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Abstract

DP-coloring is a generalization of list coloring in simple graphs. Many results in list
coloring can be generalized in those of DP-coloring. Kim and Ozeki showed that every
planar graph without k-cycles where k = 3,4, 5, or 6 is DP-4-colorable. Recently,
Kim and Yu extended the result on 3- and 4-cycles by showing that every planar graph
without triangles adjacent to 4-cycles are DP-4-colorable. Xu and Wu showed that
every planar graph without 5-cycles adjacent simultaneously to 3-cycles and 4-cycles
is 4-choosable. In this paper, we extend the results on 3-, 4-, and 5-cycles as follows.
Let G be a planar graph without pairwise adjacent 3-, 4-, and 5-cycle. We prove that
each precoloring of a 3-cycle of G can be extended to a DP-4-coloring of G. As
a consequence, each planar graph without pairwise adjacent 3-, 4-, and 5-cycle is
DP-4-colorable.
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1 Introduction

Every graph in this paper is finite, simple, and undirected. Embedding a graph G in
the plane, we let V(G), E(G), and F(G) denote the vertex set, edge set, and face
set of G. For U C V(G), we let G[U] denote the subgraph of G induced by U. For
X,Y € V(G) where X and Y are disjoint, we let Eg (X, Y) be the set of all edges in
G with one endpoint in X and the other in Y.
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The concept of choosability was introduced by Vizing [9] and by Erdés et al. [5],
independently. A k-assignment L of a graph G assigns a list L(v) (a set of colors) with
|L(v)| = k to each vertex v. A graph G is L-colorable if there is a proper coloring f
where f(v) € L(v). If G is L-colorable for every k-assignment L, then we say G is
k-choosable.

Dvorédk and Postle [4] introduced a generalization of list coloring in which they
called correspondence coloring. But following Bernshteyn et al. [3], we call it DP-
coloring.

Definition 1 Let L be an assignment of a graph G. We call H a cover of G if it satisfies
all the followings:

(i) The vertex set of H is UueV(G)({u} x L)) ={(u,c):u e V(G),c e Lu)};
(i) H[u x L(u)] is a complete graph for every u € V(G);
(iii) For each uv € E(G), the set Eg ({u} x L(u), {v} x L(v)) is a matching (may be
empty).
(iv) Ifuv ¢ E(G), then no edges of H connect {u} x L(u) and {v} x L(v).

Definition2 An (H, L)-coloring of G is an independent set in a cover H of G with
size |V (G)|. We say that a graph is DP-k-colorable if G has an (H, L)-coloring for
every k-assignment L and every cover H of G. The DP-chromatic number of G,
denoted by xpp(G), is the minimum number k such that G is DP-k-colorable.

If we define edges on H to match exactly the same colors in L () and L(v) for each
uv € E(G), then G has an (H, L)-coloring if and only if G is L-colorable. Thus DP-
coloring is a generalization of list coloring. This also implies that xpp(G) > x;(G).
In fact, the difference of these two chromatic numbers can be arbitrarily large. For
graphs with average degree d, Bernshteyn [2] showed that xpp(G) = 2(d/logd),
while Alon [1] showed that x;(G) = Q(logd).

Dvordk and Postle [4] showed that xpp(G) < 5 for every planar graph G. This
extends a major result on list coloring by Thomassen [8]. On the other hand, Voigt
[10] gave an example of a planar graph which is not 4-choosable (thus not DP-4-
colorable). It is of interest to obtain sufficient conditions for planar graphs to be
DP-4-colorable. Kim and Ozeki [6] showed that every planar graph without k-cycles
is DP-4-colorable for each k = 3,4, 5, 6. Kim and Yu [7] extended the result on 3-
and 4-cycles by showing that every planar graph without triangles adjacent to 4-cycles
is DP-4-colorable.

Let A denote the family of planar graphs G without pairwise adjacent 3-, 4-, and
5-cycle. In this paper, we extend the results on 3-, 4-, and 5-cycles as follows.

Theorem 1.1 Let G € A. Then each precoloring of a 3-cycle can be extended to a
DP-4-coloring of G.

The following corollary is immediate.

Corollary 1.2 Every planar graph without pairwise adjacent 3-, 4-, and 5-cycle is
DP-4-colorable.

Corollary 1.2 generalizes the aforementioned result by Kim and Yu [7] and the
following result by Xu and Wu [11].
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Theorem 1.3 [11] Every planar graph without 5-cycles adjacent simultaneously to
3-cycles and 4-cycles is 4-choosable.

2 Preliminaries

First, we introduce some notations and definitions. A k-vertex (kT -vertex, k~-vertex,
respectively) is a vertex of degree k (at least k, at most k, respectively). The same
notations are applied to faces.

A (d1,da, ... ,dy)-face f is a face of degree k where vertices on f have degree
di,da, ..., d in a cyclic order. A (dy, d>, ..., dy)-vertex v is a vertex of degree k
where faces incident to v have degree d1, d3, . . ., di in a cyclic order. Note that some

face may appear more than one time in the order. We say xy is a chord in a cycle C
ifx,y € V(C) butxy € E(G) — E(C). An internal chord of C is a chord inside C
while external chord of C is a chord outside C

A graph C(m, n) is obtained from a cycle x1x3 . .. x;;4+,—2 With an internal chord
X1Xm,. A graph C(I, m, n) is obtained from a cycle x1x3 ... X/4,4+n—a With internal
chords x1x; and x1X;4,—2. A graph C(m, n, p, g) can be defined similarly. We use
int(C) and ext(C) to denote the sets of vertices inside and outside a cycle C, respec-
tively. The cycle C is a separating cycle if int(C) and ext(C) are not empty. We
use B(f) to denote a boundary of a face f. It is straightforward to see that if f is a
5 -face, then B(f) is a cycle.

3 Structures

Proof of Theorem 1.1 Let G be a minimal counterexample to Theorem 1.1 with |V (G)|
minimized and a precolored 3-cycle Cy. O

Lemma 3.1 G has no separating 3-cycles.

Proof Suppose to the contrary that there exists G contains a separating 3-cycle C.
Note that C is not necessary C¢. By symmetry, we assume V(Co) € V(C) Uint(C).
By the minimality of G, a precoloring of Cy can be extended to V (C) Uint(C). After
C is colored, then again the coloring on C can be extended to ex?(C). Thus we have
a DP-4-coloring of G, a contradiction. O

Since Cy is not a separating 3-cycle by Lemma 3.1, we may assume that Cy is the
boundary of the outer face D of G in the remaining of the paper.

Definition 3 Let H be a cover of G with a list assignment L. Let G' = G — F
where F is an induced subgraph of G. A list assignment L’ is a restriction of L on
G’ if L’(u) = L(u) for each vertex in G’. A graph H' is a restriction of H on G’ if
H' = H[{{v} x L(v) : v € V(G")}]. Assume G’ has an (H’, L’)-coloring with an
independent set I’ in H' such that |I'| = |V (G)| — |V (F)]|.
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A residual list assignment L* of F is defined by

L*(x) = L(x) — U (e L(x):(u,c)x,c)e E(H)and (u,c) € I'}
uxeE(G)

for each x € V(F).
A residual cover H* is defined by H* = H[{{x} x L*(x) : x € V(F)}].

From above definitions, we have the following fact.

Lemma 3.2 Assume I' is a (H', L')-coloring of G'. A residual cover H* is a cover
of F with an assignment L*. Furthermore, if F is (H*, L*)-colorable, then G is
(H, L)-colorable.

Proof One can check from the definitions of a cover and a residual cover that H* is a
cover of F with an assignment L*.

Suppose that F is (H*, L*)-colorable. Then H* has an independent set /* with
|I*| = | F|. It follows from Definition 3 that no edges connect H* and I’. Additionally,
I’ and I'* are disjoint. Altogether, we have that I = I’ U I'* is an independent set in H
with [I| = (|]V(G)| = |[V(F)]) + |V(F)| = |V(G)|. Thus G is (H, L)-colorable. O

Lemma 3.3 Every vertex not on Cq has degree at least 4.

Proof Suppose to the contrary that G has a vertex x not on Cy with degree at most 3.
Let L be a4-assignment and let H be a cover of G such that G hasno (H, L)-coloring.
By the minimality of G, the subgraph G’ = G —x an (H’, L’)-coloring where L’ (and
H') is a restriction of L (and H, respectively) on G’. Thus there is an independent
set I’ with |I’| = |G’| in H’'. Consider a residual list assignment L* on x. Since
|[L(x)] =4 and d(x) < 3, we obtain |L*(x)| > 1. Clearly, {(x, ¢)} where ¢ € L*(x)
is an independent set in G[{x}]. Thus G[{x}] is (H*, L*)-colorable. It follows from
Lemma 3.2 that G is (H, L)-colorable, a contradiction. O

Lemma 3.4 (a) A 5-cycle has no chords.

(b) A bounded 3-face f is not adjacent to a 4-face g.

(c) If bounded 3-faces f and g are adjacent, then B(f) U B(g) = C(3, 3).

(d) If a bounded 3-face f is adjacent to a 5-face g, then B(f) U B(g) = C(3,5).

(e) If C(3,5) is obtained from a 6-cycle C with a chord, then C has exactly one chord.

(f) If bounded 3-faces f and g are adjacent, then f is not adjacent to a bounded
5™ -face.

Proof (a) Let C = rstuv be a 5-cycle. Suppose that rt is a chord. Then we have three
pairwise adjacent cycles rst, rtuv, and rstuv, contrary to G € A.

(b) Let B(f) = uvw and B(g) = vwxy. Suppose that u = x or y. We have that
d(v) = 2 or d(w) = 2, contrary to Lemma 3.3. Thus x # u # y. We obtain a
5-cycle uwxyv with a chord vw, contrary to (a).

(c) Let B(f) = uvw and B(g) = uvx. Since both f and g are bounded, we have that
w # x. Thus B(f) U B(g) = C(3, 3).
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(d) Let B(f) = uvz and B(g) = uvwxy. If z € {w, x, y}, then a 5-cycle B(g) has
a chord, contrary to (a).

(e) Let C be acycle uzvwxy with a chord uv. Suppose to the contrary that C contains
another chord sz. By (a) and (b), st isnotachord in a 5-cycle uvwxy. By symmetry,
we may assume s = z and t = x or t = y. Then we have three pairwise adjacent
cycles uvz, uvwxy, and xyuz or uvzy, contrary to G € A.

(f) Let B(f) = uvw and B(g) = vwx. By (¢), u # x. Suppose f is adjacent to a
k-face h where k < 5. By (b),h =3 or 5.

e B(h) =uvz.
By (¢), z # w. Suppose to the contrary that z = x. Then d(v) = 3, contrary to
Lemma 3.3. Thus z # x. Altogether, we have three pairwise adjacent 3-cycles
uvw, uvxXw, ZUwxv, contrary to G € A.

e B(h) =rstuv.
By (a), w ¢ {r, s, t}. By (e), x ¢ {r, s, t}. Altogether, we have three pairwise
adjacent cycles uvw, uvxw, and rstuv, contrary to G € A.

Thus & is not a 5~ -face. O
Lemma 3.4 (f) yields this immediate consequence.
Corollary 3.5 Fork > 4, a k-vertex v in G is incident to at most k — 2 3-faces.

Lemma3.6 Let C(ly, ..., 1) be obtained from a cycle C = x ... x, with k internal
chords sharing a common endpoint x| such that V(C) N V(Cp) = @. Suppose x;
or Xy is not the endpoint of any chord in C. If d(x1) < k + 2, then there exists
i €{2,3,...,m}such that d(x;) > 5.

Proof By symmetry, let x,, be not an endpoint of any chord in C. Suppose to the
contrary that d(x;) < 4 foreachi = 2,3,...,m. Let L be a 4-assignment and let
H be a cover of G such that G has no (H, L)-coloring. By the minimality of G,
the subgraph G’ = G — {x1, ..., x,} admits an (H’, L’)-coloring where L’ (and
H’, respectively) is a restriction of L (and H, respectively) in G’. Thus there is an
independent set I’ with |I'| = |G'| in H'.

Consider a residual list assignment L* on F'. Since |L(v)| = 4 forevery v € V(G),
we have |L*(x;)| > 3 and |L*(v)| > 3 for each v € V(C) with an edge x;v and
|L*(x;)| > 2 for each of the remaining vertices x; in V(C). Let H* be an residual
cover of F. Since x,, is not an endpoint of a chord in C, we can choose a color ¢ from
L*(x1) such that |L*(x;,) — {¢ : (x1, ¢)(xpm, ¢') € E(H*)}| > 2. By choosing colors

of x2, x3, ..., X, in this order, we obtain an independent set I* with |I*| = m = | F|.
Thus F is (H*, L*)-colorable. It follows from Lemma 3.2 that G is (H, L)-colorable,
a contradiction. O

Corollary 3.7 For each C(3,5) such that V(C(3,5)) N V(Co) = @, there exists a
vertex with degree at least 5.

Proof Let C(3,5) be obtained from a 6-cycle C = xj ...xs with a chord xjx3 such
that V(C) N V(Cp) = 0. By Lemma 3.4 (e), C has no other chords. The proof is
complete by Lemma 3.6. O
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Lemma3.8 Let F = C(3,5,3),C(3,5,5) 0rC(5, 3,5) be obtained from a cycle C =
X1 ... Xy Withtwo internal chords sharing an endpoint x1 suchthat V(C)NV (Cpy) = @.
Ifd(x1) =35, then there exists i € {2,...,m} withd(x;) > 5.

Proof By Lemma 3.6, it suffices to show that x, or x,, is not an endpoint to a chord
in C.

Let F = C(3, 5, 3). It follows from Lemma 3.4 (e) that x» is not adjacent to x4, x5,
or xg. If x; is adjacent to x7, then we have separating 3-cycle x{xpx7, contrary to
Lemma 3.1. Thus x; is not an endpoint of any chord of C.

Let F = C(3,5,5). Suppose there exists a chord e of C where e = xx;, for
otherwise we have the desired condition. If x; = x9, then we have separating 3-cycle
X1X2X9, contrary to Lemma 3.1. It follows from Lemma 3.4 (e) thati ¢ {4, 5, 6}. Then
x; = x7 or xg. By Lemma 3.4 (a), x9 is not adjacent to x¢ or x7. Thus xg is not an
endpoint of any chord of C.

Let F1 = C(5,3,5). Suppose there exists a chord e of C where e = xyx;, for
otherwise we have the desired condition. If x; = x9, then we have separating 3-cycle
X1X2X9, contrary to Lemma 3.1. It follows from Lemma 3.4 (e) thati ¢ {4, 5, 6}. Then
x; = x7 or xg. By Lemma 3.4 (a), x9 is not adjacent to x¢ or x7. Thus xg is not an
endpoint of any chord of C’. O

Corollary 3.9 Let v be a 5-vertex with incident bounded faces fi, ..., fs in a cyclic
order. Let F = By U By U B3 where B; denote B(f;) and V(F) N V(Cy) = 0.
If (d(f1),d(f2).d(f3)) = (3,5,3) or (3,5,5), or (d(f1),d(f2),d(f3),d(fs)) =
(5,3,5,3), then there exists w € V(F) such that d(w) > 5 and w # v.

Proof By Lemma 3.8, itsufficestoshow that F = C(3, 5, 3), C(3,5,5),0rC(5, 3, 5).
o (d(f1),d(f2),d(f3))=(3.,5,3).

Let By = rsv, Bo = vstuw, and B3 = vwx. It follows from Lemma 3.4 (d)
that V(B;) N V(By) = {s,v} and V(By) N V(B3) = {v, w}. If r = x, then
d(v) = 3, contrary to Lemma 3.3. Thus V(B1) N V(B3) = {v}. Altogether we
have F = C(3, 5, 3).

o (d(f1),d(f2),d(f3) = (3,5,5).
Let By = rsv, B, = vstuw, and Bz = vwxyz. It follows from Lemma 3.4 (d)
that V(B1) N V(By) = {s,v}. If r = z, then d(v) = 3, contrary to d(v) = 5.
It follows from Lemma 3.4 (a) that neither » nor s is in V(B3). Thus V(B;) N
V(B3) = {v}. Now consider V(B;) N V(B3). It follows from Lemma 3.4 (a)
that neither s nor u is in V(B3). Similarly, neither x nor z is in V(B;). Then
V(By) NV(B3) = {t = y, v, w} or {v, w}. Note that r # z, for otherwise rsv is
a separating cycle, contrary to Lemma 3.1. Moreover, » ¢ {x, y}, otherwise the
cycle vwxyz has a chord, contrary to Lemma 3.4 (a). Thus V(B1) NV (B3) = {v}.
If V(By) N V(B3) = {t =y, v, w}, then we have three adjacent pairwise cycles
rsv, stzv, stuwv, contrary to G € A. Thus V(B;) NV (B3) = {v, w}. Altogether
we have F = C(3,5,5).

o (d(f1),d(f2),d(f3),d(f4)) =(5,3,5,3).
Let By = rstuv, By = uvw, B3 = vwxyz, and By = vpz. It follows from
Lemma 3.4 (e) that V(B;) N V(By) = {u,v} and V(By) N V(B3) = {v, w}.
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Consider V(B1) N V(B3). It follows from Lemma 3.4 (a) that neither » nor u is
in V(B3). Similarly, neither w nor z is in V (B3). By Lemma 3.4 (a) that neither r
nor u is in V (B3).

— Suppose {s,t} € V(B1) N V(B3).
Then {x, y} € V(B;) N V(B3) and s = y and r = x. Consequently, we have
three adjacent pairwise cycles uvw, uvwt, rstuv, contrary to G € A.

— Suppose s € V(B1) N V(B3) butt ¢ V(B1) N V(B3).
Then {v, s} = V(B1) N V(B3). Consequently s = x or s = y. In the former
case, we have three adjacent pairwise cycles uvw, stuw, vwxyz, contrary to
G € A. In the later case, we have three adjacent pairwise cycles pvz, srvz,
vwxyz, contrary to G € A.

— Suppose t € V(B1) N V(B3) buts ¢ V(B1) N V(B3).
Then {v,t} = V(B1) N V(B3). Consequently t = x or t = y. In the former
case, we have three adjacent pairwise cycles uvw, uvwt, vwxyz, contrary to
G € A. In the later case, we have three adjacent pairwise cycles uvw, uwxy,
vwxyz, contrary to G € A.

Thus V(B1) N V(B3) = {v}. Altogether we have B U B, U Bz = C(5, 3,9).
m}

Corollary 3.10 Let v be a 6-vertex with consecutive incident faces fi,..., fe¢. Let
F = By U By U B3 U By where B; denote B(f;) and V(F) N V(Cy) = 0. If
d(f1),d(fr),d(f3),d(fa)) = (3,5,3,5), then there exists w € V(F) such that
w # vandd(w) > 5.

Proof By Lemma 3.6, it suffices to show that F = C(3, 5, 3, 5). Similar to the proof
of corollary 3.9, one can show that B1 U B, U B3 = C(3,5,3) and Bo U B3 U By =
C(5,3,5). Let V(By) = {t,u,v} and V(Bs) = {v, w, x, y, z} where t € V(B;) and
w € V(B3). It only remains to show that u ¢ {x, y, z}. If u = x or y, then the cycle
vwxyz has a chord vx or vy, contrary to Lemma 3.4 (a). If u = z, then vtz is a
separating cycle, contrary to Lemma 3.1. Thus F = C(3, 5, 3, 5). O

4 Discharging Process

We are now ready to present a discharging procedure that will complete the proof of
Theorem 1.1. Let each vertex v € V(G) have an initial charge of u(v) = 2d(v) — 6,
eachface f # D hasaninitial chargeof u(f) =d(f)—6and u(D) =d(D)+6 = 9.
By Euler’s Formula, ) .y #(x) = 0. Let *(x) be the charge of x € V U F after
the discharge procedure. We prove that u*(x) > O forallx € VU F and u*(D) > 0
to get a contradiction.

Let w(v — f) be the charge transferred from a vertex v to an incident face f. We
say that v is a flaw vertex if v is a (3, 5, 3, 57)-vertex. The discharging rules are as
follows.
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(R1) Let f be a 3-face.
(R1.1) For a 4-vertex v not in Co,

2, ifvisflawand fisa (4,5%, 5)-face,
w — f)= 1%, ifvisflawand f isa (4,4, 5*)-face,
1, otherwise.

(R1.2) For a 5T -vertex v not in Cy,

%, if fisa(4,4,57)-face with two incident flaw vertices,
w — f) = g, if fisa (4,4%,5")-face with exactly one flaw vertex,
1, otherwise.

(R2) Let f be a 4-face.

For a 4*-vertex v not in Cp, w(v — f) = %
(R3) Let f be a 5-face.

(R3.1) For a 4-vertex v not in Cy,

0, if visa flaw vertex with four 4-neighbors,

%, if v is a flaw vertex with exactly one 5" -neighbor,
wv— f)= %, if v is a flaw vertex with at least two 5+—neighb0rs,

%, ifvisa (3,5, 4,5)-vertex,

%, otherwise.

(R3.2) For a 5-vertex v not in Co,

17—0, if fisa (4,4,4,4,5)-face with five adjacent 4~ -faces,

Q, if fisa (4,4,4,4,5)-face with at least one adjacent 5*t-face,
wv—> =13 .

z. if fisa(4,4,4,5, 51)-face

%, otherwise.

(R3.3) For a 6T -vertex v not in C,

2, if fisa(4,4,4,4,6%)face,
wv—>fl=433 .. n
5 if f is incident to a 5™ -vertex other than v.
(R4) The outerface D gets n(v) from each incident vertex v and gives 2 to each 4-

or 5-face or 3-face sharing exactly one vertex with D, 15—2 to each 3-face sharing one
edge with D.

It suffices to check that each x € V(G) U F(G) has nonnegative final charge and
D has positive final charge. By (R4), we have u*(v) = 0 for each v € V(Cp). Thus
we only consider a vertex v not on Cy.
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Let v be a vertex with neighbors vy, vp,..., v in a cyclic order. Let
f1, f2, ..., faw) be incident faces of v in a cyclic order with v; and v;y; incident
to f; where i 4 1 is taken in modulo d(v). Thus v is a (d(f1),d(f2), ..., d(faw))-
vertex.

Case 1 v is a 4-vertex but v is not a flaw vertex.

It follows from Lemma 3.4 (b) that a 3-face is not adjacent to a 4-face, and from
Corollary 3.5 that v has at most two incident 3-faces. Thus it suffices to consider that v
isa (41,47, 47, 47)-, (3,5,4,5)-, (3,5",4,6M)-,(3,57,57,5")-, (3,3,5F,51)-,
or (3,57, 3, 57)-vertex.

e vis (4T, 4%, 4% 4%)-vertex.
Then v sends charge at most % to each incident face by (R2) and (R3.1). Thus
W) = p@) —4 x5 =0.

e visa (3,5,4,5)-vertex.
Then w(v — f1) < 1 by RL.D), w(v — fo) =wl — f1) = 1 by (R3.1), and
w( — f3) = § by (R2). Thus *(v) = u(v) —2x 1 —1—-% >0

e visa (3,5, 4, 61)-vertex.
Thenw(v — f1) < 1by RL.1),w(v — f2) < %by R3.1),and w(v — f3) = %
by (R2). Thus 1*(v) = u(v) —1— 3 — § > 0.

e visa(3,5%, 5%, 51)-vertex.
Then w(v — f1) < 1 by (R1.1) and w(v — f;) < % for 2 <i <4 by (R3.1).
Thus p*(v) > w(v) — 1 =3 x 3 =0.

e visa(3,3,5", 57)-vertex.
It follows from Lemma 3.4 (b) that f3 and f4 are 61 -faces. Thus u*(v) > u(v) —
2 x 1 =0by (RI.1).

e visa(3,5%,3,5")-vertex.
Since v is not a flaw vertex, f> and f4 are 6T -faces. Thus u*(v) > u(v)—2x1=0
by (R1.1).

Case 2 v is a flaw vertex, thatis v is a (3, 5, 3, 51)-vertex.
e Each adjacent vertex of v is a 4-vertex.
Then max{w(v — f1),w(v — f3)} < 1by Rl.1)and w(v — f2) = w(v —
f1) = 0by (R3.1). Thus u*(v) > u(v) =2 x 1 =0.
e v is adjacent to exactly one 57 -vertex.

Then max{w(v — f1), w(v — f3)} < 1, min{w(v — f1),wlw — f3)} < ‘5—‘
by (R1.1), and max{w(v — f2), w(v — fa)} = 11—0 by (R3.1). Thus p*(v) >
p)—1—2—-2x §=0.

e v is adjacent to at least two 5T -vertices and incident to a (4, 51, 57)-face.
Then max{w(v — f1), w(v — f3)} < 1, min{fw@ — f), ww - f3)} = 2
by (R1.1), and max{w(v — f2), w(v — f1)} = % by (R3.1). Thus u*(v) >

pw)—1-32-2x1i=o0.

e v is adjacent to at least two 5T -vertices but neither fi nor f3isa (4, 5", 5T)-face.
Then f; and f3 are (4,4,5%)-faces. It follows that w(v — fi) = ww —
)} = % by (R1.1) and max{w(v — f2), w(v — fa)} < % by (R3.1). Thus
,u*(v)z,u(v)—Zx%—2x%=0.
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Case 3 visaS5-vertex butisnota (3, 5, 3, 5, 5)-vertex. It follows from Corollary 3.5
that v is incident to at most three 3-faces. Since a 3-face is not adjacent to a 4-face
[Lemma 3.4 (b)], we may assume v is a (37,41, 47 47 4%)-, (3,3,47,3% 47)-,
(3,6%7,3,6%,57)-,(3,5,3,67,67)-,(3,6",3,5,5)-,0r (3,5, 3,5, 61)-vertex.

e visa (37,47, 4% 4T 47)-vertex.
It follows that w(v — f1) < I by (R1.2), (R2), (R3.2).

— Suppose visa (37,57, 57, 57, 57)-vertex.
Then each incident 5-face is adjacent to a 5™ -face. Consequently, max{w (v —
f2)e o w(— f5)} < 2 by (R3.2). Thus 1*(v) > u(v) — I —4 x 2 > 0.
— Suppose there exists i € {2, ..., 5} such thatd(f;) = 4.
Then w(v — f;) < % by (R2) and max{w(v — f2),...,w({w — f5)} < 17—0
by (R3.2). Thus u*(v) = u(v) — L — 3 —3 x 15 =0.

e visa(3,3,4%, 3T, 4T)-vertex.
It follows from Lemma 3.4 (f) that f3 and f5 are 6T -faces. Since both f] and f> are
3-faces, each of common incident vertices is not a flaw vertex. Then max{w (v —
S w@ = f3)} < ¢andw( — f2) < § by (R1.2). Thus u*(v) = p(v) =2 x

S_Tso.

e visa(3,6%,3,6%7,5M)-o0ra(3,5,3,6T,6T)-vertex.
Ifvisa (3,6%,3,6%, 57)-vertex, then max{w(v — f1), w(v — f3)} < % by
(R1.2)and w(v — f5) < 15 by (R3.2). Thus u*(v) > pu(v) —2 x £ — & > 0.
The proof is similar for visa (3,5, 3, 67, 67)-vertex.

e visa(3,6™,3,5,5)-vertex.
Thenmax{w(v — f1), w(v — f3)} < %by(Rl.Z)andmax{w(v — fa), wlv —
f5)} < 2 by (R3.2). Thus p*(v) = p(v) =2 x 2 —2x 3 =0.

e visa(3,5,3,5,6")-vertex.
If f3isa (4™, 5, 57)-face, then f> or fy isincidentto atleasttwo 51 -vertex.If f3isa
(4, 4, 5)-vertex, then applying Lemma 3.7 to f3 and f4 yields that f isincident to at
least two 57 -vertex. Consequently, max{w (v — f1), w(v — f3)} < % by (R1.2)
and max{w(v — f2), w(v = f1)} < % and minfw(v — f2), ww — fi)} < %
by (R3.2). Thus 11*(v) = n(v) =2 x £ — & — 2 > 0.

Case4visa(3,5,3,5,5)-vertex.

e fiand f3 are (4, 4, 5)-faces.
Applying Corollary 3.9 to fi, f2, f3, we have that f, is incident to at least two
non-adjacent 57 -vertices (including v). Then max{w(v — f1), w(v — f3)} < %
by (R1.2) and w(v — f2) < % by (R3.2).

— Suppose f is incident to exactly one 5T -vertex.
Applying Corollary 3.9 to f3, fa, f5, we have that f5 is incident to at least
two non-adjacent 5-vertices. Then w(v — f3) < % and w(v — f5) < %
by (R3.2). Thus u*(v) > u(v) —2x £ —2x 35— 2 =0.

— Suppose f4 and f5 are incident to at least two 5T -vertices. Then max{w (v —
fo), wv — f5)} < by (R3.2) Thus 1*(v) = u(v) —2x £ — 5 —2x % > 0.
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e fior fzisa (55", 5%)-face.
By symmetry, we assume f] is a (5, 5", 57)-face. It follows that f> and f5 are
incident to at least two 51 -vertices. Then w(v — f1) < L, w(v — f3) < % by
R1.2)and w(v — fy) < % max{w(v — f2), w( — f35)} < %by (R3.2). Thus
,u*(v)z,u(v)—%—l—%—Zx%>O.

e fiand f; are (4,5, 5F)-faces with incident 57 -vertex x and y, respectively, where
X £ v F#Ey.
Then max{w(v — f1), w(v — f3)} < g by (R1.2).

— Suppose x and y are not incident to f>.
It follows that f4 and f5 are incident to at least two 57 -vertices. Consequently,
wv = f) < 17—0, max{w(v — fa),w(w — f5)} < % by (R3.2). Thus
W) =pw —2x -5 -2x2>0.
— Suppose x and y are incident to f>.
Then w(v — f») = 3. max{w(v — f4), w@ — f5)} < 2 by (R3.2). Thus
u*(v)zu(v)—ng—f—o—Zx%>0.
— Suppose x is incident to f but y is not.
Then f; is incident to at least two 5F-vertices. Consequently, max{w(v —
£ w — )} < 3w — f3) <2 by (R3.2). Thus u*(v) > u(v) —2 x

6 2 3

o fiisa (4,4,5)-face but f3isa (4,5,5")-face with its two incident 5*-vertices
are also incident to f>.
It follows that w(v — f1) < 2, w(w — f3) < by (R1.2)and w(v — f») < 2
by (R1.2). Applying Corollary 3.9 to f1, f5, f4, we have that f4 or f5 is incident
to at least two 5T -vertices.

— Suppose f4 is incident to at least two non-adjacent 5T -vertices.
Then w(v — fy) < 13—0, wlv — f5) < % by (R3.2). Thus u*(v) > u(v) —
% - g - % — 13—0 — % > 0. The proof is similar for f5 is incident to at least two
non-adjacent 57 -vertices.

— Suppose a 5T-vertex u incident to f4 or f5 is adjacent to v.
From assumption on f7 and f3, we have that « is not incident to f7 and is not
incident to f3. It follows that u is incident to f4 and fs. Then max{w(v —

fasw@ — f5)} < % by (R3.2). Thus u*(v) > pu(v) — £ — ¢ =3 x 2 >0.

o fiisa (4,4,5)-face but f3is a (4,5, 57)-face with its two 5T-vertices are also
incident to f4.
It follows that w(v — f1) < %, w — f3) < g by (R1.2). Applying Corollary
3.9to fs5, f1, f>, we have that f, or f5 is incident to at least two 5t -vertices.

— Suppose f> is incident to a 5T-vertex u where u # v.
We have that u is not incident to f] and f3 by assumption on f and f3. This
implies u is not adjacent to v. Then w(v — f2) < %, w — f1) < %, and
w( — f5) < 2 by (R3.2). Thus w*(v) > p(v) — 2 - ¢— 5 -2 -2 >0.
— Suppose f; is incident to a 5T-vertex u where u # v.

If u is not incident to f4, then u is not adjacent to v. It follows that w(v —
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p) < 119 wlv = fa) < %’fnd w(v — f5) < 15 by (R3.2). Thus u*(v) =
pw)—s5-35-15-5 5 =0

If u is also incident to fy, then fyis a (47,47, 5, 5%, 57)-vertex. It follows
that w(v — f2) < 17—0 wl — f1) < % and w(v — f5) < %by (R3.2).
Thus p*(v) = u(W) =5 -3 — 15— 75— 5=

Case 5 v is a 6-vertex.

From Lemma 3.4 (a) that a 3-face is not adjacent to a 4-face, it suffices to consider
vis a (3,3, ks, ka, ks, ke)-, (37,47, 3% 4T 47 4F). (3T, 4% 4T 3T 4% 47),
(3,5,3,5,3,5)-,0ra(3,5",3,5%, 3, 67)-vertex.

e visa (3,3, ks, kyq, ks, k¢)-vertex.
It follows from Lemma 3.4 (b) that f3 and fg are 6*-faces. Thus u*(v) > u(v) —
4 x 1 > 0by (R1.2), (R2), and (R3.3).

e visa(3T,4™T, 3%, 47 4T 4%)-vertex (or (37,41, 4%, 3T, 4T, 41)-vertex, respec-
tively).
Then v sends charge at most % to f1 and f3 (or f4, respectively) by (R1.2), (R2),
(R3.3), and v sends charge at most % to each of the remaining incident faces by
(R2), (R3.3). Thus u*(v) > p(v) =2 x £ —4 x 2 =0.

e visa(3,5,3,5,3,5)-vertex.

— Suppose at least two incident 5-faces of v, say f> and f4, are incident to at
least two 5T -vertices.
Then max{w(v — f1),wlw — fz),wlv — f5)} < % by (R1.2),
max{w(v — f),wlv — fi)} = % and w(v — fg) < %by (R3.3). Thus
W) = p) =3x1-2x3-%>0.

— Suppose two incident 5-faces of v, say f> and fs, are incident to exactly one
5T -vertex.
Applying Lemma 3.10 to fi, f2, f3, fa, we obtain that f] is incident to two
57 vertices, say v and v, that are also incident to fs. Applying Lemma 3.10
to f>, f3, f4. f5, we obtain that f5 is incident to two 5T vertices, say vs and
v, that are also incident to fe. Then max{w(v — f1), w(v — f5)} < g and
wl — f3) < %by (R1.2). Moreover, max{w(v — f2), w(v — f1)} < ‘5—‘

andw(v — fe) < 2by(R3.2). Thus u*(v) > p(v)—2x¢-I-2x2-2>0.
Case 6 v is a d-vertex withd > 7.

e visa(3,3,ks, ..., kg)-vertex.
It follows from Lemma 3.4 that f3 and f are two 6 -faces. Thus u*(v) > u(v) —
(d—2)xt=2d—6—(d—2)xL>0by(RI12),(R2),and (R3.3).

e v has no adjacent incident 3-faces.
It follows that v is incident to at most % 3-faces. Since v sends charge at most %
to each of its incident 3-faces by (R1.2) and v sends charge at most % to each of
the remaining incident faces by (R2) and (R3.3), we have u*(v) > u(v) — % X

I-4x3=0@d-6)—dx >0

Let f be a face in G. Let V(f) N V(D) # @. If d(f) = 3, then f gets 15—2
from D when f shares an edge with D, 2 from D when f shares exactly one vertex
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with D. Note that each vertex of f in int(Cp) sends at least % to f. It follows that
w*(f) = =3+min{2 + 1,24+ 1 x2} = 0.1fd(f) € {4, 5}, then it gains 2 from D.
Thus 1 (f) > d(f)—6+2 = 0.1d(f) = 6, then u*(f) = u(f) = 0.1d(f) = 7,
then u*(f) > (k —6) — k x kk;G = 0. Thus we may assume that V(f)N V(D) =9
for the remaining of the paper. Let f be a 5~ -face with vertices vy, v2, ..., vgu) ina
cyclic order.
Case 7 f is a 3-face.
e fisa (4,4, 4)-face or each vertex of f is not a flaw vertex.
Then u*(f) = nu(f) +3 x 1 =0by (R1.1).
e fisa(4,4,5")-face with exactly one incident flaw vertex, say v;.
Then w(vy — f) = %, w(vy, — f) =1by (Rl.l)and w(vz — f) = g (R1.2).
Thus u*(f) = u(f) +2+1+ % =0.
e fisa(4,4,5%)-face with v; and v, are flaw vertices.
Then w(v; — f) = w(v, - f) = 3 by (RL.1) and w(vs — f) = I (R1.2).
Thus u*(f) = u(f)+2x 2+ 1 =0.
o fisa(4,5%,5)-face and v, is a flaw vertex.
Then w(v; — f) = 3 by (R1.1) and w(vas — f) = w(vz — f) = by (R1.2)
Thus w*(f) = u(f)+2+2x ¢ =0.
Case 8 f is a 4-face.
We obtain u*(f) = n(f) +4 x 3 = 0by (R2).

Case 9 f is a 5-face.

e f isincident to at least three 5" -vertices.
It follows that each of its incident 4-vertex is adjacent to at least one 5T -vertex.
Then each of these 4-vertices sends charge at least % to f by (R3.1) and each
5T-vertex sends charge at least 13—0 to f by (R3.2) and (R3.3). Thus pu*(f) >
w(f)+2x {5+3x 35 >0,

o fisa(4,5",4,5", 4)-face.
Since v, and vs are adjacent to at least one 5" -vertex and v3 is adjacent to at least
two 57 -vertices, we have min{w(vy — f), w(vs — f)} > % andw(vy — f) >
£ by (R3.1). We have min{w(vy — f), w(vs — f)} > 75 by (R3.2) and (R3.3).
Thus p*(f) = u(f) +2 x 75+t +2 x 3 =0.

o fisa(4,4,4,5",5)-face
Since vy and v3 are adjacent to at least one 5T-vertex, we have min{w (v, —
Hywhy — fH} > % by (R3.1). We have min{w(vy — f), w(vga — f)} > %
by (R3.2) and (R3.3). Thus 1*(f) > pu(f) +2 x 15 +2 x £ =0.

o fisa(4,4,4,4,6m)-face.
Since vy and v4 are adjacent to at least one 5T-vertex, we have min{w(v; —
whs — )} > % by (R3.1). We have w(vs — f) = % by (R3.3). Thus
W) = u(f)+2x & +2=0.

e fisa(4,4,4,4,5)-face with at least one adjacent 5T -face f;.
Let a 4-vertex v; be in f;. It follows that a 4-vertex v; is not a flaw vertex. Then
w(v; — f) = by (R3.1), min{w(v; > f), w(vs > f)} > 15 by (R3.1), and
w(vs — f) = 2 by (R3.2), Thus u*(f) = u(f) + 3 + 75+ 2 > 0.
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e fisa (4,4,4,4,5)-face with five adjacent 4™ -faces and a 4-vertex v; which is
not a flaw vertex.
Then w(v; — f) = 1 by (R3.1)and w(vs — f) = 15 by (R3.2). Thus 1*(f) >
w(f)+ %+ 15> 0.

e fisa(4,4,4,4,5)-face with five adjacent 4~ -faces and four flaw vertices.
It follows that each adjacent face of f is a 3-face. Let f4 be a 3-face incident to
v4 and vs and let f5 be a 3-face incident to vy and vs. Applying Corollary 3.9
to f, f4, and fs, we have that f4 or f5 is a (4,5,5%)-face. By symmetry, let
fs be a (4,5,5")-face. Consequently, vy is adjacent to at least two 5*t-vertices
and vy is adjacent to at least one 5T-vertex. It follows that w(v; — f) = %
and w(vs — f) > 75 by (R3.1). We have w(vs — f) = 15 by (R3.2). Thus
W) = u(f)+ i+ 15+ 5 =0.

e fisa(4,4,4,4,4)-face.
Applying Corollary 3.7 to f and its adjacent 3-face, we have that each adjacent
3-face of f is a (4,4, 5")-face. This implies that each incident flaw vertex of f
is adjacent to at least two 51 -vertex. If v; is a flaw vertex, then w(v; — f) > 1

57
otherwise w(v; — f) > § by (R3.1). Thus u*(f) = u(f) +5 x £ = 0.

Case 10 Consider the outerface D.

Let f;, f’ be the number of 3-faces sharing exactly one edge with D, 3-faces
sharing exactly one vertex with D or 4-or 5-faces sharing vertices with D, respectively.
Let E(Co, V(G) — Cp) be the set of edges between Cy and V(G) — Cp and let
e(Co, V(G) — Cyp) be its size. Then by (R4),

12
n(D)=3+6+ Z(Zd(v)—6)—?f3/—2f/ (D
veCy
:9+2Z(d(v)—Z)—2x3—15—2f3’—2f’ 2)
veCy
2
=3- §f3/ +2(e(Co, V(G) — Co) — f3— [ 3)

So we may consider that each edge e € E(Cp, V(G) — Cp) gives a charge of 2
to D. Since each 5~ -face is a cycle, it contains two edges in E(Cp, V(G) — Cp). It
follows that e(Co, V(G) — Co) — f3 — f' = 0. Note that f; < 3. Thus u*(D) > 0.

This completes the proof.
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