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Abstract

Let .A be a unital algebra over C and M be a unital .4-bimodule. We show that every
derivation D : M, (A) — M, (M), n > 2, can be represented as a sum D = D,, +3,
where D,, is an inner derivation and § is a derivation induced by a derivation 8 from
A into M. If A commutes with M, we prove that every 2-local inner derivation
A M, (A) - M,(M),n > 2,is an inner derivation. In addition, if A is commutative
and commutes with M, then every 2-local derivation A : M,,(A) — M,(M),n > 2,
is a derivation. Let R be a finite von Neumann algebra of type I with center Z and
LS(R) be the algebra of locally measurable operators affiliated with R. We also
prove that if the lattice Zp of all projections in Z is atomic, then every derivation
D : R — LS(R) is an inner derivation.
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1 Introduction

Let A be an algebra over C the field of complex numbers and M be an .4-bimodule.
A linear map 8 from A into M is called a Jordan derivation if § (a?) = 8(a)a+ad(a)
for each a in A. A linear map § from A into M is called a derivation if §(ab) =
8(a)b + ad(b) for each a, b in A. Let m be an element in M, the map §,, : A —
M, a — 8,,(a) :== ma — am, is a derivation. A derivation § : A — M is said to be
an inner derivation when it can be written in the form § = §,, for some m in M. A
fundamental result, due to Sakai [18], states that every derivation on a von Neumann
algebra is an inner derivation.

An algebra A is called regular (in the sense of von Neumann) if for each a in A there
exists bin A such thata = aba. Let R be a von Neumann algebra. We denote S(R) and
LS(R), respectively, the algebras of all measurable and locally measurable operators
affiliated with R. For a faithful normal semi-finite trace T on R, we denote the algebra
of all T-measurable operators from S(R) by S(R, t) (cf. [1,4,14]). If R is an abelian
von Neumann algebra, then it is x-isomorphic to the algebra L*°(2) = L>®(R2, X, )
of all (classes of equivalence of) essentially bounded measurable complex functions
on a measurable space (€2, X, i), and therefore, LS(R) = S(R) = LO(Q), where
LY(Q) = L%Q, T, n) is a unital commutative regular algebra of all measurable
complex functions on (2, ¥, ). In this case inner derivations on the algebra S(R)
are identically zero, i.e., trivial.

Ber et al. [9] obtain necessary and sufficient conditions for existence of non-trivial
derivations on commutative regular algebras. In particular, they prove that the algebra
L%(0, 1) of all measurable complex functions on the interval (0, 1) admits non-trivial
derivations. Let R be a properly infinite von Neumann algebra. Ayupov and Kuday-
bergenov [4] show that every derivation on the algebra LS(R) is an inner derivation.

In 1997, Semrl [17] introduced 2-local derivations and 2-local automorphisms. A
map A : A — M (not necessarily linear) is called a 2-local derivation if, for every
x,y € A, there exists a derivation Dy , : A — M such that D, ,(x) = A(x) and
Dy y(y) = A(y). In particular, if, for every x, y € A, D,y is an inner derivation, then
we call A is a 2-local inner derivation. Niazi and Peralta [15] introduce the notion of
weak-2-local derivation (respectively, *-derivation) and prove that every weak-2-local
*_derivation on M, is a derivation. 2-local derivations and weak-2-local derivations
have been investigated by many authors on different algebras and many results have
been obtained in [3-8,11,13,15-17,19].

Let H be a infinite-dimensional separable Hilbert space. In [17] Semrl shows that
every 2-local derivation on B(H) is a derivation. Kim and Kim [13] give a short proof
of that every 2-local derivation on a finite-dimensional complex matrix algebra is
a derivation. Ayupov and Kudaybergenov [3] extend this result to an arbitrary von
Neumann algebra. Ayupov et al. [S] prove that if R is a finite von Neumann algebra
of type I without abelian direct summands, then each 2-local derivation on the algebra
LS(R) = S(R) is a derivation. In the same paper, the authors also show that if R is an
abelian von Neumann algebra such that the lattice of all projections in R is not atomic,
then there exists a 2-local derivation on the algebra S(R) which is not a derivation.
Zhang and Li [19] construct an example of a 2-local derivation on the algebra of all
triangular complex 2 x 2 matrices which is not a derivation.
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Ayupov et al. [5] show that if A is a unital commutative regular algebra, then every
2-local derivation on the algebra M,,(A), n > 2, is a derivation. Ayupov and Arzikulov
[8] show that if A is a unital commutative ring, then every 2-local inner derivation on
M, (A), n > 2, is an inner derivation. Let .4 be a unital Banach algebra and M be a
unital A-bimodule. He et al. [11] prove that if every Jordan derivation from A into M
is an inner derivation then every 2-local derivation from M, (A) (n > 3) into M,,(M)
is a derivation.

Throughout this paper, A is an algebra with unit 1 over C and M is a unital A-
bimodule. We say that A commutes with M if am = ma foreverya € Aandm € M.
From now on, M,,(A), for n > 2, will denote the algebra of all n x n matrices over A
with the usual operations. By the way, we denote any element in M, (A) by (drs)nxn»
where r,s € {1,2,...,n}; E;;, i, j € {1,2,...,n}, the matrix units in M, (C); and
x ® E;;, the matrix whose (i, j)-th entry is x and zero elsewhere. We use A;; for the
(i, j)-th entry of A € M, (A) and denote diag(x, ..., x,) or diag(x;) the diagonal
matrix with entries x; € A, i € {1,2,...,n}, in the diagonal positions. Particularly,
we denote diag(x;) by diag(x), where x; = x foreveryi € {1, 2, ..., n}.

Let§ : A — M be a derivation. Setting

g((aij)nxn) = (S(aij))nxnv (1.1

we obtain a well-defined linear operator from M, (A) into M,,(M), where M,,(M)
has a natural structure of M,, (A)-bimodule. Moreover, § is a derivation from M,, (A)
into M,,(M). If A is a commutative algebra, then the restriction of § onto the center
of the algebra M,,(A) coincides with the given 8.

In this paper we give characterizations of derivations, 2-local inner derivations and
2-local derivations from M,,(A) into M,,(M). In Sect. 2, we show that a derivation
D : M,(A) - M, (M), n > 2, can be decomposed as a sum of an inner derivation
and a derivation induced by a derivation from A to M as (1.1), as follows:

D = Dgp+38.

In addition, the representation of the above form is unique if and only if A commutes
with M. Let R be a finite von Neumann algebra of type I with center Z and LS(R)
be the algebra of locally measurable operators affiliated with R. we prove that if the
lattice Zp of all projections in Z is atomic, then every derivation D : R — LS(R)
is an inner derivation.

In Sect. 3, we consider 2-local inner derivations and 2-local derivations from M,, (A)
into M, (M). For the case that A commutes with M, we obtain that every inner 2-
local derivation from M, (A) into M, (M) is an inner derivation. In addition, if A
is commutative, we prove that every 2-local derivation A : M, (A) — M,(M),
n > 2,1s a derivation. Let R be an arbitrary von Neumann algebra without abelian
direct summands. We also show every 2-local derivation A : R — LS(R) is a
derivation.
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2 Derivations

Let A be an algebra with unit 1 over C and M be a unital A-bimodule. Let D :
M, (A) — M, (M), n > 2, be a derivation. Firstly, we define a map D} : A — M
by

Di(a) = [D@® E;)lij, acA, i,jrose(l,2,....n)
For any a, b € A and some fixed m € {1, 2, ..., n}, we have

DYi(ab) = [D(ab ® Ey)l;j
= [D((@ ® Epm)(b ® Eny))lij
= [D(@® Ep)(b ® Em)lij + [(@ ® Erp)D(b ® Eny)lij
= 8;5[D(@ ® Erm)limb + 8i,al Db @ Epng)lmj

where § is the Kronecker’s delta. It follows that
D} (ab) = 8;,[D(a ® Eyu)limb + 8ira[D(b ® Epg)lmj- @.1)
Forany m € {1, 2, ..., n}, we deduce from the equality (2.1) that

D" (ab) = D" (a)b + aD"" (b),

m m

thus D" : A — M is a derivation. We abbreviate the derivation D] by D™,
Particularly, we denote the derivation Dllll by D'

Theorem 2.1 Every derivation D : M,(A) — M,(M), n > 2, can be represented
as a sum

D = Dg+3, (2.2)

where Dpg is an inner derivation implemented by an element B € M, (M) and Sisa
derivation of the form (1.1) induced by a derivation § from A into M. Furthermore,
if this representation is unique for every derivation D, then A commutes with M
(i.e., am = ma for everya € A, m € M); and if A commutes with M then this
representation is always unique.

Before the proof of Theorem 2.1, we first present the following lemma.

Lemma2.2 For every i, j,r,s,m € {1,2,...,n} and every a € A the following
equalities hold:
(i) D, =0,i#randj#s,
(i) Dyj(@) = Dis(@) = Dis(Va. ifi #r.
(iii) Djj(a) = Dyii(a) = aDpi(1), if j # s,

N
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(iv) Dim (1) = —Dyl(1),
(V) Djl(@) = Dim()a —aD’1i(1) + D" (a).

Proof It obviously follows from (2.1) that statements (i), (ii) and (iii) hold. We only

need to prove (iv) and (v).
(iv): In the case i = j, we have

0=[DA®Eii=[D(AQEim)(1Q Eni)li
=[D((I®Eim)1QEn)i + (A& Ein)D((1 Q@ Epi))lii

= D" (1) + D),
ie.,
DI™(1) = =DM (1).

For the case i # j, we have

0=D(0) =[D((1® Ei;)(1 ® Ejj))]ij

=[DA®ENI®Ei;+[(1QE;)D(1®E;)]ij

=[DA® E)]ij +[D(A® E;jlij
_ piJ ij
= D;; (1) + D3 (D),
ie.,
DY (1) = -DJ(1).
By (ii), (iii) and equality (2.3), it follows that
DI (1) = =D (1).
(v): By equality (2.1), we have
Djj(a) = Djyi()a + D, (a),
and
Djj(a) = Di™(a) + aDyi(1).
Taking j = m in equality (2.4), we obtain that
D;"(a) = D)y (1)a + D" (a).

By equalities (2.3), (2.5) and (2.6), it follows that

Dl(a) = Dim(1)a — aD’yy (1) + D" (a).

(2.3)

(2.4)

2.5)

(2.6)

@ Springer
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The proof is complete. O
Now we are in position to prove Theorem 2.1.

Proof of Theorem 2.1. Let (a,g)nxn be an arbitrary element in M, (A) and D be a
derivation from M, (A) into M, (M). For any i, j € {1,2,...,n}, it follows from
Lemma 2.2 that

[D((@r)mxm)lij = 9, Dys(ars)

r,s=1
n . n . .
=Y D)+ Y Dil(ais) — Djl(aij)
r=1

s=1
=Y D@y + Y Dil(ais) + Djj(aij)

r#i s#j
=Y "Dl (Day; + > ais Dyl (1) + Dl (Day;
r#i SFEj

— a;; D]} (1) + D' (@;j)

n n
= Dii(Dayj — Y aisD5(1) + D' (aj)
r=I1 s=1

=Y (D (ha - au D) + D' (i)

k=1
= I:(Dgll(l))nxn(ars)nxn - (ars)nxn(DG(l))nxn]ij
+ [ﬁ((ars)nxn)] s

ij

ie.,

[D((ars)nxn)]ij = [(Dgﬁ(l))nxn(ars)nxn - (ars)nxn(D§}(1)>nxn:|
ij
+ [ﬁ((ars)nxn)] > 2.7

ij

where (D[} (1))nxn € My(M) and [(D}} (1)nxalij = D'} (1). By equality (2.7), we
have

D((ars)nxn) = I:(Dgll(l))nxn(ars)nxn - (ars)nxn(D:]l(l))nxn] + [ﬁ((ars)nxn):l .

We denote B = (Dsrll(l))nxn and § = D'. Therefore, every derivation D : M, (A) —
M, (M), n > 2, can be represented as a sum

D = Dp+38.
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Suppose that Dy is an inner derivation from M, (A) into M, (M) implemented
by an element M € M, (M), and ¢ is a derivation of the form (1.1) induced by a
derivation ¢ from A into M, such that Dy, = E The first step is to establish the
following. O

Claim 1 If A commutes with M, then Dy; = ¢ = 0.

ProofofClaim1 Ifi # j, i, j € {1,2,...,n}, we have
0= ¢(Eij) = Du(E;j) = ME;; — E;j M.

It follows that M ;; = 0. Thus, M has a diagonal form, i.e., M = diag(Mx). Suppose
that £ 7 0, then there exists an elementa € A suchthat ¢ (a) # 0. Take A = diag(a),
then ¢ (A) # 0. On the other hand,

£(A) = Dy (A) = diag(Myy)diag(a) — diag(a)diag(Myc) = 0.
This is a contradiction. Thus, ¢ = 0. ]

Clair_n 2 If A does not commute with M, then there exist Dj; and ¢, such that
Dy =¢ #0.

Proof of Claim 2 By assumption, we can take a € A and m € M such that ma # am.
We define a derivation { : A — M by ¢(x) = mx — xm for every x in . A. We denote
M = diag(m) € M, (M), then Dy, is an inner derivation from M, (A) into M, (M).
Obviously, Dy = ¢ and ¢(diag(a)) # 0. Thus, Dy = ¢ # 0.

In the following, we show that the representation of the above form is unique if and
only if A commutes with M.

Case 1 If A commutes with M, we suppose that there exists a derivation D :
M, (A) — M,(M), n > 2, which can be represented as D = Dp, +8; = Dp, + 5.
This means that Dg, — Dp, = 8, — 8;. Since Dp, — D, = Dp,—p, and 8y —
8] = 8, — 81, we have Dp,—p, = 62 — 61. It follows from Claim 1 that Dp,_p, =
8, — 81 =0.i.e., Dp, = Dp, and §; = 6,.

Case 2 If A does not commute with M, by Claim 2, there exist derivations Dy,
and ¢ from M,,(A) into M,, (M), n > 2, such that Dyy =¢ # 0. Let D : M,,(A) —
M, (M), n > 2, be an arbitrary derivation. By hypothesis, D can be represented as
D = Dp+3.Wehave D = Dg+3 = DB+DM—E+§ = Dpi+y+38 — ¢. Thismeans
that the derivation D can be represented as D = Dp + §,andas D = Dpyy + m
too. Therefore, the representation of (2.2) is not unique for every derivation D. It
follows from Cases 1 and 2 that the representation of (2.2) is unique if and only if .A
commutes with M. The proof is complete. O

As applications of Theorem 2.1, we obtain the following corollaries.

Corollary 2.3 The following statements are equivalent.

(i) Every derivation § : A — M is an inner derivation.
(ii) Every derivation D : M,(A) — M,,(M), n > 2, is an inner derivation.
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234 W. Huang et al.

Proof If § : A — M is an inner derivation, by the equality (1.1), obviously, & :
M,(A) — M, (M), n > 2, is an inner derivation.

(i) implies (ii): Let D : M,,(A) — M, (M), n > 2, be an arbitrary derivation. By
Theorem 2.1, D can be represented as a sum D = Dy + 5, where Dy is an inner
derivation. By hypothesis, § is an inner derivation from A into M, and therefore,
§ is an inner derivation. We know that the sum of two inner derivations is an inner
derivation, this means that D : M,,(A) — M, (M), n > 2, is an inner derivation.

(i) implies (i): Suppose that § is a derivation from A into M, then 8 : M, (A) —
M,(M), n > 2, is a derivation. By hypothesis, § is an inner derivation. then the
restriction of & onto E1; M, (A)E;, the subalgebra of M,,(A), is an inner derivation.
This means that § : A — M is an inner derivation. O

Corollary 2.4 Let A be a commutative unital algebra over C. Then every derivation
on the matrix algebra M, (A) (n > 2) is inner if and only if every derivation on A is
identically zero, i.e., trivial.

Let R be a von Neumann algebra. Denote by S(R) and LS(R), respectively, the
sets of all measurable and locally measurable operators affiliated with R. Then the
set LS(R) of all locally measurable operators with respect to R is a unital x-algebra
when equipped with the algebraic operations of strong addition and multiplication and
taking the adjoint of an operator and S(R) is a solid x-subalgebrain LS(R). If R is a
finite von Neumann algebra, then S(R) = LS(R) (see, for example, [1,4,14]). Let A
be a commutative algebra with unit 1 over C. We denote by V the set {e € A : e* = ¢}
of all idempotents in A. For e, f € Vwesete < f if ef = e. Equipped with this
partial order, lattice operationse V f = e+ f —ef, e A f = ef and the complement
el = 1—e, the set V forms a Boolean algebra. A nonzero element g from the Boolean
algebra V is called an atom if 0 # e < q, e € V, imply that e = ¢g. If given any
nonzero e € V there exists an atom ¢ such that g < e, then the Boolean algebra V is
said to be atomic.

Let R be an abelian von Neumann algebra. Theorem 3.4 of [9] implies that every
derivation on the algebra S(R) is inner if and only if the lattice Rp of all projections
in R is atomic. If R is a properly infinite von Neumann algebra, in [4] the authors
show that every derivation on the algebra LS(R) is inner (see [4], Theorem 4.6). In
the case of R is a finite von Neumann algebra of type I, Theorem 3.5 of [4] shows that
a derivation on the algebra L S(R) is an inner derivation if and only if it is identically
zero on the center of R.

As a direct application of Corollary 2.3, we obtain the following result.

Corollary 2.5 Let R be a finite von Neumann algebra of type I with center Z. Then
every derivation D on the algebra LS(R) is inner if and only if the lattice Zp of all
projections in Z is atomic.

Proof Let R be a finite von Neumann algebra of type I with center Z. There exists a
family {e, },cr, F C N, of central projections from R with \/n€ Fen = 1 such that
the algebra R is x-isomorphic with the C*-product of von Neumann algebras e, R of
type I, respectively, n € F,i.e., R = @, r e, R. By Proposition 1.1 of [1], we have
that LS(R) = [[,c7 LS(exR).
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Suppose that D is a derivation on L S(R) and § its restriction onto the center S(Z).
Since § maps each e, S(Z) into itself, § generates a derivation §, on e, S(Z) for each
n € F. By Proposition 1.5 of [1], LS(e,R) = M, (e, S(2)). Let 38, be the derivation
on the matrix algebra M, (e, S(Z)) defined as in (1.1). Put

S(xntner) = 18n ()}, (Xnluer € LS(R). (2.8)

Then the map § is a derivation on LS(R). Lemma 2.3 of [ 1] implies that each derivation
D on LS(R) can be uniquely represented in the form D = Dp + &, where Dy is an
inner derivation and § is a derivation given as (2.8).

If D is an arbitrary derivation on LS(R) and § its restriction onto center S(Z), by
Theorem 3.4 of [9], the lattice Zp is atomic if and only if § = 0. We have § = 0 if
and only if §, = 0 for each n € . By Corollary 2.3, §,, = 0 if and only if §, = 0 for
each n € F. By equality (2.8), 8, = 0foreachn € Fif and only if § = 0. Therefore,
every derivation on the algebra L S(R) is inner derivation if and only if the lattice Zp
of all projections in Z is atomic. The proof is complete. O

Let R be a properly infinite von Neumann algebra and M be a R-bimodule of locally
measurable operators. In [10], the authors show that every derivation D : R — M
is an inner derivation. In the case of R is a finite von Neumann algebra of type I, we
obtain the following result.

Theorem 2.6 Let R be a finite von Neumann algebra of type I with center Z. If the
lattice Zp of all projections in Z is atomic, then every derivation D : R — LS(R)
is an inner derivation.

Proof Choose a central decomposition {e,},cr, F < N, of the unity 1 such that
enR is a type I, von Neumann algebra for each n € F. By hypothesis, it is easy to
check that D(e, R) C e, LS(R) for each n € F. Thus, we only need to show that the
derivation D restricted to ¢, /R is an inner derivation for each n € F.

Let e,R be a type I, (n € F) von Neumann algebra with center e, Z. It is well
known that ¢, R = M, (e, Z). We denote the center of S(e,R) by Z(S(e,R)). By
Proposition 1.2 of [1], we have Z(S(e,R)) = S(e,Z). By Proposition 1.5 of [1],
LS(e,R) = S(exR) = M, (S(ep 2)).

By assumption, the lattice Zp of all projections in Z is atomic. This implies that
the lattice e, Zp is also atomic for each n € F. Statements (ii) of Proposition 2.3 and
(vi) of Proposition 2.6 of [9] imply that every derivation § : ¢, 2 — S(e,2) is trivial.
By Corollary 2.3, we have that every derivation from M, (e, Z) into M, (S(e,2)) is
inner. The proof is complete. O

3 2-Local Derivations
This section is devoted to 2-local inner derivations and 2-local derivations from M,, (A)

into M,,(M). Throughout this section, we always assume that A : M, (A) — M, (M)
is a 2-local derivation. Firstly, we give the following lemma.
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Lemma 3.1 For every 2-local derivation A : M,(A) — M,(M), n > 2, there
exists a derivation D : M,(A) — M,(M) such that A(E;;) = D(E;;) for all
i,j € {1,2,...,n}. In particular, if A is a 2-local inner derivation, then D is an
inner derivation.

Proof Let A : M, (A) — M,(M), n > 2, be a 2-local derivation. By Theorem 2.1,
with the proof similar to the proof of Theorem 3 in [13], it is easy to check that there
exists a derivation D such that A(E;;) = D(E;;) foralli, j € {1,2,...,n}.

Let A be an inner 2-local derivation. We define two matrices S, T in M,,(A) by

n n—1
S=) il®@Ei T=) Eii.
i=1 i=1
By assumption, there exists an inner derivation D : M, (A) — M, (M) such that
A(S) = D(S), A(T)= D(T).
Replacing A by A — D if necessary, we may assume that A(S) = A(T) = 0. Fixed
i,je{l,2,...,n}, by assumption, we can take two elements X, Y in M, (M) such
that
A(Ejj))=XE;; —E;;jX, 0=A(S)=XS-S5X,
and
AEj)=YE;—E;Y, 0=A(T)=YT-TY.

It follows from XS = SX that X is a diagonal matrix. We denote X by diag(xy).
The equality YT = T'Y implies that Y is of the form

Y1 y2 y3 A Yn

0O y y» - - Y

0 0 Y1 - Yn—-2
Y=| . . . .. )

... PR PRI . yl y2

0 0 e 0y

On the one side, we have
A(E;j) = XEjj — E;j X = diag(xy) E;j — Ejjdiag(xy) = (x; — xj) ® Ejj.
On the other side, we have
[A(E;j)]ij =[YE;j — E;jY];; =0.
Therefore, A(E;;) = 0. The proof is complete. O
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Theorem 3.2 Suppose that A commutes with M. Then every 2-local inner derivation
A My(A) = M, (M), n > 2, is an inner derivation.

Proof By Lemma 3.1, we may assume that A(E;;) = Oforalli, j € {1,2,...,n}.
For any A € M, (A), we take a pair (j, i), j,i € {1, 2, ..., n}, by assumption, there
exists an inner derivation D, such that A(A) = Dg(A) and 0 = A(E;;) = Dp(Ejj).
We have

Ei;A(A)E;j = E;;Dp(A)E;;
= Dp(E;jAE;j) — Dp(E;j)AE;j — E;jADp(E;;) = Dp(E;;AE;j)

= Dp(Aj; ® Ejj) = Dp(diag(Aj;, ..., Aji)Eij)

= Dp(diag(Aj;, ..., Aj)E;j +diag(Aj;, ..., A;;))Dp(E;j)

= (Bdiag(Aj,-, ey Aji) — diag(Aji, ey Aj,')B)E,'j

= 0’
ie.,

E;;A(A)E;; =0.
Therefore,
Eji(EijA(A)E;j)Eji = EjjA(A)E;; =0,
ie.,
[A(A)];i =0,

forevery j,i € {1,2,...,n}. Hence A(A) = 0. The proof is complete. O

Corollary 3.3 Suppose that A is a unital commutative algebra over C. Then every
2-local inner derivation A : M,,(A) — M, (A), n > 2, is an inner derivation.

Remark 3.4 The above resultis proved in [8]. By comparison, our proof is more simple.

Suppose that A is an algebra over C and B is a unital subalgebra in .A. We denote
the commutant of Bby B’ = {a € A : ab = ba, for everyb € B}. Let C be a
submodule in B'. It follows from Theorem 3.2 that

Corollary 3.5 Every 2-local inner derivation A : M,,(B) — M, (C), n > 2, is an inner
derivation.

Theorem 3.6 Suppose that A is a commutative algebra which commutes with M.
Then every 2-local derivation A : M, (A) — M,,(M), n > 2, is a derivation.

Proof The proof is similar to the proof of Theorem 4.3 in [5]. We leave it to the reader.
O

Corollary 3.7 Suppose that A is a unital commutative algebra over C. Then every
2-local derivation A : M,,(A) — M,(A), n > 2, is a derivation.
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If A is a non-commutative algebra, by Theorem 2.1 every derivation from M, (A) into
M, (M)(n > 2) can be represented as a sum D = Dp + §. In [7], the authors apply
this representation of derivation to prove the following result.

Theorem 3.8 ([7], Theorem 2.1) Let A be a unital Banach algebra and M be a unital
A-bimodule. If every Jordan derivation from A into M is a derivation, then every
2-local derivation A : M,,(A) — M, (A), n > 3, is a derivation.

Theorem 3.9 Let A be a unital Banach algebra and M be a unital A-bimodule. If
n > 6 is a positive integer but not a prime number, then every 2-local derivation
A M, (A) - M, (M) is a derivation.

Proof Suppose thatn = rk, where r > 3 and k > 2. Then M,,(A) = M, (M} (A)) and
M,(M) = M, (My(M)). In [2], the author proves that every Jordan derivation from
M (A) into M (M)(k > 2) is a derivation ([2], Theorem 3.1). By Theorem 3.8, the
proof is complete. O

Let R be a type I,, (n > 2) von Neumann algebra with center Z and t be a faith-
ful normal semi-finite trace on R. We denote the centers of S(R) and S(R, 1)
by Z(S(R)) and Z(S(R, 1)), respectively. By Proposition 1.2 of [1], we have
Z(S(R)) = S(2) and Z(S(R, 1)) = S(Z, t2), where Tz is the restriction of the
trace T on Z. By Propositions 1.4 and 1.5 of [1], S(R) = LS(R) = M,(S(2)) and
SR, 1) =M, (S(Z, 12)).

As a direct application of Theorem 3.6, we have the following corollary.

Corollary 3.10 Suppose that R is a type I,,, n > 2, von Neumann algebra and t is a
faithful normal semi-finite trace on R. Then we have

(1) every 2-local derivation A : R — LS(R) is a derivation;
(2) every 2-local derivation A : R — S(R, 1) is a derivation.

Lemma3.11 Ler A : A — M be a 2-local derivation. If there exists a central
idempotent e in A which commutates with M, then A(ea) = eA(a), for each a in A.

Proof For any a € A, by assumption, there exists a derivation § : A — M such that:

A(ea) = §(ea), and A(a) = 8(a). By assumption, e is a central idempotent in A
which commutes with M, it follows that §(¢) = 0. Then

A(ea) = §(ea) = 6(e)a + ed(a) = ed(a) = eA(a).
The proof is complete. O

Theorem 3.12 Suppose that R is a finite von Neumann algebra of type I without
abelian direct summands. Then every 2-local derivation A : R — S(R) = LS(R) is
a derivation.

Proof By assumption, R is a finite von Neumann algebra of type I without abelian
direct summands. Then there exists a family { P, },cr, F € N\1, of orthogonal central
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projections in R with )_, _» P, = 1, such that the algebra R is *-isomorphic with
the C*-product of von Neumann algebras P, R of type I,,, respectively, n € F. Then

P,LS(R) = P,S(R) =S(P,R) =M,(P,Z(R)), nekF.

By Lemma 3.11, we have A(P,A) = P,A(A), forall A € R and each n € F. This
implies that A maps each P, R into P,S(R). Foreachn € F, we define A, : P,R —
P, S(R) by

Ay (PyA) = P,A(A), AeR.

By assumption, it follows that A, is a 2-local derivation from P, R into P,S(R) for
eachn € F. By (1) of Corollary 3.10, we have that A, is a derivation for eachn € F.
Since ), .p P, = 1, it follows that A is a linear mapping. For any A, B € R, it
follows A, is a derivation for each n € F that

PnA(AB) = An(PnAB) = An(PnA)PnB + PnAAn(PnB)
= P,A(A)B + P,AA(B)
= P,(A(A)B + AA(B)).

By assumption, ), P, = 1, we get

A(AB) = A(A)B + AA(B).
Therefore, A : R — S(R) is a derivation. The proof is complete. O

Ayupov et al. [7] have proved the following result. Now we give a different proof.

Theorem 3.13 ([7], Theorem 3.1) Let R be an arbitrary von Neumann algebra with-
out abelian direct summands and LS(R) be the algebra of all locally measurable
operators affiliated with R. Then every 2-local derivation A : R — LS(R) is a
derivation.

Proof Let R be an arbitrary von Neumann algebra without abelian direct summands.
We know that R can be decomposed along a central projection into the direct sum of
von Neumann algebras of finite type I, type I, type II and type III. By Lemma 3.11,
we may consider these cases separately.

If R is a von Neumann algebra of finite type I, Theorem 3.12 shows that every
2-local derivation from R into LS(R) is a derivation.

If R is a von Neumann algebra of types I, II or III, then the halving Lemma
([12], Lemma 6.3.3) for type I algebras and ([12], Lemma 6.5.6) for types II or III
algebras implies that the unit of R can be represented as a sum of mutually equivalent
orthogonal projections eq, ea, ..., ¢s in R. It is well known that R is isomorphic to
Mg(A), where A = e;Re;. Further, the algebra LS(R) is isomorphic to the algebra
Mg(LS(A)). Theorem 3.9 implies that every 2-local derivation from R into LS(R) is
a derivation. The proof is complete. O
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