, X1]=X;y1,1<i<n-1
NG™™ :{[Y;, X1]=Yj41, 1 <j<m—1
[Yi, Y11= Xi+1, 1 <i <min{n — 1, m}

with the vectors {X1, X2, ..., X, Y1, Y2, ..., Y, } as adapted basis. Also, we have
the following result.

Theorem 5.3 Let L = L5 ® L be a non-degenerated naturally graded Leibniz super-
algebras with s-nilindex (n, m) and adapted basis {X1, X2, ..., X, Y1, Y2, ..., Y}
Then the law of L will be isomorphic either to the law named NG"™ or to a law
belonging to the following families of laws. The precise expression of these last fami-
lies of laws depends on two possibilities, that is:

1. Ifn <m,

[Xi, X1] = Xit1, l1<i<n-—1,

[Y;, X11=Yj41, 1<j<m-—1,

[X1,Y;]=—Yj41, 1<j<m-—1,

[Y1, 1] =y Xo,

[Yi, Y11 = viXiv1, 3<i<n-—1,
Jj—1 .

[YiVY/]ZZ(_l)X <J;]>y,’+sX,'+j, 1<i<n-2,2<j<n—i-—1.
s=0
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Jj—2

. ; =1 . n—1
withy, = 0and y»j = (—1)/ Z(—l)s (J : )7/,/'+s+l’ for2 <j< L—2 1.
s=0
2. Ifn > m,
[Xi, Xi] = Xit1, 1<i<n-—1,
[Y;, X1]1=Yj+1, I1<j<m-—1,
[X1,Y;]=—-Yj41, 1<j<m-—1,
[Y1,. 1] =y Xo,
[Yi, Y11 = yiXiv1, 3<i<m,
min{j—1,m—i} F
W, vil= Y (J s )Vi+in+,', 2<j=m, 1 <i=<min{mn—j}
s=0

with y» = 0 and

j=2 . m—i
j sJ— 1 . m s m
v = (=1’ §<—1) ( S )V.i+s+1, 2<j =15l vi = ;H) ! (s ) Vids-

L | denotes the whole part of the number.

Proof An adequate use of Mathematica software has been truly helpful to accomplish
the proof of this theorem. It has been a very useful tool to both complete all the
calculations involved in many particular pair of dimensions and deduce the process
to follow in arbitrary dimensions. Next, we will distinguish two cases. We only prove
case 1 in details and omit case 2 completely in order not to repeat the same ideas.
Case 1: n < m. We consider the adapted basis {X1, X», ..., X», Y1, Y2, ..., Y} and
the gradation

<X, Y1>0<X20,2>® - <X,y >0 <Y1 > <V20>®--- <Yy, >

Using their properties

[Xi, X1l = Xiy1, 1=<i=<n-—1, Yy, Xil=Y;41, 1=<j=<m-—1,
[X1,Yjl=a;Yj11, 1 = j<m—1, [Xi, Yjl=8ijYi+j,2<i<n, 1<j<m—i
Yi.Yjl=yijXiyj, 1 <i<m, 1<j<n-—i.

We have that [ X1, Y1]+ [Y1, X1] € Ann(L), then (o + 1)Y> € Ann(L).

Case 1.1. 1 + o1 # 0, then Y> € Ann(L). Taking into account that [¥>, X1] = Y3,
it is easy to prove that Y3 € Ann(L). Analogously, Y4, Ys, ..., Y, € Ann(L). Thus,
we have

[(Xi. X1]l=Xip1, 1<i<n-11[Y;, X4]=Yj4q, 1<j<m—1,
[X1, V1] = BiY2, [Xi, V1]1=BiYit1,2<i <n,
Yi, il=yviXix1, 1 =i <n—1

We make the super Leibniz identity on the triples {Y;, Y1, X}, and we obtain
yi =y1 =y withl <i <n—1.If y = 0, then the superalgebra is degenerated;

thus, y # 0 and making Y| = #Yl allows us to consider y = 1.
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Now, from the super Leibniz identity on the triples {X;, Y1, Y }for1 <i <n —2
we get ;i = 0. From {X,_», Y1, X1} and {X,—1, Y1, X1} we obtain 8,_; = 0 and
Bn = 0, respectively.

Thus, we obtain the naturally graded Leibniz superalgebra N G™"™.

Case 1.2. 1+ a1 = 0. We can distinguish two cases:

(@1+4+o; =0for2 <i <m—1. Wehave:

[Xi, X1l =Xip1, 1<i<n-—1, [Y;, X1il=Y;y1, 1=<j=<m-—1,
[X1,Yjl==Yj41, 1 <j<m—1, [Xi,Yj1=BijYiyj,2<i<n, 1<j<m-—i
Yi.Yjl=yijXiyj, 1 <i<m, 1<j<n-—i.

The super Leibniz identity on the following triples imposes further constraints on
the above family.

Super Leibniz identity Constraint
(X1, X1, Y.}, 1<j<m=2 = pj=0
(X1, X;,Y;},3<i<n, 1<j<m—i—1 = Bij=0and
[Xis Yi—il = Bim—i¥Ym = BiYm, 3<i=<n
{Xi, X1, Yio1, ), 2<i<n—1 = py=0and By = (=D =0
Vi, X1,Yj 1}, 1 <i<n—-2,2<j<n—i = Vij=Vij—1 ~Vi+lj-1

Thus, we prove by the induction method that:
j—1 i1
vii=vi. l<isn-1, y,-,»=l§<—1)"(’k )mk, l<isn-22<js<n-i

Applying the above relations, we can write

[Xi, X1] = Xit1, Il<i<n-—1, [Y;,Xqi]=Yj41, 1=<j<m—1
(X1, Yj]l==Yj41, l<j<m-1 YI]=yiXiq1, 1 si<n-—1

j—l .
-1 . . .
[Y,-,Yj]=2<—1)k(’k )y,-+kxi+,-,1szsn—2, 2<jsn—i
k=0

Forinstance, the super Leibnizidentity on the triples [ X, [Y1, Y1]]and [ Xy, [¥}, Y;]]
gives, respectively, y» = 0 and

j-2 :

. -1 . n—1
yaj = (=17 Y (=1 <j s )yﬂs“’ 2=i=ll

s=0

We obtain the family of naturally graded Leibniz superalgebras with maximal s-
nilindex of the theorem statement.

(b) There exists k suchthat 1| +«; =0for2 <i <k —2,and | + o1 # 0. We
have

[ X1, i1l + [Yi—1, X1l = (I + ax—1) Yx € Ann(L).
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Then Yy € Ann(L) and Yy41, Yi+2, ..., Y € Ann(L). Hence, we can consider
[Xi, X1]=Xit1, 1=<i=z<n-—1, [Y;, Xil=Yj41, 1<j<m—1,
[X1,Y]=-Y;11, 1=<j<k-2, [X1, Yicil=aYy, 1+a #0

[Xi,Yjl=8i;Yitj, 1 <j<k—1, 2<i=<min{n,m— j}
Yi,Yjl=vijXizj, 1<j<k—-1, 1<i<n—k+1.

Consider the super Leibniz identity on the triple {¥;, X1, Y;} with2 < j <k —1
and 1 <i <n— j. We get

Yij =Vij-1—VYi+1j-1-

For j = k, wehavethaty;r—1 = y1x—1.lf werename y; 1 := y; with1 <i <n—1,
it is easy to prove by induction method on j, that

Jj—1 .
-1 . . :
wj=§ 04f<]s )%H» 2<j<k—-1,1<iz<n—j (b1
s=0

Thus, we have that

Yi, Y11 = yiXi+1, l<i<n-1
j—1 .
—1 . . .
[Yi,Yj]=Z<—1)“(JS )yz-ﬂxiﬂ,zgsk—l, l<i<n—j
s=0

From the super Leibniz identity on the triple { X1, Y1, Y1} we get y» = 0.
Using the induction method together with super Leibniz identity on the triple
{X;, X1, Y;}, we prove that

0, 3<i+j<k-1
Bij =1 (_1yi—k+1 i—2 i—1 C
=1 jokti) Tk )o) ksiti=m

with 2 <i < min{n, m — j}.

(1) m > n + 3. If we make the super Leibniz identity on the triples {X,,, X1, Y1}
k—2 k-3
and @ = —

and {X,, X1, Y2} we geta = — , respectively. But that is a

contradiction, then there is not any guperalgebra.
2)ym=n+2.

On the other hand, recall that y; = 0, fork —2 < j < n — 1, and by Equation
(5.1) we have that y; ; = 0. Accordingly yj11x—1 =0for 1 < j <n —k, thatis,

k=2

A k—2 .
§(—1)*( ; )y,;+1+s=o, l<j<n—k
s=0
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Super Leibniz identity Constraint
k—2
{Xn, X1, Y1, } = o=
YiBi+1n+1-i =0,
{Yi, Y1. Y14} = Bitin+t1-i #0, =yi=0,n+2—k<i<n-1
i>n+2—k
YiBi+11 =0,
{Yi, Y1, Y1} = Bi+11#0. =y =0 k-2<i<n-1
k—2<i<n
(X1, Yi—1, Y} = ayrj —Vj+lk-1=0,1<j<n—k.

Then we have a system of (n — k) linear equations and (n — k) variables admitting
one unique solution y; = 0,2 <i <n—k+ 1.

Only rest to prove that y; = 0. For this, it is sufficient to consider the super Leibniz
identity on the triple {Y7, Y1, Yx—1}. We conclude that the superalgebra is degenerated.
(3) m = n + 1. From the super Leibniz identity on {Y;, Y1, Y1} we get y;Bi+11 = 0.
Ifk—2<i<nthenBiy11 #0. Thusy; =0fork —2 <i <n-—1.

Analogously, from {Y;_3, Y1, Y3}, {X1, Y1, Y;} we conclude that y;_3 = 0, and
v2j +vj+1 = 0, respectively. On the other hand, remember that y; = 0 withk —2 <
Jj < n — 1, which implies that

j—=2 .
—1 - .
Z<—1)5<1s )V2+s+((—1)’ Lf Dy =0, 4= k-3

s=1

Then we have a system of (k — 6) linear equations and (k — 6) variables admitting
one unique solution y; = 0with3 <i <k —4.

Only rest to prove that y; = 0. For this, it is sufficient to consider the super Leibniz
identity on the triples {Y71, Y1, Yx_1} if k is odd and {Y1, Y1, Yix—>} if k is even. We
conclude then that the superalgebra is degenerated.

Case 2. n > m. We consider the adapted basis { X1, X2, ..., X, Y1, Y2, ..., Y}
and the gradation

<X15Y1>@<X27Y2>®"'<Xnqu>®<Xm+l>®<Xm+2>@"'@<Xn>

By using the adapted basis and the properties of natural gradation

[Xi, X1]=Xiy1, 1<i<n—1, [YV;,X1]=Y41, l<j<m-1
[X1.Yjl=a;Yjq1, 1 <j<m—1[X;,Y;]=8;Yi+j, 1=j<m-2, 2<i<m-—j
Y, Yil=vyijXiyj, 1 =i <m, 1 < j <min{n —i, m}

Case 2.1. If 1 + o1 # 0, then Y5, Y3, ..., Y,, € Ann(L). We have
[(Xi, X1l =Xip1, 1<i<n—-11Y;, X1]=Yj41, 1<j<m—1
[X1, V1] =a)s, [Xi, il =BiYit1,2<i<m—1
Yi, Yil=yiXit1, 1 =i <m
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Similar to the previous cases, using the super Leibniz identity, we get the superal-
gebra NG™™,

Case 2.2. 1 4+ a1 = 0. We distinguish the following two cases:

(@1+4ao; =0foralli, 2 <i <m — 1. We have:

(Xi. X1]l=Xiy1, 1<i<n—-1, [Y;,X1]=Y4, l<j<m-1
(X1, Y;]]==Yj41, 1<j<m—1,[X;,Y;1=pijYiyj, 1<j<m—=2, 2<i<m
Yi,Yil=vijXiyj, 1 <i <m, 1 <j < min{m,n — i}

We obtain the family of naturally graded Leibniz superalgebras with maximal s-
nilindex of the theorem statement.

(b) There exists k, with2 <k <m — 1, suchthat ]l + o; =0for2 <i <k -2
and 1 4+ ax—1 # 0. We have

(X1, i1l + Y1, Xil = (A + a1 Yx € Ann(L).
Then Yy € Ann(L) and Y41, Yi+2, ..., Y € Ann(L). Thus,

[Xi, X1]=Xiy1, 1=<i=<n-—1, Y, X\il=Yj41, 1<j<m-—1
[X1,Yj]=~Yj41, 1<j<k-2, (X1, YV 1]l=aY;, 1 +a#0
[Xi,Yj1=8ijYitj, 1 < j<k—1, 2<i<m—j

Yi,Yjl=vyijXiyj, 1< j<k—1, 1=<i<min{m,n— j}

By using the same techniques as in the case 1, we conclude that the obtained
superalgebra is degenerated. O
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