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Abstract

In this paper, we introduce and study new fixed point results for nonlinear set-valued
6-contractions. Our results are based on a new approach, which is called set-valued 6-
contraction and they extend and generalize many fixed point theorems in the literature.
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Complete metric space

Mathematics Subject Classification Primary 54H25; Secondary 47H10

1 Introduction

Banach established the most famous fundamental fixed point result called the Banach’s
contraction principle for metric fixed point theory in 1922. This principle has played
an important role in various fields of applied mathematical analysis and is one of a
very power tests for existence and uniqueness of the solution of considerable problems
arising in mathematics. Subsequently, this principle has been remarkably extended and
generalized in many ways (see [7,8,17,28,40]). The set-valued version of Banach’s
principle has been thoroughly proposed by many authors.

For the sake of completeness, we recall some important concepts and results about
set-valued mappings.
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Let (X, d) be a metric space. Itis well known that H:CB(X) x CB(X) — R defined
by

H(A, B) = max !sup d(x, B),supd(y, A)
xeA yeB
is a metric on CB(X), which is called the Pompeiu—Hausdorff metric, where CB(X)
denotes the class of all nonempty, closed and bounded subsets of X and d(x, B) =
inf {d(x, y):y € B}. H also is called generalized Pompeiu—Hausdorff distance on
C(X) , which denotes the family of all nonempty closed subsets of X. We also denote
by K(X) the family of all nonempty compact subsets of X.

A fixed point of a set-valued mapping 7:X — P(X), which denotes the class
of all nonempty subsets of X, is an element x € X such that x € Tx. A function
f:X — Ris lower semi-continuous if for any {x,} € X and x € X, x, — x implies
F () < liminf £ (x,).

Nadler [31] in 1969 initiated the idea for set-valued contraction mapping and
extended the Banach contraction principle to set-valued mappings and proved the
following:

Theorem 1 (Nadler [31]) Let (X, d) be a complete metric space and T : X — CB(X)
set-valued contraction, that is, there exists L € [0, 1) such that

H(Tx,Ty) < Ld(x,y)

forall x,y € X. Then, T has a fixed point in X.

Later on, several researches were conducted on a variety of generalizations, exten-
sions and applications of this result of Nadler (see [1,5,6,10-14,20-22,25,30,32-39]).
Furthermore, Feng and Liu [15] introduced important generalization of this result and
thereupon Klim and Wardowski [23] generalized their theorem as follows:

Theorem 2 [15] Let (X, d) be a complete metric space and T : X — C(X). If there
exist constants b, ¢ € (0, 1), b < ¢, such that for any x € X thereis y € I}, satisfying

d(y,Ty) <cd(x,y),
where
Iy ={y € Tx:bd(x,y) <d(x,Tx)},

then T has a fixed point in X provided that function x — d(x, Tx) is lower semi-
continuous.

Recently, Klim and Wardowski [23] generalized Theorem 2 and proved the follow-
ing results.

Theorem 3 [23] Let (X, d) be a complete metric space and T : X — C(X). If there
exist b € (0, 1) and a function ¢ : [0, 00) — [0, b) satisfying

lim supp(t) < b for all s € [0, 00)

t—st
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and for any x € X there is y € I satisfying
d(y,Ty) < ¢(d(x, y)d(x, y), (1.1)

then T has a fixed point in X provided that function x — d(x, Tx) is lower semi-
continuous.

Theorem 4 [23] Let (X, d) be a complete metric space and T : X — K(X), which
is the family of all nonempty compact subsets of X. If there exists a function ¢ :
[0, 00) — [0, 1) satisfying

lim supg(t) < 1 forall s € [0, 00)

t—>st

and for any x € X there is y € I{ satisfying

d(y,Ty) < o(d(x,y))d(x,y), (1.2)

then T has a fixed point in X provided that function x — d(x, Tx) is lower semi-
continuous.

In the literature, we can find many interesting results dealing with Feng—Liu’s and
Klim—Wardowski’s fixed point theorems (see [4,9,24,26,27]).

On the other hand, the concept of 6-contraction is introduced by Jleli and Samet
[19]in 2014 and so they introduce a new type of contractive mapping. Following their
work, many authors recently proved various several fixed point theorems for set-valued
mappings (see [2,3,18,29]).

The purpose of this paper is to give some fixed point results for set-valued mappings
on complete metric spaces using the concept of set-valued 6 -contraction. These results
extend and generalize many fixed point theorems including Theorem 2 and Theorem 3.

2 Preliminaries

We recall basic definitions, relevant notions and related result concerning 6-
contraction.

Let ® be the set of all functions 6 : (0, 00) — (1, 0co) satisfying the following
conditions:

(1) 6 is nondecreasing;

(62) For each sequence {t,,} C (0, 00), lim, 50 0(t;) = 1 and lim,, 00 t,, = O
are equivalent;

(63) There exist 7 € (0, 1) and / € (0, 0o] such that lim, o+ 20~ = 1.

Let (X, d) be a metric space and € ®. A mapping T : X — X is said to be a
6-contraction if there exists k € (0, 1) such that

0(d(Tx, Ty)) < [0d(x, y)T* (2.1)
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forall x,y € X withd(Tx, Ty) > 0.

An easy example of such mappings is contraction which can be obtained by taking
6(t) = eVl in inequality (2.1). Also, by choices of mapping 6 (1) = eV in (2.1), we
obtain a contraction-type condition

d(Tx, Ty)ed(Tx,Ty)fd(x,y) <12 2.2)
d(x,y)

forall x,y € X withd(Tx, Ty) > 0.

It is clear that if a mapping T is contraction, then it satisfies inequality (2.2). In
addition, it is easy to see that if 7" is a 6-contraction, then T is a contractive mapping,
ie,d(Tx,Ty) < d(x,y) forall x,y € X with x # y. Thus, every 6 -contraction
mapping on a metric space is continuous. Jleli and Samet [19] proved the following
fixed point result using concept of 6 -contractions on complete metric spaces.

Theorem 5 (Corollary 2.1 of [19]) Let (X, d) be a complete metric space and T :
X — X be a given mapping. If T is a 0-contraction, then T has a unique fixed point
in X.

The concept of #-contraction extended to set-valued mappings by Han cer et al.
[16]. Let (X, d) be a metric space, T : X — CB(X) and § € ©. Then, we say that T
is a set-valued f-contraction if there exists k € (0, 1) such that

0(H(Tx, Ty)) < [6(d(x, y)I* (2.3)

forall x, y € X with H(Tx, Ty) > 0.

Consequently, they established that mappings of this type possess a fixed point on
complete metric spaces as follows:
Theorem 6 [16] Let (X, d) be a complete metric space and T : X — K(X) be a
set-valued 0-contraction. Then, T has a fixed point.

Moreover, Hanger et al. [16] showed the following example that we cannot unfor-
tunately replace CB(X) instead of KC(X) in Theorem 6 with the same conditions.

Example1 Let X = [0, 2]. Define a metric on X by d(x,y) = 0 if x = y and
d(x,y) = 14 |x —y|if x # y. Then, (X, d) is a complete metric space. Define a
mapping 7 : X — CB(X),by Tx = Qifx € X\Qand Tx = X\Q if x € Q, where
Q is the set of all rational numbers in X. Then, T is a set-valued 6-contraction with
respect to 6 € © defined by 0(¢) = eViift <land6(t) =9ift > 1. However, T
has no fixed point.

However, Hancer et al. [16] proved that we can take C3(X) instead of K(X), by
adding the following condition on 6 : (0, co) — (1, 00):

(64) O(inf A) =infO(A) forall A C (0, co) withinf A > 0.

Note that if 0 satisfies (0;), then it satisfies (64) if and only if it is right continuous.
Let E be the family of all functions 0 satisfying (1) -(04) .

Theorem 7 [16] Let (X, d) be a complete metric space and T : X — CB(X) be a
set-valued 6-contraction. If 6 € E, then T has a fixed point.
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3 Main Results
LetT : X — P(X),0 € ®ands € (0, 1]. Define a set 6 € X by
Oy ={yeTx:[0(d(x,y)]’' <6(d(x, Tx))},

x € X withd(x, Tx) > 0.

For the set 6, we will consider the following three cases (see [3] for more infor-
mation):

Case1If T : X — K(X), then we have 6 # @ forall s € (0, 1] and x € X with
d(x,Tx) > 0.

Case2If T : X — C(X), then 6; may be empty for some x € X and s € (0, 1].

Case3IfT : X - C(X) (evenif T : X — P(X))and 6 € E, then we have
0F # ¢ foralls € (0,1) and x € X with d(x, Tx) > 0. We reprove this case using
the property of right continuity of 6 as different from the paper [3]. Since 6 is right
continuous, there exists a real number 42 > 1 such that

O(hd(x, Tx)) < [0(d(x, Tx))]% .

Since h > 1, there exists y € T'x such thatd(x, y) < hd(x, T x). Then, from (6;), we
have 1
0(d(x,y)) <0(hd(x,Tx)) < [0(d(x, Tx))]s,

and so,
[0(d(x, y)] <0(d(x, Tx)),

which implies y € 6.
Then, Altun et al. [3] proved the following fixed point theorems. It is easy to see
that Theorem 2 is a special case of Theorem 8.

Theorem 8 Let (X, d) be a complete metric space, T : X — C(X) and 6 € E. If
there exists k € (0, 1) such that there is 'y € 6}, s € (0, 1) and k < s, satisfying

0(d(y. Ty)) < [6(d(x, y)I
foreachx € X withd(x, Tx) > 0, then T has a fixed point in X provided that function
x — d(x, Tx) is lower semi-continuous.

Theorem 9 Let (X, d) be a complete metric space, T : X — K(X) and 6 € @O. If
there exists k € (0, 1) such that there is y € 05 satisfying

6(d(y, Ty)) < [6(d(x, I,
foreachx € X withd(x, Tx) > 0, then T has a fixed point in X provided that function
x — d(x, Tx) is lower semi-continuous.

Inspired with the above results, we give the following theorems, which we called
nonlinear form of Theorem 8 and Theorem 9. Note that Theorem 10 is a proper
generalization of Theorem 3.
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Theorem 10 Let (X, d) be a complete metric space, T : X — C(X) and 6 € E. If
there exist s € (0, 1) and a function k : [0, 00) — [0, s) satisfying

lim supk(t) < s forall r € [0, c0) 3.1

t—rt

and for any x € X withd(x, Tx) > 0, there exists y € 07 satisfying
0(d(y, Ty)) < [6(d(x, NI, (3.2)

then T has a fixed point in X provided that function x — d(x, Tx) is lower semi-
continuous.

Proof Suppose that 7' has no fixed point. Then, for all x € X we have d(x, Tx) > 0.
Since Tx € C(X) foreveryx € X and6 € &, thesetd; is nonempty forany s € (0, 1).
Let xo € X be any initial point, then there exists x; € 0;° such that

0(d(xy, Tx1)) < [6(d(xo, x1))]F@G0-x)
and for x; € X, there exists x € 6; ' satisfying
0(d(x2, Tx2)) < [0(d(xy, x2))]F@C 1220
Continuing this process, we get an iterative sequence {x, }, where x4+ € 6;" and

k(d (xp,xn
0(dConr1, Txns) < [0, )] @O0 (33)
We will verify that {x,} is a Cauchy sequence. Since x,+1 € 6;", we have

[6(d (s xu1))] < 6 (xn, Tx)). (3.4)

From (3.3) and (3.4), we have

k(d(xn-anr]))

0(d(xnt1, Txny1)) < [0(d(xn, Txp))] (3.5

and
k(d (x4 1))

0(d(Xn41, Xn42)) < [0d(xp, x0g1))] ° : (3.6)

From (3.5), (3.6) and (6;), it follows that the sequences {d(x,,Tx,)} and

{d(x;, xy+1)} are decreasing and hence convergent. Now, from (3.1), there exists
w € [0, s) such that

lim supk(d (x,, Xp+1)) = w.
n—o0

Therefore, there exists b € (w, s) and ng € N such that k(d (x,, x,+1)) < b for all
n > no. Thus, using (3.6), we obtain for all n > nq the following inequalities:

1 < 60(d(xn, Xny1))
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K(dCtp—1.¥))
= [e(d(xn—l»xn))] :
k(d(xp—1.%n)) k(d(xp_1.%n))

< [0dGn2. x0-1))] ;

k(d(xq,x1)) Kk —1,%n) k(dxp—1.%n))
< [0(d(x0, x1))]" s s
kd(xgx1) | k(d(xno,l X)) k(d(xt10.xn0+1)) k(d(x,_1.x0)) k(d(x,_1.,%0))
= [0(d(x0, x1))]" s s s s
k(d(xngy Xng+1)) Ky —1,xn) k(d(xy—1.%n))
< [0(d(x0, x1))] s s s
b('l—'l())

< [0(d(xp, x1))]s" 70 .

Thus, we have
b

(2
1 < 0(d(xp, xpv1)) < [0(d(x0, x1)]\* 3.7

b ) (n—ng)

for all n > ng. Letting n — oo in (3.7), since lim;,— o (E = 0, we obtain

lim 0(d(xp, Xps1)) = 1. (3.8)
n—oo

From (6>), lim,, s oo d (x,,, X44-1) = 07 (similarly, we can obtainlim,_, oo d (x;, TX,41)
= 07) and so from (®3), there exist » € (0, 1) and [ € (0, oo] such that

0d@n, Xn1) =1 _,

lim
n—00 [d(xnvxn+1)]r

Suppose that [ < oo. In this case, let B = é > 0. From the definition of the limit,

there exists n1 € N such that, for all n > ny,

0(d(xp, Xn+1)) — 1 _
[d(xnv xn+l)]r

l| <B.

This implies that, for all n > ny,

0(d(xp, Xn41)) — 1
[d(xn» xn+l)]r

Then, for all n > ny,
n[dn, x| < An [0(d(xn, xp11)) — 1],
where A = 1/B.
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Suppose now that / = co. Let B > 0 be an arbitrary positive number. From the
definition of the limit, there exists n1 € N such that, forall n > ny,

6(d (xn, Xn+1)) — 1 > B.
[d(xna xn+1)]

This implies that, for all n > ny,

n[dn, xae)] < An [0d o xa1) — 1],

where A = 1/B.
Thus, in all cases, there exist A > 0 and n; € N such that, for all n > ny,

n[dCo, xpen)]" < An[0(d (o, xne1)) = 1]

Using (3.7), we obtain, for all n > ny = max {ng, n1},

b (n—ny)
n[d(xn, xn+1)]r < An |:[9(d(x0, X1))]<§) — 1] .

Letting n — oo in the above inequality, we obtain
. r
lim n [d(xn, .Xn+1)] =0.
n—o00

Thus, there exits n3 € N such that n [d(x,,, xn+1)]r < 1for all n > n3. So, we have,

forall n > nj3
1

nl/r'

d(xmxn-‘rl) =< (39)

In order to show that {x,} is a Cauchy sequence, consider m, n € N such that m >
n > n3. Using the triangular inequality for the metric and from (3.9), we have

d(xn, xm) < d(xn, Xpq1) +d X1, Xpg2) + - dXpm—1, Xp)

m—1

o0 o0 1
= Zd(xisxi+l) =, d(xi, Xip1) < Zm
=n =n 1=n

By the convergence of the series Y ;o 11% letting to limit n — o0, we get
d(xy, x;m) — 0. This yields that {x,} is a Cauchy sequence in (X, d). Since (X, d)
is a complete metric space, the sequence {x,} converges to some point z € X, that is,
lim,,_, 50 X, = z. On the other hand, since

lim d(xy, Txy) = 0.
n—oo
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and x — d(x, Tx) is lower semi-continuous, then

0 <d(z, Tz) <liminfd(x,, Tx,) = 0.
n—oo

This is a contradiction. Hence, T has a fixed point. O

Remark 1 1If we take K(X) instead of C5(X) in Theorem 10, we can remove the
condition (64) on 6. Further, by taking into account Case 1, we can take s = 1.
Therefore, the proof of the following theorem is easy.

Theorem 11 Let (X, d) be a complete metric space, T : X — K(X) and 6 € O. If
there exists a function k : [0, 00) — [0, 1) satisfying

lim supk(t) < 1 forallr € [0, 00)

t—rt

and for any x € X with d(x, Tx) > O, there exists y € 0y satisfying
0(d(y, Ty)) < [0(d(x, NI, (3.10)

then T has a fixed point in X provided that function x — d(x, Tx) is lower semi-
continuous.

Proof Suppose that T has no fixed point. Then, for all x € X we have d(x, Tx) > 0.
Since T'x € JC(X) forevery x € X, the set 8] is nonempty. Hence, there exists y € 67
forall x € X suchthatx # yandd(x, y) = d(x, Tx).Letxy € X be any initial point.
By (3.10), using the analogous method like in the proof of Theorem 10, we obtain the
existence of a Cauchy sequence {x,} such that x,,+-1 € Tx,, x,4+1 # Xp, satisfying

d(xp, Xp+1) = d(xn, Txp),
k(d(xp,xn
0(d(xp+1, Txnt1)) < [Q(d(x,,, xn+]))] (d(xn,Xn+1)) ’

and
lim x, = z.
n—od

Since x — d(x, Tx) is lower semi-continuous, we get

0 <d(z, Tz) < liminfd(x,, Tx,) = 0.
n—o0

This is a contradiction. Hence, T has a fixed point. O

4 Nontrivial Examples

Now, we give some significant examples showing that there are some multivalued
mappings such that our result (Theorem 10) can be applied but Theorem 3 cannot.
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Example 2 Consider the complete metric space (X, d), where X = [0, 1]U{2, 3, ...}
and
0, ifx=y
dix,y)=1{Ix—y|, ifx,yel0,1]
x+y, ifone of x, y ¢ [0, 1]

Define a mapping T : X — C(X) by

{1} x €[0,1]

Tx:{{X—l,x+1,x+2,...}, x> 1

It is easy to see that
Te, xelo
D(x,Tx) =

2x—1, x>1

and the function x — D(x, T x) is lower semi-continuous.
Now we show that condition (3.2) of Theorem 10 is satisfied with 0(¢) = e‘/g,
s € (1, 1)andk : [0, 00) — [0, s) defined by k(1) = . Inequality (3.2) also turns to

e

D(y, T)’)eD(y,Ty)—d(x,y) < [k@d(x, y)T*. 4.1
d(x,y) B

We will show that T satisfies (4.1).
Note that if D(x, Tx) > 0, then x # 0. Therefore, for x € (0, 1], we have
y = 1X_6 € 6 forall s € (% 1) and

15x

DO TY) p(y.Ty)~dx.y) _ 256 %

d(x,y) 1x
<11
~ 16 e?

2
=1+ (5% )]
16
= [k(d(x, )],

and for x > 1, wehave y = x — 1 € 6 forall s € (% 1) and

DOLTY) iy 1y)-dtey) _ 2X =3
d(-xs )’) 2x — 1
<e™?

= [kQ2x — D]
= [k(d(x, y)I*.

Therefore, all the assumptions of Theorem 10 are satisfied and so 7 has a fixed
point.
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Now we claim that condition (1.1) of Theorem 3 is not satisfied. Indeed, let x > 1,
thenTx ={x —1,x+1,x+2,...}.Inthiscase,if x + k € Ig‘ where k € N for all
b € (0, 1), then

D(y,Ty) =2x+2k—1
> @Q2x + k)(2x + k)
= o(d(x, y))d(x, y),

for all ¢ : [0, 0c0) — [0, b) satisfying

lim supgp(t) < b for all s > 0;

t—st

if x —1 € I} forall b € (0, 1), then, for all such function ¢, we get

D(y,Ty) =2x -3
<eQx—-—1DQ2x—1)
=@(d(x,y)2x = 1)

<b(2x —1),
that is,

2y —

x—3 b

2x — 1

which this is not possible after a certain value of x € {2, 3, ...}.

Example 3 Consider the complete metric space (X, d), where X = {% :n e NjU {0}
and

o, xX=y
d(x, ) = {max{x,y}, x#y’
Define a mapping 7 : X — K(X) by
{x}, xe{0, 1}
Tx = 1 1 1 .
{m,m}, x:z,n>l
It is easy to see that
10, xe{0,1}
D(x,Tx)_{%’ x:%,n>1

and the function x — D(x, T x) is lower semi-continuous.

Now we show that condition (3.10) of Theorem 11 is satisfied with 6(¢) = eVie’
and k : [0, co) — [0, 1) defined by

k(t) = {\/enil_;, ift = % for some n € Nwithn > 1

0, otherwise
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Since lim supk(r) = 0 < 1 for all a € [0, 0o) and so k satisfies (3.1). Observe that

t—at

taking (1) = eV,

PO L) 0 1w=don) < (e, y) 1.
d(x,y)

Note that if D(x, Tx) > 0, then x = % for n > 1. In this case, D(x, Tx) = % for

n > 1. Therefore, for y = ﬁ S T% = {ﬁ, #}, we have y € Qf‘. Then, we get

DOLTY) Dy 1y)—dey) — 5T b
d(x,y) 2

= [k(d(x, y)T*.

Therefore, all the assumptions of Theorem 11 are satisfied and so 7" has a fixed point.
Now we claim that condition (1.2) of Theorem 4 is not satisfied. Indeed, let x = %

_ | 1 : x _ |1 1 R
forn > 2,then Tx = {m,m}.lnthlscase, I = {m,m}.lfy_m,smce

1 1
D(y’T)’)Z andd(-xsy)z_v
n+1 n

we obtain

D(y,Ty) < o(d(x,y))d(x,y)

o)

n+17~ nj/n
e (),
n+17~ n

Taking limit supremum as n — oo in above, we have

1
1 < lim supg (—) < limsupgp(t) < 1,
n

n— 00 1—0+

which is a contradiction. If y = ﬁ since

1 1
D(y, Ty) = > andd(x,y) = —,
n

n
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we obtain

d(Tx,Ty) < o(d(x,y)d(x,y)

o o(Y)!

n—+2 - n)n

=4 " <<p(l).
n+2 n

Taking limit supremum as n — oo in above, we have

1
1 < lim supg (—) < limsupg(t) < 1,
n

n—00 t—0+

which is a contradiction. Therefore, Theorem 4 cannot be applied to this example.
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