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Abstract

An operator P is said to be reflective if P* = P and P> = I. In this paper, we study
the spectral properties of reflection operators and obtain a matrix representation of
the reflection operator pair (P, Q). Some related properties of reflection operator pair
(P, Q) are given.
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1 Introduction and Preliminaries

Let H and K be separable, infinite dimensional, complex Hilbert spaces. We denote the
set of all bounded linear operators from H into K by B(H, ) and by B(H) when H =
KC. The set of all the unitary operators on H is denoted by U/ (H). For A € B(H, K), let
A*, op(A), o(A), R(A) and N (A) be the adjoint, the point spectrum, the spectrum,
the range and the null space of A, respectively. An operator A € B(H, K) is densely
defined if the domain of A is a dense subset of H and the range of A is contained
within K. A is said to be positive if (Ax, x) > Oforall x € H. I, denotes the identity
onto M or [ if there is no confusion. An operator P € 3(H) is said to be a reflection
operator if P* = P and P> = I.Let P and Q be two reflection operators. Throughout
this paper, we assume that neither of P, Q is I or —I. The term “subspace” always
means a closed linear manifold.
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We say P € B(H) is an orthogonal projection if P> = P = P* and there are a
plenty of researches about two orthogonal projections [1-5,12]. The most primitive
representation of two orthogonal projections is usually referred to as Halmos’ two
projections theorem and sometimes also as the CS decomposition [9,10].

The reflection operators have much similarities with the orthogonal projections [6].
Furthermore, the reflection operators have some special properties different from the
orthogonal projections, which attracts our attention. In [13], the authors establish an
explicit characterization of the spectrum and spectral radius estimates for the reflection
operator acting on L, spaces on an infinite angle in two dimensions. The aim of this
paper is to study the spectral properties and the matrix representations of the reflection
operators on Hilbert spaces. Some related properties of reflection operator pair (P, Q)
are also given.

As we know, if there exists a U € U(H) such that PU = UQ (UP = QU), we
say U is an inner (outer) intertwining operator of P respect to Q and all the inner
(outer) intertwining operators of P respect to Q are denoted by inng(P) (outg(P)),
respectively. If there exists a U € U(H) suchthat PU = UQ and UP = QU, we say
U is an intertwining operator of P respectto Q and P, Q are unitary equivalence. The
set of all the intertwining operators of P respect to Q is denoted by intg(P) [4,8].
The related researches on unitary equivalence of two orthogonal projections can also
be found in [3,5,11-17]. Based on the matrix representation of reflection operators,
we study the unitary equivalence of two reflection operators. The general explicit
descriptions for intertwining operators of two reflection operators are established. The
paper mainly contains two parts. In Sect. 2, we investigate some spectral properties of
reflection operators. In Sect. 3, we present the block operator matrix representations
of the reflective operators and obtain some properties of the combinations of reflection
operators by using their matrix representations.

2 The Spectral Properties of Reflection Operators

First, we characterize the spectrum of reflection operators. If P 2-1],0 (P) C{ eﬂ%"
k =0, 1} = {1, —1} by the spectral mapping theorem [7]. Observing thatif A € o (P),
then A% = 1. This shows that each A € o (P) is a simple root of the equation A% = 1.

Theorem 2.1 Let P € B(H). Then P is a reflection operator (P* = P and P*> = I)
ifand only if P = Iz @ —1 L, where M = R(I + P).
Theorem 2.2 Let P and Q be the reflection operators.

(i) If» € C\{0,2, 2}, then A € 5(P — Q) <=3 — 22 e o(P+ Q + PO).
(i) o[2(P — Q)*1U{0} = o[(I — P)(I + Q) — P)IUo[(I + P)(I — Q) +
P)] U {0}
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Proof (i) If A € C\{0,2, —2},then A =1 # 1 or —1. By Theorem 2.1, (A — 1)/ + P
and (A + 1)I — Q are invertible. Note that

[A—=DI+ PIAL — (P = DI+ DI - Q]
=[A*=A—=DI+PU+ Q)+ *—DOI(R+ DI - Q]
=A(A2=3)I+P+ Q0+ POl

We get that LI — (P — Q) is invertible if and only if A =3)I+P+ QO+ PQis
invertible. Hence, the result holds.

(i) Since 2(P — 0)> = (I = PYI + Q) — P) + (I + P)(I — Q)(I + P), we
get that

MM —2(P — 0)*]
=121 —2:(P — Q)?
=221 =2 —-P)I+Q)I —P)—r(I+P)I—-Q)I+ P)
= —({—P)I+Q)I—P)A -+ P)UI—-0)I+P).

Hence, the result holds. O

The following results are concerned with the commutator of two reflection opera-
tors.

Theorem 2.3 Let P and Q be the reflection operators.

(1) There exists . € C such that A € o(PQ + QP) if and only if there exists
ueaoa(P— Q)suchthat . =2 — [,Lz.

(ii) There exists . € C such that A € o(PQ — QP) if and only if there exists
w e o(P— Q) such that \* = pu* — 4u>.

Proof Note that
PO+ QP =21—(P— Q)% (PQ—QP)?=(P—-Q)*—4P -0~

Then there exists A € Csuchthati € o (P Q+QP)ifandonlyifx € o[2]—(P—Q)?]
if and only if there exists u € o (P — Q) such that A =2 — w?.

There exists A € C such that A € 6 (PQ — QP) ifand only if A2 € o [(P — Q)* —
4(P — Q)?] if and only if there exists u € o (P — Q) such that 1> = u* —4p%. O

Theorem 2.4 Let P and Q be the reflection operators and c1, c; € C\{0}. Then
reo[(P— Q)z] if and only if there exists v € C such that u € o(ci P + ¢2Q) and
/,L2 = (c1 + cz)2 — c1co). If there exist o, B € R such that o[(P — Q)z] C [a, B],
then

|| < max {\/|(Cl + 2)? — cro0a], \/|(Cl + )% — 6162,3|}
forallip € o(c1 P+ c20).
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Proof Note that

M—(P—0Q)2=M+PQO+0P-2I
— c1c2(PQ+QP)+2cicrl — 4] 4+l

cie2
_ (€1 P+ 0’ —[(c1=c2)*=O—Hciell
- cica
_ (c1P+cr Q)2 —[(c1+en)?—cionll
- cicy .

Hence, A € o[(P— Q)?]ifand only if there exists u € Csuchthat u € o(c; P+c20Q)
and ,u2 =(c1 + cz)2 — cl10A.
Ifu € o(ciP+c2Q)and A € o[(P—0Q)?] C [, B], then u? = (c1+¢2)® —cicah.

We get & = €@’ ¢ [ 8] Note that f(x) = zix + 22, Vx € R is a line in

cie2
complex plane for complex numbers z;, z2. We have u” is a segment in C with
boundary points (c] + cz)2 —cijcpa and (1 + 02)2 —c1cB if A € [, B]. Hence, for
allu € o(c1 P +c20),

|| < max {\/|(C1 +¢2)? = e, \/|(C1 +2)? — C1C2,3|} .

[}

Observing that o[(P — 0)21 C [0, ||P — Q1?1 C [0, 4] for reflection operators P
and Q, we derive the following results.

Corollary 2.1 Let P and Q be the reflection operators and cy, c; € C\{0}. Then

il < max {ler + eal, Vit + e2? = creallP = 0IP1}

foreveryu € o(c1 P+ c20).

Corollary 2.2 Let P and Q be the reflection operators and cy, ¢y € C\{0}. Then
lul = max{lcr + cal, ler — ez}

foreveryu € o(c1 P+ c20).

For convenience, we define a subset A of C2 by
A= {(cl,cz) €C?:c1 £0,¢2#0 and ¢ + ;éo}.
Theorem 2.5 Let P and Q be the reflection operators and let (c1, c2) € A. Then

dimAN[(c1 + )] +c 1P +c0] =dim {N[(I — P){ + O)INNU + P)}.
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Proof If x € N[(c1 + ¢2)I + ¢1 P + ¢ Q], then

(I—P)I+ Q) — P)x
=c;' U = P)UI+ Q1 + e + 1] + 20 — (e1 + )] — 1P — 20
=7 = PYU + Qe + )] + el +c201x
=2¢7'(I = P)l(e1 + )] + (c1 + ¢2) Qlx
=2(c1 + c2)(c1c2) " (I = P)(eal + c20)x
=2(c1 + e2)(e1e2) "1 = P)[(c1 + )T +¢1 P+ c2Qx
=0.

Since (I — P)x € N'(I + P), we conclude that
(I = P)N(cr + ) +c1P+c2Ql S NI - PYT + QINNU + P).

Ifx e N[(c1 +¢2)I +c1P +c20]and (I — P)x =0, then x = Px and

1
(c1+e)I+ Q)x = 5(1 + O)l(c1 + ) +c1P +c20Q]x =0.

So (/4 Q)x = 0.Itfollows that [(c1 +c2) I +c1 P+c2Q]x = ¢1({ + P)x = 0. Hence,
x =0sincex = —Px = Px. We getthat [ — P embeds N'[(c; +c2)] +c¢1 P +c20]
injectively into NT(I — P)(I + Q)] N N'(I + P). Thus,

dim N (c1 + )] +c1P + 0] < dim{N[(I — PYT + QINN (I + P)}.
ey

On the other hand, if x € N[(I — P)(I + Q)]NN (I + P), then x + Px = 0 and
x + Qx = Px + PQx. Note that

[(c1 +c2)] +c1 P+ c20] (2clc2_11 +1— Q)x
—[e1(I + P) + (I + 0)] (2c1c;11 iy Q)x

=2c}ce; (I + P)x +2c1(1 + Q)x + 1 (I + P)(I — Q)x
=2c1({ + Q)x +2c1(P — Q)x

=2c1(I + P)x

=0.

We get

(20163141 Q) (NIU = PYI + QINN (U + P))
S Nl(e1 + el + 1P + 201
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Itx € NT(I—P)(I+Q)INN (I +P)and 2cic; ' T+1—Q)x = 0, then (I+P)x = 0,

(I-—P)Y I+ Q)x=0and (I +Q)x = 2(c1c2_11+1)x. From (I — P)(I + Q)x =0,
we get (I + P)(I + Q)x =2(I + Q)x. Hence,

—1 _ _l _ —1 _
2<c162 I+I)x_(I+Q)x_ U+ PYI+Q)x = <61c2 1+1)(1+P)x_0.

We get x = 0 and thus 2cjc; ' [ + 1 — Q embeds N[(I — P)(I + Q)N N (I + P)
injectively into N[ (c1 + ¢2)I + ¢1 P + ¢ Q). Hence,

dim N (c1 + )] +c1P + 201 > dim{N[(I — PYT + QINN (I + P)}.
)

By (1) and (2), we get that

dimN[(ci + )] +c1P+ 20l =dim{N[(I — P)I + Q) INNU + P)}. O

3 Representations of reflection operators

As we know, if A € B(H & K) has the operator matrix form A = (ﬁ” §12> , then
21 A2

A > 0Oifand only if A;; > 0,i = 1,2, Ay = ATZ and there exists a contraction
operator D from K into H such that Aj, = A}{ZDA;QZ, where A;i/ 2 is the positive
square root of A;;, i = 1, 2 [9]. Recently, Moslehian, Kian and Xu used the Douglas
theorem on equivalence of factorization, range inclusion and majorization of operators
to characterize the positivity of 2 x 2 block operator matrices [14]. In this section, we
will give detailed block operator matrices representations of reflection operators.

Let P and Q be two reflection operators. Since we assume that neither of P, Q is
I or —1I, by Theorem 2.1, M = R(I + P), M+ =R — P), N =R + Q) and
N+ = R(I — Q) are non-degenerate subspaces. Therefore, the reflection operator P
as an operator on M @ M, and the reflection operator Q as an operator on N @ N+,
have the diagonal matrix forms

P=1Ip®—1prand Q =1In@ 1y, 3)
respectively. Denote

Hi=MN0N, Hy=MINN, Hs=MN[HS (@ H)l,
Hy = MNONL, Hy=MINNL, He=Ho (@ _H). 4)

Itis clear that H; L H;, j #iand 1 <i, j < 6. The pair (M, N) of subspaces M
and \ is said to be regular if H; = {0}, i = 1, 2, 3, 4. Clearly, (M, N) is regular if
and only if (ME, N 1) is. We say (P, Q) is areflective regular pair whenever (M, \)
is a non-trivial regular pair. First, we study the matrix structures of a reflective regular
pair (P, Q).
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Theorem 3.1 Let (P, Q) be a reflective regular pair with M = R(I + P) and N =
R(I + Q). Then there exist a selfadjoint contraction A € B(M) with 1, —1 ¢ op(A)
and a unitary operator D € B(M*, M) such that P and Q have the operator matrix

forms
(1 0 _ A (I —A»H12p
P_(O _1> and Q_<D*(I—A2)l/2 _D*AD ) 5)

with respect to the space decomposition H = M @ ML, respectively.

Proof By Theorem 2.1, the reflection operator P, as an operator on H = M & M+,
has the operator matrix form P = I @ —1. Let Q have the corresponding matrix form

A B
2=( ¢)
with respect to the same space decomposition, where A and C are selfadjoint contrac-
tions on M and M=, respectively. Denote P = %(1 + P)and Q = %(l + Q). Itis

easy to see that R(P) = M, N'(P) = M*, R(Q) = N and N'(Q) = N'* by (3).
From 02 = 1(I + Q) = 0, one gets that

1 (I +A)*+ BB* I+AB+BI+O)\_1/(I1+A B
4\B*U+A)+U+C)B*  (I+CP*+B*B ) 2\ B* I+C)

Comparing the two sides of the above equation, we have
(I + A2 + BB* = 2(I + A),
(I+A)B+ B +C)=2B, (6)
(I+C)?+B*B=2(+C).
The regularity of (M, N') implies that / + A and I +C are injective. Q > Oimplies that
there exists a contraction D from M into M such that B = (I + A)'/2D(I + C)'/2.
From the system of equations (6), we get
D(I+C)D*=1—-A, AD=-DC, D*(U+AD=1-C.
It follows that
C=-D*AD, B=(I—-A»"?D, D*D =1, and DD* = I,
where I £ A are injective, i.e., 1 and —1 ¢ op(A). O

Remark 3.1 If (P, Q) is a reflective regular pair, then
1 1
dim M = dim M+ = 5 dim 7 and dim N = dim N+ = 5 dim

@ Springer



2806 W. Liang, C. Deng

since the operator D in Theorem 3.1 is a unitary operator from M= onto M.

AB

It is well known that if 7 = < cD

) and A is invertible, then the inverse of T is

oA o @

-1 _ (A—l +A"'BS~IcA™! —A—135—1>
whenever the Schur complement S = D — CA~'B of A in T is invertible. The
expression (7) is called the Banachiewicz—Schur form of operator 7" and can be found
in standard textbooks on linear algebra.

Corollary 3.1 If (P, Q) is a reflective regular pair having the matrix representations
(5), then the following statements hold:

(i) R(P + Q) is dense in 'H,
(i) 1P+ Qll = V2l + A||'/2;
(iii) R(P + Q) is closed if and only if P + Q is invertible if and only if —1 ¢ o (A).
In this case,

1 I I+ A2 —-AV2D
(P+0Q) _§<D*(1+A)‘/2(I—A)l/2 I :

Proof (i) R(P+Q)isnotdenseifandonlyifO € op(P+ Q) since P+ Q is selfadjoint.
Suppose that there exists a unit vector x = (x1, x2) € H such that (P 4+ Q)x = 0. By
(5), one has

_ I+A (I =AH'2D N (a1 _
(P+Q)x = <D*(1 — AH2 _p(I +A)D) (xz) =0

Then,

(I+A)x1+ U —AH2Dx, =0,
D*(I — A»)Y2x; — D*(I + A)Dx, = 0.

Observing that I &= A are injective and D is unitary, we get

(I4 A)x;+ U —A»H2Dx, =0,
(I—A)x — I —-A»"2Dx, =0.

Solving the above equations, we obtain that x; = O and x, = 0. Hence,0 ¢ op(P+ Q)
and thus R(P + Q) is dense.

(i) By (5), (P+Q)* = 2(I+A)@2D*(I+A)D.So, [|P+ Q| = |(P+0)*|/* =
V2II + A2,

(iii) By items (i) and (ii), we know that P+ Q is invertible if and only if R(P + Q) is
closed if and only if —1 ¢ o (A). The inverse (P + Q) ™! can be obtained by applying
the representation (7). ]
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If P and Q are two general reflection operators, by Theorem 3.1, we obtain the
following useful representations.

Corollary 3.2 Let P and Q be two reflection operators and H;, i = 1, ..., 6 be defined
by (4). Then P and Q have the following operator matrix forms

P=11691269—13€B—14€B(105_0,6>, (8
)

0=L0-LeLd-Ld ( A (IS_AZ)WD)

D*(Is—A2)1/2 —D*AD

with respect to the space decomposition H = 69?:17'[[, respectively, where A is a
selfadjoint contraction on Hs with that 1, —1 ¢ op(A), D is a unitary operator from
‘He onto Hs, and I; is the identity onto H;,i = 1,...,6.

Note that dim Hs5 = dim Hg since D is a unitary operator from Hg onto Hs.

Corollary 3.3 Let P and Q be two reflection operators and H;, i = 1, ..., 6 be defined
by (4). Then PQ = QP if and only if dim ‘H5 = dim He = 0.

Proof By Corollary 3.2,

. _ 0 2(15—A2)1/ZD>

PO QP—069089069069(_2D*(15_A2)|/2 0 : ®)
Since Is + A are injective and D is a unitary operator, PQ = QP if and only if
dim Hs = dim He = 0. O

Also by Corollary 3.2, we have PQ + QP =211 ® -2, & 2 211 ®2A D
2D*AD.

Theorem 3.2 Let P and Q be two reflection operators on 'H having the matrix repre-
sentations (8) and H;, i = 1, ..., 6 be defined by (4). Then the following statements
hold.

(1) T'=c1P+c20, where c1, cp € C\{0}, is invertible if and only if c1 + ¢ % 0
whenever Hy or Ha # {0}, c1 — c2 # 0 whenever Hy or Hy # {0} and

2.2
_‘1+‘2

2c1ca ¢ o (A);
(i) If |c1| # |cal, then T = ¢ P + ¢ Q is invertible for every ¢y, ¢ € C.

Proof (i) By Corollary 3.2, one has

I'2=(c|P+c20)>
=(ci+c3) I +cic2(PQ+ QP)
=(c1 + )1 ® (c1 —2)’L @ (c1 — )’ ® (c1 +2)* I
@ [(c} + 3) Is + 2c1c2A] @ D* [(c} + 3) s + 2c1c2A] D.

(10)

I is invertible if and only if I'? is invertible if and only if ¢; + ¢ # 0 whenever

2,2
or Ha # {0}, c1 — 2 # 0 whenever H or Hsz # {0} and — 52 ¢ ¢ (A) C [—1, 1].

2c1c2

(i1) If |c1] # |c2] and c1c2 = 0, then I' = ¢ P + ¢ Q is obviously invertible by
(10).
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If cier # 0, let c; = rie'? # 0and ¢o = re'® # 0, where r; and 6; denote
the module and argument of complex numbers ¢;, i = 1, 2, respectively. By direct
computation,

c% + c% _ (rl2 + r22) cos(fy —6r) +1i (rl2 — r22) sin(0; — 6»)
2C1C2 2r1r2 '
Since |c1| # |c2], then ¢1 = ¢3 # 0 and | # rp, obviously.

TG ¢ o (A) C [—1, 1],

2c1c2

(@) Ifry #r,01 =0+ km,k € Z, then 1 < |

2 2
(b) Ifry # 12,01 # 62 +k, k € Z, then — 52 ¢ R.

2ci1c2
2,2
As a result, we get ¢y £ ¢ # 0 and —021:;22 o (A). By (10), we obtain that ' =
c1 P + ¢ Q is invertible for every ¢y, co € C\{0} with |c{| # |c2]. O

We have discussed the invertibility of operator P + Q if (P, Q) is a reflective
regular pair having matrix representations (5) in Corollary 3.1. In the following, we
will talk about the invertibility of P — Q and P + Q — I for the general reflection
operators P and Q.

Theorem 3.3 Let P and Q be two reflection operators and H;, i = 1, ..., 6 be defined
by (4).

(1) P — Q isinvertible if and only if dim H; = dimH4 = 0and 1 ¢ o (A).
(i) P 4+ Q — I is invertible if and only if 31 — (P — Q)? is invertible if and only
if—% ¢ o (A). In this case,

P+Q-n"

—[r-r-0?] usrio
-1

= +P+0)[31- (-0

1 —1 -1 241/2
_ _ _ - 2I5+A)(Is+2A) (Is+2A)" " (Is—A°)'/“D
=h®-ho-Lo-3L& (D*<15+2A>*1<157A2>1/2 —~D*A(Is+24) 7' D )

Proof (i) By Corollary 3.2,
(P—0)?=004L 04500025 — A) ®2D*(Is — A)D.

We get that P — Q is invertible if and only if dim H; = dimH4 = 0 and 1 ¢ o (A).
(ii) By Corollary 3.2,

A Is—AH'2D
P + Q -1 = 11 @ _12 @ _13 @ _314 @ <D*(157A2)1/2 fDS*(215)+A)D> .

By Theorem 3.1, 215+ A is invertible since A is a contraction operator. By (7), P+ Q0 —1
is invertible if and only if the Schur complement S = A + (Is — A%)!/2DD* (215
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+ A" 'DD*(Is — A2 = (2I5 + A)~' (Is + 2A) is invertible if and only if I5 +2A
is invertible if and only if —% ¢ o (A). Applying the formula in (7), we get that

P+Q-1n""
—L®-L®-Le —%14 @ (, Cladsian L, U U AP
Note that (P — Q)2 = 0@ 4L @413 0 2(Is — A) & 2D*(Is — A)D,
3l —(P— 0P =31®&-L®—-1&31,® (Is+2A) ® D*(Is + 2A)D
and

3 —(P-0P=P+0-DU+P+Q=U+P+O)(P+0-1).

We also get 31 — (P — Q)? is invertible if and only if —% ¢ o(A) if and only if
P + Q — I is invertible. In this case,

-1
(P+0-DT"=[31-(P-0?] U+P+0O

=(1+P+Q)[31—(P—Q)2]_1-

O

Let P and Q be the reflection operators on . According to (9), we observe that
N(PQ — QP)and N'(PQ — QP)™ are invariant subspaces of P and Q. Therefore,
P and Q as operators on H = N (PQ — QP) @ N(PQ — QP)* have the operator
matrix representations

P=P @®P, and Q = Q1 ® 0>,

respectively, where the restrictions P; and Q;,i = 1, 2 have the following properties:

(D. P1Q1=Q01Pi; (2). N(P2Q2— Q2P) = {0}

Besides, N(PQ — QP) admits the orthogonal decomposition N'(PQ — QP) =
@?:1 ‘H;. Therefore, (P, Q) is a regular pair if and only if N'(PQ — Q P) = {0}. For
orthogonal projections cases, Halmos presented a nice and tractable characterization
of the regular pair in [10, Theorem 2].

Theorem3.4 LetT" = ¢ P + 2 Q, where ¢y, ¢y € R\{0} and P, Q are two reflection

operators on 'H with P # £Q. Then T is a reflection operator if and only if the
following conditions hold:
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2810 W. Liang, C. Deng

1) (P, Q) is the reflective regular pair;

.. 1—c?—c?
(i) |52l <
(iii) P and Q, as operators onto H = R(I + P) & R(I — P), have the operator
matrix forms
(10 _ A (I —A%»12p
b= (0 —1) and @ = (D*(l — A2 _p*aD )"
where A = 2?0262 I and D is a unitary operator from R (I — P) onto R(1+ P).

Proof The sufficiency is clear, so it is enough to prove the necessity. Let P and Q have
the matrix representations in (8). Consequently, PQ + QP =211 & -2, & —213 &
21, @ 2A §2D*AD. If T is a reflection operator, then

= (1P +20) = (c% 4 cg) I+c1c2(PO+0QP)=1.

Hence,

1 — 2 2
PO+ QP =201®-20L& 202l ®2AD2D"AD = “AT49,

c1c2
Now, in View of the equations above, we consider the cases as follows:
1— 2
If = = 2, then dimH; = 0,i = 2,3,5,6 since A is a contraction with

cica

1,—1 ¢ op(A). In this case,

P=1&®—-I1yand Q=11 ® —14,

2
Cl )

which contradicts to P # (. Similarly, if
1,4, 5, 6. In this case,

= —2,thendimH; = 0,i =

P=L&—-I3 and Q=-L I3,

L . o 1=c?—c2
which is a contradiction to P # — Q. Also, if i

1,2, 3, 4. In this case,

# 42, thendimH; = 0,i =

A (Is — AH'/2D
P =1s® —1I¢ and Q:(D*(I5—A2)l/2 _D*AD ,

_a2_ 2
where A = ! 22(:;2 Is and D is a unitary operator from R(I — P) onto R(I + P).

Hence, (P, Q) is the reflective regular pair and | 2616;2 | < O
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In the following, we will investigate the unitary equivalence of the reflection oper-
ators P and Q, which is similar to that of two orthogonal projections (see [4, Theorem
3.1]).

Let the reflective regular pair (P, Q) have the matrix representations (5). It is easy
to check that the unitary operator

1/2 A2
ﬁ( (I + A) (I-4)'"D ) an

Wo=—"\prq—a)2 —p*u+ 42D

satisfies WoP = QWp and PWy = Wy Q. Moreover, we observe that the unitary
U € inng(P) if and only if U* € outp(P). In the following, we obtain the general
expressions for all the intertwining operators of P respect to Q when (P, Q) is a
reflective regular pair.

Theorem 3.5 Let (P, Q) be a reflective regular pair and Wy be defined by (11). Then

outg(P) ={WoU : UP = PU,U € U(H)},
intg(P) ={WoU : UP = PU,UQ = QU,U e U(H)}.

Moreover, if U € U(H) such that UP = PU, then WoU = UW, if and only if
QU =UQ.

Proof Clearly, {(WoU : UP = PU,U € U(H)} < outg(P). On the other hand, if
there exists a unitary operator W such that WP = QW, then U = W W is a unitary
operatorand UP = WfWP = WiQW = PWyW = PU. Thus, W = WyU, where
U € U(H) satisfies UP = PU, i.e., outg(P) C {(WoU : UP = PU,U € U(H)}.
Therefore, we obtain that

outg(P) = {WoU : UP = PU,U € U(H)}.

Clearly, intg(P) 2 {WoU : UP = PU,UQ = QU,U € U(H)}. On the other
hand, if T € intp(P) = outg(P)Ninng(P),then T € outgy(P). Hence, there exists
aU elU(H)suchthat UP = PU and T = WyU. Since T = WoU € inng(P), we
have PWoU = WoU Q. Since PWy = Wy Q and W) is invertible, we get U Q = QU
and

into(P) S{WoU : UP =PU,UQ =QU,U €eU(H)}.
Therefore, we obtain that

intg(P) = {WoU : UP = PU,UQ = QU, U € U(H)}.
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By (5), P =1 ® —1. Therelation U P = PU implies that U = Uy @ Uy, where
U1 and Uyj are unitary operators. If WoU = U W, then

I+ A2y, I = A)2DUy,
D*(I — AHYV2U;,, —D*(I + AV DUy

_( Und +A4)1? Un(l — A)?D
T\ UnD*( — A2 —UpD*(I+ A)YV2D )"

It follows that

Un + A2 =T+ AUy,
Uil —AY2D = — AYV2DUy.

Theorem 3.1 U]]AZAUIL _
— {U22=D*U11D- — U=U0.
Similarly, if QU = U Q, we can derive that WoU = U W,. O

Remark 3.2 Let the reflective regular pair (P, Q) have the matrix representations (5)
and Wy be defined by (11).Let B =P — Qand Mo =1+ PQ + QP.

(i) Theorem 3.5 shows that if there exists a unitary operator W € U (H) such that
PW =WQand WP = QW, then

wewy Y2 U+ d=APD N (Uu 0
TS\ pra - Y2 —D*I + A)V2D 0 D*U,D)’
(12)

where Uy € U(M) satisfies U1 A = AU ;.

(ii) Note that A is a contraction on M with that neither 1 nor —1 belongs to the
point spectrum of A and D is a unitary operator from M= onto M. It is easy
to get that

B — I—A —(I — AH12p
0=\ —p*(1 - AHY2 _Dp*(I—A)D )’

2l B — I+ A (I—-AH'2D
0=\ p*(1 — AHY/2  D*3I - A)D
and

— (] _ A2\1/2
21+Bo=< 3] — A (I — A% D)

—D*(I — AHY?2  D*(I + A)D
are three injective selfadjoint operators.
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(iii) If —5, 5 ¢ op(A), then My = (I +24) ® D*(I +2A)D,

Mo B — (I — A1 +24) —(I — AHV2(1 +24)D
050 =\ _p*(1 — AHV2(1 +24) —D*(I — A)I +24A)D )’
5l MoBo — I —A+242 (I +2A)I — AH'/2D
0%0 =\ D*(1 +24)(I — AHY?2  D*3I + A —2A%)D
and
_ 31+ A —24A2 —(I — AHV2(1 +24)D
21+ MoBo = (—D*(I —AD)V2([4+2A)  D*(I— A+242)D

are injective selfadjoint operators.
(iv) As one example, we only prove that My By is injective if —% ¢ op(A). Infact,

if there exists (x, y) € H such that My By (;C)) = 0, then

(I — AU +24) —(I = ADHV2(1 +24)D) [ x _0
—D*(I — AH'2(1 +24) —-D*(I—-A{I+24)D )\y)
That is,

(I — A +2A)x — (I — AHY2(I +2A)Dy =0,
D*(I — A»V2(I +2A)x + D*(I — A)(I +2A)Dy = 0.

Then,

(I — A +24)x — (I — AHY2(1 +2A)Dy =0,
(I + A +24)x + (I — A2)2(1 +24)Dy = 0.

Adding the two equations, we can get 2(I + 2A)x = 0. Then x = 0 since
—% ¢ op(A)and y = Osince D is aunitary operator. Hence, M By is injective.

Similarly, we can obtain that By, 21 — By and 2/ + By are injective. Moreover,
21 — MyBy and 21 4+ My By are injective if —%, % ¢ op(A).

Let (P, Q) be a pair of reflection operators and H;,i = 1, ..., 6 be defined by (4).
If there existsa U € U(H) suchthat PU = UQ and UP = QU, then

upr—-0)=—(r-0)U.
Denote B := P — Q = 0® 2, & 213 ® 0 @ By. Clearly, N (B) = H; & Ha,
N(B —2I) = Hp and N (B + 2I) = Hj are reduced subspaces of B. Let Hy =
‘Hs @ He, then B, as an operatoron H = (H1 & Ha) & Hor & H3 ®Ho, has the operator
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matrix form B =042, @& —213 P By. Let U = (Ul.()/)lfi,jfé;. ByUB = —BU, we

have
0 0
U, E 0 O0 _ 0 00 Uy, E 7 (13)
F U 0 B 0 B F U

where E = (U, U, UY), F = (U, UYL UDT, B = 21, & —21; @ By is
injective and U = (Ui(})ZSi,j§4~ The equations in (13) imply that E = 0, F = 0
and U230 = —BOUQ. Thus, U?z, U%, U&, Ugl, Ué)l and Uffl are zero operators. By
U, B® = —BO%U,, we have

209, —2UY UYBo —2Uy,  —2U8,  —2U),
0%, —2UY UYBy |=| 20U 2UY, 203,
20y 208 UyBo —BoUJ, —BoUgy —BoUJ,

Since 21 — By and 27 + By are injective and dense, then ng, Ug4, U§)3, U§)4, U ‘?2 and
U 4?3 are zero operators. Hence,

0o U
U=U0®( 0 23>@U£4.
11 U32 0

Since P|nrB) = QIn () = 11©— 14, the multi-commutativity of P|arp), O| A7) and
0
U?l implies that U101 = Uy ® Uyy € B(H| ® Ha). Moreover, <U% Ué3) is a uni-
32
tary operator if and only if U% and Ué)z are unitaries if and only if dim H; = dim H3.

By Remark 3.2 (i), we get that U, 24 has the representation (12). As a consequence, we
present the following corollary.

Corollary 3.4 Let (P, Q) be a pair of reflection operators and H;, i = 1,...,6 be
defined by (4). Then P and Q are unitary equivalence if and only if dim Hy = dim H3.
In addition, if P and Q are denoted by (8) and Wy is denoted by (11), then U € U(H)
withUP = QU and PU = U Q has the representation

_ 0 Uz Uss 0
U—U1169<U32 0 )®U44€BWO( 0 D*UssD )’
where U;j are unitary operators from 'H j onto 'H;, UssA = AUss.
At last, we talk about the unitary equivalence of products PQP and QP Q.

Theorem 3.6 Let (P, Q) be a pair of reflection operators and H;, i = 1,...,6 be
defined by (4). If:l:% ¢ op(A), then PQP and QP Q are unitary equivalence if and
only if dim ‘Hy = dim H3.

Proof Sufficiency. If dimH, = dimH3, then there is a U € U(H) such that
PU = UQ and UP = QU by Corollary 3.4. It follows that PQPU = UQPQ
andUPQP = QPQU.
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Necessity. If there is a U € U(H) such that UPQP = QPQU and PQPU =
UQPQ, then we have

UWPQP—-QPQ)=—-(POP—-QPO)U.
Let B:= POQP—QPQ,B:=P—Qand M := [+ PQ+ QP.Clearly, B = MB.

LetHo = Hs®He. Moreover, B and M as operatorson H = H 1 ®H, B H3DH4DHo
have the matrix forms

B=0®21Ld-2H0® By and M =311 ® —1, ® —13 D 314 D My,
respectively, where By = By, and My = M|y,. Clearly, N(B) = H; & Ha.
Furthermore, B and M as operators on H = (H| ® H4) & Hz ® H3 ® Ho have matrix
forms

B=0®2L®-2I3® By and M =31y ) ® —1> ® —13 ® My.
Thus,

B=MB=0&® 2L ®2I3® MyBo.

By Remagk 3.2 (Lii) and (iv), Mo Bo and 21 =M By are injective. Let U = (Ujj)1<i, j<4-
From UB = —BU, one has

0 —2Upp 2Ui3 UiaMoBy
0 —2Uxn 20U UxuMyBy
0 —=2Us 2Us3 UssMyBg
0 —2Usp 2Us3 UsaMyBy
0 0 0 0
_ 20U 2U» 2U»3 2Uz4
N —2U3 —2U3 —2U33 —2U34

—MoBoUsyr —MoBoUsyr —MoBoUsz —MoBoUyy

It is easy to see that Ujo, Uj3, Uz, U3z1, Uzp and Usj are zero operators. Besides, U4
and Uy are zero operators since Mo By is injective and dense. Up4 and Uy are zero
operators since 2/ — My By is injective and dense. U34 and Uj3 are zero operators

since 21 + My By is injective and dense. Hence, U = U1 & ng U53 ® Uys,
where Uy € B(N(B)), Uss € B(Ho), Uz € B(H3, H>) and Uzp € B(H3, H3) are
unitary operators. Therefore, dim H = dim H3. O
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