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Abstract
In this work, we prove some regularity criteria for a Ginzburg—Landau—Navier—Stokes
system with the Coulomb gauge in a bounded domain Q C R3.
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1 Introduction

In this work, we consider the following Ginzburg—Landau—Navier—Stokes system with
the Coulomb gauge:

divu =0, (1.1)
du—+u-Vu+ Ve — Au= [¢|*Vh, (1.2)
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. 2
natw+ink¢1p+u-w+<%v+A> v U=y =0, (13)

a,A+v¢—AA+Re{<I%V1/f+1/fA> E} =0, (1.4)
divA =0 in Q x (0, 00), (1.5)
u:O,%—f:O,A-n:O,rotAxn:O on 982 x (0, 00), (1.6)
(u, ¥, A)(-, 0) = (uo, Yo, Ap)(") in £, (1.7)

where u is the velocity, 7 is the pressure, ¥ is complex the order parameter, A is the

vector potential, and ¢ is the electric potential, respectively.  and k are the positive

v+
2

Ginzburg—Landau constants. v is the complex conjugate of 1/, Reyr := is the

real part of 1/, | |% := ¥ is the density of superconductivity carriers and i := +/—1.
The function & := h(x) denotes a potential function; we will assume that /4 is a smooth
function. 2 is a bounded domain with smooth boundary 92, and 7 is the unit outward
normal vector to 952.

When £ is a constant, system (1.1) and (1.2) reduces to the well-known Navier—
Stokes. Papers [1,2] showed the following regularity criteria:

2p

T fu@®l),
f - dt < oo with 3 < p < o0, (1.8)
o logle+ llu®)llr)
or
u € L*(0, T; BMO), (1.9)
or
ol
T IVu@I 3
/ » dt < oo with - < g < o0, (1.10)
o logle+ IVu®)llpqe) 2
or

Vu € L'(0, T; BMO). (1.11)

Here L is the usual weak L7 space (see Definition 1.1 for details), and BMO is the
space of bounded mean oscillation whose norm is defined by

I fllBmo :== I fllL2 + [f1BMOS
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with

[flBmo : = sup () = fa.mldy,

xeQ 182, (x)] Q,(x)
re(0,d)
fo,m = f(ndy,
72,000 Ja,w

Q,(x) := B, (x)NL, B, (x) is the ball with center x and radius r, and d is the diameter
of Q. |2, (x)| denotes the Lebesgue measure of 2, (x).

On the other hand, when u = 0, system (1.3), (1.4) and (1.5) reduces to the
time-dependent Ginzburg—Landau, which has received many studies [3—12]. Paper
[4] showed the existence of global weak solutions. Paper [10,12] proved the unique-
ness of weak solutions.

The aim of this paper is to prove some regularity criteria of the problem in a bounded
domain. We will prove

Theorem 1.1 Letug € H} NH?, Yo, Ag € H' with |yo| < 1, divug = div Ag = 0 in
Q. Let (u, w, ¥, A, @) be a local strong solution to the problem (1.1)—(1.7). If (1.8) or

(1.9) holds true with 0 < T < oo, then the solution (u, w, Y, A, ¢) can be extended
beyond T > 0.

Theorem 1.2 Letug € H} NH?3, Yo, Ag € H' with |yo| < 1, divug = div Ag = 0 in
Q. Let (u, w, ¥, A, ¢) be alocal strong solution to the problem (1.1)—(1.7). If (1.10) or
(1.11) holds true with O < T < 00, then the solution (u, w, Vr, A, ¢) can be extended
beyond T > 0.

Remark 1.1 We can prove similar results under the Lorentz gauge.

Definition 1.1 Let f € L9 be such that

(B /oo[t'l’f*(t)]qu < 00,
q Jo !

where f*(t) is the nonincreasing function equimeasurable with | f| on (0, co). We say
that f belongs to the Lorentz space LP>° = L% if

mes{x € Q:|f(x)| > a} < Aa”? for all a > 0.

In the following proofs, we will use the following Gagliardo—Nirenberg inequality
[13]:

1-3 3 .
||u||Lr2Tr212 < Cllull, " llully, with 3 <r < oo, (1.12)
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and the generalized Holder inequality [14]:

Juv||pra < Cllullpria ||v]|Lr2a2 (1.13)

i 1 1 1 1
with— = —+ —and — = — + —.
p P P2 4 4 @ ,
In the following proofs, we will also use the following three lemmas:

Lemma 1.1 We have
1
I fllze@) < CA+ || fliIB7Mo() log2 (e + [ fllwim(g))) (1.14)

forall f € Wol’m(Q) with3 < m < oo.

Proof When Q := R, (1.14) is proved by Ogawa [15]. For a bounded domain € in
R3, we define

Foo f in
"~ 10 in Q:=R3\Q.

Then we have [16, p.71]:

I Fllwim sy = 1L lwim gy

and it is obvious that

I Fllzoe@sy = I fllo@. I fllsmo@s) < Cll fllBMo)-
Thus (1.14) is proved. O

Lemma 1.2 ([17]). We have
lul24 ) < Cllull 2 lullBro- (1.15)

Lemma 1.3 ([18]). There holds the following logarithmic Sobolev inequality:
) 3
IVfllLe = CA+ IV fliBmo log(e + || fllws.») with s > 1+ > (1.16)

forany f € WSP(Q) and 2 C R3.

Applying div to (1.3) and using (1.5), we see that
—A$ :divRe{’EEw+ |lﬂ|2A}. (1.17)
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2 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. It is easy to show the local
well-posedness of strong solutions; we only need to establish a priori estimates.
First, we set

=Wl = fe and V:=—A+Ve.
Then we have
na,f+u-Vf:k—lef—f(f2—l+V2). 2.1)
Testing (2.1) by (f — 1)+ and using (1.1), we see that
g%/(f_ D2dx +k—12/IV(f— D)4 Pdx
= —ff(fz — 14+ V)(f = 1qdx <0,
which gives
(f=D4+=0,
and thus
Y| <1 (2.2)

Testing (1.3) by v, taking the real parts and using (1.1), we get

2
dx+/|w|4dx =f|w|2dx,

”d/|1p|2d +/ LOv 4 A
nae X b

2 dt k

which leads to

2
dxdr < C. (2.3)

T .
[|1ﬁ|2dx+/0 f‘%V¢+¢A

Testing (1.4) by A, using (1.5), (2.2) and (2.3), we find that

Ld |A%d +/| t A)*d
—-— X 10’ X
2 dt

—Re/ (]l(—.VI// + pr) ¥ Adx

IA

i
H%VI[I +VA| YliLellAllL2
L2

=<

%V¢+¢A

AllL2,
L2
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1014 J.Fanetal.
which implies
IAllLo,7.22) + 1Al L20,7. 1) = C. (2.4)
It follows from (2.2), (2.3) and (2.4) that
’ 2 ’ 2
/o fllﬁAl dxdr < IWIILOO(O,T;LOO)]O /IAI dxdr < C,
whence
I¥ll20,7;m1) < C- (2.5)
Testing (1.4) by —AA, using (1.5), (1.6), (2.2) and (2.3), we get
Ld / rot A|*dx + / |IAA%d
—— { |ro
2dr * *
- fRe [(%vw + ¢A> E] AAdx
i
< HZVI/I + YA Y lleellAAl L2
L2
< 1||AA||2 +C iv¢+¢A ’
—= 2 LZ k L2 k]
which implies
IAll Lo, 7.1y + 1Al 20,7, H2) = C. (2.6)
Here we used the well-known facts
Al g1 < CUIAllL2 + llrot Allz2), 2.7
and
lAllg2 < CUIAllL2 + 1AAllL2) (2.8)
duetodivA =0inQand A-n=0,rot A xn =0o0n0ox2.
i
IVolL20,7:22) = C %Vlﬂ +yA IV llLe1;000) < C. (2.9)

L2(0,T;L?)
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Testing (1.2) by u and using (1.1) and (2.2), we infer that

1d
55/|u|2dx+/lvu|2dx = / |1/f|2Vh~udx < ||¢llioo||Vhllellulle
< Cllullz2,
which yields
lll oo o, 7;22) + Nl 20,7511y = C- (2.10)

(D) Let (1.8) hold true.
Testing (1.2) by —Au + Vi, using (1.1), (2.2), (1.12) and (1.13), we compute

1d
——/|Vu|2dx+/|Vn—Au|2dx
2dr

—/u -Vu - (Vr — Au)dx + f W >Vh(Vr — Au)dx

< ||”||L§||Vu|| 271}2||V7T — Aullp2 + 1Y 17 VAl 2]V — Aull 2

; 143
IIMIILPIIVMII ’||Vn Aull, " + ClIVr — Aull 2

=<
< —||Vn — Aul7, + C||u||g,f IVul?, +C
2p
Lo aull Clull,’ a2 e
< — T — u +— u (0] e+ u —|—
= 172 oge T ”Lwn 172 log(e + llull p
2p_
1||v Aull?, + —C”u”Lp;z IVul?, log(e + y) + C, @2.11)
< —||Vmr — Au u ogle+y)+ .
2 2 Jogte + u Ip)'
which gives
t
/|Vu|2dx+/ /lAu|2dxds < C(e 4 y)©o¢ (2.12)
0

with

y(t) := sup |lu(:, s)|lwim and 3 <m <6,
[t0.1]

forany O < 79 <t < T, where C is an absolute constant, provided that

r ||u<t)||L,,
f — ¥ di<e<<]. (2.13)
o log(e+llullp)
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Here we have used the well-known H2-estimate of Stokes system:
lullgz < CIIVE — Aullga.

Integrating (2.11) over (#g, t) and using (2.12) and (2.13), we obtain

t
f / |0,u|*dxds < C(e + y)©e.
fo

Equation (1.3) can be rewritten as

(2.14)

(2.15)

oy +u -V +inkgy — o5 A1/x+ 24 VY A+ APY + [P — ¢

=0.

(2.16)

Testing (2.16) by —AW and taking the real parts, using (2.2), (2.6), (2.11), (1.14)

and (1.13), we have

vy 2dx + — [ |Av)d
2dt/|l//|)€+ [lex

:Re[u-le-Ade
+Re/ink¢wA$dx —Re/ %A -V - Ayrdx

—i—Re/|A|21//Ade+Re/|w|2wAde+/|V1ﬂ|2dx
< lullg IVYN 2 1AW Iz + CligllzIAY 2

FCNAN IVl sl Al 2

+CIAIT A 2 + CllY 2 1A 2 + VY117

1-3 1+3
< Clull 2 VUL " IIAY ] "+ Cligll 2 1Ay Il
JrCIIVI/fllytIIAIﬂIIL2 + CllAY |2

2p
S 1AV 152 + Cllull [, IV 12 + Cllllg. + €
2p
p—3
Ly

C—
log(e + lull )

<
~ 32k

[[uell

Ay 7, + log(e + VIV |7,

< —|
32k2
+Cligl3, + C,

which implies

t
/|w|2dx +[ fIAW|2dxds < C(e + y)coe.
fo

@ Springer
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Here we have used the Gagliardo—Nirenberg inequalities

IIVWII@ < Cl¥llLellAY L2, (2.19)
||V1/f||iz < Cld 2 lAY L2, (2.20)

and the fact
1 llg2 < CllAY |l L2. (2.21)

Similarly, testing (2.16) by 3,v and taking the real parts, we obtain

t
f / 19,9 |2dxds < C(e + y)Co<. (2.22)
0]
Taking 9; to (1.2), testing by 9;u, using (1.1), (2.2), (2.12), (2.15) and (2.22), we
obtain

1d
orT |8,u|2dx+/|V3,u|2dx

= —/a,u.w-a,udx+/a,|1/f|2watudx
< IIVu||L2||3tu|Ii4 + CllY e llo Y |l L2 I VAl Loo [[0;u ] 2

1 3
CIIVul 2 18ull 5 IV Oull ;5 + CIA 172 + Clldsull

IA

IA

1
znvatuniz + CIIVul L 18ull3, + Clldsw 13, + Clidaull;,  (2.23)
which leads to

t
f|a,u|2dx +f /|V8,u|2dxds < C(e+ y)©oe. (2.24)
to

On the other hand, Eq. (1.2) can be rewritten as
—Au+Vr = f:=Y|>’Vh — du —u - Vu. (2.25)
Then we have

lull gz < Clfll2 = ClWIPVh — du —u - Vull»
< C+ Cllogullz2 + Cllull ol Vull 13

1

1o
< C+ Cldwullz2 + ClIVull 2 - IVull S llull 0,
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whence

lull g2 < C + Clidull 2 + C|Vull3

< Cle+ ), (2.26)
which implies
lullpooo,7:12) = C- (2.27)
(2.18) and (2.27) give
W llpc, a1y + 1W 20,7 H2) < C. (2.28)

(1.17), (2.6) and (2.28) lead to

&l Looo.r:mty + 1PN L200.7:12) < C- (2.29)

(ID) Let (1.9) hold true.
We still have (2.9) (with p = o0) and using Lemma 1.1, we get (2.12). Provided
that

T
f lu(0)|3pods < € << 1.
to

Similar to (2.17), we have

nd 2 1 / 2
—— | |Vyad — Ayrled
Lo [vvra s [1avras
= Re/ u - Vi - AYydx + the same other terms. (2.30)
Now we bound the first term of RHS of (2.30) as follows:
RG/WVI# “AYdx < lull 4 IVY g4l AP 2

1o 1 1
< llull 2 luligyo - 1 L 1AW, - 1AY ] 2

1 3 1
< Clullgwoll AV1;: < 55 1AV + Cllulfyo- (2.31)
And thus we have
t
/ |V |2dx +/ /(mw + 18,y *)dxds < C. (2.32)
0
Then we still have (2.27) and (2.29).
This completes the proof. O
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3 Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. We only need to establish some
a priori estimates.

We still have (2.1), (2.2), (2.3), (2.4), (2.5), (2.6), (2.7) and (2.10).

(D). Let (1.10) hold true.

We still have (2.17). We bound the first term of the RHS of (2.17) as follows:

Re/u.vw.Ade = ZRe/u,-an//aﬁdx = —ZRe/a,uiaiwa,de
i,j i,j

3 3

< ClIVull 2 IV 5, = ClIVulyg IIVwIIquIIAwII

La-T

2q

<! IAY]%, 4+ C||Vu ||2"3||w|| —— Ay,
- 32k2 L 32k2 L

2q

IVull )
log(e + IV 17, (3.1)

10g(6 + IVull9)
with

z(t) := sup [lu(:, )| 3.
[70,7]

The other terms can be bounded as before.
Then we have

t
f IV |2dx +f /(|Aw|2 + 18, ¢ |1>)dxds < C(e + 7)€0¢ (3.2)
10

provided that

2q

OV
f — M Jr<e<<l. (3.3)
o log(e + Vil 1)

Similarly to (2.23), we have

o [0;ul"dx + | |VOu|~dx

——/atu-Vu-atudx+/8t|1//|2~Vh-8tudx

= ClVullg ”a’””2ﬁ,2 + Cllo i L2110 ull 2

_3 3

<C||Vu||LqII3tM|| Vo, + Clo Il L2 10wl .2
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1020 J.Fanetal.

29
IV ol s + CIVull % 18ull7 2 + CllOpw I L2 [13pull 2

<
= L4

N =

29

-3
IVul ,
< > log(e + 2) |0 ull; »

IVoul3, +C

N =

log(e + [[Vull 1)
+CUI Y125 + Clidull?,.

which gives
t
/ |0,u|*dx +/ / [V,ul*dxds < C(e + 7)C. (3.4)
0

Testing (1.2) by 9;u, using (1.1), (2.10) and (3.4), we have

1d
Ea/|w|2c1x+/|a,u|2dx

—/u~Vu~8tudx+/|1/f|2Vh~8tudx

luall L6 1 Vaell 2 119p2ell .3 + C 11Dyl 2
ClVull}, + ClIVaul7, + C,

IATA

which gives
/ |Vul2dx < C(e + z)C0¢. (3.5)
Applying 0; to (1.2), testing by —Ad;u 4+ Vo, m, using (1.1), (2.2), (3.2), (3.4) and
(3.5), we have

1d ) 5
Sdr [Vou|“dx + [ |V, r — Adyu|“dx

= — /(8;14 -Vu+u-Vou)(Voym — Adyu)dx

+/ O |v|* - VR(Vd,r — Adyu)dx

< (I9rullLelIVullg2 + llull L6 1V Orull p3) I Vrw — Adsull 12
+C Yl 21 VOrr — Adsull 2

1 1
< ClIVaul 1183 ull?, - [Vull 2 Vo — Adyul| 2
+CUIB W I 21V — Adyull 2

1
= 5Ivar - Adull7, + ClIVull} IVoul3, + Clav |3,
which implies

t
/ |V, u|>dx +/ / Vo, — Adul*dxds < C(e + 7)€0¢. (3.6)
10
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Here we have used the fact
10;ull g2 < CIVorm — Adru]| 2. 3.7
From (2.25), (2.2), (3.2), (3.6) and (3.5), we have

lullgs < CAIVFllz2 + llullz2)
< CIVUY PVl 2 + CIVaull 2 + CIIV (- Vi)l 2 + C
< CIVY 2+ CIVaull 2 + Cllull 6 VZull s + ClIVulljs + C

3

L3
< CIVY 2 + ClIVOull g2 + Cllull s [ Vull o ull 5

5 3
+ClIVull 1 llullys + C,
and therefore

lullgs < CIVY¥ 2 + ClIVoull2 + CIIVMIIzz +C
< C(e + 7)<,

which implies
lullpooo, ;13 < C. (3.8)

We still have (2.29).

(ID Let (1.11) hold true.

Similarly to (3.1) for ¢ = oo and using Lemma 1.2, we still have (3.2), provided
that

t
/ Vullgmodt < € << 1. (3.9)
0]

We still have (3.4) (for ¢ = oo and Lemma 1.2) and (3.5).
We still have (3.6), (3.8), (2.29) and (2.32).
This completes the proof. O

Acknowledgements This paper is supported by NSFC (No. 11971234). The authors are indebted to the
referees for some nice suggestions.

4 Appendix
In this appendix, we will prove the local well-posedness of strong solutions to the

problem (1.1)—(1.7).
First, we give the definition of strong solutions to the problem.
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1022 J.Fanetal.

Definition 4.1 (strong solutions). (u, 7w, V, A, ¢) is called a strong solution to the
problem (1.1)—(1.7) in 2 x (0, T') under the Coulomb gauge if

(u, ¥, A) (-, 0) = (uo, Yo, Ao)(-) € H} N H? x H' x H! with

41
ol < 1, divug = div Ag = 0 in Q, “.1)

and

ueL®0,T; H N H*) NL*0,T; HY),

7 eL®0,T; HYNL*0, T; H>),

v e L0, T; HYNL*O0,T; H*), |¢| <1 in 2 x (0, T),
AeL>®0,T; HYNL*0,T; H?), 4.2)
¢ L0, T; HYNL*0,T; H>),

dueL>®0,T; L) NL*0,T; HY,

v, A e L*0,T; L?),

and the equations

(1.1) = (1.5) holds almost everywhere on Q2 x (0, T). 4.3)

In this appendix, we will prove

Theorem 4.1 Let (4.1) hold true. Then the problem (1.1)—(1.7) has a unique strong
solution (u, 7w, ¥, A, ¢) satisfying (4.2) for some 0 < T < oo.

The proof of the uniqueness part is standard with regularity (4.2), and thus we omit
the details here. We will use the Galerkin method to show the existence part; the key
step of the Galerkin method is to show the a priori estimates. Thus we only need to
show the a priori estimates.

Proof of Theorem 4.1 We still have (2.2), (2.3), (2.4), (2.5), (2.6), (2.9) and (2.10).
Similar to (2.11), we have

—— [ |Vul|*dx + | |Vr — Aul|“dx
2dt
= —/u -Vu - (Vo — Au)dx + f |1ﬁ|2Vh - (Vm — Au)dx
< llull sl Vull 3 IVr = Aullgz + 19 17 | VAN 2 VT — Aull g2
1 3
< ClIVullgz - IVull L IVre — Aull;, + ClIVr — Aullge

1
< S IV — Aullz, + CIIVullj: +C,
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Regularity Criteria for a Ginzburg-Landau-Navier-Stokes. .. 1023
which gives
lull oo o, 7; 1y + Nlell 20,7 12) = € (4.4)
forsome 0 < T < o0.
Similar to (2.17), we get
nd 2 1 / 2
e Vir|“d — Ay|ed
2o [ vt [1avPas
— — 2i —
= Re/u -V - Ayrdx —i—Re/inkq&dxAtﬂdx —Re/ %A -V - Ayrdx
+Re/ |A|2¢A$dx+Re/ |w|2¢A$dx+/|v1/f|2dx
= CllullgallVE sl Al 2 + Cligl 2 [ e AV 72
+CIAN 41V pallAY 2 + C||A||%4||W||L°°”AW”L2
FCIY T W 2 A Il 2 + ”VW”iz
1 3
< ClYliz< AV, + Cllgll 2 1Al 2 + ClAY 2 + IIVlﬁIIiz
1
< sl AVIZ: + C + ClIgIE + CIVY I,
which leads to
1Vl Lo, 1) + 120,702 = C (4.5)
forsome 0 < T < 00.
Similar to (2.22), we have
19: ¥l z20.7:22) = € (4.6)

forsome 0 < T < o0.
Similar to (2.23), we observe that

1d
R |8[u|2dx+[|V8[u|2dx

= —/B,M-Vu-8,udx+/8t|w|2Vh-8,udx

< IVul 2 Ilazulli4 + Cll YL |0 | L2 I VAl Lo || 01l 12
1 3

< Clldeull LIVl [> + Cldepll 2 1eull 2

1
< Envatuniz + Clowull7, + Clld 13,
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1024 J.Fanetal.

which implies
0:ull Lo 0,7 22) + 10l 20,711y = C 4.7)

forsome 0 < T < 00.
We still have (2.27), (2.28) and (2.29).
This completes the proof. O
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