Bull. Malays. Math. Sci. Soc. (2020) 43:3183-3199 MALAYSIAN MATHEATICAL
https://doi.org/10.1007/s40840-019-00862-1 o

hap:f/wwwspringer com/mathematics/ournal/ 40840

®

Check for
updates

Two-Distance Vertex-Distinguishing Index of Sparse
Subcubic Graphs

Loumngam Kamga Victor' - Juan Liu' - Weifan Wang'

Received: 19 October 2018 / Revised: 12 November 2019 / Published online: 26 November 2019
© Malaysian Mathematical Sciences Society and Penerbit Universiti Sains Malaysia 2019

Abstract

The 2-distance vertex-distinguishing index yx},(G) of a graph G is the minimum
number of colors required for a proper edge coloring of G such that any pair of vertices
at distance two have distinct sets of colors. It was conjectured that every subcubic graph
G has x,(G) < 5. In this paper, we confirm this conjecture for subcubic graphs with

maximum average degree less than %.
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1 Introduction

All graphs considered in this paper are finite and simple. Let G be a graph with vertex
set V(G), edge set E(G), maximum degree A(G), and minimum degree §(G). Let
Ng (v) denote the set of neighbors of a vertex v in G, and let dg (v) = |Ng(v)| denote
the degree of v in G. A vertex of degree k (at most k, at least k, resp.) is called a
k-vertex (k™ -vertex, k*-vertex, resp.). The distance, denoted by d (u, v) between two
vertices u and v is the length of a shortest path connecting them. If no confusion arises,
we abbreviate A(G) to A.

A proper edge k-coloring of a graph G is a mapping ¢ : E(G) — {1,2,...,k}
such that ¢(e) # ¢(¢’) for any two adjacent edges e and ¢’. The chromatic index,
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denoted x'(G), of a graph G is the smallest integer k such that G has a proper edge
k-coloring. For a vertex v € V(G), let Cy(v) denote the set of colors assigned to the
edges incident to v, that is,

Cy(v) = {p(uv)|uv € E(G)}.

The coloring ¢ is called 2-distance vertex-distinguishing (or a 2DVDE-coloring, in
short) if Cg (1) # Cg(v) for any pair of vertices u and v with d(u, v) = 2. Let x},(G)
denote the 2-distance vertex-distinguishing index of G, which is the smallest integer
k such that G has a 2DVDE-coloring using k colors.

The 2-distance vertex-distinguishing edge coloring of graphs can be thought of
as a special case of the r-strong edge coloring of graphs, see [1]. Let r > 1 be
an integer. The r-strong chromatic index x;(G,r) of a graph G is the minimum
number of colors required for a proper edge coloring of G such that any two vertices
u and v with d(u,v) < r have Cy(x) # Cy(y). In particular, when r = 1, we
have x/(G,1) = x,(G), which is called the neighbor-distinguishing index of G.
Zhang, Liu, and Wang [12] first investigated this parameter and proposed the following
conjecture:

Conjecture 1 If G is a graph different from a 5-cycle, then x,(G) < A + 2.

Balister et al. [2] confirmed Conjecture 1 for bipartite graphs and subcubic graphs.
Using a probabilistic analysis, Hatami [3] showed that every graph G with A > 102
has x.(G) < A 4 300. Akbari et al. [1] proved that every graph G satisfies x,(G) <
3A. Zhang et al. [11] proved that every graph G has x,(G) < 2.5(A + 2). Wang et
al. [9] improved these upper bounds to x/(G) < 2.5A if A > 7, and to x,(G) < 2A
if A < 6. The currently best known upper bound that x,(G) < 2A + 2 for any graph
G was obtained by Vuckovié [6].

It follows from the definition that x/,(G) > x'(G) = A, and moreover x;,(G) >
A + 1 if G contains two vertices of maximum degree at distance 2. The 2-distance
vertex-distinguishing index for special graphs such as cycles, paths, trees, complete
graphs, complete bipartite graphs, and unicycle graphs has been determined in [8].
Using an algorithmic analysis, Wang et al. [7] proved that every outerplanar graph G
satisfies Xéz(G) < A + 8. Additionally, it was shown in [4] that if G is a bipartite
outerplanar graph, then x/,(G) < A 4 2.

A cubic graph is a 3-regular graph, and a subcubic graph is a graph of maximum
degree at most 3. The maximum average degree of a graph G is defined as

{2|E(H)| }
mad(G) =max{— | H € G;.
|V (H)|

Very recently, Victor et al. [5] showed that every subcubic graph G satisfies
Xéz(G) < 6, and raised the following conjecture:

Conjecture 2 For a subcubic graph G, x},(G) < 5.
Note that if Conjecture 2 were true, then the upper bound 5 is tight. In this paper,

we confirm partially this conjecture by showing the following result:
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Theorem 1 If H is a subcubic graph with mad(H) < %, then xj,(H) <5.
To prove Theorem 1, we need to apply repeatedly the following easy fact (see [10]):

Lemma2 Let G be a graph.

(1) Ifvisaleaf of G, then mad(G — v) <mad(G).
(2) Ifeis an edge of G, then mad(G — e) <mad(G).

Let G be a subcubic graph and v be a 3-vertex of G. For 0 < i < 3, v is called a
3;-vertex if v is adjacent to exactly i 2-vertices. For a subgraph H of G and a 2DVDE-
coloring ¢ of H, we say, in short, that ¢ is a legal coloring of H. Two vertices
u,v € V(G) with d(u, v) = 2 are called conflict with respect to the coloring ¢ if
Cy(u) = Cy(v).

2 Proof of Theorem 1

The proof is by contradiction. Let H be a minimum counterexample that minimizes
|[E(H)| + |V(H)|. Then, A(H) < 3, mad(H) < %, and x},(H) > 5.1t is easy to
note that H is connected, for otherwise by the minimality of H, we can 5-2DVDE-
color independently each connected component of H using the same set of colors and
consider the resulting coloring as a 5-2DVDE-coloring of H. Let H’' denote the graph
obtained by deleting all 1-vertices of H. Then, H' is clearly connected, A(H') < 3,
andmad(H') < mad(H) < % by Lemma 2. Moreover, by the minimality of H, any of
its subgraph obtained by edge deletion can be legally colored with at most five colors.
We first list some structural properties of H'. In the subsequent proofs, we routinely
construct 5-2DVDE-colorings of H without verifying in detail that H is legally-5-
colored since this can be supplied in a straightforward manner. In the following, we
alwayslet C = {1, 2, ..., 5} denote a set of five colors. Given a 5-2DVDE-coloring ¢
of a subgraph G of H using the color set C, for a vertex v € V(G), we denote simply
Cy(v) by C(v).

Claim1 §(H') > 2.

Proof Suppose to the contrary that §(H') < 1. If §(H') = 0, then H’ is isomorphic
to K1 and so H is isomorphic to the star Ky ,—; with |V (H)| = n. Obviously, we
can color the edges of K ,—1 with distinct colors, so X&(H) = A(H) < 3, which
contradicts the hypothesis on H. Assume that §(H’) = 1, and let u be a 1-vertex
of H' adjacent to a vertex v. Then, dy (1) € {2, 3}, let u; be another neighbor of
u different from v in H, and let G = H — uu;. By the minimally of H, G has a
5-2DVDE-coloring ¢ using the color set C. Observe that |C(u) U C(v)| < 4 since
dy(v) < 3and v is adjacent to u. Therefore, to extend ¢ to H, it suffices to color uu
with a color in C — C(u) — C(v). This contradicts the choice of H. O

Claim 2 H’ contains no two adjacent 2-vertices.

Proof Suppose to the contrary that H' contains two adjacent 2-vertices u and v. Let
Ny'(u) = {v,u1} and Ny (v) = {u, v1}. Then, dg(u), dg(v) € {2, 3}. We discuss
the following two cases by symmetry.

@ Springer



3186 L. K. Victor et al.

Case 1.dy (u) =dg(v) = 2.

Consider the graph G = H — uv. By the minimally of H, G has a 5-2DVDE-
coloring ¢ using the color set C. We assume that #v cannot be colored with any color
in C. Therefore, at least one of u; and v; is a 3-vertex; otherwise, we color uv with
acolor in C — C(u1) — C(vy). Without loss of generality, assume that dg (1) = 3,
Ng@uy1) = {u, up, uz},and C(u1) = {1, 2, 3} such that ¢ (uu;) = l and ¢ (u1u2) = 2.
We discuss two possibilities:

e Letdg(vy) = 2, say Ng(v1) = {v, vz}. If dg(v2) = 2, then the proof is reduced
to the previous case by replacing uv with vv;. Otherwise, dg(v2) = 3, we may

color uv with a color in {4, 5} — {¢(vvy)}. This contradicts the assumption that
uv cannot be colored.

e Let dg(v1) = 3, say Ny(v1) = {v, vz, v3}. First assume that at least two
of us, u3, v2, v3 are 3-vertices. By symmetry, we have the following two pos-
sibilities. If dg(uy) = dg(uz) = 3, then we color uv with a color in

{2,3,4,5} — C(vy). If dg(up) = dg(vy) = 3, then we color uv with a color
in {2,4, 5} — {¢(vvy), ¢ (viv3)}. Next assume that at most one of uy, u3, v, v3 is
of degree 3, say, dg (u3) = dg(u3) = dg(v2) =2 and 2 < dg(v3) < 3.Itis easy
to see that {4, 5} C C(v1) because uv can not be legally colored.

First suppose that dg (v3) = 2. If ¢ (vv1) = 2, then ¢ (viv2) = 4 and p(viv3) = 5.
It follows that C (up) = {1, 2}, C(u3) = {1, 3}, C(v2) = {2,4},and C(v3) = {2,5}. It
suffices to recolor vv; with 1 and color uv with 4. If ¢ (vv1) € {1, 3}, we have a similar
discussion. So assume that ¢ (vvy) € {4, 5}, say ¢ (vv;) = 4. Then, C(uz2) = {1, 2}
and C(u3) = {1, 3}. Without loss of generality, assume that ¢(viv3) = 5 and so
¢ (viv2) € {1, 2, 3}. Let z be the other neighbor of v3 different from v;. Then, we
must have ¢ (zv3) = 4. Now we recolor uu; with 4 and color uv with a color in
{1, 2, 3} such that v does not conflict with v,.

Next suppose that dg (v3) = 3. A similar and easier proof can be established.
Case 2. dy(u) =3 and dy (v) € {2, 3}.

Let Ng(u) = {v,uy, x} with dg(x) = 1. If dg(v) = 3, then we furthermore
assume that Ny (v) = {u, vy, y} with dg(y) = 1. Consider the graph G = H — ux.
By the minimality of H, G has a 5-2DVDE-coloring ¢ using the color set C. Assume
that ux cannot be colored with any color in C. We have to consider two cases as
follows.

Assume that u is a 2-vertex of G. Then, NG (u1) = {u, ua}. If us is a 2-vertex, then
we can color ux with acolorin C —C (u1) —{¢ (uv), ¢ (vvy)}, which is a contradiction.
Otherwise, u; is a 3-vertex. If ¢ (uv) # ¢(ujuz), then we color ux with a color in
C—Cup)—{¢wv), p(vv)}.If ¢ (uv) = ¢ (u1uz),then C—Cuy1)—{¢ uv), ¢ (vvy)}
contains at least two colors, so that we can choose one of them to color ux.

Assume that dg (11) = 3 and Ng(u1) = {u, up, uz}. If dg(vy) = 2, then we color
ux with a color in C — C(u1) — {¢(uv)}. Thus, assume that dg(v;) = 3. Without
loss of generality, we may assume that ¢ (uv) = 1, ¢p(uuy) = 2, C(uz) = {1,2,4},
C(u3) = {1, 2,3}, and C(vy) = {1, 2, 5}. There are two possibilities to be handled.

o Letdy(v) = 2.If C(uy) = {2, 3, 4}, it suffices to recolor uu; with 5 and color
ux with 4. So assume that C (1) = {1, 2, 4}, and hence, it suffices to recolor uv
with 4 and color ux with 5.
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e Letdy(v) = 3. Then, Ng(v) = {u, y, v1}. Let Ng(v1) = {v, vo, v3}. If C(u1) =
{2, 3, 4}, then we recolor uu with 5 and color ux with 4. So assume that C (u1) =
{1,2, 4} by symmetry. Note that ¢ (vvy) € {2, 5}. If ¢(vvy) = 2, then it follows
immediately that ¢ (vy) € {3, 5}, we switch the colors of vy and vu and color ux
with 4. Now suppose that ¢ (vv;) = 5, and furthermore, let ¢ (viv2) = 2. Then,
¢ (vy) € {2, 3, 4}. If ¢ (vy) = 2, then we recolor vu with 3 or 4 such that v does
not conflict with vy, and color ux with 5. If ¢ (vy) € {3, 4}, then after switching
the colors of vy and vu, we color ux with 5. O

The proof of Claims 3—5 below will be given in the subsequent sections.
Claim 3 H’ contains no 33-vertex.
Claim4 H’ contains no 2-vertex adjacent to two 3;-vertices.
Claim 5 H’ contains no 3;-vertex.

We define an initial weight function w(v) = dg'(v) for every vertex v € V(H').
Then, we redistribute weights according to the following rule:

(R) Every 3;-vertex sends the weight of 1 3 to the uniquely adjacent 2-vertex.

The sum of all charges is kept fixed when the dlschargmg is in process. Once the
discharging is finished, a new charge function w’ is produced. Nevertheless, we can
show that w'(v) > & forall v € V(H’). In fact, let v € V(H'). By Claims 1-5, v is
either a 2-vertex or a 31-vertex 0r a 30 vertex. If v is a 3p-vertex, then w’(v) = 3 If v
is a 31-vertex, then w’'(v) = 3—1 3= 3 If v is a 2-vertex, then w'(v) = 2421 3= 3
This leads to the following obvious contradiction:

8 _ SIVAH) _ Tevan @' ®) _ Yvevarn w®) _ 2AEH)| _ mad (i) < &
30 vH) T |V (H")] |V (H")] \V(H)| — 3
This completes the proof of Theorem 1. O

3 Proof of Claim 3

Assume to the contrary that H’ contains a 3-vertex x adjacent to three 2-vertices
u,v,w (see Fig. 1). Let Ny (u) = {x,u1}, Ngw(v) = {x,v1}, and Ny (w) =
{x,w1}. By Claims 1 and 2, dy'(u1) = dg(vi) = dg(w;) = 3. Note that
dyu),dyg (), dg(w) € {2,3}. Setting Ny (u1) = {u, ua, uz}, we discuss two cases
below.

Casel.dy(u) =dy(v) =dy(w) = 2.

Let G = H — ux, which admits a 5-2DVDE-coloring ¢ with ¢(xv) = 1 and
¢ (xw) = 2. Assume that xu cannot be colored with any color in C. Let us deal with
the following cases, depending on the color of uu.

@) ¢(uuy) € {1, 2}, say ¢ (uuy) = 2 by symmetry.

(1.1) Suppose that at least one of u, and u3 is a 3-vertex in G, say dg (u3) = 3. By
symmetry, the proof splits into two cases.
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Fig.1 The configurations in the
proof of Claim 3

(1.1.1) Let ¢ (ww) = 1. Without loss of generality, assume that C(vy) = {1, 2, 4}
and C(w;) = {1, 2, 5}. It follows that C(u1) = {1, 2, 3}, or C(u2) = {2, 3}. Recolor
xw with 4 and color xu with 5. If ¢ (vvy) # 4, we are done. Otherwise, we recolor
xv with 3.

(1.1.2) Let ¢ (wwy) € {3, 4,5}, and assume ¢ (ww;) = 5 by symmetry. Similarly,
we can assume that C(vy;) = {1,2,4}; and C(u;) = {1,2,3} or C(up) = {2, 3}.
Recolor xv with 3 and color ux with 1 or 4 such that x does not conflict with u.

(1.2) Suppose that dg(u2) = dg(uz) = 2. There are two subcases below by
symmetry.

(1.2.1) {C(u2), Cu3)} = {{2, 3}, {2, 4}}.

Assume that C(vy) = {1, 2, 5}. If C(wy) # {1, 2, 3}, then we first recolor uu| with
5 and color xu with 3. Otherwise, C(w;) = {1, 2, 3}, recolor uu with 5 and color xu
with 3.

Assume C(w1) = {1, 2, 5}, then a similar strategy as in the previous case is applied.

Assume now that C(vy) # {1, 2,5} and C(w;) # {1, 2,5}. If ¢ (ww1) # 5, then
we color xu with 5. Otherwise, assume that ¢ (ww;) = 5. Recolor uu; = 5, color ux
with 3 or 4 such that x does not conflict with v.

(1.2.2) At most one of C(u>) and C(u3)is {2, i} forsomei € {3, 4, 5},say C(uz) =
{2, 3} by symmetry.

Assume that ¢ (wwy) € {4, 5},say ¢ (ww;) = 4. Then, itis immediate to derive that
C(vy) = {1, 2, 5}. We first recolor xv with 3 and color xu with 5. If C(u1) # {2, 3, 5},
we are done. Otherwise, we recolor ux with 1.

Assume that ¢ (ww;) ¢ {4, 5}. Furthermore, suppose that C(v;) = {1, 2,5} and
C(wy) = {1, 2,4}. This implies that ¢ (ww;) = 1. Recolor xv with 3 and color xu
with 4 or 5 such that x does not conflict with u.

2) ¢p(uuy) ¢ {1, 2}, say ¢ (uu1) = 3 by symmetry.

We have to handle three possibilities by symmetry.

2.1)dg(up) = dg(u3) = 3. Assumethat C(vy) = {1,2,4}and C(w;) = {1, 2, 5}.
Recolor xw with 4 and color xu with 5. If v does not conflict with w, then we are
done. Otherwise, we know that ¢ (ww1) = 1 and ¢ (vv1) = 4. In this case, we keep
¢ (xw) = 2, and then we recolor xv with 5 and xu with 4.

(2.2) dGg(up) =2 and dg(u3) = 3.

If C(up) ¢ {{3,4},{3,5}}, then the proof can be analogously given as in Case
(2.1). Otherwise, without loss of generality, assume that C (u2) = {3, 4}, and further
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C(vy) ={1,2,5}. If p(ww;) # 4, then we recolor xv with 4 and ux with 1 or 5 such
that x does not conflict with w;. If ¢ (ww) = 4, then we recolor xv with 3 and color
ux with 1.

(2.3) dg(u2) = dg(uz) = 2.

If 3 ¢ C(uz) U C(u3), then the proof is similar to that of Case (2.1).

Assume that 3 € C(uz) and 3 ¢ C(u3) (if 3 € C(u3) and 3 ¢ C(uz), we have a
similar proof). If ¢ (u1uz) € {1, 2}, say ¢ (ujuz) = 1, then we assume that C(vy) =
{1,2,5}and C(wy) = {1, 2, 4}. Recolor xw with 3 and color xu with 4 or 5, say 4,
such that x does not conflict with u;. If ¢ (ww;) # 4, we are done. Otherwise, we
recolor xv with 3 and xw with 5. If ¢ (uus) € {4, 5}, say ¢ (ujuz) = 4, then at least
one of vy and wy has color set {1,2,5}, say vi. Recolor xv with 4 and ux with 1 or 5
such that x does not conflict with wy. If ¢ (ww;) # 4 or ¢p(vvy) # 2, we are done.
Otherwise, ¢ (ww) = 4 and ¢ (vvy) = 2, we recolor xv with 3, and color ux with 1.

Assume that 3 € C(up) N C(u3). If C(u1) = {1, 2, 3}, then we may assume that
C(vy) ={1,2,4} and C(wy) = {1, 2, 5}. Recolor xw with 4 and color xu with 5. If
v and w are not conflicting, we are done. Otherwise, ¢ (vv;) = 4 and ¢ (ww) = 1,
it suffices to recolor xv with 3. If C(u1) # {1,2,3}, say 1 ¢ C(u1), we recolor uu
with 1 and return to a case similar to (1.2.2).

Case 2. At least one of u, v, w is a 3-vertex in H, say dy (1) = 3.

Let Ny (u) = {x,u1,u4}. Let G = H — uu4, which admits a 5-2DVDE-coloring
¢ such that ¢ (xu) = 1 and ¢ (uu1) = 2. In view of the number of 2-vertices in the set
{v, w, us, u3} in G, we need to consider four cases by symmetry.

(1) dg(up) = dg(w) = 2. We color uuy with a color in {3, 4, 5} such that # does
not conflict with u3 and v.

(2) dg(uz) = dg(u3) = 2. We color uug with a color in {3, 4, 5} such that u does
not conflict with w and v.

) dg(ur) =2 and dg(u3) = dg(v) = dg(w) = 3. Let Ng(v) = {x, v, v2} with
dg(vz) = 1 and Ng(w) = {x, wy, wa} with dg(wz) = 1. By Claim 2, dg(v;) =
dg(wy) = 3. Hence we assume that C(u3) = {1, 2, 3}, C(v) = {1, 2,5}, and C(w) =
{1,2,4}. If C(x) = {1, 4, 5}, we recolor ux with 3 and color uu4 with 5. Otherwise,
assume that C(x) = {1, 2, 4} by symmetry. Then, ¢ (vvy) € {1, 5}, if ¢(vvy) = 1,
exchange the color of vv; and vx, then recolor ux with 3 and color uu4 with 4. Now
if ¢ (vvy) = 5, observe that ¢ (ww;) € {1, 2}. So if ¢ (ww) = 1, we recolor ux with
3 and color uu4 with 5. Otherwise, ¢ (ww1) = 2, exchange the color of vv; and vx,
then recolor ux with 3 and color uuy with 5.

@) dg(v) = dg(w) = dg(u2) = dg(u3) = 3. Let us consider two possibilities
below.

4.1) C(v) ¢ {{1,2,3},{1,2,4},{1,2,5}}. Assume by symmetry that C(w) =
{1,2,3}, C(up) = {1,2,4}, and C(u3) = {1,2,5}. If C(uy) = {2, 4,5}, then we
recolor uu; with 3 and color uug with 4 or 5 such that # does not conflict with v.
So assume that C(u1) = {1, 2, 4} by symmetry. This implies that ¢ (ujuz) = 4 and
¢ (ujuz) = 1. Noting that ¢ (xw) € {2, 3}, we have to handle two situations as follows.

e Let p(xw) = 2. Then, ¢ (vx) € {3, 4, 5}.

First suppose that ¢ (vx) = 3. If we can recolor ux with 4 and color uu4 with
5, or recolor ux with 5 and uuy4 with 4, we are done. Otherwise, we assume that
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C(vy) =1{2,3,4} and C(w;) = {2, 3, 5}, then we recolor ww, with 2, wx with 1, ux
with 5, and color uuy with 4.

Next suppose that ¢ (vx) € {4, 5}, say ¢ (vx) = 4 by symmetry. If we can recolor
ux with 3 and uuy with 5, or recolor ux with 5 and uu4 with 3, we are done. Otherwise,
assume that C(vy) = {2, 4,5} and C(w;) = {2, 3, 4}, then we recolor ww, with 2,
wx with 1, ux with 5, and color uuy with 3.

o Let ¢(xw) = 3. Then, ¢ (vx) € {2,4,5}. If ¢(vx) = 2, then we use the same
strategy as in the previous case to color uug. So assume that ¢ (vx) = 4, say. If
C(v1) # {3, 4, 5}, then we recolor ux with 5 and color uug with 3. If C (v) = {3, 4, 5},
then we exchange the color of ww; and xw. Then, we color ux with 5, and color uu4
with 4.

4.2) C(v) € {{1,2,3},{1,2,4}, {1, 2,5}}, say C(v) = {1, 2, 3}. We need to dis-
cuss two subcases.

“4.2.1) C(w) ¢ {{1, 2,4}, {1, 2, 5}}. Then, we may assume that C(uy) = {1, 2, 4}
and C(u3) = {1,2,5}. If C(uy) = {2, 4, 5}, then we recolor uu; with 3 and color uu4
with 4 or 5 such that # does not conflict with w. So assume that C(#1) = {1, 2, 4} by
symmetry. Since ¢ (xv) € {2, 3}, we have two possibilities.

o Let ¢ (vx) = 2. Then, ¢ (wx) € {3, 4, 5}. First assume that ¢ (wx) = 3. If we can
legally recolor ux with 4 and uu4 with 5, or recolor ux with 5 and uuy with 4, we are
done. Otherwise, it is easy to see that C(vy) = {2, 3,4} and C(w;) = {2, 3, 5} (up to
symmetry). It suffices to recolor vv, with 2, vx with 1, ux with 5, and color uu4 with
4. Next assume that ¢ (wx) € {4, 5}, say ¢ (wx) = 4. If we can legally recolor ux
with 3 and color uug4 with 5, or recolor ux with 5 and color uu4 with 3, we are done.
Otherwise, we derive that C(vy) = {2, 3, 4} and (w;) = {2, 4, 5} (up to symmetry).
It suffices to recolor vvy with 2, vx with 1, ux with 5, and color uu4 with 3.

e Let ¢ (vx) = 3. Then, ¢ (wx) € {2, 4, 5}. First assume that ¢ (wx) = 2. If we can
legally recolor ux with 5 and color uu4 with 3 or 4 such that u does not conflict with
w, or recolor ux with 4 and color uu4 with 3 or 5 such that u does not conflict with
w, we are done. Otherwise, it follows that C(vy) = {2, 3,4} and C(w;) = {2, 3, 5},
say. It suffices to recolor vx with 5, ux with 4 and uu4 with 3 or 5 such that u does
not conflict with w. Next, assume that ¢ (wx) € {4, 5}, say ¢ (wx) = 4. If we can
legally recolor ux with 5 and color uu4 with 3, we are done. Otherwise, we derive that
C(wy) = {3,4,5}. When ¢ (vvy) = 1, we recolor vvy with 3, vx with 1, ux with 3,
and color uusz with 5. When ¢ (vvy) = 2, we recolor vvy with 3, vx with 2, ux with
5, and color uu4 with 3.

4.2.2) C(w) € {{1,2,4}, {1, 2, 5}}, say C(w) = {1, 2, 4}. Without loss of gener-
ality, we suppose that C(uz) = {1, 2, 5}. Since ¢ (vx) € {2, 3}, we need to discuss
two subcases.

e Let ¢(vx) = 2. Then, ¢ (wx) = 4. If we can legally recolor ux with 3 and color
uu4 with 4 or 5 such that u does not conflict with u3, or recolor ux with 5 and color
uug with 3 or 4 such that u does not conflict with u3, we are done. Otherwise, we may
assume that C(vy) = {2, 3,4} and C(w;) = {2, 4, 5}, then we recolor ww, with 4,
xw with 1, ux with 4, and color uu4 with 3 or 5 such that u does not conflict with u3.

e Let ¢ (vx) = 3. Then, ¢ (wx) € {2, 4}. If ¢ (wx) = 4, then we recolor ux with
5 and color uu4 with 3 or 4 such that u does not conflict with u3. So assume that
¢ (wx) = 2. If we can legally recolor ux with 4 and color uu4 with 3 or 5 such that u
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Fig.2 The configuration in the
proof of Claim 4

does not conflict with 3, or recolor ux with 5 and color uu4 with 3 or 4 such that u does
not conflict with u3, we are done. Otherwise, C (v{) = {2, 3, 5} and C(w1) = {2, 3, 4},
say. Now it suffices to recolor vv, with 3, vx with 1, ux with 3, and color uu4 with 4
or 5 such that u does not conflict with u3. O

4 Proof of Claim 4

Assume to the contrary that H' contains a 2-vertex x adjacent to two 3;-vertices u
and v (see Fig. 2). Let Ny (u) = {x, y,u1} with dg'(y) = 2, Ny (v) = {x, z, v1}
with dy/(z) = 2, Ng(y) = {u, y1}, and Ny (z) = {v,z1}. By Claims 1 and
2, dg(u1) = dp(v1) = dy(y1) = dy(z1) = 3. Let Ng'(u1) = {u, uz, us},
Np(v1) = {v, v2, v3}, Ng (y1) = {y, y2, y3},and Ny (21) = {z, 22, z3}. By Claim 3,
at most one of y; and y3 has degree two; and at most one of z; and z3 has degree two.
So assume, without loss of generality, that dgy/(y3) = dg’(z3) = 3. We discuss two
cases, depending on the degree of x, y, zin H.

Case 1.dy(x) =dy(y) =dy(z) =2.

Consider the graph G = H — xu, which has a 5-2DVDE-coloring ¢ using the color
set C. We assume that xu cannot be colored with any color in C. Let ¢ (uu;) = 1 and
¢ (uy) = 2. We discuss three possibilities according to the degree of u; and u3 in G.

(1) dg(u2) = dg(uz) = 2. Without loss of generality, we assume that ¢ (vx) =
¢(zz1) = 3, ¢(vz) = 5, and C(y1) = {1, 2, 4}. Then, it suffices to recolor uy with 5
and color ux with 4.

(2) dg(uz) = 3 and dg(u3) = 2. If {1,2} C C(v), say C(v) = {1, 2, 3}, then
we may assume that C(uz) = {1,2,4}, and Cy(y) = (2,5} with ¢(xv) = 2 or
C(y) ={1,2,5}. If C(y1) = {l1, 2, 5}, recolor uy with 3 and color ux with 4. Next
suppose C(y) = {2,5} and ¢ (xv) = 2, if C(y2) # {3,5}, we proceed as in the
previous case. Otherwise C(y1) = {3, 5}, then we recolor uy with 4, color ux with 3
or 5, such that x does not conflict with z.

Now suppose that {1, 2} ¢ C(v). We have to consider two subcases as follows.

2.1) p(vx) € {1, 2},say ¢ (vx) = 2 (if ¢ (vx) = 1, our discussion is similar). Then,
it follows that 1 ¢ {¢ (vz), ¢ (vv1)}, and we may assume that ¢ (zz1) = 2, ¢ (vz) = 3,
C(up) = {1,2,4},and C(y) = {2,5} or C(y1) = {1,2,5}. If C(y1) = {1,2,5},
recolor uy with 3 and color ux with 4. Next suppose C(y) = {2, 5},if C(y2) # {3, 5},
we proceed as in the previous case. Otherwise C(y1) = {3, 5}, then recolor uy with
4, color ux with 5.

(2.2) ¢(vx) € {3,4,5}, say ¢ (vx) = 3 by symmetry. If C(z) ¢ {{3, 4}, {3, 5}},
then we may assume that C(up) = {1, 2,4}, and C(y;) = {1, 2, 5}. It suffices to
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recolor uy with 3, color ux with 4 or 5 such that u does not conflict with v. So assume
that C(z) € {{3, 4}, {3, 5}}, say C(z) = {3, 4} by symmetry. Then, at least one of u,
and yj has color set {1, 2, 5}. If C(y1) = {1, 2, 5}, we first suppose C(u2) # {1, 2, 3},
then we recolor uy with 3 and color ux with 2. If C(u2) = {1, 2, 3}, then we recolor
uy with 4, and color ux with 2.

Otherwise, C(u2) = {1, 2,5}, we have ¢(vvy) € {l,2,5}. First assume that
¢(vvy) = 1. If we can recolor vx with 2 and color ux with 3 or 4 such that u
does not conflict with y;, and x does not conflict with y, or recolor vx with 5 and
color ux with 3 or 4 such that # does not conflict with y;, we are done. Otherwise, we
may assume that C(v2) = {1, 2,4} and C(v3) = {1, 4, 5}. When C(z2) = {3, 5}, we
recolor vz with 2 and vx with 5 and color ux with 3 or 4 such that u does not conflict
with y1. When C(z2) # {3, 5}, we recolor vz with 5 and vx with 2 and color ux with
3 or 4 such that u does not conflict with y; and x does not conflict with y.

If ¢ (vv) =2 or ¢p(vvy) =5, we have a similar argument.

3) dg(uz) = dg(u3) = 3. We discuss two possibilities according to the color set
of v.

3.1) {1,2} C C(v), say C(v) = {l1, 2, 3}. We discuss the following subcases:

e Assume that C(y) = {2, 5}. Since ux cannot be colored, we assume C(u2) =
{1,2,4}.

If C(y2) = {3,5} and C(z) # {2, 3}, then we recolor uy with 4 and color ux
with 3 or 5 such that u does not conflict with u#3. Now, suppose C(y2) = {3, 5} and
C(z) ={2,3};if C(u3) # {1, 2, 3} we color ux with 3 and if we can recolor vx with
4 or 5, we are done. If vx cannot be recolor with 4 or 5, then we may assume that
C(vp) = {1,3,4} and C(v3) = {1, 3, 5}; in this case, if C(z3) = {2, 4}, recolor vz
with 5, vx with 4 and color ux with 3. If C(z3) # {2, 4}, recolor vz with 4, vx with 5
and color ux with 3. We next suppose C(u3) = {1, 2, 3}, then recolor uy with 4 and
color ux with 5.

If C(y2) # {3, 5}, then we recolor uy with 3 and color ux with 4 or 5 such that u
does not conflict with u3.

e Assume that C(yy) € {{l1, 2,4}, {1, 2,5}}, say C(y1) = {1,2,5}, and C(y) #
{2, 5}. Then, at least one of u> and u3, say u», has color set {1, 2, 4}. If C(u3) =
{1, 4, 5}, then we recolor uy with 3 and color ux with 4. If C(u3) # {1, 4, 5}, then we
recolor uy with 4 and color ux with 5.

e Assume now that C(y) ¢ {{1, 2,4}, {1, 2,5}}and C(y) # {2, 5}. Then, itis easy
tosee that C(up) = {1, 2,4} and C(u3) = {1, 2, 5} by symmetry. If C(y1) # {3, 4,5},
say 3 ¢ C(y1), then we recolor uy with 3 and ux with 4. If C(y1) = {3, 4, 5}, say
¢ (yy1) =3 and ¢ (y2y2) = 4; if C(y2) = {3, 4}, then we recolor uy with 5 and color
uy with 4; otherwise, we recolor uy with 4 and color uy with 5.

3.2) {1,2} & C(v). In view of the color of xv, we consider three subcases.

3.2.1) p(vx) = 1.If 1 ¢ C(z) or C(z) = {1, 2}, then we may assume that
C(u) = {1,2,3}, C(uz) = {1,2,4}, and C(y1) = {1, 2, 5}. Recolor uy with 4 and
color ux with 3 or 5 such that # does not conflict with v. Otherwise, let C(z) = {1, 5}.
Then, {1, 2, 3} and {1, 2, 4} are the color sets of at least two of u», u3, y;. Assume that
C(y1) € {{1,2,3}, {1, 2,4}},say C(y1) = {1, 2, 3}, and moreover, C (u2) = {1, 2, 4}.
If C(u3) = {1, 3, 4}, then we recolor uy with 5 and color ux with 3 or 4 such that u
does not conflict with v. If C(u3) # {1, 3, 4}, then we recolor uy with 4 and color ux
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with 3. If C(y1) ¢ {{1, 2, 3}, {1, 2, 4}}, then C(u2) = {1, 2,4} and C(u3) = {1, 2, 3}.
If C(y1) # {3,4,5}, say 4 ¢ C(y1), then we recolor uy with 4 and color ux with
3. So suppose that C(y;) = {3,4,5}, say ¢(yy1) = 3 and ¢(y1y2) = 4. When
C(y2) = {3, 4}, we recolor uy with 5 and color ux with 3 or 4 such that u does not
conflict with v. When C(y») # {3, 4}, we recolor uy with 4 and color ux with 3 or 5
such that u does not conflict with v.

(3.2.2) p(vx) = 2. If 2 ¢ C(z) or C(z) = {1,2}, then we may assume that
C(up) = {1,2,3}, C(uz) = {1,2,4}, and C(y) = {2,5} or C(y;) = {1,2,5}.
First if C(y;) = {1, 2,5}, recolor uy with 4 and color ux with 3. Next suppose
C(y) = {2,5}, then if C(y2) # {4,5}, recolor uy with 4 and color ux with 3.
Otherwise, C(y2) = {4, 5} and we recolor uy with 3 and color ux with 4.

So assume that 2 € C(z); furthermore, let C(z) = {2, 5}. Note that ¢ (vv;) € {3, 4}
since {1, 2} ¢ C(v). By symmetry, we may assume that ¢ (vv;) = 3. We discuss the
following subcases:

e Suppose that C(y) € {{2, 3}, {2, 4}}, say C(y) = {2, 3} by symmetry. Then, we
may assume that C (u2) = {1, 2, 4}.

If C(y2) = {3,5}, we first suppose C(u3) # {1, 3, 4}; then we recolor uy with
4 and color ux with 3. Next assume C(u3) = {1, 3, 4}; then, we assign color 5 to
ux, and so if we can recolor vx with 1 or 4 we are done. Otherwise, we may assume
C(vy) = {1,3,5} and C(v3) = {3,4,5}. In the latter case, when C(z2) # {2, 4},
recolor vz with 4 and vx with 1. Otherwise, if C(z2) = {2, 4}, recolor vz with 1 and
vx with 4.

Now if C(y2) # {3, 5}, suppose C(y1) # {1, 3, 5}, then we recolor uy with 5 and
color ux with 3 or 4 such that u does not conflict with u3. If C(y;) = {1, 3, 5} and
C(u3) # {1,4,5}, then we recolor uy with 5 and color ux 4. Finally, assume that
C(y1) = {1,3,5} and C(u3) = {1, 4, 5}. If we can recolor xv with 1 and color ux
with 5, or recolor xv with 4 and color ux with 5, we are done. Otherwise, it follows
that C(v2) = {1, 3, 5} and C(v3) = {3, 4, 5} (up to symmetry), and henceforth when
C(z2) # {2, 4}, recolor vz with 4, vx with 1 and color ux with 5. Otherwise, if
C(z2) = {2, 4}, recolor vz with 1, vx with 4 and color ux with 5.

e Suppose that C(y) ¢ {{2,3},{2,4}}, and C(y1) € {{1,2,3},{1,2,4}}, say
C(y1) = {1,2,3} by symmetry. Then, we may assume that C(up) = {1, 2,4}. If
C(u3) = {1, 3, 4}, then we recolor uy with 5 and color ux with 3. If C (u3) # {1, 3, 4},
then we recolor uy with 4 and color ux with 3.

e Suppose that C(y) ¢ {{2,3},{2,4}} and C(y1) ¢ {{1,2,3},{1,2,4}}. Then,
Cuz) = {1,2,4) and C(uz) = (1,2,3). If C(y1) # {3.4,5), say 4 ¢ C(y),
then we recolor uy with 4 and color ux with 3. Otherwise, C(y;) = {3, 4,5}, say
¢ (yy1) = 3 and ¢ (y1y2) = 4. When C(y2) = {3, 4}, we recolor uy with 5 and color
ux with 3. When C(y;) # {3, 4}, we recolor uy with 4 and color ux with 3.

3.2.3) p(vx) € {3,4,5}, say ¢(vx) = 3 by symmetry. We first observe that if
3 ¢ C(y1), then it suffices to recolor uy with 3 and reduce the proof to Case (3.2.2).
So, assume that 3 € C(y1) and let us discuss the following two cases.

e3 ¢ C(z) or C(z) € {{1,3},{2,3}}. Without loss of generality, assume that
C(up) = {1,2,4} and C(u3) = {1,2,5}. If C(y1) # {3,4,5}, say 4 ¢ C(y1),
then we recolor uy with 4 and color ux with 5. Otherwise, C(y;) = {3, 4, 5}, say
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¢ (yy1) = 3 and ¢ (y1y2) = 4. When C(y2) = {3, 4}, we recolor uy with 5 and color
ux with 4. When C(yy) # {3, 4}, we recolor uy with 4 and color ux with 5.

e3 e C(z)and C(z) ¢ {{1, 3}, {2,3}}, say C(z) = {3,5}. Then, at least one of
uy and us3, say up, has color set {1, 2, 4}. Since ¢ (vvy) € {1, 2, 4}, we have some
subcases below.

Assume that ¢ (vvy) = 1 (if ¢(vvy) = 2, we have a similar discussion). If we
can recolor vx with 4 and color ux with 3 or 5, we are done. If vx can be recolored
with 4, but neither 3 nor 5 can assign to ux, then this implies that C(u3) = {1, 2, 5}
and C(y1) = {1, 2, 3}, say. It suffices to recolor uy with 5 and color ux with 3. If
vx cannot be recolored with 4, then at least one of v, and v3, say vs, has color set
{1,4,5}. If C(vp) # {1,2,5}, then we recolor vx with 2 and then reduce to Case
(3.2.2). So assume that C(v2) = {1, 2, 5}. If C(z2) # {2, 3}, then we recolor zv with
2 and reduce to the previous case. If C(z2) = {2, 3}, then we recolor zv with 4 and
vx with 2 and then reduce to Case (3.2.2).

Assume that ¢ (vvy) = 4. If we can recolor vx with 1 or 2, then the proof is reduced
to Cases (3.2.1) and (3.2.2). Otherwise, we may assume that C(v2) = {1, 4,5} and
C(r3) = {2,4,5}). If C(z2) = {2, 3}, then we recolor zv with 1 and reduce to the
previous case. If C(z2) # {2, 3}, then we recolor zv with 2 and reduce the previous
cases.

Case 2. At least one of x, y, and z is a 3-vertex in H.

All notations in Case 1 are kept in the following discussion. Since 2 < dy(x) < 3,
we need to consider two subcases.

(1) Assume that dyy (x) = 2. Then, at least one of y and z, say z, is a 3-vertex in H.
Let Ny (z) = {v, 21, z4} with dg(z4) = 1. Consider the graph G = H — zz4, which
has a 5-2DVDE-coloring ¢ using the color set C such that ¢ (zz1) = 1 and ¢ (zv) = 2.
Assume that zz4 cannot be colored with any color in C. If z; is a 2-vertex, then zz4 can
be colored with a color in {3, 4, 5} — {¢(vvy), ¢(z123)} such that z does not conflict
with any of vy and z3. So, z> and z3 must be 3-vertices in G, and we may assume
that C(vy) = {1, 2,3}, C(z2) = {1,2,4},and C(z3) = {1,2,5}. If C(z1) = {1, 4,5},
then we recolor zz; with 3 and color zz4 with 5. If C(z1) € {{1, 2, 4}, {1, 2, 5}}, say
C(z1) = {1, 2,4}, then ¢ (vvy) € {1, 3}, we deal with two possibilities according to
the color of vv;.

e ¢p(vvy) = 1. Let ¢ (viv3) = 3, 50 ¢p(vx) € {3, 4, 5}. If ¢p(vx) = 3, then we can
recolor vz with 4 or 5, and then color zz4 with 3. Otherwise, it is easy to derive that
C(v3) = {1, 3,4} and C(u) = {1, 3, 5}, say. It suffices to recolor xv with 2, vz with
3, and color zz4 with 4.

If ¢ (vx) = 4 or 5, we have a similar proof.

e ¢(vvy) = 3. Then, ¢ (vx) € {1, 4, 5}. First assume that ¢ (vx) = 1. If we can
recolor vz with 4 or 5, and color zz4 with 3, we are done. Otherwise, it follows that
C(v3) ={1,3,4} and C(u) = {1, 3, 5}, say. Recolor xv with 4, vz with 5, and color
zz4 with 3. Next assume that ¢ (vx) € {4, 5}, say ¢ (vx) = 4. If we can recolor vz
with 5, then 3 is assigned to zz4. Otherwise, we have C(u) = {3, 4, 5}. It suffices to
exchange the colors of vx and vz and color zz4 with 5.

(2) Assume that dg(x) = 3. Let Ng(x) = {u, v, x1} with dg(x;) = 1. Let
G = H — xx1, which has a 5-2DVDE-coloring ¢ with ¢(xv) = 1 and ¢ (xu) = 2.
Assume that xxj cannot be colored with any color in C. If dg(y) = dg(z) = 2, then
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Fig.3 The configuration in the

proof of Claim 5 W W,
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we color xx with a color in {3, 4, 5} such that x does not conflict with «#; and vy. So
suppose that dg (z) = 3. Without loss of generality, assume that C(z) = {1, 2, 3} and
C(vy) = {1, 2, 4}. Note that either y or u1 has color set {1, 2, 5}, say C(y) = {1, 2, 5}
by symmetry.

If C(v) = {1, 3, 4}, then we recolor xv with 5 and color xx; with 3 or 4 such that x
does not conflict with u. Otherwise, suppose that C (v) = {1, 2, 4} with ¢ (viv2) = 1
by symmetry. If vx can be recolored with 3, then we color xx; with 4 or 5 such that
x does not conflict with u. Similarly, if vx can be recolored with 5, then we color
xx1 with 3 or 4 such that x does not conflict with u . Otherwise, we may assume that
C(z1) ={2,3,4} and C(v3) = {2, 4, 5}. If C(vp) = {1, 3, 4}, then we exchange the
colors of zz; and zz4, recolor vx with 5, and color xx; with 3 or 4 such that x does
not conflict with u1. If C(v2) # {1, 3, 4}, then we exchange the colors of zz; and zz4,
recolor vx with 3, and color xx; with 4 or 5 such that x does not conflict with u;. O

<O

5 Proof of Claim 5

Assume to the contrary that H' contains a 3,-vertex x adjacent to two 2-vertices u and
v (see Fig. 3). Let Ny (x) = {u, v, w}, Ngr(w) = {x, wy, wa}, Ngr(u) = {x, u}
and Ny (v) = {x, v1}. By Claims | and 2, dg/(u1) = dg/(vi) = 3. Furthermore,
let Ny (uy) = {u, up, uz} and Ny (vy) = {v, v3, v4}. By Claims 3 and 4, dy' (u3) =
d(u3) = dp (v3) = dy(v4) = 3. We deal with three cases depending on the degree
ofuandvin H.

Case 1.dy(u) =dy(v) = 2.

Let G = H — xu, which admits a 5-2DVDE-coloring ¢ using the color set C
with ¢ (xv) = 2 and ¢ (xw) = 1. Assume that ux cannot be colored with any color
in C. If dg(w1) = dg(wz) = 2, then we can color ux with a color in {3, 4, 5} —
{¢(vv1), ¢ (uu1)} such that x does not conflict with vy. This is impossible. Thus,
dg(wy) = 3. We discuss three possibilities depending on the color of uu;.

(1) ¢ (uuy) = 1. Suppose that 2 ¢ C(u1), then dg (w1) = 3, otherwise we color ux
with a color in {3, 4, 5} — {¢(vv1), ¢ (wwy)} such that x does not conflict with v or
wy. Without loss of generality, assume that C(w1) = {1, 2, 3}, C(w;) = {1, 2,4}, and
C(vy) = {1, 2, 5}. Werecolor vx with 4 and color ux with 3 or 5 such that x does not
conflict with u1. If 2 € C(uy), then we suppose by symmetry that C(u1) = {1, 2, 3}.
We first assume that C(vy) ¢ {{I1,2,4},{1,2,5}}, then C(wy;) = {1,2,4} and
C(wy) = {1,2,5}.Sincedy (v3) = dpy(vqg) = 3,if C(vy) # {1, 3, 4},say3 ¢ C(vy),
then recolor vx with 3 and color ux with 4. Otherwise, C(vy) = {1, 3, 4}, recolor vx
with 5 and color ux with 4. we recolor vx with a color ¢ € {3,4,5} — {¢(vv)},
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and color ux with a color in {3, 4, 5} — {c}. Now if C(vy) € {{1, 2,4}, {1, 2, 5}}, say
C(vy) = {1, 2,4}, then C(wy) = {I, 2, 5}, recolor vx with 5 and color ux with 3 or
4 such that x does not conflict with wj.

2) ¢p(uuy) = 2. If 1 ¢ C(uy), then dg(wy) = 3, otherwise we color ux with a
color in {3, 4, 5} — {¢(vv1), ¢ (wwy)} such that x does not conflict with v or w,.
Without loss of generality, assume that C(wy) = {1, 2, 3}, C(w) = {1,2,4}, and
either C(vy) = {1, 2, 5} or ¢ (vv;) = 5. We recolor vx with 4 and color ux with 3. If
1 € C(u1), we proceed in a similar way as for the previous case when 2 € C(uy).

3) ¢p(uuy) € {3,4, 5}, say ¢ (uu1) = 3 by symmetry. If ¢ (vvy) # 3, it suffices to
recolor vx with 3 an obtain a situation similar to (2). Thus, suppose that ¢ (vv) = 3,
then dg (w1) = 3, otherwise we color ux with a color in {4, 5} — {¢ (ww?,)} such that
x does not conflict with w;. Furthermore, C(w{) = {1, 2,4} and C(wy) = {1, 2, 5}.
It suffices to recolor vx with 4 and color ux with 5.

Case 2. dy(u) =3 and dy (v) = 2.

Set Ng(u) = {x,u1,uq} with dg(ug) = 1. Let G = H — uy4, which admits a
5-2DVDE-coloring ¢ using the color set C such that ¢ (ux) = 1 and ¢ (uu;) = 2.
Assume that uuy4 cannot be colored with any color in C. By symmetry, we suppose
that C(w) = {1, 2, 3}, C(up) = {1, 2,4}, and C(u3) = {1,2,5}.If C(u1) = {2, 4,5},
then we recolor uu with 3 and color uuy with 4. Otherwise, we assume that C (1) =
{1, 2,5} by symmetry. Since ¢ (xw) € {2, 3}, we need to consider two possibilities as
follows.

e ¢(xw) = 2. Note that ¢ (vx) € {3,4,5}, say ¢ (vx) = 3 (if ¢ (vx) € {4, 5}, we
will have a similar proof). If we can legally recolor ux with 4 and color uu4 with
5, or recolor ux with 5 and color uus with 4, we are done. Otherwise, we may
assume that C (vy) = {2, 3, 5} and C(w1) = {2, 3, 4}. It suffice to recolor vx with
4, ux with 5 and color uuy with 3.

e ¢(xw) = 3. Then, ¢ (vx) € {2, 4, 5}. First suppose that ¢ (vx) = 2. If we can
legally recolor ux with 4 and color uu4 with 5, or recolor ux with 5 and color uu4
with 4, we are done. Otherwise, it is easy to see that at least one of w; and w; is
of degree 3, say dg(w1) = 3, and C(w1) = {2, 3,4} and C(v1) = {2, 3, 5}. We
recolor vx with 4, ux with 5 and color uu4 with 3. If ¢ (vx) € {4, 5}, we assume
that ¢ (vx) = 4 by symmetry. If possible, we recolor ux with 5 and color uu4 with
4. Otherwise, assume that C(vy) = {3, 4, 5}, recolor vx with 1, ux with 4, and
color uuy4 with 5.

Case3.dy(u) =dy(v) = 3.

We continue to use notations in Case 2 and let Ny (v) = {x, vy, v} withdg (vy) =
1. Then, G = H —u4hasa5-2DVDE-coloring ¢ suchthat ¢ (ux) = land ¢ (uu;) = 2.
Assume that uu4 cannot be colored with any color in C. We discuss the following
possibilities according to the color set of v.

1) C(v) ¢ {{1, 2,3}, {1,2,4}, {1, 2, 5}}. Assume that C(up) = {1, 2,4}, C(u3) =
{1,2,5}, and C(w) = {1,2,3}. If C(uy) = {2,4,5}, we recolor uu; with 3 and
colors uuy with 4 or 5 such that u does not conflict with v. Otherwise, assume that
C(u1) = {1, 2, 5} by symmetry. Noting that ¢ (xw) € {2, 3}, we discuss two subcases
below.
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(1.1) Assume that ¢ (xw) = 2, then ¢ (vx) € {3, 4, 5}. First suppose that ¢ (vx) =
3. If possible, we recolor ux with 4 and color uuy with 5, or recolor ux with 5 and
color uuy with 4. Otherwise, we assume that C(vy) = {2, 3,4} and C(w) = {2, 3, 5}.
There are two possibilities to be considered.

e ¢(vvy) = 4. Then, ¢ (vvy) € {1, 2, 5}. If ¢p(vvy) = 1, then we recolor vx with 5,
ux with 4, and color uu4 with 3. If ¢ (vvy) = 2, then we recolor vvy with 5, vx
with 1, ux with 3, and color uuy with 5. If ¢ (vvy) = 5, then we recolor vx with
1, ux with 3, and color uu4 with 5.

e ¢(vvy) = 2. Then, ¢ (vvr) € {4, 5}. If ¢ (vvy) = 4, then we recolor vvy with 3,
vx with 4, ux with 5, and color uu4 with 3. If ¢ (vvy) = 5, then we recolor vv;
with 3, vx with 5, ux with 4, and color uu4 with 3. The cases ¢ (vx) = 4 and
¢ (vx) = 5 are symmetric and are solve in a similar way as the one of ¢ (vx) = 3.

(1.2) Assume that ¢ (xw) = 3. Since ¢ (vx) € {2, 4, 5}, we investigate two situa-
tions as follows.

(1.2.1) ¢(vx) = 2. If we can legally recolor ux with 4 and color uus with 5,
or recolor ux with 5 and color uu4 with 4, we are done. Otherwise, it follows that
C(vy) = {2, 3,5} and C(wy) = {2, 3, 4}, say. Note that ¢ (vvy) € {3, 5}.

e ¢(vvy) = 5. Then, ¢ (vv2) € {1, 3, 4}. If ¢ (vv2) = 1, then we recolor vx with 4,
ux with 5, and color uug with 3. If ¢ (vvy) = 3, then we recolor vvy with 1, vx
with 4, ux with 5, and color uuy with 3. If ¢ (vvy) = 4, then we recolor vvy with
2, vx with 4, ux with 5, and color uu4 with 3.

e ¢(vvy) = 3. Then, ¢ (vvy) € {4, 5}. If ¢ (vvy) = 4, then we recolor vv, with 2,
vx with 4, ux with 5, and color uuy with 4. If ¢ (vvy) = 5, then we recolor vv;
with 2, vx with 5, ux with 4, and color uu4 with 3.

(1.2.2) ¢p(vx) € {4,5}, say ¢(vx) = 4. If we can legally recolor ux with 5 and
color uug with 3, we are done. Otherwise, assume that C(v;) = {3, 4, 5}. Note that
¢ (vvr) € {3,5}. Suppose that ¢ (vvy) = 3, then ¢p(vv2) € {1, 2,5}. If p(vvp) = 1,
then we recolor vvy with 4, vx with 1, ux with 4, and color uuy with 5. If ¢ (vvy) = 2,
then we recolor vx with 1, ux with 4, and color uu4 with 5. If ¢ (vvy) = 5, then we
recolor vvy with 2, vx with 1, ux with 4, and color uu4 with 5. The case ¢ (vv) =5
is solved using a similar recoloring strategy.

2) C(v) € {{1,2,3},{1, 2,4}, {1,2,5}}, say C(v) = {1, 2, 3}. The proof is split
into the following two subcases, depending on the color set of w.

2.1) C(w) ¢ {{1, 2,4}, {1, 2, 5}}. Then, we can assume that C(u3) = {1, 2,4} and
C(u3) = {1, 2, 5}. Since ¢ (vx) € {2, 3}, we have two possibilities.

(2.1.1) ¢ (vx) = 2. It is straightforward to see that ¢ (wx) € {3, 4, 5}.

e ¢ (wx) = 3. If we can legally recolor ux with 4 and color uu4 with 5, or recolor
ux with 5 and color uu4 with 4, we are done. Otherwise, we have two possibilities as
follows:

Suppose that C(vy) € {{2, 3, 4}, {2, 3, 5}}, say C(v1) = {2, 3,4}. Let C(wp) =
{2,3,5}. If C(wy) # {3, 4,5}, then we recolor vvy with 1, vx with 5, ux with 4, and
color uug with 5. If C(wy) = {3, 4, 5}, then we recolor vvy with 5, vx with 1, ux with
5, and color uuy4 with 4.

Suppose that C(vy) ¢ {{2, 3, 4}, {2, 3, 5}}, then C(w;) = {2, 3,4} and C(w7) =
{2,3,5}. If C(vy) # {1, 3,4}, then we recolor vv, with 2, vx with 1, ux with 4, and
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color uug with 5. If C(v1) = {1, 3, 4}, then we recolor vv, with 2, vx with 5, ux with
4, and color uu4 with 3 or 5 such that u# does not conflict with v.

e ¢(wx) € {4,5}, say ¢(wx) = 4. If we can legally recolor ux with 3 and color
uug with 5, or recolor ux with 5 and color uu4 with 3, we are done. Otherwise, we
have two possibilities: (i) C(vy) # {2, 3, 4}. We may assume that C(w) = {2, 4, 5}
and C(wjy) = {2, 3, 4}. It suffices to exchange the colors of vv, and vx, recolor ux
with 5, and color uuy with 3. (ii) C (vy) = {2, 3, 4}, then C(w;) = {2, 4, 5}. It suffices
to exchange the colors of vvy and vx, recolor ux with 3 or 5 such that x does not
conflict with w1, and color uu4 with 4.

(2.1.2) ¢(vx) = 3. Then, ¢ (wx) € {2, 4, 5}.

First assume that ¢ (wx) = 2. If we can legally recolor ux with 5, and color uu4 with
3 or 4 such that u does not conflict with w, or recolor ux with 4 and color uu4 with 3 or 5
such that u does not conflict with w, we are done. Otherwise, we have two possibilities:
If C(vy) € {{2,3,4},{2,3,5}}, say C(v1) = {2, 3,4}, then we may assume that
C(wy) = {2, 3, 5}. Now, if C(w>) # {2, 4, 5}, then we recolor vx with 5, ux with 4,
and color uu4 with 3 or 5 such that # does not conflict with w. If C(w;) = {2, 4, 5},
then we exchange the colors of vv; and vx, recolor ux with 4, and color uu4 with 3 or
5 such that u does not conflict with w. So suppose that C (vy) ¢ {{2, 3, 4}, {2, 3, 5}}.
We may assume that C(w1) = {2, 3, 5} and C(w;) = {2, 3, 4}. Recolor vv, with 3,
vx with 1, ux with 3 and color uuy4 with 4 or 5 such that u does not conflict with w.

Next assume that ¢ (wx) € {4, 5}, say ¢ (wx) = 4. If possible, we recolor ux with 5
and color uu4 with 3. Otherwise, we may assume that C(w;) = {3, 4, 5}, and further-
more ¢ (vvy) = 1 (if ¢ (vvy) = 2, we have a similar discussion). If C(w>) # {1, 3, 4},
then we recolor vvy with 3, vx with 1, ux with 3, and color uuy with 5. If C(wy) =
{1, 3, 4}, then we recolor vv, with 3, vx with 1, ux with 5, and color uu4 with 3.

2.2) C(w) € {{1, 2,4},{1,2,5}}, say C(w) = {1, 2, 4}. Then, we may suppose
that C(u2) = {1, 2, 5}. Note that ¢ (vx) € {2, 3}.

(2.2.1) Let ¢ (vx) = 2. Then, ¢ (wx) = 4. If we can recolor ux with 3 and color
uu4 with 4 or 5 such that u does not conflict with u3, or recolor ux with 5 and color
uug with 3 or 4 such that u does not conflict with u3, we are done. Otherwise, we may
assume that C(vy) = {2, 3,4} and C(wz) = {2, 4, 5}. When C(w;) = {1, 4, 5}, we
recolor vvy with 2, vx with 1, ux with 3, and color uuy with 4 or 5 such that u does
not conflict with u3. When C(w2) # {1, 4, 5}, we recolor vvy with 2, vx with 1, ux
with 5, and color uu4 with 3 or 4 such that # does not conflict with u3.

(2.2.2) Let ¢ (vx) = 3. Then, ¢ (wx) € {2,4}. If ¢p(wx) = 4, then we recolor ux
with 5 and color uu4 with 3 or 4 such that u does not conflict with u#3. So assume that
¢ (wx) = 2. If we can legally recolor ux with 4 and color uu4 with 3 or 5 such that u
does not conflict with 13, or recolor ux with 5 and color uu4 with 3 or 4 such that u does
not conflict with u3, we are done. Otherwise, we may assume that C(vy) = {2, 3, 5}
and C(wy) = {2, 3, 4}. Recolor vvy with 3, vx with 1, ux with 3, and color uuy with
4 or 5 such that # does not conflict with u3. O
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