Bull. Malays. Math. Sci. Soc. (2020) 43:2443-2453 MALAYSIAN Mt
https://doi.org/10.1007/s40840-019-00809-6 o

hap:f/wwwspringer com/mathematics/ournal/ 40840

®

Check for
updates

Strong Geodetic Number of Graphs and Connectivity

Zhao Wang' - Yaping Mao?* . Huifen Ge’ - Colton Magnant3*

Received: 21 December 2018 / Revised: 17 June 2019 / Published online: 30 July 2019
© Malaysian Mathematical Sciences Society and Penerbit Universiti Sains Malaysia 2019

Abstract

A recent variation of the classical geodetic problem, the strong geodetic problem, is
defined as follows. If G is a graph, then sg(G) is the cardinality of a smallest vertex
subset S, such that one can assign a fixed geodesic to each pair {x, y} € § so that
these (‘g') geodesics cover all the vertices of G. In this paper, we first give some
bounds for strong geodetic number in terms of diameter, connectivity, respectively.
Next, we show that 2 < sg(G) < n for a connected graph G of order n, and graphs
with sg(G) = 2, n — 1, n are characterized, respectively. In the end, we investigate the
Nordhaus—Gaddum-type problem and extremal problems for strong geodetic number.
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1 Introduction

LetV(G), E(G),e(G), G,d (G) be the vertex set, edge set, size, complement, diameter
of G, respectively. Covering vertices of a graph with shortest paths is a problem that
naturally appears in different applications; modeling them as graphs, one arrives at
different variations of the graph problem. Given a pair of vertices « and v in a graph G,
the shortest path interval between u and v is the set of all vertices contained in shortest
paths from u to v. The classical geodetic problem [7] is to determine a smallest set of
vertices S of a given graph such that the (shortest path) intervals between them cover
all the vertices. For more details on this subject, we refer to the survey [2] and the
book [11] for a general framework on the geodesic convexity. Recent developments
on the geodetic problem include the papers [3,4,12], for a detailed literature survey
see [8,9]. Another variation of the shortest path covering problem is the isometric
path problem [5] where one is asked to determine the minimum number of geodesics
required to cover the vertices; see [10]. Motivated by applications in social networks,
very recently the so-called strong geodetic problem was introduced in [8] as follows.

Let G = (V, E) beagraph. Givenaset S € V, for each pair of vertices {x, y} € S,
x £y, let P (x, y) be a selected fixed shortest path between x and y. Then we set

I(S)={P(x,y):x,y€S),

and let V(I(8)) = Upcjs) V(P). If V(I(S)) = V for some collection of paths

T (S), then the set S is called a strong geodetic set. The strong geodetic problem is to
find a minimum strong geodetic set S of G. Clearly, the collection 1(S) of geodesics
consists of exactly ('g') paths. The cardinality of a minimum strong geodetic set is
the strong geodetic number of G and denoted by sg(G). For the edge version of the
strong geodetic problem, we refer the reader to [9].

In [8] it was proved that the problem of deciding whether the strong geodetic number
equals a given value is NP-complete.

Let G(n) denote the class of simple graphs of order n (n > 2) and G(n, m) the
subclass of G(n) in which every graph has n vertices and m edges. Give a graph
parameter f(G) and a positive integer n, the Nordhaus—Gaddum Problem is to deter-
mine sharp bounds for (1) f(G) + f(@) and (2) f(G) - f(@), as G ranges over the
class G(n), and characterize the extremal graphs, i.e., graphs that achieve the bounds.
Nordhaus—Gaddum-type results in general have received wide attention; see a recent
survey paper [1] by Aouchiche and Hansen.

In Sect. 2, we give some bounds for strong geodetic number in terms of diameter,
connectivity, respectively, and give sharp upper and lower bounds for join and corona
graphs. In Sects. 3 and 4, we show that 2 < sg(G) < n for a connected graph G of
order n, and graphs with sg(G) = 2, n— 1, n are characterized, respectively. In Sects. 5
and 6, we investigate the Nordhaus—Gaddum-type problem and extremal problems for
strong geodetic number, respectively.

In particular, in Sect. 6, we consider the following problems.
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Problem 1 Given two positive integers n and k, compute the minimum integer
s(n,k)y =min{|E(G)|: G € 9 (n, k)},

where 4 (n, k) the set of all graphs of order n (that is, with n vertices) with strong
geodetic number k, where 2 < k < n.

Problem 2 Given two positive integers n and k, compute the minimum integer f (n, k)
such that for every connected graph G of ordern, if |[E(G)| = f(n, k) thensg(G) > k.

Problem 3 Given two positive integers n and k, compute the maximum integer g(n, k)
such that for every graph G of order n, if |E(G)| < g(n, k) then sg(G) < k.

2 Bounds for Strong Geodetic Number

For trees, the following observation is immediate.
Observation 2.1 If T is any tree, then sg(T) equals the number of leaves in T.

Given a vertex x and a set U of vertices, an (x, U)-fan is a set of paths from x to
U such that each pair of paths shares only the vertex x. The size of a (x, U)-fan is the
number of internally disjoint paths from x to U.

Lemma 2.1 (Fan Lemma, [13], p. 170) A graph is k-connected if and only if it has at
least k + 1 vertices, and for every choice of a vertex x and a set U with |U| > k, the
graph has an (x, U)-fan of size k.

By the Fan Lemma, we can derive the following result.

Theorem 2.1 Let G be a connected graph of order n (n > 2), and let k be a positive
integer. If sg(G) =n — k, then k (G) < k or k(G) > n — 2k.

Proof If n < 3k + 1, then trivially x(G) < k or k(G) > k + 1 > n — 2k, as desired.
We may therefore assume that n > 3k + 2 and assume, for a contradiction, that
k+1<k(G) <n—2k—1.Letk(G) =rsok+1 <r <n—-2k—1landn—r > 2k+1.
Let X be a minimum vertex cut set of G so |[X| =r > k+ 1. Let Cy, Cy, ..., C;
be the components of G — X, of which C; is the smallest. Set A = U;;i V(C;) and
x € V(Cy). Clearly, |A] > k + 1. Choose Y € A so that |Y| = k + 1. Because G is
(k + 1)-connected, there is an (x, Y)-fan of size k + 1 in G. Let Py, P>, ..., Pry be
the k + 1 internally disjoint paths in this fan. Let Z = (Uf‘;rll V(P;)) — Y — x. Since
EGl[A, C;] = 0, it follows that |Z N X| > k + 1. Choose k + 1 vertices in Z N X,
say vi, V2, ..., Ukt1, such that v; € V(P;). Let S = V(G) — {v1, va, ..., vg+1}. For
each v; (1 < i < k + 1), it has two nonadjacent neighbors in P;, say a;, b;. Since
aib; ¢ E(G), it follows that a strong geodetic set connecting @; and b; can use the
vertex v;. So one can assign a fixed geodesic to each pair {x, y} € § so that these
geodesics cover all the vertices of G. So sg(G) < |S| < n — k — 1, a contradiction.
Therefore, k (G) < kor k(G) > n — 2k. O
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2446 Z.Wang et al.

Isi¢ [6] obtained the upper and lower bounds of sg(G) in terms of diameter.

Theorem 2.2 [6] Let G be a connected graph of order n (n > 2) with diameter d.
Then

d(G) —3+/(d(G) —3)2 + 8n(d(G) — 1)
2(d(G) — 1)

—‘ <sg(G) <n—-d(G)+ 1.

Similarly to the proof of Theorem 2.1, we can derive the following upper bound
for strong geodetic number.

Proposition 2.1 Let G be a connected non-complete graph of order n (n > 3). Then

sg(G) < max { {%’C(G)J ,n— K(G)} .

Proof Let X be a vertex cut set such that | X| = «(G). Let Cy, Cy, ..., C, be the
connected components of G —X. Notethat Y ;_, |C,| = n—«(G).LetC' = Ulr;ll C;.
Then |C,| > r%((;ﬁ or |C'| > f%@l Without loss of generality, we suppose
IC'| > "9 Let p = min”%@ﬂ ,I((G)}. Choose v € C,, U < C’ and
|U| = p. From Lemma 2.1, there is an (v, U)-fan in G and this fan has p common
vertices with X. Choose the other n — p vertices as S. Then these geodesics cover all

the vertices of G. So sg(G) < max { LHKT@J N — K(G)}. O

To show the sharpness of the above upper bound, we consider the following exam-
ple.

Example 1 For n > 7, we let G be a graph obtained from K,_; by adding a pendent
edge. Then sg(G) = n — 1 = max { ["“LKQ&J Jn— K(G)].

3 Results for Some Graph Classes

The graph join and corona operations are defined as follows.

The join or complete product of two disjoint graphs G and H, denoted by G V H,
is the graph with vertex set V(G)U V(H) and edge set E(G) U E(H) U{uv |u €
V(G),v e V(H)}.

The corona G * H is obtained by taking one copy of G and |V (G)| copies of H,
and by joining each vertex of the ith copy of H with the ith vertex of G, where
i=12,...,1V(G)|.

Proposition 3.1 Let G, H be two connected graphs such that G or H is not complete.
Then

s¢(G Vv H) < max ||V(G)| + max{|V (H)| — |E(G)|, 0}, |V (H)|
+max{|V(G)| — |[E(H)I,0}},
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and

se(G vV H) > [—1 +V8(IV(G)[+ [V(H)D) + 1—‘.

2

Proof For each pair of nonadjacent vertices in G, the connecting path can cover a
vertex of H. Observe that there are | E(G)| such pairs. Choose S = V(G) U X with
X C V(H) and |X| = |V(H)| — |E(G)|. Then the geodesics cover all the vertices
of G v H, and hence sg(G v H) < |V(G)| + max{|V(H)| — |E(G)|, 0}. Similarly,
sg(G Vv H) < |V(H)| + max{|V(G)| — |E(H)|, 0}. The result follows. The lower
bound follows from Theorem 2.2. O

To show the sharpness of upper and lower bounds, we consider the following
examples.

Example 2 Let G, H be complete graphs of order n, m, respectively. Then sg(G Vv
H)=n+mand |V(G)|+max{|V(H)| - |E(G)|,0} = |V(G)|+ |V(H)|=n+m
and |V (H)| 4+ max{|V(G)| — |E(H)|,0} = |V(G)| + |V (H)| = n +m. This implies
that the upper bound is sharp.

Example 3 Let G be a graph obtained from a clique K, by adding x pendent edges
ujv; (1 < i < x) such that u; € V(K,), and let H be a clique of order m,
such that n +m = (3). Then |V(G)| = n + x and |[V(H)| = m, and hence
VHZ\/W

bound is sharp.

1 = x. Clearly, sg(G v H) = x. This implies that the lower

Proposition 3.2 Let G, H be two connected graphs. Then

d(H) -1

sg(H)|V(G)| < sg(G x H) < [V(G)] <IV(H)| - {TD
Proof Let V(G) = {u; |1 <i < n},and H(u;) (1 <i < n) be the copies of H in
G+ H,and V(Hu;)) = {(u;,v;) |1 < j <m} (1 <i <n),where|V(H)| =m.Let
V12 ... V441 beashortest path between vy and vy41 in H. Foreach H (u;) (1 <i < n),
let (u;, v1), (ui, vg4+1) be the two vertices such their distance in H (u;) is d(H). Let
Xi = {(ui, v2)) 11 < j < [%54]). Note that |V (H ;)| — |X;] = m — [454] =
\V(H)| — L%J Choose S = V(G * H) — U, X; = U, (V(H(u) — Xo).
For each u; (1 <i < n), the geodesic from (u;, v1) to (u;, vg+1) can cover it; for the
vertex (u;, v2;) (1 < j < Ld%lj), it can be covered by the geodesic from (u;, v2;—1)
to (u;, v2j4+1). Itis clear that

d(H) —1
se(H)|V(G)| = se(G # H) = |V(G)| <|V(H)| _ {TD

]

To show the sharpness of upper and lower bounds, we consider the following
example.
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2448 Z.Wang et al.

Example 4 Let H be a complete graph. Then sg(H) = |V (H)| and hence sg(G*H) =
|V (G)||V (H)]. This implies that the upper and lower bounds are sharp.

4 Graphs with Given Strong Geodetic Number

The following proposition is easily seen.

Proposition 4.1 Let G be a connected graph of order n (n > 2). Then
2 <sg(G) <n.

We first classify those graphs with strong geodetic number equal to the lower bound
of 2.

Proposition 4.2 Let G be a connected graph of order n (n > 2). Then sg(G) = 2 if
and only if G is a path.

Proof If G is a path, then sg(G) = 2. Conversely, we suppose sg(G) = 2. From the
definition, there exist an § € V(G) with |S| = 2 such that there is a shortest path
connecting S that covers all vertices in V(G) — S. Let S = {x, y}. Then dg(x, y) =
n — 1, and hence diam(G) > n — 1, so G is a path. O

Next we classify those graphs with strong geodetic number at the opposite extreme
from Proposition 4.1, equal to the order of the graph.

Proposition 4.3 Let G be a connected graph of order n (n > 2). Then sg(G) = n if
and only if G is a complete graph of order n.

Proof Suppose sg(G) = n. We claim that G is a complete graph of order n. Assume,
to the contrary, that G # K. Then there exist two vertices u, v € V(G) such that
uv ¢ E(G).Let P = uwjws ... w,v be one of the shortest paths connecting u, v in
G, where r > 1. Let § = V(G) — {w1, wa, ..., w,}. For each {x, y} € S, one can
assign a fixed geodesic to each pair {x, y} € S so that these geodesics cover all the
vertices of G. S0 sg(G) < |S| <n —r <n — 1, acontradiction. So G is a complete
graph of order n.

Conversely, we suppose G is a complete graph of order n. Then for any pair of
vertices (u, v), the unique geodesic between u and v is the edge uv. This means that
no geodesic covers any vertices other than its endpoints, so all vertices must be in any
strong geodetic set S, so |S| = n. O

One step further, we classify those graphs with strong geodetic number equal to
one less than the order of the graph.

Theorem 4.1 Let G be a connected graph of order n (n > 6). Then sg(G) =n — 1 if
and only if G satisfies one of the following.
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o There is a cut vertex v of G such that each induced subgraph G[V (C;) U{v}] (1 <
i <t)iscomplete, where Cy1, Ca, ..., C; be the connected components of G — v.
e G =K,\e, where e € E(K,).

Proof Suppose sg(G) = n — 1. From Theorem 2.1, k(G) < 1 or k(G) > n — 2.
Clearly, « (G) = 1 or k(G) = n — 2. If k(G) = 1, then there exist a cut vertex v. Let
C1, Ca, ..., C; be the connected components of G — v. We have the following claim.

Claim 1 Each induced subgraph G[V (C;) U {v}] (1 <i < t) is complete.

Proof of Claim 1 Assume, to the contrary, that G[V (C;) U {v}] (1 < i < t) is not
complete. Then there exist two vertices wy, wy in some C; such that wiw, ¢ E(G),
or there exists a vertex w in some C; such that wv ¢ E(G). For the latter case, we have
diam(G) > 3. From Theorem 2.2, we have sg(G) < n —diam(G)+1 <n—-3+1=
n — 2, a contradiction. For the former case, there is a shortest path wjvivy ... v, w2
connecting w and w» in Cj,whergr > 1.LetS = V(G)—{vy, va, ..., v, v} Forthe
vertex pair wi, wp, geodesic set P(wp, wy) cover all the~ vertices in {vy, va, ..., Uy}.
For the vertex pair u; € C; and up € Cj, geodesic set P(u, uz) cover the vertex v.
So one can assign a fixed geodesic to each pair {x, y} € § so that these geodesics
cover all the vertices of G. S0 sg(G) < |S| <n —r —1 <n — 2, acontradiction. O

From Claim 1, there is a cut vertex v of G such that each induced subgraph
GIV(C)) U {v}] (1 <i < t)is complete, where Cy, C3, ..., C; be the connected
components of G — v.

If k(G) = n — 2, then §(G) > n — 2 and hence G 1is a graph obtained from K,
by deleting a matching M. Suppose |M| > 2. Let ujvi, usvy € M € E(G). Since
n > 6, it follows that there exist two vertices w1, wp such that ujwivy, upwovy are
two shortest paths connecting {u vy}, {usvs}, respectively. Let S = V(G) —{wy, wa}.
For the vertex pair u, vi, geodesic set P (uy, vy) cover all the vertex w; . For the vertex
pair u3, v, geodesic set P (u2, v2) cover all the vertex wy. So one can assign a fixed
geodesic to each pair {x, y} € § so that these geodesics cover all the vertices of G.
So sg(G) < |S| < n — 2, a contradiction. So |M| = 1, that is, G = K, \e, where
e € E(Ky).

Conversely, we suppose G satisfies the conditions of this theorem. From Proposition
4.1, we have sg(G) < n — 1. It suffices to show that sg(G) > n — 1. Suppose
G = K,\e, where ¢ € E(K,). Forany § € V(G) and |S| < n — 2, and for
each pair {x, y} C S, these geodesics do not cover all the vertices of V(G) — S. So
sg(G) > n — 1. Suppose that there is a cut vertex v of G such that each induced
subgraph G[V (C;) U {v}] (1 < i < t) is complete, where Cy, C3, ..., C; be the
connected components of G — v. For any S € V(G) and |S| < n — 2, and for
each pair {x, y} € S, these geodesics do not cover the vertices of V(G) — S. So
sg(G) >n—1. O

When the connectivity of the graph is used, we obtain the following.

Theorem 4.2 Let G be a connected graph of order n (n > 2k 4+ 2)k + k 4+ 1),
k(G) = k+1 (k > 2), and let k be a positive integer. Then sg(G) = n — k if and only
ifG =K, —{er,ea,...,er}, where {e1, ea, ..., e} is a subset of the edge set of K,,.
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2450 Z.Wang et al.

Proof Suppose sg(G) = n — k. From Theorem 2.1, we have «(G) < k or «(G) >
n—2k.Sincek (G) > k+1and§(G) > «(G),itfollowsthat§(G) > «(G) > n—2k.If
n—2k <8(G) < n—k—2, there exist a vertex u, such that dg (1) = §(G), and there
exist vertex set {wi, wa, ..., Wk, Wit1}, such that {wiu, wou, ..., wiu, wryiu} ¢
E(G). Since §(G) > n — 2k, it follows that there are at most 2k — 1 vertices does not
adjacent to w; (1 <i < k + 1) for each i, so there are at most (2k — 2)(k + 1) + 1
vertices does not adjacent to {wy, wa, ..., Wk, Wr+1}. Since n > 2k(k + 1) + 1, it
follows that there are at least 2k +2)k+k+1—2k—2)(k+1)—(k+1)—1 > k+1
vertices all adjacent to {w1, wa, ..., Wk, Wk41} vertex set, say uy, Uz, ..., Uk, Ug+1-
We choose S = G — {uy, ua, ..., ug, ugy1}, for each {x, y} € S, one can assign a
fixed geodesic to each pair {x, y} C § so that these geodesic cover all the vertices of
G.Sosg(G) < |S| <n —k — 1, acontradict. Next we consider n — k — 1 < §(G).
If G # K, —{e1, e, ..., e}, then |E(G)| = k+ 1 or |[E(G)| < k — 1. First, we
consider IE(E)l > k 4+ 1. We can choose k + 1 edges, say eq, e2, ..., ext1. Since
n—k—1 < §(G), it follows that there are atlease 2k +2)k+k+1—2k+2)(k—1)—
2(k + 1) > k + 1 vertices all adjacent to eq, e, ..., €x+1, SaY V1, V2, ..., Uk, Vk+]-
We choose S = G — {vy, v2, ..., Vg, Vk41}, for each {x, y} € S, one can assign a
fixed geodesic to each pair {x, y} C § so that these geodesic cover all the vertices of
G. S0 sg(G) < |S] <n—k — 1, a contradict. Next we consider |E(5)| <k-—1.
This case we can found that G is a graph obtain from K, by delete r edges, say
X1Y1, X2V2, . . ., X yr. Since n > 2k(k + 1), it follows that diameter is 2. So each edge
in {x1y1, x2y2, ..., Xy} covers at most one vertex. Since any vertex set |S| =n —k
does not cover all vertex of G, this is the desired contradiction.

Conversely, we suppose G = K, — {ej,ea,...,er}, where {e1,ea, ..., e}
is the edge set of K,. Let ¢ = u;jv; (1 < i < k), where the vertices in
{fui|l < i < k}U{v;|l < i < k} are not necessarily different. Since n >
2k + 2)k + k + 1, we can find the vertex set {wi, wa, ..., wr} of G and edge
induce subgraph Ey,; wa.....wi}.u1,u2,....u,01,0,...,v;) 15 complete bipartite graph. Let
S = G — {wy, wa, ..., wi}. For each {x, y} € S, one can assign a fixed geodesic
to each pair {x,y} € § so that these geodesic cover all the vertices of G. So
sg(G) < |S| < n — k. Since any vertex set |S| < n — k — 1 does not cover all
the vertices of G, we get |S| =n — k. O

5 Nordhaus-Gaddum-Type Results

In this section, we study upper and lower bounds on the quantities sg(G) + sg(G) and
sg(G) - sg(G).

Theorem 5.1 Let G € G(n) (n > 4) be a connected graph with a connected comple-
ment. Then

(1) 2+ [/n] < 5g(G) +5(G) <2n —4;
(2) 2[Vn] < 52(G) - 5g(G) < (n —2)*.

Moreover, the two upper bounds are sharp.
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Proof From Theorem 4.1 and Proposition 4.2, we have sg(G) + sg(G) < 2n — 4 and

sg(G) - sg(G) < (n — 2)2. Since diam(G) < 3 or diam(G) < 3, it follows from

Theorem 2.2 that sg(G) + sg(G) > 2 + [/n] and sg(G) - sg(G) > 2[/n]. O
To show the sharpness of the above bounds, we have the following examples.

Lemma 5.1 Let F be a graph obtained from a K, _» and a path P3 by identifying a
vertex of K,_»> and an endpoint of P3. Then sg(F) =n — 2.

Proof From Theorem 2.2, wehave sg(F) < n—2.Weneed to prove thatsg(F) > n—2.
Let P3 = uvw and u be the identifying vertex in . Forany S C V (F) with [S| = n—3,
there exists a vertex x € V(F) — S such that x ¢ {u, v}. If x = w, then no geodesic
covers w, a contradiction, meaning that x € V(F) — {u, v, w}. Clearly, no geodesic
covers x, also a contradiction, so sg(F) <n — 2. 0O

Lemma 5.2 Let H be a graph obtained from a complete bipartite graph K> ;3 by
adding a pendant edge on one vertex of the small part. Then sg(H) =n — 2.

Proof From Theorem 2.2, we have sg(H) < n — 2. We need to prove that sg(H) >
n —2.Let X = {vy, v2, ..., v,-3} be the vertex set of the large part, and {u, w} be
the vertex set of the small part, and v be the pendent vertex. For any S € V(H)
with |S| =n — 3, wehave v € S.Let S = V(H) — S. Then 0 < |[SN X| < 3.If
[SNX| =0,then S = {u, v, w}, which contradicts the fact thatv € S.If |[SN X| = I,
then we suppose that SNX = {v1}. Since v € §, it follows that S = {u, vy, wi.
Clearly, no geodesic covers vy, a contradiction. If | S N X| = 2, then we suppose that
SNX = {v,v2). Thenu € Sorw € S. Clearly, no geodesic covers vy or v, a
contradiction. If [S N X| = 3, then we suppose that SN X = {vy, v2, v3}. Then no
geodesic covers one of vy, v2, v3, a contradiction. So sg(H) = n — 2. O

Example5 Let G be a graph obtained from a K,,_, and a path P3 by identifying a
vertex of K,_» and an endpoint of P3. Then G is a graph obtained from a complete
bipartite graph K> ,—3 by adding an pendent edge on one vertex of the small part.
Clearly, diam(G) = diam(G) = 3. From Theorem 2.2 and Lemmas 5.1 and 5.2, we
have sg(G) =n — 2 and sg(G) =n — 2.

6 Extremal Problems

In this section, we give some results on extremal problems regarding the strong geode-
tic number. Recall that s (n, k) is the minimum size of all graphs of order n with strong
geodetic number k, where 2 < k < n. Our first result concerns the quantity s(n, k).

Proposition 6.1 Let n, k be two integers with2 < k < n. Then

D),  ifk=mn;
s(n, k) = G) ' "
n—1, if2<k<n-—1.

Proof From Proposition 4.3, we have s(n,n) = (5). Let T be a tree with exactly k
leaves. Clearly, s(n, k) < n — 1. Since we only consider connected graphs, we have
s(n,k)y=n—1for2 <k <n-—1. 0O
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Recall that f(n, k) is the minimum integer such that for every connected graph G
of order n, if |E(G)| > f(n, k) then sg(G) > k. Our next result is about g(n, k).

Proposition 6.2 Let n, k be two integers with 2 < k < n. Then

_ G, ifk=m
SR =V 1 itk =n 1.

For2 <k <n—2, g(n, k) does not exist.

Proof From Proposition 4.3, we have g(n,n) = (}) and g(n,n — 1) = (}) — 1. For
a star Ky ,—1, we have sg(Kj ,—1) = n — 1 and g(n, k) < n — 2. This means that
g(n, k) does not exist. O

Recall that g(n, k) is the maximum integer such that for every graph G of order n,
if |E(G)| < g(n, k) then sg(G) < k. Finally we consider f(n, k).

Proposition 6.3 Let n, k be two integers with2 <k <n andn > 8.

(1) IfT2) <k <n, then f(n, k) = (5) —n+k;
@) I T8 <k < (207 1, then

(Z)—n+k§f(n,k)§ (Z)—{%J

(3) If3 <k < [H5E1] — 1, then

(k;1>+n—k+2§f(n,k)§<;>—n+’7—1+ ‘21+8”—‘.

Proof Suppose {H'— V21+8”] < k < n. Let K,, be a complete graph of order n and

K be a clique of order k in K,. Let G be a graph obtained from K, by deleting
n —k+1edgesin Ky. Clearly, sg(G) < k—1lande(G) = (g) —n+k—1, and hence
f(n, k) > (g) —n+k.

(1) For (%”1 < k < n, we suppose that G is a connected graph with e(G) >
(g) — n + k. Since (%”] < k < n, it follows that e(G) < n — k. We claim that
sg(G) > k. If sg(G) < k — 1, then there exists a vertex set § with |S| < k — 1 such
that the geodesics from the vertex pairs of S can cover all the vertices of G. Since
|5[S]| < n —k, it follows that the geodesics from S cover n — k verticesin V(G) — S,
which contradicts the fact that the geodesics from the vertex pairs of S can cover all
the vertices of G. So f(n, k) = (5) —n +k.
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(2) For (H— VZHS”} <k< (%"1 — 1, we suppose that G is a connected graph with
e(G) = (3) — | 4] From (1), we have f(n, [27) = (3) —n+ %1 = (3) - |4
That is to say, for any graph of G',if |[E(G")| > (}) — | 5|, then sg(G") > (%"1. Since
L I88ny < k< 1207 — 1, it follows that sg(G) = k. So () —n+k < f(n, k) <

n n
() - L5
(3) Let G be a graph obtained from a clique Ki_1 and a path P,,_ 4> by identifying
a vertex of K;_1 and an endpoint of P,_x>. Clearly, sg(G) = k — 1 and e(G) =

(";‘) +n—k+ l,andhencefi,k) > (kgl) +n—k+2.
n
For upper bound, we suppose that G is a connected graph with e(G) > (g) —n+
F—HVZHS"W. From (2), we have f%, f@?) =()—n+ [Lt/148n «/21+8"1. That is to
say, forany graph of G',if |[E(G")| = (})—n+ [l 1+8n «/21+8”] ,thensg(G') > |—1+«/21+8n-|'
Since 3 < k < [HVIE81) _ it follows that sg(G) > k. So (5') +n—k+2 <

Fln k) = () o+ TR -
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