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Abstract

Under investigation in this paper are the nonlocal symmetries and consistent Riccati
expansion integrability of the (2+ 1)-dimensional Boussinesq equation, which can be
used to describe the propagation of long waves in shallow water. By constructing the
Bicklund transformation, we obtain the truncated Painlevé expansion of the system. Its
Schwarzian form is also derived, whose nonlocal symmetry is localized to provide the
corresponding nonlocal group. Furthermore, we verify that the system is solvable via
the consistent Riccati expansion (CRE). Based on the CRE, the interaction solutions
between soliton and cnoidal periodic wave are explicitly studied.
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1 Introduction

It is well known that nonlinear evolution equation (NLEEs) and their solutions play
some important roles in mathematics, physics, chemistry, biology and other processes.
In nonlinear science, Lie symmetry [1,2] and Painlevé analysis [3,4] are two kinds
of effective methods for constructing exact solutions. However, due to the presence
of nonlocal terms, the nonlocal symmetries cannot be determined completely in an
algorithmic way. In latter studies, different from the traditional way to construct
symmetries, one can start from the group transformation, such as the Darboux trans-
formation (DT) [5], Béacklund transformation (BT) [6], Mdbious (conformal) invariant
form [7], and potential system [8,9]. Recently, Lou [10,11] proposed the consistent
Riccati expansion (CRE) method, which is used to identify CRE solvable systems (if
the system has a CRE, then the system is defined to CRE solvable), and find the various
interaction solutions between different types of excitations. Moreover, Lou also finds
that the nonlocal symmetry from the truncated Painlevé expansion is just the residual
of the expansion with respect to the singular manifold which is called residual symme-
try [12,13]. This method has been extended to many nonlinear differential equations
[14-21].

In 1872, Boussinesq derived an equation describing the propagation of small ampli-
tude, long waves in shallow water. This equation named by Boussinesq equation has
traveling wave solutions called solitary waves, and their existence scientifically is
proved. It is precisely because of Boussinesq’s scientific explanation that the study of
the generalized Boussinesq water equation has been attracted the attention of many
mathematicians, physicists and engineers. The classical Boussinesq water equation
can be written by

Upp = —CQUyxxxx T Uxx + .B(M2))wm (H

where u(x, t) is the elevation of the free surface of the fluid, the subscripts denote
partial derivatives, and the constant coefficients @ and 8 depend on the depth of the
fluid and the characteristic speed of the long waves. The equation is used to analyze
the long waves in shallow water. It is also used in the analysis of many other physical
applications such as the percolation of water in the porous subsurface of a horizontal
layer of material.

The two-dimensional Boussinesq equation describes the propagation of gravity
waves on the surface of water, in particular the head-on collision of oblique waves.
The generalized (2 + 1)-dimensional Boussinesq equation [22] is usually written as

2
Upp — OUxx — ﬂuyy — YU )xx — Styyxx =0, (2)
where «, B, y and § are arbitrary constants with 8 # 0. The two-dimensional equa-
tion combines the two-way propagation of the classical Boussinesq equation with the
(weak) dependence on a second spatial variable, as occurs in the two-dimensional

Korteweg—de Vries equation [23]. If « = = y = § = 1, Eq. (2) is reduced to the
following equation

2
Ut — Uxxy — Uyy — W) xx — Uxxxx =0, 3)

@ Springer



Backlund Transformations, Nonlocal Symmetries and... 143

where the suffices refer to differentiation with respect to time ¢ and the two space
variables x and y. Recently, Chen et al. [24] have studied the (2+ 1)-dimensional
Boussinesq equation by using the new generalized transformation in homogeneous
balance method (HBM). As a result, many explicit exact solutions, which contain new
solitary wave solutions, periodic wave solutions and the combined formal solitary
wave solutions and periodic wave solutions, are obtained. Tian et al. [25] have studied
the Bécklund transformation, infinite conservation laws and periodic wave solutions
to a generalized (2 + 1)-dimensional Boussinesq equation. In this paper, we will study
its soliton—cnoidal wave interaction solutions by using nonlocal symmetries of the
equation.

In this paper, we concentrate on investigating the residual symmetries and CRE
integrability of Eq. (3), which have not yet been discovered before. Besides we also
study the soliton—cnoidal wave interaction solution of Eq. (3).

The paper is organized as follows. In Sect. 2, by use of the truncated Painlevé
method, we obtain the nonlocal symmetries of the (2+ 1)-dimensional Boussinesq
equation, and by means of localization process, we derive a new type of finite symmetry
transformations. In Sect. 3, the (2+ 1)-dimensional Boussinesq equation is verified
CRE solvable. Based on the CTE method, the interaction solution between a soliton
and a cnoidal periodic wave of the equation is given. The last section is provided for
a short summary and discussion.

2 Nonlocal Symmetry and Its Localization
2.1 Nonlocal Symmetry via the Truncated Painlevé Expansion

It is well known that the truncated Painlevé is one of the most effective methods to
find traveling and nontraveling for NLEEs. By use of the Painlevé analysis, various
integrate properties can be easily found if the studied model has Painlevé property ,
i.e., it is Painlevé integrable.

For Eq. (3), the truncated Painlevé expansion takes the general form [26]

e )
u=—+— +uop,
¢* ¢

where ¢ is the singular manifold, and u¢, ©1 and u; are the functions of (x, y, 7) to be
determined later.
Substituting Eq. (4) into Eq. (3) yields

2
<_2u()‘x — U0, xxxx — UO,yy +ug,r — U0 xx — 2“0140,)();) + (ul,tt — Ulxx —Ulyy — Ul xxxx

—2uU0 xx — 2uoU1 xx —4U1 xlto 1) T + (Zuobtl(bxx +4urug x4 duoit 5Py —Zu%,x
F U — U px — U yy — UD xxxx T+ ULPyy F U1 Pxrrx + U1 Prxx + 4UT xxxPx 4 OUT xxPrx
FAuy xPrxx — U1y — 2upUo xx — 2urtt] xx — 2uoU2 xx + 2U1 xPx + 21 yPy — 211 1y
—dud xuox) ¢ % + (4uouadix — 24u1 5 Pxrr — Bu1xPrxx + Buauo,xby + But xut1¢x
+ 8uguz by — duou1 92 — 12Uy v §? — 6u1dZ, + 2urdrx + 2ur¢yy + 8un xrx Py
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+ 12”2,xx¢xx + 8”2.x¢xxx + 2”2¢xxxx - 2M2¢rt - 2u2ul,xx - 2”1”2,xx + zu%d)xx
2187 — 2107 — 2197 + Btz e — a2 1y + Ay, — i) ¢

+ <6u2'41¢xx - 72”2,x¢x¢xx - 24u2¢x¢xxx + 3614](1))%(]5“- + 12”2.xu1¢x + 12u2¢xul,x
— 12u0u2¢§ — 2u%_x — 36u2,xx¢§ — 18u2¢f.x — 2upun xx + 6u2¢,2 — 6u2¢§ — 6u2¢§

+ 241,167 — 6u39F) 07 + (144262 bur + 1602tz — 2l + 43

+ 961217 — 24u19}) 75 + (204397 — 1200201 ) 67° = 0. ©)

Vanishing all the coefficients of each powers of ¢, we obtain

Uy = _6¢§, up = 6¢yx,
: (6)

Therefore, we have the solution of Eq. (3) as follows

— 6¢)% 0. x 1 2 2 2 ;
- _ e p — m [_3¢xx +A4PxPrxx — ¢; + 5 + ¢y] ’ )

and Eq. (3) successfully satisfies the following Schwarzian form
Sy —CCy—C,+ KK+ K, =0, ®)
where the notations C , K and S are defined as

2
c=2 k=2 g = Por 3 ©)

bx o ¢ 2 ¢2

Hence, from the standard truncated Painlevé expansion, we get the Biacklund trans-
formation theorem as follows:

Theorem 2.1 (Bicklund transformation theorem) Let ¢ satisfy (8), then Eq. (7) is a
Bdcklund transformation between ¢ and the solution u of Eq. (3).

On the basis of the truncated Painlevé expansion(4), we can construct a series
of exact solutions by employing Theorem 2.1. But here we are mainly focusing on
constructing the nonlocal symmetry of Eq. (3), which is related to the expression (4).

As everyone knows, under the Mdbious transformation

a+ bo
¢ —> m, (ad # bc), (10)

the Schwarzian equation (8) is invariant.
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Due to above Mobious transformation, the Lie point symmetries of (8) have the
following form
o =a; +bip + 19, (11)

where aj, by and ¢ are arbitrary constants.
From the truncated Painlevé expansion (4) and Theorem 2.1, a new nonlocal sym-
metry of Eq. (3) is presented and studied as follows.
Theorem 2.2 (nonlocal symmetry theorem) Eq. (3) admits the following nonlocal
symmetry
o' = 6Pxx, (12)

where u and ¢ satisfy the Bicklund transformation (7).

Proof Under the invariant property
u— u+eo, (13)
we know that the symmetry equation for Eq. (3) reads
0y — 0y — Oy, —4uxoy — 20" uyy — 2uoy, — oy, =0. (14)

By direct calculation, one can show that symmetry equations (14) with the help of (8)
and BT (7) yield the nonlocal symmetry (12). O

2.2 Localization Residual Symmetry

In order to look for the finite symmetry transformation of the nonlocal residual sym-
metry, we have to solve the following initial value problem:

di(g) = dule), 0(0) =u, (15)
£

where ¢ is the group parameter.

Nevertheless, since the intervene of the function qASx and its differentiation, it is
very difficult to solve the infinite problem (15). So, we need to prolong the original
system such that nonlocal residual symmetry becomes the local Lie point symmetry
for a closed system. To this end, we introduce new variables to eliminate the space
derivatives of ¢

f:¢Xs
g = ¢y, (16)
h= f..

It is easy to find nonlocal residual symmetry of (3) can be localized to the Lie point
symmetry

@ Springer



146 L.-L.Feng et al.

“=—6h, of =2¢f, 0% =2pg, o =2f>+20fh, o =0¢* (A7)
for the prolonged system

2
Upp — Uxx — Uyy — W) xx — Uxxxx =0,

_ 2 2 2
w= =7 [ +40udes — 0 + 01+ 6],
(18)
f = dx,
g=¢y,
h= fe.

With the Lie point symmetry vector, the results (17) show that the residual symme-
tries (12) are localized in the properly prolonged system (18)

d
V:—6ha—u+2¢f8f+2¢g—+(2f +2¢fh)—+¢—¢ (19)

Relatively, the initial value problem (15) becomes

du A
L;Ef) = —6h, Ule=0 = u,
dfte) _ 21, Fleeo = £,
de
dg(e) _ 262, Sleco = g, (20)
de
dh(e) :2f2+2¢fhv fllg:O =h,
de
dde) _ Bloo =
ae = ¢°, Gle=0 = ¢.

That is to say, the symmetries referred to the truncated Painlevé expansion are just
a special Lie point symmetry of the extended system.

Then, by solving the corresponding initial value problem, it is not difficult to obtain
the transformation group related to the symmetry (20) of the prolonged system as
follows:

Theorem23 If {u, f,g,h,¢} is a solution of the prolonged system (18), so is
{ir, f, 8 h, ) given by
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. 6eh 6e2 f2

u(e)sz-Sd)_1 - -2’

fe) = (8¢f1)2,

o= ¢f x 1)
2

ie) = <s¢>li n? - (e;f—iﬁ’

bie) = —8%1,

with arbitrary group parameter €.

3 CRE Solvability and Soliton-Cnoidal Waves Solutions

In this section, we mainly introduce the CRE , and based on the CRE, we obtain the
CTE. Besides, we also study the interactions between a soliton and a cnoidal wave for

Eq. (3).
3.1 Preliminary

In this section, we mainly introduce the conceptions of CRE and CRE solvability for
a given derivative nonlinear polynomial system

Px,t,u) =0, P={P, P, ..., Py},

(22)
X={x1,x2,...,x,}, w={uy,uy, ..., u,}.

We are committed to find the following possible truncated Painlevé expansion
solution

n
u=Y uRw), (23)
i=0
where R(w) is a solution of the Riccati equation
Ry =ap+aiR + axR?, (24)
Itincludes tanh(w) as a special case, and w is an arbitrary function of {x1, x2, ..., x,, ¢}

and ag, a, ap are arbitrary constants. By using the leading order analysis of (22), we
obtain n and m, meanwhile, by substituting (23) with (24) into (22) and by vanishing
all the coefficients of the power of R(w), then we get all the expansion coefficient
functions u;.

Based on the above analysis and Ref. [10], we have the following theorem:

Theorem 3.1 The expansion (23) is a consistent Riccati expansion (CRE) and the
nonlinear system (22) is CRE solvable provided that the system foru; (i = 1,2,...,n)
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and w obtained by vanishing all the coefficients of the powers of R(w) after substituting
(23) with (24) into (22) are consistent, or not over-determined.

3.2 CRE Solvability

In this section, we apply CRE method to Eq. (3). From the above analysis, the possible
truncated expansion of Eq. (3) has the following form

u=urR(w)?> + u R(w) + uy, (25)

where ug, uy, uy are the undetermined functions of (x, y, t).

Substituting (24) and (25) into (3), and vanishing coefficients of all the same pow-
ers of R(w), we have nine over-determined equations for the only six undetermined
functions ug, u1, u> and w. Fortunately, the over-determined is consistent and the final
result reads

Uy = —6a%w)2(, Uy = —6arwyy — 6a1a2w)2c,
1
2 2 2.4 2
uoz—m [4wxw”x+6a1wxw”—3wxx+a1wx+wy (26)
X

—w? + 8agayw? + wi] )
and the function w satisfies a generalization of the Schwarzian form of (3)
Six = C1C1x — Cii + K1 K1x + K1y — §(wywyy) =0, 27
where the notations Cy , K, S; and § are defined by

Wy U)y
Ci=—, Ky =—
Wy

2
S| = Wxxx . wax

, . S=a’—4dapar. (28
Wy Wy 2 w? & aaz. (28)

From above discussion, we find that all the coefficients of R(w) are zero. Appar-
ently, because the over-determined system is consistent, we call Eq. (3) CRE solvable.
Then, we have the following theorem:

Theorem 3.2 If w is a solution of
Slx_ClCIx_C11+K1K1x+K1y_8(wxwxx):(), (29)

then
u = urR(w)> + u R(w) + ug, (30)

is the solution of Eq. (3) with Ry, being the solution of the Riccati equation (24).
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3.3 CTE Solvability
Apparently, the Riccati equation (24) has a special solution
R(W) = tanh(w). (31)

Hence, the truncated expansion expression (25) can be changed into the following
form:
U= uztanh(w)2 + utanh(w) + uo, (32)

where uq, u1, up and w are determined by (24) , (26) and (27).

We know that the solution (32) is just consistent with Theorem 3.2. The simpli-
fied CRE can be termed as consistent tanh expansion (CTE). Clearly, a CRE solvable
system must be CTE solvable, and vice versa. If the system is CTE solvable, some
important solitary wave solutions can be constructed directly. In order to clarify this
relation, we give the following Bicklund transformation which comes from the afore-
mentioned CTE theorem and use it to find exact solutions.

Theorem 3.3 (Bicklund transformation Theorem ) If w is a solution of Eq. (27) with
S§=4,apy=1,a1 =0,ar, = —1, then

u = —6wtanh(w)? + 6w, tanh(w)
1
2w?

2 2] ’ (33)

2 2 4
[4wxwxxx — 3wy, + wy — wp — 8wy + wy

is a Bdcklund transformation between w and the solution u of Eq. (3) with R(W)
satisfying the Riccati equation (24).

3.4 Soliton—-Cnoidal Wave Interaction Solution of Eq. (3)

It is well known that the interaction solutions between soliton and cnoidal periodic
waves can display many more interesting physical phenomena, such as the Fermionic
quantum plasma [27]. In what follows, based on the symbolic computations [28-58],
we mainly seek the interaction wave solution of Eq. (27) with respect to w.

To obtain the solution of Eq. (3), we consider w in the form

w = kox + loy + wot + g, (34)

where g is a function of x, y and 7. It will result in the interaction solutions between a
soliton and other waves. By using Theorem 3.3, some nontrivial solutions of Eq. (3)
can be obtained from some quite trivial of Eq. (27).

Soliton Solution For Eq. (27), we take the following trivial solution

w=kx+Ily+owt+g, (35)

where k, [, w and g are the arbitrary constants. Substituting (36) into Eq. (32) yields
the following single soliton solution
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10 8 6 4 40 PRI I

(b) (c)

Fig. 1 (Color online) The single soliton solution of Eq. 3 shown by (36) at r = 1 with the parameter
selections (37). a Perspective view of the real part of the wave; b overhead view of the wave; ¢ wave
propagation pattern of the x axisaty = 0,7 =1

i = —6ktanh(w)? — [12 — -8k + kz] , (36)

2k2

Figure 1 displays single soliton solution for u shown by (36) at t = 1 with the

parameter selected as
{k,l,w, g} ={1,1,1,0}. 37)

Figure 1a represents a three-dimensional space graph of single soliton solution with
small excited state. Figure 1b represents a three-dimensional density graph of single
soliton solution. Figure 1c represents the wave propagation of the wave along x axis.
Soliton—cnoidal wave solutions From Ref. [10], it is easy to find that the solution w
characters the interactions between a soliton and a cnoidal wave for Eq. (3), which is
of the form

w = kox +loy + wot + W(X), X =kix+1lLiy+wit, (38)
where
Wi = Wi(X) = Wy, (39
satisfies
Wiy = Co+ C1Wi + W] + C3 Wi + CaWy, (40)
with

_ kgCa Akowowr  2k3Cs | 12kg

=" B K
dkolohy  SK3l§ | Skt | Ig @
3k3 3k§ k8 3k} 3k
c - _2w04a)1 2koCy  3k3Cs | 16kg (41)
k| ki k? k3
2ply 2kl 2kow?
oK K
Cy =4,
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which lead to the following explicit solution of Eq. (3)

u = —6(ko + ki W) *tanh(kox + loy + wot + W)?
+ 6k3 Wi xtanh(kox + loy + wot + W)

1
- [1zki‘wf F3WIkTCs — 24k ko Wy + KT Co + kP — 12k3K3 — o + zf] .

1 (42)
Obviously, the explicit solution of (40) can be expressed in terms of different types
of the Jacobi elliptic functions. Therefore, the solution (42) indicates the interactions
between a soliton and cnoidal periodic waves. In the following, only one type of
the special soliton—cnoidal wave is expressed to see the interaction property more
intuitively.

A simple solution of (40) is given by

Wi = po + pisn(mX, n). 43)

where sn(m X, n) is the usual Jacobi elliptic sine function. The modulus » of the Jacobi
elliptic function satisfies: 0 <n < 1. Whenn — 1, sn(§) degenerates as hyperbolic
function tanh(§), and when n — 0, sn(§) degenerates as a trigonometric function
sin(§).

Then, substituting Eq. (43) with Eq. (41) into Eq. (40) and setting the coefficients of
sn(§), cn(€), dn(€) equal to zero yields the following soliton—cnoidal wave interaction
solution of (3)

1
1=t [3ktm* = 72mkbuf — dpownes +duolol — 4wf + 413,
1

1| —wo+ \/a)(z) + 4uololy + 4112,u(2)
w ==

2 1o
44)
\/313 — 3pomomr + 3pololy — 33
o= 3k ’
2uy
n=—, C3 = —1640, ko = —ki 0.

Hence, one kind of soliton—cnoidal wave solutions is obtained by taking Eq. (43)

and
X

W = poX + 11 / sn(mY, n)dY, (45)
Xo
with the parameter requirement (44) into the general solution (42).

Figures 2 and 3 display this kind of soliton—cnoidal wave solutions. This kind of
solution describing solitons moving on a cnoidal wave background instead of on the
plane continuous wave background is very important in the real world and can be
easily applicable to the analysis of physically interesting processes.
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4 y 8 1
10 %0 4.6 8 10 051
(@) (©)
Fig.2 (Color online) The kink soliton+cnoidal periodic wave solutions for # by choosing suitable param-
eters: m = 1.5,k = l,wg = —1.6,1] = 1, u9 = +/3,lp = —1. a evolution of the soliton—cnoidal

structure; b the profile of the special structure at y = 0, t = 0; ¢ the profile of the special structure at x = 0,
t=0

2 4 _6 8 10 4 6 8 10
10 10 X y
(@) (b)
Fig.3 (Color online) The kink soliton+cnoidal periodic wave solutions for u by choosing suitable parame-
terssm =4,k =1, w9 =—1.6,11 =1, ug = \/§, lp = —1. a evolution of the soliton—cnoidal structure;

b the profile of the special structure at y = 0, t = 0; ¢ the profile of the special structure at x = 0,7 =0

4 Conclusion and Discussions

In this work, we mainly have studied the Bicklund transformations, nonlocal sym-
metry and soliton—cnoidal interaction solutions of the (2 + 1)-dimensional Boussinesq
equation. Firstly, by use of the truncated Painlevé expansion method, the nonlocal sym-
metry and BT have been obtained, respectively. Then, with the help of the arbitrary
parameter in the Schwarzian form of the system, many infinitely nonlocal symmetries
have also been derived. The symmetry group transformation of the prolonged sym-
metry has been derived by using Lie’s first theorem. Furthermore, under the CRE,
the system has been proved integrable. Based on a special form of CRE, that’s CTE
method, we have obtained a BT. Finally, by means of CRE method, we have derived
the interaction solution between a soliton and a cnoidal periodic wave.

It is worthwhile to further study the other types of effective methods which can
also be extended to study the relationship between different types of nonlinearity. The
discussed method is much meaningful for us to do further study nonlinear problems
in mathematical physics.
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