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Abstract

The eccentric adjacency index of an n-vertex-connected and simple graph G is defined
S

as é”d (G) = er Vo %, where Sg (x) is the sum of degrees of neighbors of x and
ecg(x

ecg(x) is the eccentricity of x in G. Denote by G(n, k) the set of n-vertex-connected
graphs with k cut edges, where 0 < k < n— 1(k # n —2). In this paper, we determine
the graph with largest eccentric adjacency index and characterize the extremal graph
among all graphs in G(n, k).
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1 Introduction

Let G be an n-vertex-connected and simple graph with vertex set Vi and edge set
Eg. The degree of a vertex x in G, denoted by degs(x), is degs;(x) = [[G(x)],
where I (x) is the set of neighbors of x in G. A vertex x is called a pendent vertex
if deg; (x) = 1. The length of a shortest path connecting the vertices x and y in G is
called the distance between x and y and is denoted by dg (x, y). For a vertex x € Vg,
the eccentricity of x in G is ecg(x) = maxyey; dg(x,y). The radius rg and the
diameter dg of G are defined by rg = minyey, ecg(x) and dg = max ey, ecg (x),
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respectively. For a vertex x € Vg, the sum of degrees of neighbors of the vertex x in
Gis Sg(x) = ZyeFG(x) degs (y).

A path from x; to x, consisting of vertices x1, X2, ..., X, iS written by x1x2 ... x,
and is called xi,x,-path. The vertices x; and x, are the end vertices, and
X2, X3, ..., X,—1 are the internal vertices of the path x1x> ... x,. A path with length
dg in G is said to be a diametrical path in G. An n-vertex tree with n — 1 pendant
vertices and a vertex of degree n — 1 is said to be a star and is denoted by §,. An
n-vertex simple graph is called a complete graph if every pair of its vertices is linked
by an edge and is denoted by K,,. A complete subgraph of an n-vertex graph G is
called a clique in G.

For S C Vg and F C Eg, the graphs G — S and G — F are the subgraphs induced
by Vg — S and Eg — F, respectively. A vertex u (respectively, an edge e) is called a cut
vertex (respectively, cutedge) of an n-vertex-connected graph G, if G —v (respectively,
G — e) has at least two components. A cut edge is called an internal cut edge if it is not
a pendent edge. An n-vertex graph G is called a 2-connected (respectively, 2-edge-
connected), if G — v (respectively, G —e) is connected, for every v € Vi (respectively,
e € Eg). An n-vertex-connected graph is said to be a block if it does not have any cut
vertex. The cyclomatic number of an n-vertex-connected graph G is ¢(G) = m—n+1,
where m is the size of G. In particular, if ¢(G) = 0 then G is a tree. If ¢(G) = 1 then
G is a unicyclic graph, and if ¢(G) = 2 then G is a bicyclic graph. Every tree has at
most n — 1 cut edges and an n-vertex-connected graph having cyclomatic number at
least one has at most n — 3 cut edges. Thus, it is obvious from the above statement that
for any n-vertex-connected graph with k cut edges, we always have 0 < k <n — 1
and k #n — 2.

A molecular graph G is a representation of the structural formula of a chemical
compound in terms of graph theory. A topological index is a number which charac-
terizes properties of G. Recently, the development of computational chemistry owes
much to the topological index of a molecular graph. The topological indices have
mainly described the non-empirical molecular structure quantitatively and analyzed
the structure and performance of molecules. There are many classes of topological
indices; some of them are distance-based, degree-based, degree-distance-based and
eccentricity-based indices of graphs. The one of the most used topological indexes,
Wiener index, is defined as the sum of all distances between unordered pairs of vertices

WG = ) dx,y).

{x,y}SVe

Recently, many eccentricity-based topological indices have been defined, e.g.,
eccentric connectivity index, total eccentricity index, Zagreb eccentricity indices, etc.
One of mostinvestigated eccentricity-based indexes is the eccentric connectivity index,
which was proposed by Sharma et al. [15]. The eccentric connectivity index is defined
as:

£9G) = ) degg(x)eci (x). ey

xeVg
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The eccentric connectivity index has been shown to give high level of predictability of
pharmaceutical properties and provides leads for the development of safe and useful
anti-HIV compounds [7].

The eccentric adjacency index (also known as Ediz eccentric connectivity index
[8]) is the modification of eccentric connectivity index and is defined as follows:

S
gy = Y 2 @)

xeVg ecG(x)

Relationship of eccentric connectivity index and eccentric adjacency index has been
investigated by Gupta et al. [10]. The eccentric distance sum was introduced by Gupta
et al. [11], which was defined as:

£1G) = ) ecg(x) DG (x),

xeVg

where Dg(x) = ZerG dg(y, x) is the sum of all distances from the vertex x.

In recent years, finding the extremal bounds for some topological indices in terms
of graph structure parameters, has turned out to be a useful direction in extremal graph
theory and many results are obtained. In [1], the authors found the extremal conjugated
trees with respect to eccentric connectivity index and eccentric adjacency index. In
[2], the authors determined the largest unicyclic graphs with a given girth and largest
tree with a fixed diameter with respect to eccentric adjacency index. Akhter [3] derived
the extremal trees for eccentric connectivity and eccentric adjacency indices in terms
of other graph invariants including matching number, bipartition size, independence
number and domination number. Hua [12] determined the smallest value of Wiener
index among all n-vertex-connected graphs with k cut edges. Hua et al. [13] character-
ized the graphs with the smaller eccentric distance sum among all n-vertex-connected
graphs with k cut edges. For further studies on topological indices of graphs with given
parameters, we refer [4-6,9,14,16-20] to the readers.

Motivated by the work referred above, we continue the research on the eccentric
adjacency index of graphs with some given parameters. In this paper, we find the
graphs with the largest eccentric adjacency index among the n-vertex graphs with a
given number of cut edges and characterize the extremal graphs.

2 The Connected Graphs with a Given Number of Cut Edges

Let G(n, k) be the set of n-vertex-connected graphs with k cut edges, where 0 < k <
n—1(k # n—2). Denote by K ,]f_ « the graph obtained by attaching k pendent vertices
to a unique vertex of a complete graph K,_,. In this section, we find an n-vertex-
connected graph in G(n, k) with largest eccentric adjacency index. First, we prove
some lemmas which will be crucial to the proof of our main result (Fig. 1).

Lemma 1 Let Hy and H> be two vertex-disjoint-connected graphs each of order at
least2 withu € Vg, and v € Vp,. Let G| be the graph obtained by connecting u and
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G, w, Gy

Fig. 1 The graphs G| and G, in Lemma 1

v by an edge uv, and G, be the graph obtained by identifying u with v and introducing
a pendent edge uw with pendent vertex w, respectively. Then £44(G1) < £%4(G>).

Proof For each vertex x € Vg,, we have

ecg,(x) = max{ecy, (x), du,(x,u) + 1+ ecy,(v)}, if x € Vg,

ecg,(x) = max{ecy, (x), du,(x,v) + 1+ ecy ()}, if x € Vy,. &)
For each vertex x € Vg, \{u, w}, we have
ecg,(x) = max{ecy, (x), du, (x,u) + ecy,(v), dp, (x,u) + 1}, ?fx € Vu,, @
ecg,(x) = max{ecpy, (x), du,(x,v) +ecy, (), du,(x,v) + 1}, if x € Vpy,.
Now, it is easily seen that the eccentricities of u and w in G are as follows:
ecg,(u) = max{ecy, (u), ecm,(v)}, 5)

ecg,(w) = max{ecp, (u) + 1, ecp,(v) + 1}.

Note that from (3) and (4), we get ecg, (x) > ecg,(x) for each x € Vg, \{u, v}. By
the construction of G| and G2, for each x € Vg, \({u, v, w} U I'y, (u) U I'y, (v)), we
have Sg, (x) = Sg, (x). For each x € I'y, (1), we have

Se(x) = Y degy, (v) +degy, () + 1,
yelu; O\ {u)
(6)
Sg,(x) = Z degy, (y) +degy, (u) + degy, (v) + 1.
yelu, O\ {u)
For each x € I'y, (v), we have
Sei(x) =y degp,(y) +degy, () + 1,
Y€, ()\{v}
@)
Se,(x) = Y degy,(y) + degy, (u) + degy, (v) + 1.

el )\ {v)
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Furthermore, the sum of degrees of neighbors of the vertices «, v and w in G| and G2
is given by

Soy(w)y =Y degy, (y) +degy, (v) + 1,

yely (u)
So,(v) =Y degy,(y) + degy, (u) + 1,

Y€l ) ()
Se, )=y degy (M + Y degy, () +1,

YEln; (W) YETH, (v)

SG,(w) = degy, (u) + degy, (v) + 1.

Therefore, from (3) to (8), we obtain

SRS

xe€ly, (u)

Zyel—'yl o\ (v} 98, (v) + degy, (u) + 1
ecg,(x)
Zyen,l o\ (v} 988, (¥) + degy, (u)

_ Z + degHz(v) + 1
ecg, (x)

xeFHl (u)

p>

(Zyeer o\ (v) degp, (v) + degy, (v) + 1)

xelp, (v) €6y (¥)
2 yery, o\w) 462, (v) + degp, (u)
Z + degH2 (w)+1
x€lm, (v) €CGy )

ZyeFH] w) degm, (v) +degy, (v) + 1
max{ecq, (u), ecy,(v) + 1}

ZyGFHI (u) deng (y) + Z degHz ()’) +1
Y€y, (v)

max{ecy, (u), ec,(v)}
Zye]"Hz(v) degy, (v) +degy, (u) + 1
max{ecy, (v), ecy, (u) + 1}
degy, (u) + degy, (v) + 1
_max{ecHl ) +1, ecy,(v) + 1}

_ Z degH2 (v) n Z degHz(u)
xely () ecg,(x) xelg,(v) ecg,(x)
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ZyeFHl w degp, () + degy, (v) + 1

max{ecy, (u), ecy,(v) + 1}
ZyGFH, w degp, (¥) + ZyGFHz(v) degy, () +1

max{ecy, (u), ecq,(v)}

Zyeryz(v) degy, (v) + degy, (u) + 1
max{ecp, (v), ecy, (u) + 1}

degy, (u) +degy, (v) +1

_max{ecH1 )+ 1, ecy,(v) + 1}

CaseI If ecy, (u) > ecp,(v) + 1, then

£49(G) — £°(Ga) = — (Z degp,(v) | degHzW))

xely () ecg,(x) xely,(v) ecg,(x)
+ Z)’EFH] (u) deng (y) + degH2 (U) + 1
ecy, (1)
ZyGFHl (u) deng ) + z:yeI‘H2 (v) degHz »+1
ecy, (1)
Z)’GFHZ(U) degHz(y) + deng (M) + 1
+
€CH, (I/t) +1
_ degy, (u) +degy, (v) +1
ecg, (u) +1
(v degp, ) | 5~ deg, (u)
xelg ) ecg,(x) xelg,(v) ecg,(x)
ZYGFHZ (v) degHz (y) - degHz (U)
+
ecy, (u) +1
ZyeFHz ) deg g, (v) — degy, (v)

- <0
ecp, (u)

Case Il If ecp, (v) > ecy, (1) + 1, then

£94(Gy) — £99(Gs) = — (Z degy, () 3~ degy, (u))

Y&l ) ecg,(x) xelm, () ecg,(x)
Zyer,,l ) degy, () +degy, (v) + 1
* ecy,(v) +1
Zye]"yl ) degm, (v) + Zye]"yz(v) degy, (y) +1
ecy, (v)
N ZyEFHZ(v) degy, (v) +degy, (u) +1

€CH, (v)
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_ degp, (u) +degy, (v) +1
eCHz(v) + 1
— (Z degﬂz (U) + Z degHz (u))
xely () ecg,(x) xely,(v) ecg,(x)
ZyEFHI (u) deng (y) - deng (M)
+
eCHz(v) +1
ZyEFHl w) degp, (y) — degy, (u)

— <
ecr,(v)

Case IIl If ecyy, () = ecp, (v), then

d d
£4(G) —§°(Ga) = — (Z degp, (1) | egHz(u)>

xelg () ecg,(x) xelg, (v) ecg,(x)

ZyEFHl w) degp, (v) +degy, (v) + 1
* ecy,(v) +1
Zyerﬂl w degy, () + Zye]"Hz(u) degy, (y) +1
ecm, (v)
Zyel"yz () deg g, (v) +degy, (1) + 1
- ech,(v) + 1
degy, (u) +degy, (v) + 1
- ecy,(v) +1
de v de u
= (ZxEFHl (u) ei’f(i)) + erer (v) %)
Zyer,,l w) degm, () + Zye]"Hz(v) degy, (y) +1
* ecy,(v) +1
2yery, o de8m O + Xyery, @) degn, () +1

_ <0
ecp, (v)

This completes the proof. O

In the following lemma, we prove an elementary result.

Lemma2 Let G 2 K, be an n-vertex-connected graph, and u,v € Vg be non-
adjacent vertices of G. Then £44(G) < £%4(G + uv).

Proof Observe that dg(u, v) > 2 and dgyuy(u, v) = 1. Let x € Vi and A be the set
of eccentric vertices of x in G, such that ecg (x) = dg(x, u) + dg(u, v) + dg(v, y),
forall y € A. Then

ecGiuy(X) = dguv(x, ) + dcyuv(u, v) +deuv(v, y)

9
<dg(x,u) +dg(u,v)+dg,y) =ecg(x). ©)
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The eccentricities of other vertices of G are same in G and G +uv. The sum of degrees
of neighbors of the vertices u and v in G 4 uv is given by

SG4+uv(m) = Sg(u) + degg (v) + 1,

(10)
SG4+uv (V) = Sg (v) +degg (u) + 1.
For each x € I'G(u) and y € I'(v), we have
SG4uv(X) = Sc(x) + 1, Sg1u(y) = Sg(y) + 1. (1D

Therefore, from (9) to (11), we obtain

Sc(u) Sc(u) + degg(v) + 1 S (v)

£9G) — £YG +uv) <

ecGyuv(ut) B ecGuv () ecGuv(v)
~ Sg(v) +degg(u) +1 n ( Sc(x)
ecGuv(v) xelo) ecGyuv(x)

_SG(X)+1)+ )3 ( Sc(y) _SG(y)-H)

ecG4uv(X) yelo ) ecG4uv(y) ecG4uv(y)
_ degg(w)+1  deggw)+1 1
ecGuv(Ut) ecG1uv(v) xelo ) ecGyuv(x)
1
veTo ) €CGHuy »
< 0.
This completes the proof. O
Lemma3 Let H be a complete graph of order n > 2, and vy, ...,v; € Vg be
some distinct vertices of H, where 2 <t < n. Let Hy, H, ..., H; be the non-trivial
connected graphs corresponding to a vertex vy, v, ..., Vs, respectively, and u; €
Vu,,us € Vp,, ..., u; € Vy,. Let G3 be the graph obtained from H by identifying
avertex uj € Vy; to a vertex vj € Vy for j = 1,...,1, respectively. Let G4 be
the graph obtained from H by identifying the vertices uy, us, ..., u; to a vertex, say

v € Vy, ofv’/.s. Then £94(G3) < £%4(Gy).

Proof The order of both G3 and G4 is defined as n = 23':1 |Hj| —t+ |H]|. For each
vertex u € VH/., we have

ecgy(u) = maxfecy; (), du; (u, uj) +1+ecpy (uy), 1 # j},

: (12)
ecg,(u) = maxfecy; (u), du; (u, u;) +ecp (ur), 1 # j}.
For each w € Vg\{v1, va, ..., v}
ecgy(w) = ecg,(w) = max{l +ecpy; (vj), j=1,2,...,1} (13)
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From (12) and (13), it is obvious that ecg,(u) > ecg,(u) for each u € Vpg;. Let
A= VHJ.\(VH N VHj) U FHJ. (u ;). Note that S, (x) = Sg,(x) foreach x € A, where

1 <j <t.Foreachvi,vy,...,v; € VHOVHJ.,jz 1,...,¢t,
S (v1) = S (v) + Z degyy, (uj) + Sy (un), forl = 1,2, 0. 4y
j=l1,
J#l
Also
SG;3(x) = Sg,(x) = Sp(x) + Z degy, (uj), Y x € Vg\{vr, v2, ..., v}, (15)
=1
SG,(x) = SHj(x) +degy (vj)), Vxe FH_l.(u]), where 1 < j <t.
From (14) and (15), we obtain
t ] t
£9Gy) =) ———— | Suw) + ) _ degy, (uj) + Sw, (wr)
= ecgs(ur) o :
J#l
1
+ > SH(x) + ZdegH (u))
xevV, ecG; (x)
w\{v1,v2,...,0,}
t t (x)
+y Y (Su, (x) + degyy (v))) + Z Z
— L ecg,(x) ecG;(x)
j= xeFHj(uj) =1x€A (16)
Sy (x) degH (uj) d N:AUD)
=2 o +ZZ ccer ) T2 ey
xeVy 3 =1 j=1 3 =1 3
#l
! degH W) Sh;(x)
/ J
AP OID DR D SIP Siryee
j=1xeVu\{v1,v2,...,v¢} j=1xely; (u)) 3
t
degH(vj) SH; (x)
+2 2 Z ) e
j=xely, (u)) ecg; (x) —1xeA ecGs (%)’
Furthermore, the sum of the degrees of neighbors of v in G4 is as follows:
t
S6,(v1) = Su() + Y _ S, (u)). (17)

J=1
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Also

SG,(x) = Sp(x) + Z degy, (uj), ¥V x € I'y(v1),
o
SG4(x) = Sp;(x) +degy (v) (18)

t
+ ZdegHj(uj)’ Vx €'y (u), wherel <1 <t.
j=1
J#l

From (17) and (18), we obtain

1 ! 1
ad _ .
£(Gy) = —eCG4(v1) Sy (vy) + -E: SH;(uj) | + E <SH(X)

cermon €664 (%)

+ZdegH (u,)) +Z >

1=1 x&lp; (ur)

(SH, (x)

€CGy (X)

Sh,
+degH(v1)+ZdegHj(uj)> ZZ # )
=1xeA

o ecg,(x)
J#
Su@) degyy, (uj) S (x)
= 2 ecG,(x) Z 2 Cecgy(x) IS ecG, (x)
xely (vy) 4 j=1xely(vy) I=1 x&lp (ur) 4

by Y deln, 5y oy S

ec X ec X
I=1 xely, (un) Gux) iz 1]'#},\:61"11 (@) Cecq, ()
J

ZZ SH; (x)

j=1xeA ecGy(x)’

Since H is a complete graph, I'y(vi) = Vg \{v1} and the degree of every vertex is
same.

L\ S, (uj degy (u;
Ead(G4) — Z SH/ (M]) + Z SH()C) Z Z egHj (MJ)
J

=1 ¢cGa (VD) erH\{v}ecG“(x) o xevantoy €66+
t
Sp () degH(Ul)
LD DD B e 5Dy 0. ()
I=1 xely(u) ~ ~* I=1 x&lp (ur) 4

degy, (uj) Sh; (x)
DD NPT N> .

I=1 j=1 xelg () ecq,(x) 1 rea €66 (%)
i#l
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4 .
-y +Z—SH’(“’) (19)

xeVy €CG4(X) 1 ecG,(v1)

! degy (uj) degy (uj)
+ - - 4 7 -
Z Z UZZ Ut

j=1 \xeVy\{vi,v2,...,vs} ecGy(x) xefva,n, } ecG, (x)
t
SH](X) degH(vl)
2 2 o D3> e
I=1 xely (u) 74 I=1 xe&ly (u) 4

degy (uj) Sh; (x)
+ZZ > ZZ -

1=1 j=l xelp @) 04 Cecq,(v) eCG“(x)
il

Thus, from (16) and (19), we obtain

£9(G3) — £9(Gy) < Xt: ( Shy () Sp;u;) )
/_

ecg,(vj) ecg,(v1)

+Z Z (degH(vj)_degH(v1)>

22 xe i) ecg,(x) ecg,(x)
N Z degy, (u)) B degy, (u))
j=2 ecg,(v1) ecg,(v))

Yy oy St

ec X

I=1 j=1 xely, (u) G4()
Al

< 0.

This completes the proof. O

By elementary calculations, one can easily derive the following lemma.

Lemma4 Let K f_k be an n-vertex-connected graph as described above, where O <
k<n—1(k #n—2). Then

nn —1)>2
K =1, 2
E((n —k—D2(n —k) + (n — 1)% + 2k) fork > 1.

fork = 0,

—1)?
Proof If k = 0 then K*_, = K,_ and £99(K* ) = % Since there are

n — k — 1 vertices of eccentricity 2 and the sum of degrees of its neighbors ((n — k —
2)(n —k — 1) 4+ (n — 1)), one vertex of eccentricity 1 and the sum of degrees of its
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2520 S. Akhter, R. Farooq

neighbors (n — k — 1) 4+ k, and k pendent vertices of eccentricity 2 and the sum of

degrees of its neighbor n — 1 in K,]l‘_k, k > 1. Therefore, by Eq. (2), we obtain the
following:

m—k—D[n—k=2(n—k—1)+@n— 1]

£ KN = 5
—k—D%4k k(n—1
N (n )* + N (n—1)
1 2
1 1
:z(n—k—l)z(n—k—2+2)+§(n—1)(n—k—1+k)+k
1 2 2
=§((n—k—1) (n—k)+ (n— 1"+ 2k).
This completes the proof. O

The following theorem gives the n-vertex-connected graph with larger eccentric
adjacency index among all the graphs in G(n, k), where 0 < k <n — 1(k #n — 2).

Theorem 1 Let G € G(n, k) be an n-vertex-connected graph with k cut edges. Then
nn —1)>2

G <, 2
5((n—k—1)2(n—k)+(n—1)2+2/<) for k> 1,

for k=0,

equality hold if and only if G = K,]z‘_k.

Proof Let G4y € G(n, k) be agraph with the largest eccentric adjacency index among
all n-vertex-connected graphs with & cut edges. Let E' = {eq, €2, ..., ex} C EG,...
be the set of all cut edges of G,,4,. Then, all edges in E’ must be pendent edges and
incident at a common vertex of G4y, say w. For k = 0, the graph G, has no cut
edges and its each component is a clique or a single vertex. If G, is not the graph
as described above, then we can add an edge e between two non-adjacent vertices of
G pax and obtain a new graph G, + uv having no cut edges. But by Lemma 2, we
get £9(Gax) < £°(Gax + uv) and it contradicts our assumption.

Therefore, now we have 1 <k <n — 1 and k # n — 2. If G4, has an internal cut
edge uv, then we can construct a new graph by identifying # with v and introducing a
pendent edge uw with pendent vertex w and denote it by G». Itis obvious that G, has k
cutedges. Thus, by Lemma 3, we obtain £ (G,4x) < £°(G2), whichis a contradiction.
When k = n — 1 we have G4, 1s a tree, and thus, we have G0 = S, = K,,_1, as
our claim.

Next, we suppose that 1 < k < n — 3. Now let 2-edge-connected graph G3 with
order n — k and k pendent edges is an induced subgraph of Gy If G3 22 K, —k,
then we can add edges into G3. Similar to the above argument, we can deduce a new
graph with a larger eccentric adjacency index than Gy, and therefore, G3 = K,
in G,4x. Moreover, we can conform that all k pendent edges in G, must be attached
at the same vertex of K;,_¢. Let G4 22 G,4x be a graph with k pendent edges and these
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vertices attached at v; vertices of G4. Then, we can transform the k pendent edges
to exactly one vertex of clique K, _; of G4. Therefore, by Lemma 1, we construct
a new graph with a larger eccentric adjacency index than that of G4, which is a
contradiction.

Therefore, from all the above discussion, we must have G,y = K ']1‘7 « By Lemma

dwk n(n —1)° d(wk 1 2
4, wehave £9“(K, ) = ————fork =0,and §“(K,_,) = 5((n—k— DH(n—

k) + (n — 1)2 4 2k) for k > 1 and this completes the proof. O
The following result is the consequence of Theorem 1 fork =n — 1.

Theorem 2 (Akhter and Farooq [2]) Let G be an n-vertex-connected graph, n > 2.
2
n2 —

1
Then, £%4(G) < with equality if and only if G = S,.
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