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Abstract

Existing works on approximate controllability often assume that the nonlinear item
is uniformly bounded and the corresponding fractional linear system is approximate
controllable, which is, however, too constrained. In this paper, we omit these two
assumptions and investigate the approximate controllability of fractional stochastic
differential equations driven by fractional Brownian motion. We also demonstrate that
our results can be extended to fractional stochastic differential equations with bounded
delay.
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1 Introduction

The fractional differential equations (FDEs) have more and more applications in many
areas such as electromagnetic, mechanics, physics and chemistry (see [1,2]). In the past
few years, FDEs in infinite-dimensional spaces have been studied extensively since
they are abstract formulations for many problems arising from areas of economics,
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mechanics and physics. For more results of FDEs in infinite-dimensional spaces, see
[3-9] and the references therein.

On the other hand, the deterministic models often fluctuate due to noise or stochas-
tic perturbation. Generally, the noise or perturbation of a system is typically modeled
by a Brownian motion (Wiener process). There have been much efforts of fractional
stochastic differential equations (FSDEs) with Brownian motion in recent years [10—
16]. However, as many researchers have found [17,18], it is insufficient to use standard
Brownian motion to model many phenomena which have long memory, such as
telecommunication and asset prices. As an extension of Brownian motion, fractional
Brownian motion (fBm) is a family of Gaussian processes, which was introduced by
Kolmogorov [19]. It is desirable to replace Brownian motion by fBm to model the
practical problems better.

Controllability is one of the most fundamental but significant concepts in math-
ematical control theory, which can be categorized into two kinds: exact (complete)
controllability and approximate controllability. Exact controllability means that under
some admissible control input, a system can be steered from an arbitrary given initial
state to an arbitrary desired final state, while approximate controllability can steer the
system to arbitrary small neighborhood of final state. The study of latter for control
systems is more appropriate since the conditions of former are usually too strong in
infinite-dimensional spaces [20,21]. Recently, many efforts focused on the approx-
imate controllability of FSDEs with Brownian motion; see [22-29]. However, few
work is known about the approximate controllability of FSDEs with fBm, which is
still a bottleneck.

Motivated by the above considerations, in this paper, we study the approximate
controllability of FSDEs with fBm of the form

CDx(1) = Ax(t) + Bu(0) + f (1, x(1) + o (1) L

e e (IR
x(0) = xo,

where o € (%, 1], € D% denotes the Caputo fractional derivative and A is the infinitesi-
mal generator of a strongly continuous semigroup {S(#)};>0 in a real separable Hilbert
space Y. BH is a fBm on a real separable Hilbert space V with Hurst index H € (%, 1).
xo is an .%g-measurable random variable independent of B with finite second
moment. B : L?G;(J, U) — L*(J,Y) is a bounded linear operator. f : J XY — Y
ando : J — LOQ(V, Y) are appropriate functions satisfying some assumptions.

Our aim is to study the approximate controllability of system (1.1) and investigate
its generalizations to other systems. Note that in [22-29], the authors discussed the
approximate controllability results under the assumptions that the nonlinear item is
uniformly bounded and the associated fractional linear system is approximate con-
trollable, which is too constrained. In this paper, we omit these two assumptions and
use the method similar to [30] with suitable modifications so as to be compatible
with our researched equations. Further, we attempt to extend the results to study the
approximate controllability of FSDEs with bounded delay.

An outline of this paper is given as follows: Section 2 introduces some preliminary
facts. The existence and uniqueness of mild solutions for system (1.1) are established
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in Sect. 3. In Sect. 4, we prove the approximate controllability of system (1.1) and
extend the results to FSDEs with bounded delay. Section 5 presents an example.

2 Preliminaries

Some preliminary facts are presented in this section which is necessary for this paper.
For more details, see [6,31-33].

Assume that Y, U and V are three real separable Hilbert spaces. Let (2, %, P) be
a complete probability space with a normal filtration {.%; };¢[0,5] satisfying the usual
conditions and .%;, = .%. The control function u € Lzy(J, U), where L%}(.I, U)is

the closed subspace of L2(J xQ,U) consisting of all .%;-adapted, U-valued process.

Throughout this paper, let M := sup ||S(¢)|| < co. We introduce the following
1€[0,+00)
Banach spaces:

L(V,Y):={x:V — Y]x is a bounded linear operator},
LZ(Q, Y):={x:Q — Y | xis an .# —measurable square integrable random variable} ,
cJ, LZ(Q, Y)) = {x J = LQ(Q, Y) | x is an .%#;-adapted stochastic process, which

is a continuous mapping such that sup E||x(1)|* < oo} .
teJ

Let ¥ = C(J,L*(Q,Y)). The space ¢ equipped with the norm |x|ly =
1

teJ

2
<sup E|lx(t) ||2> is a Banach space.

Definition 2.1 [31,32] A real-valued one-dimensional fBm g = {8 (1), t € J} with
Hurstindex H € (0, 1) is a continuous and centered Gaussian process with covariance
function

1
RU(t,5) = BB 0" (9] = S 52 — |t =5, 1,5 € J.
In the rest of this paper, we assume H € (%, 1.8 H can be represented by
t
B () = f K" (1, 5)dB(s).
0

where 8 = {B(¢t),t € J} is a one-dimensional Wiener process and

| : ‘
KA sy =cu (H - 5) S%fH/ u— )"~ 2uH 2 du.
N
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Leth € LZ(O, b) be a deterministic function, the Wiener integral of & with respect
to B is given by

b b
foh(s)dﬂH(s)zfo (Kyh)(s)dB(s),

where

aKH(z,
(z S)d

o2 z, T €[0,D].

(K*h)(s) = / h)

Then, the definition of infinite-dimensional fBm and its stochastic integral are given.

Let O € L(V,V) be a nonnegative self-adjoint trace class operator such that
Qe, = Ae, withtrQ = ZZOZI Ap <00, where A, > 0(n=1,2,...)and {e,}(n =
1,2,...) is a complete orthonormal basis in V. The V-valued Q-cylindrical fBm on
(2, #, P) with covariance operator Q is defined as

B0 =" Qe ()= Vinenl (1),
n=lI n=1

where B/ are real, independent one-dimensional fBm.
Let LOQ(V, Y) be the space of all Q-Hilbert—Schmidt operator £ : V — Y. Note
thatif £ € L(V,Y) and

o0
2 2
1602 vy, = D IV AnEenll* < oo,
n=1

then £ is called a Q-Hilbert—Schmidt operator.

Definition 2.2 [32,34,35]If W : J — L%(V, Y) satisfies
ad 1
D I WO enll 2 y) < 00, 2.1
n=1

then the stochastic integral fot W (s)dB™ (s) can be defined as
t S t .
/ W(s)dBf (s) := Z[ W(s)Q2e,dBH ()
0 w1 /o

o t
= Z/O (Kf (W Q7e))()dB(s), 1€ J.
n=1
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Lemma 2.1 [34,35]IfV : J — LY (V Y) satisfies

Z 72} enl, 2.2)

(J Y)

thenforv0 <s <t <b,

2 0 t
E‘ < Cut =5 [ 1w Qe l}dr,
Y

n=1"%

t
/ W (r)dB (7)

N

o0

where the constant Cy > 0 depends on H. In addition, if Y ||\Il(t)Q%en||y is
n=1

uniformly convergent for t € J, then

Inspired by [6,7], one can define the mild solution for system (1.1).

/ \Il(r)dBH(r)

s

< Cu(t—s)*M! / ||\If<r>||Lo(v pdr. (23)

Definition 2.3 [6,7] A stochastic process {x(f)}e[0,p] is said to be a mild solution of
system (1.1), if for V u € L%.(J, U),

x(t) = Sq(t)xo + /Ot(t — )" Ty (t — $) [f (s, x(s)) + Bu(s)]ds
+/Ot(r — )Tt —s)o(s)dBT (s), 1 €[0,b], P —as.
where
Sa(t) = fo T 6 O)5@ 009, Tu) =a /0 " 05, (0)5a“0)do,

1 | | > C(na + 1)
§a(0) = —07 1D, (070), Da(0) = ) (=" ————sin(ne). 6 € (0, 00),
o nn!

n=1

&y 1s a probability density function which satisfies

£4(0) >0, 6 € (0, 00) and / £.(0)dO = 1.
0

Lemma 2.2 [6,7] Operators Sy (t) and Ty (t) have the following properties.
(1) Sy (t) and T, (t) are linear and bounded operators, i.e., forV t > 0,

aM
1Se(Dx]l < Mlx|l, x € Yand || To()x]|| < F«TII)CII, xeY.
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2610 J.Lv, X. Yang

(i) Operators {Sy(t),t > 0} and {T,(t), t > O} are strongly continuous.
(i) IfforVt > 0, S(¢) is a compact operator, then S, (t) and Ty (t) are also compact
operators.

Definition 2.4 The set

Kp(f) = {x(b) : x(b) is the mild solution of (1.1) at time b corresponding to the control u}

is said to be the reachable set of system (1.1). If f = 0, then system (1.1) is denoted
by (1.1)*. Moreover, we denote K}, (0) the reachable set of system (1.1)*.

Definition 2.5 System (1.1) is approximate controllable on J if K, (f) = L3(Q,7),
where K, (f) is the closure of K, ( f). That is, for V& € L2(€2, Y) and Ve > 0, there
exists a control u € Lzy([O, b], U) such that E|x(b) — £||*> < e. Similarly, system

(1.1)* is approximately controllable if K;(0) = L2(Q,7).

3 Existence and Uniqueness of Mild Solutions

The existence and uniqueness of mild solutions for system (1.1) are investigated in
this section. We first introduce the following hypotheses.

(Hp): The function f : J x Y — Y is measurable and there exists a constantc; > 0
such thatforVx e Y, V¢t e J,

If 01 < er(1+ I1x]?).
(H): There exists a constant [ > O such thatforVx,ye Y,V e J,

£, %) — £, WI* < hillx —yl>

(H3): The function o : J — LOQ(V, Y) is measurable and there exists a constant
¢ > 0 such that

: 2
(@) sup [lo ()l <o,
0=s<b LY(V.Y)

> 1
ii Z oQ2e 1 < 00,
i) 3o Qlenl ),

n=

o
(iii) Y lo(1)QZenly is uniformly convergent for 7 € J.

n=1

(H4): For V¢t > 0, S(t) is a compact operator.
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Define the operator T : € — € by

t
(Tx)(#) = Sa(t)xo + / (t — ) T (t — )[f (s, x(5)) + Bu(s)lds
0
t
+/ (t — )Tt — 5)o (s)dB (s).
0

Lemma 3.1 Suppose (H;), (H3) and (Hy) hold, then forV x € €, t — (Tx)(¢) is
continuous on [0, b] in the L2(Q, Y)-sense.

Proof ForV x € ¥ and0 < t; < trp < b, we have

E |(Tx)(t2) — (Tx)(t) |
< 4E || Sa(t2)x0 — Sa (1) 0]l

t t 2
+4E /z(tz—S)“_lTa(tz—S)f(s,x(S))ds—/l(tl — ) Tt — ) f (s, x(s))ds
0 0
%) n 2
+4E / (tz—s)“*‘Ta(zQ—s)Bu(s)ds—/ (t1 — ) ' Ty(t) — s)Bu(s)ds
0 0
t s 2
+4E / (t2—s)“_lTa(tz—s)o(s)dBH(s)—/ (1 — )% ' Ty (1) — $)o (s)dB (s)
0 0

=L+ DL+ 15+ 14
By the strong continuity of S, (¢), we obtain

tzng}l | Se (22)x0 — S (t1)x0]l = 0.

Using Lemma 2.2, it follows that
[1Se (2)x0 — Se (1) X0l < 2M ||x0l| € L*(2, RT).
According to Lebesgue dominated theorem, we can obtain

lim I; =0.

h—n

Moreover,

t 2
L < 2E H / = 9% = (1 = )" Ttz — ) £ 5, £(5))ds
0

2
+12E

a1
/0 (tr — )% Tulta — 5) = To(t1 — )1 (s, x(5))ds

15 2

(2 — )" Tyt — ) f (s, x(5))ds

4]
= Iy + I + 3.

+12F
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By (Hj) and Holder’s inequality, it is easy to validate that

12M2% [ (1 vl w12 i 2
I (f [t =9 = (2 —9) ]w)/'Ewﬂ&x@»nm
I'“() \Jo 0
2 1t t
<ty [ 10=577 = =7 s x [ Ve (14 Bl 8
12M2c11 (1 + supy; Ellx(s)1%) 2a—1 2a—1 _ 2a—1
< @) Qa - D) X [tl +(—1) ) ]
and
1 2
Ipn < 12E (/0 (t1 — )" I T (tr — 5) — To(t1 — )11 £ 5, X(S))Ilds>

2
1262%¢1 (1 + sup, . ; E|lx(s)[|?)
: — sup I To(t —5) = Tu(tr — )]
200 — 1 s€[0.11]

From Lemma 2.2 and (Hj4), we know that T, (¢)(t > 0) is continuous in uniform
operator topology about the variable 7. Hence, tlirr% I = tlin} 1> = 0. Further,
2—>11 211

< B o) ([ o)
P = T2 f ’ n |

12M%ci(ty — 11)** (1 + supy; Ellx(5)]|%)
I2(a) 2 — 1)

=
— 0 as rn — 1.
A similar computation yields that

2
I3

IA

t
12EH/WKQ__QQ_L_01_SW_HZﬂQ——nBMGXh
0

1 2
+12E H/ (t1 — ) [Ty(tr — 5) — Ty (t1 — s)1Bu(s)ds
0

n 2

+12E (12 — )* ' Ty (12 — 5)Bu(s)ds

4
= I3+ I + I33.

Similarly,

@ Springer



Approximate Controllability of Fractional Stochastic... 2613

_ 12M2||Bul| 2 )77 + (2 — )2~ =571
3= 2(a)2a — 1)

12627 N Bull 2.y
200 — 1

— 0 as np — 1,

2
I3 < sup [[To(t2 —5) — To(t1 — S)II) — 0 as n — 1,

s€[0,11]
12M2(ty — 1)** V|| Bull 125y
I2(a)2a — 1)

I3z < — 0 as 1 — .

In a similar way, one can obtain

1 2
I < 12E /'Km—sw—l—al—sw—ﬂnaz—na@MBHu>
0
1 2
-+HE‘/‘01—SWWEAQ—S%—EAH—SHOGMBH@)
0
n 2
+12E / (tr = )" ' T (tr — $)o (s)d B (s)
1
=141 + lap + 143.
Combing Lemma 2.1 and (H3), we have
4|
quxm”{/Wm—w*—m O Nt o[, ds
Q(V Y)
12CHtH ey M?
< 12t oM /'Kn—sﬂal (t — )% 1ds
I'(@))
12CHeH ey M?
H € [t12a—1 Tty — 1) t22°‘ o
(2 — D)(I'())?
— 0 as n —> 1,
1
2H—1 1
L < 12041 ﬁHm 9 Tty — ) — Tm—dewwmm

1

= 12CH[2H ICZ sup ||To(t2 — ) — To (21 — S)||2/ (nh — S)Za*zds

s€[0,11] 0

12CH 17722y

< ! sup (| Tu(ra — ) — To (11 — 9)1?
(2a—1) s€[0,11]

— 0 as rn — 11,

n
Insu@m—m””/nm—w”Mnﬂwmﬁw%m

n

- 12CHM2C2(12 _ t1)2H+2a—2
- Q2o — (I (a))?
— 0 as 1 — 1.
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Hence, limy, ., E [[(Tx)(t2) — (Tx)()||> = 0, which implies that ¢+ — (Tx)(¢) is
continuous on J in the L%(£2, Y)-sense. m]

Lemma 3.2 Under (H}), (H3) and (Hy), the operator T sends € into 6.

Proof ForV x € ¥, we have

EI(Tx)(0)]
2

t
< 4E |Sa(0)x0]” +4E ” / (1 = )" Tyt — 5) (s, x(s))ds
0

t 2
+4E H/ (t — ) T (t — s)Bu(s)ds
0

t 2
+4E H/ (t — )% ' Tyt — s)o (s)dBH (s)
0

=N+ L+ 3+ Js

According to Lemma 2.2, one can obtain
Ji < 4MPE|xol.

By (H;) and Holder’s inequality, it follows that

2
r2( ) (f =) fGs. x(s))nds)

v ( f 0 —s)“”ds) ( / Elfs x(s)>||2ds)
2 s ) ’

_ AM?b% ¢y (1 + sup;ey E||x(s)||2)
- Qo — DI2(a)

J <—4M2 t—s)22g B d
< T (/( $) s>(f 1 Bu(s)? s)

AM?p* B
- I ““Lz(J,Y).
= T2(@)Qa—1)

J

Combining Lemma 2.1, (H3) and Holder’s inequality, we have

t
Iy < 4Cy?H! /0 1t =) Tt =)0 ()} s

4CHM2b2H—l t I )
< o [ =9 ey s
4CHM2b2H+2a—2C2
I2(a)2a — 1)
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Thus, || Tx[|2, = sup,c; E[(Tx)(1)||* < co. From Lemma 3.1, (Tx)(¢) is continuous
on J in the L2(2, Y)-sense and therefore, T maps ¢ into €. O

Theorem 3.1 Suppose that hypotheses (H1)—(Ha) are satisfied, then system (1.1) has
a unique mild solution on 6.

Proof We utilize the Picard’s iteration argument to prove the existence of mild solu-
tions.
ForVn >0, let

x}’l+1(t) = (Txn)(t)v n =Ov 1’27"' (3.1)
xo(t) = xp.
By Lemma 3.2, we have x, € ¥,n = 0, 1,2, .... Moreover, from Lemma 2.2 and

(H3), we have

E|[%n41(1) — x,(0)]?
2
=F

t
‘/O (t = )" Tyt = $)Lf (5, %0 () = [ (5, Xp—1(5))]ds

M /tt— 2a=2g /IEH — 1% d
FZ—(a)(o( s) S)<O S (s, xn(8)) — f(s, Xp—1(5)) S>

M211b20¢—1 t
= TM2(@)Qa — 1)

M211b201 1 2
= <F2(Ol)(2(x— 1)> / / E”xn l(sl)_xn 2(S1)|| dS]dS

MZIleOt 1 Sp—2
< E n—1) — n— ds,—1...dsid
<F2(a)(2a — 1)> / / / 11 (5n—1) = Xo(sn—DII* ds,—1 ... dsyds

< M21L6% =1 N sup,c s Elxi(s) — xo(s) |12
I2(e)a — 1) n! '

A

E||xn (s) — xp—1(s)]1%ds

IA

which implies that

sup El[xp41(2) — xx ()|l
teJ

2 _ (M T \" supyey Ellxi(s) = x0()))?
M2()a — 1) n! )

Thus, the sequence {x,(f)},>0 < L2(Q,Y)isa Cauchy sequence. Therefore, there
exists x € LZ(Q, Y) such that

sup E|lx, (1) — x(1) > =

teJ

Taking the limitation in (3.1) as n — 00, the existence of mild solutions is obtained.
Next, we will prove the uniqueness.
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Suppose that x and y are two mild solutions of system (1.1). It is easy to check that

Ellx(t) — y(0)]?
2

t
=E ”/0 (t = )" Tyt — $)Lf (s, x() = f (s, y(s))1ds

M ( / t(r —s)Z“zds) ( / [ E|f(s,x(s)) — f(s (s))||2ds>
2@ \Jo 0 ’ Y

M2b2ot71ll t
< - - @
T I2(@Ra -1 Jo

IA

Ellx(s) — y(s)]|*ds.

Using Gronwall’s lemma, we have

sup E|x (1) — y(®)|I* = 0.

teJ

Thus, the mild solution is unique. O

4 Approximate Controllability

In this section, we investigate the approximate controllability of system (1.1) and
extend our results to FSDEs with bounded delay.
Define an operator F : 6 — L?(J,Y) by

(Fx)(t) = f(t,x(@)), t e J.

The linear operator .Z : L>(J, Y) — Y is given by

b
Zp =/ (b—5)"'Ty(b—s)p(s)ds, t € J.
0

The null space of .Z is denoted by 44(.%). It is easy to see that .4((.Z) € L*>(J,Y)
is a closed subspace, whose orthogonal space is denoted by %J- (.Z). Furthermore,
L%(J,Y) can be decomposed uniquely as L>(J, Y) = (L) @ %J-(f).

Let R(B) be the range of operator B. We also need the following assumption.

(Hs):ForV p € L*>(J,Y), there exists a function ¢ € R(B) such that ¥ p = Zq.
Moreover, R(.X) =Y.

Obviously, (Hs) implies that L2(J,Y) = A4(Z) & R(B). Define a linear and
continuous mapping & : JI{)J- (&) — R(B) by Pz* = g*, where ¢* € {z* +
N0(Z)} N R(B) is the unique minimum norm element, that is

12271 = llg™ll = min {[lv] : v € (=% + AL NRB)].
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By (Hs), it follows that for V z* € L/I{)L(f), {z* + ML)} N R(B) # ¥ and
Y z € L*(J, Y) has a unique decomposition z = n + ¢*. Therefore, the operator &
is well defined and || Z2|| < ¢ for some constant ¢ [36].

Lemma 4.1 [30,37] For VY z € L*(J,Y) and its corresponding n € N (ZL), there
exists a constant C > 0 such that

Inll2yy < (L+ Ozl L2¢s.y)-

We define the operator %" : L2(J,Y) > L%(J,Y) by

(HV)(1) = /Ot(t — ) Tt — s)v(s)ds.
Let
Do=1{m e L*(J,Y) :m@t) = (Hn)t),n € (L), t € J).
It is clear that for V m € %y, m(b) = (€ n)(b) = 0.
Assume that x (-) is a mild solution of system (1.1)*, define an operator g, : Zy —
9o by
(gxm)(t) = (H'n)(t), 1 € J,
where n is given by the unique decomposition
F(x4+m)=n+gq, n e ML), q € R(B).

Theorem 4.1 Suppose that (H,)— (Hs) are satisfied, then system (1.1)* is approximate
controllable, i.e., Kp(0) = L>(Q2,Y).

Proof For ¥V & € L*(Q,Y), we have & — Sy(b)xo — [o (b — $)° T, (b —
$)o(s)dBH (s) € L*(Q,Y). In particular £ — Sy (b)xg — fo”(b — 9T, —

$)o(s)dBH (s) e Y for almost all ® € Q. By (Hs), there exists p € L2(J,Y)
such that

b b
£ — Sy(b)xo— / (b—5)*"'T,(b—s5)0 (s)dB" (s)= / (b — )" Ty (b—5) p(s)ds.
0 0
Using (Hs) again, there exists ¢ € R(B) such that
b b
/ (b—9)"""Tyb —s)p(s)ds = / (b— )Ty (b — $)q(s)ds.
0 0
Therefore,
b b
£ = Sy (b)xo+ / (b—9$)"""Ty(b—s)o (s)dB (s)+ / (b—)*""Ty (b — 5)q(s)ds.
0 0
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2618 J.Lv, X. Yang

Note that ¢ € R(B), for V ¢ > 0 there exists a control function u, such that

()R — e
E|Bus(t) —qO|I* < ————5——
?g]) |Bus(t) —qg(®)|I© < M2p20e

Define
b
Ee = S (b)xo + f (b —5)*""Ty(b — 5)a (s)dBH (s)
0
b
+/ (b —$)* T, (b — 5)Bug(s)ds.
0
Thus, & € Kp(0). Moreover,
E|lE — &

b 2
=E ” / (b — )" " Ty (b — 5)[Buc(s) — q(s)lds

Fz(a) (/ (b —)*""||Bus — qnds)

M2b20( 5
< — E|B —
= Ga - D@ fleljp | Bue(s) —q ()l

<e,

2

which means that system (1.1)* is approximate controllable. O

Lemma 4.2 Suppose that (H1) — (Hy) are fulfilled, the operator g, has a fixed point
mo € Yy provided that

AM2b* (1 + C)2,
2(e)2a — 1)

4.1

Proof Forr > 0,let B, = {z € % : l|zll2(s.y) < r}. Next, we prove that g,(B,) €
B,. If it is not true, then for V r > 0, there exists an element m € B,, such that
lgx(m)|l12¢s vy > r. Consequently,

r < ”gx(m)”LZ(J Y) ”'%/n”l}(‘/’y)-
In fact, by Lemma 4.1, we have

2
I n) ()1

t
”/ (t —)* Tyt — s)n(s)ds
0

M2 t a1 2
rTa)( fo (1) ||n(s)||ds)

IA
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< m? </t(z—s)2°‘*2ds) (/t ||n(s)||2ds>
- I2() \Jo 0

M2b20t 1
=< W” ||L2(J Y)
M2p2=1 (1 + C)?
= W”F( +m)”L2(J Y)
M2b20t 1(1+C)2
< Teaa-1 / ILf (2. (x +m) () = f(t.0) + f (2, 0)[|*dr

2M2p% 1 (1 + C)2
I'2(a) Qo —

2M2b2a_1(] + C)Z , .
I2(a) (20 — 1) /0 <11||(x+m)(t)|| +lf)dt

2221 (14 C)? b a2 n
Fz(a)(zO[ — 1) 211 /(; ”x(t)” dr +r +ljb i

where [ = max;ey || f (¢, 0)||. Hence,

IA

(/ ILf (&, G+ m) (@) = £ 01 + I £ (2, 0)||2dt)

IA

2 < lgxmli7ss y, (4.2)
_ 2
- ”*%/n”LZ(‘] Y)

2M2p2(1 + C)? i )
SW[ /HX(t)II dr + 2072 + 12 }

Dividing by 2 on both sides of (4.2) and taking limitation as » — oo, it follows
that

4M2p%* (14 C)?1 -
Me)QRe—1 — °

which is a contradiction to (4.1). Thus, g, maps B, into B,.

By (H4) and Lemma 2.2, Ty, (¢) is a compact operator, which implies that g, is a
compact operator.

Due to Schauder fixed-point theorem, g, has a fixed point mo € %, which implies
that g, (mg) = ' ng = my. O

Theorem 4.2 Suppose that (H) — (Hs) are fulfilled and (4.1) is satisfied, then system
(1.1) is approximate controllable.

Proof Suppose that x(-) is the mild solution of system (1.1)*, that is
t
£(0) = Sum + [ 1= 9 10 = 5) Bus)ds
0
t
+/ (t — ) ' Tyt — s)o (s)dB (s).
0
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Recalling that g, (mg) = ¢ ng = my, then we get
F(x + mo)(t) = no(t) + qo(t).

Operating . on both sides, we obtain

HF(x +mo)(t) = A 'no(t) + A qo(t) = mo(t) + A qo(?).
Hence,

xX(t) + A F (x +mo) (1) = x(1) + mo(t) + A qo(0).
Denote y(f) = x(1) + mo(t), then
x(t)+ X Fy@t) = y@) + Hqo).
Hence,
y() =x(t) + A Fy(t) — # qo(t)
= Sa(t)xo + fo t(t — )" T, (t — $)[Bu(s) — qo(s)]ds
+ /Otu — )" Tyt — ) £ (s, y(s))ds + fotu — )" Ty (t — $)o (s)dB" (s).

Therefore, y = x + my is the mild solution of the following equation

CDy(1) = Ay(D) + (Bu = o) (1) + £ (1, y(0) + 00 L5 L, 1 € 10,61, (4 5
¥(0) = xo.

By the definition of J#" and ng € 4,(£), we have my(0) = mo(b) = 0. Further,

y(0) = x(0) + mo(0) = xo,
y(b) = x(b) + mo(b) = x(b) € Kp(0).

Next, we will prove K;,(0) € Kp(f). Since qo € R(B), there exists a v €
L%.(J,U) such that

sup E||Bv — qo||2 < .
teJ

Denote u = u — v and suppose that xj is the mild solution of the following equation

CDw(t) = Aw(t) + Bi(t) + f(t, w(t) + o ()LD, 1 € [0, b],
w(0) = xp.
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Thus,

t
xp(t) = Se(t)xo +/ (t — )" Ty (t — 5) [f (s, xi7(5)) + Bii(s)]ds
0
t
+/ (t — ) 't — s)o(s)dB (5), t €0, b],
0

and x;7(b) € Kp(f).
On the other hand,

Elly(®) — xz()]?

t
= EH / (t = )" Tyt — $)[(Bv)(s) — q(s)1ds
0

2

t
+/0 (t = )" To(t — $)[f (5, y(5)) — f (s, xi(5))1ds

2

t
<2E H/ (t — )" Ty (t — $)[(Bv)(s) — q(s)]ds
0

2
+2FE

t
/ (t =) Tt = $)[f (5, y(5)) = £ (s, xa(5))1ds

t
= FZ(a) (/ =% 2ds> <fo E”B”_q”2ds>
2M212 . t
Yo ( / (t - 5)? 2ds) ( /0 Elly(S)—xu(S)llzdS>

2b2aM2 2M212b21171 t
< + 1
T~ QRa—DI'%(a)  Qoa—DI2%(a) Jy

E|y(s) — xz(s)||*ds.

Let ¢(1) = E||y(t) — xz()|%, according to Gronwall’s lemma, it follows that

Elly(t) — xz@®)|* <

2M2p2g 2M213h>
Qu 1)r2(a) Qo — DI2(a)

Moreover,

) 5 2M?b*e 2MA3D*
E|lly®)—xz )| SSUIJ)EH)’(I)—W(I)H =< P17
te

Qo — DI (x) 20 — DI ()
Therefore,

Ellx(b) — xzD)|I* = Elly(b) — xz(b)|I?
- 2M2b2eg 2M213p%
= Qo — 1)F2(a) Qo — DI2(a)
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which implies that K;,(0) € Kp(f). By Theorem 4.1, K;(0) = L2(2, Y). Therefore,
Kp(f) = LZ(Q, Y). Hence, system (1.1) is approximate controllable. O

Remark 4.1 Theorem 4.2 is a generalization of the results in [22-29]. Our results
are obtained without assuming that the nonlinear item is uniformly bounded and the

corresponding fractional linear system is approximate controllable.

Based on the arguments above, we can extend our results to the approximate con-
trollability of FSDEs with bounded delay

CDYx(t) = Ax(t) + Bu(t) + g(t, x(t — ) + o ()LD e J:= 0, blas)
x(t) =y (@), t € [-h,0], '

where o € (%, 1], € D* denotes the Caputo fractional derivative, A, B, u, o, BH

are dgﬁned the same as system (1.1), g : J xY — Y, v € C([—h,0],Y).

Let ¢ = C([—h,b], L*(Q,Y)). It is a Banach space with the norm ||x[l> :=
1

2
( sup E||x(t)||2> :
te[—h,b]

The stochastic process x € % is a mild solution of system (4.4) if x(t) = ¥ (¢), t €
[—h, 0] and for all ¢ € [0, b] it satisfies the following integral equation

t
x(t) = Sq()xo + / (t — ) ' Ty(t — 5) [g(s, x(s — h)) + Bu(s)]ds
0

t
+/ (t — ) ' T,(t — 5)o(s)dB (s), t €[0,b], P —a.s.
0

We introduce the following hypotheses.
(Hl’ ): The function g : J x Y — Y is measurable and there exists a constantc; > 0
suchthatforVx e Y, V¢t e J,

lig(t, )% < er(1+ [1x]?).

(H}): There exists a constant /; > 0 such thatforV x,y e Y,V1 € J,

lig(t, x) — g(t, MI* < Lillx — ylI*.

Theorem 4.3 Suppose that (H/), (H}), (H3) and (Hy) are satisfied, then system (4.4)
has a unique mild solution on € provided that

M2p%],

—1"2(05)(201 1 < 1. 4.5)
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Proof Define the operator T : ¢ — (gby

Sa (H)x0 + fot(t — ) 1T, (t — 5)[g(s, x(s — h)) + Bu(s)]ds
(Tx)(0) =1 + [o(t =) Tyt — s)o(s)dBH (5), 1 € [0, b],
¥(t), t € [—h,0].

Using the same method in Lemmas 3.1 and 3.2, one can deduce that T : ¢ — € is
well defined. By simple calculations and (4.5), we can deduce that 7 is a contraction.
By applying the Banach contraction principle, we can get 7" has a unique fixed point
on % . Therefore, system (4.4) has a unique mild solution. O

Theorem 4.4 Suppose that (H{), (H,), (H3)—(Hs) are fulfilled and (4.1), (4.5) are
satisfied, then system (4.4) is approximate controllable.

Proof Using the same method in Theorems 4.1, 4.2, one can deduce this theorem and
hence we omit the detailed proof here. O

Remark 4.2 1f o (t) = 0, then system (4.4) reduces to system (1) of [30]. Hence, results
of [30] are generalized.

5 An Example

Consider the following fractional stochastic control system

CDiz(t, &) = %z(z,s)+f(t,z(t,é))+Bu(t,$)+o(z)%i(’), 1€[0,1], § € (0,7),
z(t,0) = z(t, ) =0, t € [0, 1],
2(0.8) = z0(6), § € (0, ),

(5.1

where € D1 is the Caputo fractional derivative of order % with respect to ¢, BY denotes
afBmdefinedon (2, .%, P).LetY =V = L2(0, ), J = [0, 1]. Define the operator

A:D(A)cY—>YbyAz=%,where

d 32
D(A) = {z eY:z, é are absolutely continuous, 8_52 ey, z(0) =z(m) = O} .

Lete, (&) = \/gsin(né), n =1,2,.... Note that {¢,},>1 is a complete orthonormal
set of eigenvectors of A. It is easy to check that A generates a strongly continuous
semigroup {S(#)},>0 which is compact, analytic and self-adjoint [9]. Hence, (Hy) is
fulfilled.

Define an infinite-dimensional space U by

o0 o0
U= {u:u:Zunen wichuﬁ < oo}
n=2

n=2
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1
The normin U is defined by ||u||y = (22022 u%) 2. Define the bounded linear operator
B : U — Y as follows:

o o
Bu = 2ujze; + Zunen, foru = Zunen eV.
n=2 n=2

Choose a sequence {o,}nen, oy > 0. Consider the operator Q : V — V defined
by Qe, = ane,. Assume that

o0
tr(Q) =Y Ja, < oo.
n=1
The process B (¢) is defined by
H = H 1
B (t):rgmﬂn (Den, 120, 2 < H <1,

where {8},cy is a sequence of mutually independent one-dimensional fBm.
Let

x(1)(§) = z(t,8), f(t, x(1))(§) = f(t,2(t,§)), u(®)(§) = u, §).

Then, (5.1) can be reformulated as

CDIx(t) = Ax(t) + Bu(r) + f(t, x(1)) —i—o(t)dB(Z(t), telo,1],
x(0) = xo

—t
Define f (¢, z(t, &) = Wﬁf&'gm Clearly, we have

If (@, 2@, NI =< |z(, §)I,

and

IS (2, z1()(E) — [, 220)) ()]
_ e lzi(t, §)] — lz2(t, §)]I
(I +eHA + 21, E)DA + [22(2, §))

—t
T+ o lz1(2,8) — z2(1, 8)|

1
= 511, 8) = 2@, 8.

A

Hence, (H;) and (H) are satisfied. If conditions (H3), (Hs) and (4.1) are satisfied,
then by Theorem 4.2, system (5.1) is approximately controllable on [0, 1].
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