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Abstract

In this paper, we investigate the flow through a thin corrugated domain filled with
fluid-saturated porous medium. The porous medium flow is described by the nonlinear
Darcy-Lapwood—-Brinkman model acknowledging the viscous shear and the inertial
effects. The thickness of the domain is assumed to be of the same small order ¢ as the
period of the oscillating boundaries. Depending on the magnitude of the permeability
with respect to ¢, we rigorously derive different asymptotic models and compare the
results with the non-oscillatory case. We employ a homogenization technique based on
the adaption of the unfolding method and deduce the influence of the porous structure
and boundary oscillations on the effective flow.
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1 Introduction

Numerous models have been developed in the past 15 decades to describe flows through
porous media. When a fluid permeates a porous material, the actual path of an indi-
vidual fluid particle cannot be followed analytically. The effect at main order, as the
fluid slowly percolates the pores of the medium, must be represented by a macroscopic
law, which is applicable to fluid with large mass compared with the dimension of the
porous structure of a medium, and this is the basis for the Darcy’s law [15]. According
to this law, the driving force necessary to move a specific volume of fluid at a certain
speed through a porous medium is in equilibrium with the resistance generated by
internal friction between the fluid and the pore structure. Mathematically, the Darcy
law takes the form

K
M

where u and p represent the filter velocity and pressure, K is the permeability of
the porous medium and p is the dynamic coefficient of viscosity. In the presence an
external force f , Eq. (1) can be written as

K
u=—(f—-Vp), (2)
"

In the case of a homogeneous, isotropic porous medium, the flow governed by this
modified Darcy law is of potential type rather than a boundary layer type. This law
is valid for a densely packed porous medium whose permeability is very low. The
Darcy model takes into account only the frictional force offered by the solid particles
to the fluid rather than the usual viscous shear, so this law is only valid if a variety
of the conditions are being met, and therefore, it is not applicable in many physically
relevant settings. For instance, as a first-order PDE for the velocity, Darcy’s equation
cannot sustain the no-slip boundary condition imposed on an impermeable boundary.
The existence of shear within the porous medium was experimentally demonstrated
by Beavers et al. [9], near the boundaries, thus forming a zone of shear influenced by
fluid flow. The Darcy equation cannot predict the existence of such a boundary zone
because there is not a macroscopic shear term included in the equation. Thus, to take
into account the shear, Eq. (2) was generalized by Slattery [27] and Tam [28] taking
the form

- %uwem =Vp-f. 3)

where 1, is the effective viscosity of the fluid in the porous medium and is a function
of the porosity, ¢. This is the most suitable governing equation for an incompressible
creeping flow of a Newtonian fluid within an isotropic, homogeneous porous medium.
This equation, originally proposed by Brinkman [10], was justified by Childress [13],
Lundgren [19] and Saffman [26]. The Brinkman equation (3) is physically consis-
tent with the previously mentioned experimentally observed boundary shear zone on
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account of the usual viscous shear force. The Brinkman model is valid for a sparsely
packed fluid-saturated porous medium wherein there is more window for a fluid to
flow so that the distortion of velocity gives rise to the usual viscous shear force.

Also, if the effects of inertia are important for the process (e.g., due to the curvilin-
earity of the flow path), the Darcy’s law again cannot be applied. As the inertia force
increases relative to the viscous force, the streamlines become more distorted and drag
increases more rapidly than linearly with velocity. At present, there are several differ-
ent views as to how the Darcy model should be generalized to include the inertia effect.
Lapwood [18] gave a mathematical form incorporating the convective inertial term,
£ (u - V)u in the momentum equation, where p is the fluid density (see also Nield
and Bejan [24]). Thus, in such situation when viscous shear and macroscopic inertial
effects are significant, it has been customary to use the so called Darcy—Lapwood—
Brinkman (DLB) equation to model the porous medium flow. This model takes the
form:

—ueAu+Vp+%u=f—§<u-V>u, @)
divu = 0. )

Note that the second-order DLB equation (4) is capable of handling the presence
of the solid boundary on which the no-slip condition for the velocity is imposed.
Moreover, the effects of flow inertia are also being incorporated making model (4),
(5) an important generalization of the Darcy law that has sound physical basis.

We observe that in the absence of viscous shear, Eq. (4) is known as the Darcy—
Lapwood equation. If quadratic drag is incorporated in the system, then the above
equation becomes

C
—UeAu+ Vp+ %u + p—Kblulu =f— %(u -Vu,

e

where Cp, is the is the dimensionless quadratic drag coefficient. This equation is known
as Darcy—Lapwood-Brinkman—Forchheimer model. If the Reynolds number Re is
very small, then the quadratic drag can be neglected. If Re =~ O(1), then the quadratic
drag law holds. For high Reynolds numbers, we will have to use a cubic drag law.

In this paper, we consider that the Reynolds number Re is very small (the quadratic
drag can be neglected), and so we study the Darcy—Lapwood—Brinkman model. Due to
nonlinearity of Eq. (4), the Darcy—Lapwood—Brinkman model has been mostly treated
numerically (see, e.g., Chen et al. [12], Khalilli et al. [17], Umawathi et al. [30]).
Analytical treatments are sparse and address only simple 2D fractures with plane-
parallel walls under additional assumptions which linearize the momentum equation
(4). We refer the reader to the papers by Hamdan et al. [7,21]. In view of that, the goal
of this paper is to analyze the 3D fluid flow through a thin layer of porous medium
sandwiched between two corrugated walls and governed by (4), (5). First, in Sect. 2,
we study the flow in a thin constricted fracture without boundary oscillations, namely:

Q2 = {(x/,x3) ER*xR:x e, eh™ (x) <x3 <eht (x/)}. (6)
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3076 1. Pazanin, F. J. Suarez-Grau

Here w is a smooth bounded open set in R2, while h~ and ht are smooth functions such
that AT > h~ on @. Assuming that permeability K = K, may depend on the small
parameter &, we employ a homogenization technique with respect to € and rigorously
derive three different effective models (see Theorem 1):

— If K, ~ €2, i.e., when the permeability is of order £, we obtain a 2D Darcy law as
an effective model including the effects of the domain’s geometry and the porous
structure.

— If K. < &%, we obtain a 2D pressure-driven Darcy law as an effective model not
accounting the effects of the Brinkman (viscous) term.

— If K, > &2, we obtain no contribution of the porous structure at the macroscopic
model. As a result, we obtain a solution in the form of the Poiseuille flow.

We observe that the convective inertial term does not contribute to in the macroscopic
models, and only the Darcy and Brinkman terms appear.

Most recently, PaZanin and Siddheshwar [25] considered the similar problem, but

in the case of the 2D flow. It is worth mentioning that the effective expression in the
critical case provided in Theorem 1 is consistent with the one formally obtained in
[25] via two-scale expansion method.
Section 3 is the central part of the present work. Here, we introduce the oscillations
at the top and the bottom of the flow domain; namely, we assume that the period of
the oscillations has the same small order as the domain thickness. In view of that, the
domain to be considered is the following:

/ /
A, = {(x’,x3) eR2xR : x' cw, eh™ <x—> <x3<eht <X—>} )

& &

for periodic functions 2~ and h™. As above, we aim to determine the asymptotic
behavior (as ¢ — 0) of the flow governed by (4), (5), now posed in A,. The proof of our
results is based on an adaptation of the unfolding method (see Arbogast et al. [6], and
Cioranescu et al. [14]), which is strongly related to the two-scale convergence method
(see Allaire [2], Nguetseng [23] and also Marusi¢-Paloka et al. [20]). The unfolding
method has been extensively used to study periodic homogenization problems where
the size of the periodic cell tends to zero. We refer the reader to a recent works by
Anguiano and Sudrez-Grau [3-5]. The basic idea is to introduce suitable changes of
variables which transform every periodic cell into a simpler reference set by using a
supplementary variable (microscopic variable). In the present setting, it is necessary to
combine the unfolding method with a rescaling in the height variable in order to be able
to work with a domain of a fixed height. In particular, due to the boundary oscillations,
an extension operator needs to be constructed in order to extend the pressure to an -
independent domain. Consequently, we manage to identify the critical size and later on
the effects of the microstructure (boundary oscillations) in the corresponding effective
equations. It turns out that the critical size is exactly the same as the one we obtain for
the non-oscillatory case. Moreover, depending on the magnitude of the permeability
K. with respect to ¢, we derive three different characteristic cases (see Theorem 2):
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- IfK, = &2, we obtain a 2D Darcy law as an effective model which includes both
the effects of the porous structure and the boundary oscillations given by the local
Darcy—Brinkman problems in 3D.

— If K, < &%, we obtain a 2D pressure-driven Darcy law as an effective model not
accounting the effects of the Brinkman (viscous) term, but including the effects of
the boundary oscillations provided by the local Hele-Shaw problems in 2D.

— If K > €2, as in the non-oscillatory case, we obtain no contribution of the porous
structure at the effective model, but here the effects of the boundary oscillations
are present through local Stokes problems in 3D.

We remark that convective inertial term also vanishes in the limit, and so only the
Darcy and Brinkman terms contribute to the macroscopic models depending on the
relation between ¢ and K.

To conclude, we believe that the analysis presented in this paper is instrumental
for understanding the effective behavior of the porous medium flow in thin domains
with highly oscillating boundaries. As emphasized above, by considering the (non-
linear) Darcy—Lapwood—Brinkman equation, the important features have been taken
into account that cannot be captured by a classical Darcy’s law. Consequently, the
considered flow naturally finds applications both in industry (chemical reactors, heat
exchangers, filtering equipment, etc.) and in geophysical problems; see [24] and the
references therein. By employing a homogenization technique, the averaged effects
of the boundary oscillations and the porous structure have been elegantly deduced. It
should be mentioned that such homogenized system is of practical interest for devel-
oping numerical codes since it allows to filter out the small scales of the boundary,
having a high computational cost. In view of that, we hope that our results could have
an impact on the known engineering practice.

2 Non-oscillatory Case

Throughout the text, the points x € R3 will be decomposed as x = (x’, x3) with
x’ € R?, x3 € R. Correspondingly, for the functions we use the same notation U =
(U, U3), U € R2.

In this section, we study the flow of a viscous fluid in the domain £2, given by

2, = {(x’,xg) eR X ew, ch™(x)) <x3 < 8h+(x’)] ,

where 1=, h™ € C'(w) N C (@) such that k™ > h~ on @. We suppose that the fracture
£2. is filled by a fluid-saturated sparsely packed porous medium. As explained in
Introduction, the flow through the porous medium is modeled by the Darcy—Lapwood—
Brinkman (DLB) equation. In view of that, let us consider a sequence (ug, ps) €
H(} (82:)3 x L2(£2,) satisfying

2 1Y
—peAug + Vpe + Zus =f- p

divu, = 0. )

(g - Vug,
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To complete the problem, we impose a standard no-slip boundary condition
u, =0 on 082,. 9
The right-hand side f is of the form

fx) =((f'(x)0), aexeco,

where f is assumed to be in L2(w x (M i h;;ax))z. Such choice of f is usual and
justified when we deal with thin domains. Indeed, since the thickness of the domain
is small, then the vertical component of the force can be neglected and, moreover, the
force can be considered independent of the vertical variable.

Using standard techniques (see, e.g., Galdi [16]), it can be established that (8), (9)
have at least one solution (u., p.) € HO1 (.{25)3 X L(%(.Qg). The space L%(.QS) is the
space of functions of L2(£2,) with null integral. Our aim is to study the asymptotic
behavior of u, and p. when the thickness ¢ tends to zero, taking into account the
magnitude of K, with respect to ¢. For this purpose, we use the dilatation in the

vertical variable x3:

y3 ; (10)

in order to have the functions defined in an open set independent of ¢ and with height
of order one:

2= [(x’, yeR X ew, hm(x) <y < h+(x’)}.
We define i, € H) (2)*, p. € L*(2)/R by
e (x', y3) = ue(x', €y3), pe(x’, y3) = pe(x', 6y3), a.e.(x',y3) € 2.
In view of (10), system (8) can be rewritten in §2 as

£

- _ - _ _ - W - -
—eAylle — € 2”’63331’{8 + Vype +e¢ laygpé‘eS + K*g”e = f/ - ¢2 (g - Ve)utg, (11)
divy i, + e dyyiie3 =0

with no-slip boundary condition on 952, i.e.,

u, =0 on 052. (12)

The asymptotic behavior of the sequence (i, p.) is provided in the following result:

Theorem 1 We distinguish three characteristic cases:
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(i) if Ko ~ €% with K;/e> — K, 0 < K < 400, then (ii;/€2, ps) converges
weakly, asstends to zero, in H'! (h=,ht; Lz(a)) )xLz(w) to (u p), withiiz =0
and it = 0 on y3 = h™, h™. Moreover, p € H'(w) and '), p(x") is the
solution of the effective problem

- 2KA !
U'x') = —M(X)(f (x) = Vep(x )) inw,
Mu
div, U'(x)=0 inow, (13)
U/(x/) -n=0 on dw,
ht(x)
where U(x') = f i(x', y3)dys, M = [ — - and the function Ay (x") is
h=(x)
given by
) 2 th"'(x’)—Mh_(x’) _ th_(x/)—Mh+(x’)
Au(x) = M GH—Mh=(x') _ gMh—(x)—Mh*(x')
1 —ch(Mht(x") — Mh=(x'
_ ch( (x") (x )). (14)

sh(Mht(x") — Mh—(x"))

(ii) lfK < &%, then (ug/e (K, /82)p5) converges weakly, as € tends to zero, in
H'(h— ,h+, L*(w)3 )><L () to (it, p), withiiz = 0andit =0ony; =h~,h™.
Moreover, p € H'(w) and (U, p) is the unique solution of the effective problem

. An(x!

06y = -2 5y inw.

Us(x") =0 in o, 15)
divy Ux") =0 inw,

U(x')-n=0 on do,

B ht ()
where U(x) = / i(x’, y3) dys and the function Ag(x') is given by
h= ()

Ao(x) = hT(x) = h—(x)).

(iii) if Ko > &2, then (ﬁg/e De) converges weakly, as ¢ tends to zero, in
HY(h=, ht; L2 (w)? )xL (w) to (i1, p), withiis =0andii =0onys =h™,h™.
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3080 1. Pazanin, F. J. Suarez-Grau

Moreover, p € H' (w) and (U, p) is the unique solution of the effective problem

~ A !
U'(x') = oo(x”) (f’(x') _ Vx/ﬁ(x/)) inw,
12
03(x/) =0 ina), (16)
divy U'(x") = 0 inw,
U -n=0 on dw,
B ht ()
where U (x) = / i(x’, y3) dys and the function Ax(x') is given by
h=(x")

Ao (X)) = hH ()3 =30~ (&)} — 3(h+(x/)2h*(x’) - h*(x/)h*(x’)z).

2.1 Proof of Theorem 2.1

Let us first fix some notation.

We denote by : the full contraction of two matrices, namely for A = (a; j)1<i, j<2
and B = (bi,j)lfi,j§2, we have A : B = Ziz,j=1 cl,‘jb,'j.

We denote by O, a generic real sequence which tends to zero with € and can change
from line to line.

We denote by C a generic positive constant which can change from line to line.
A priori estimates: First, we need to derive the a priori estimates for .. To accomplish
this, we employ some technical results which can be verified straightforwardly by a
simple change of variables (for the proof, see [20], Lemmas 8 and 11):

Lemma 1 The following estimates hold:
||(Pa||L2(QE)3 = C8||D¢8||L2(Qs)3><3a (17)
1
l@ell 42,3 < Ce21D@ellp2(2,)3%3 (18)

Now, we prove the sharp a priori estimates for the velocity u,.
Proposition 1 For u. satisfying system (8), (9),
(i) if Ko ~ 2, with K, /e — K, 0 < K < 400 or Ky < €2, it holds

5
luellz2(o,)3 < Ce2. (19)

(ii) if K¢ > &2, it holds

3
el 2,0 < CePKE. (20)
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Moreover, in every case it holds

3
”Du8”L2(95)3X3 < Ce2. (21)

Proof We consider u, as test function in the weak formulation of problem (8), and so
we get

u/ |Due|2dx+if |ug|2dx=/ [ g dx. (22)
2 K, 2 2
Using the Cauchy—Schwarz inequality, /' € L?(w)? and (17), we deduce

‘/ fl&x) - ul dx
2

3
< Ce2 ”Dl/tg ||L2(Q£)3X3 s

leading to

&

3
e / |Due > dx + 2 f Jul® dx < Ce2 || Duell 12 (g, 33 (23)
2 K $2¢
On the one hand, this implies that (21) holds. Consequently, using (17), we get

5
”u5”L2(95)3 S CSZ. (24)

On the other hand, using (21) in (23), we also obtain

3 1
||u8||L2(Q£)3 < CEZKSZ. (25)

From (24) and (25), we have that

5 3 1
||M5||L2(Q€)3 < C <€2 +82K52> .

5. 3 1 . .
We compare 2 with respect to £2 K7 and observe that the critical case is when
K, ~ &% which gives estimate (19). In the subcritical case K, < 2, we also deduce
(19), while in the supercritical case we deduce (20). O

Corollary 1 For it satisfying system (11), (12),

(i) if Kg = €2, with 1(5/82 — K,0 < K < 400, or K, < €2, the following
estimate holds

liiell 20y < Ce>. (26)
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(ii) if Ko > €2, the following estimate holds

1
~ 2
litell20)y < Ce Ke .
Moreover, in every cases it holds

- ~ 2
[ Dyitellp2(0yx3 < Ce, |[0yellp20)p < Ce™.

27)

(28)

Proof Estimates (26), (27) and (28) are easily obtained from (19), (20) and (21),

respectively, by applying the change of variable (10).

O

Now, we prove the a priori estimates for the pressure p.. For this, we need one
more technical lemma addressing the auxiliary divergence problem (see Lemma 20

from [20]).

Lemma 2 The problem
divpe = fo € L3(2:) in $2,
0 =0 on 082,

has a solution ¢, € H(} (528)3 such that

C
loellz2 2.3 = Cllifelliz@y 1D@elli2@x3 < ;||fs||L2(.Q€)~

Proposition 2 For p. satisfying system (8), (9),
(i) if Ko =~ €2, with Kg/s2 — K,0 < K < +00, or K, > &%, we have

1
lPellz2(e,) < Cez,

(ii) if Ko < €%, we have

5

c2
<C—.
IPellr2@,) < X.
Proof We introduce ¢, as the solution of the auxiliary problem
divge = pe € L3(2:) in 2, ¢: =0 onds2.
According to Lemma 2, such problem has at least one solution such that
Cc
I@ell2(2.03 < Clipellp2(2,y: 1D@ellp2(0,)3x3 < " | Pell 22,

@ Springer
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We multiply system (8) by ¢, and integrating over £2,, we obtain

2 _ .
||p8||L(2)(Q£) - '[(25 Pe le§0£ dx

=

ue/ Dug : Dy, dx

“r‘/ [ pedx
2

2 ~ 1
+’¢_2/98(’48'V)u8¢8dx +'K_8/qua'(ﬂedx

Taking into account estimate (21) and Lemma 2, we have

. (33

1
MeL Dug : D dx| < C||Dus||L2(QS)3X3||D(Ps||L2(_Q£)3x3 < Ce2 ”pé‘”Lg(Qs)‘

Similarly, we obtain

1
< Ce2|p; ”L(Z)(_QE)'

‘/ [ pedx
2

For the convective term, from estimate (21) and employing inequalities (17) and (18)
and Lemma 2, we deduce

= C”DMEHLZ(_QE)3><3||u8||L4(_QE)3 ||§0a||L4((za)3

n
‘P/ (ue - Vug e dx
2
3 3
= Ce?||Deellp2(,)3 < Ce? ||P8||L%(_Q€)-

Finally, we get

I
— Ug - Qe dx
'Ka /(‘25 e Qe

Depending on the magnitude of K, with respect to &, we conclude:

< Cllugliz2(@,)3 l@ell L2(2,)3-

— if K, ~ ¢, estimates (17), (19) and Lemma 2 yield

"
adl co.d
'Ke/a;gus Pe AX

- if K, < €2, using estimate (19), we get

uw
— Ug - @ dx
‘Ks /.;25 e Qe

1
= Ce2|pellr2(g,)-

C 8%
< C — X
=%, lPellL2e.
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- if K, > &2, using estimate (20), we get

7
— Ug - Qe dx
‘Kg /.Qs e Qe

Thus, in view of (33), we deduce that if K, ~ &% or K, > &2, we have

£2
< C—lIpelirza,)-
K¢

1
lPellp2e,) < Ce2.

Finally, if K, < &2, we get

£2
IPellz2(,) < C?-

&

O
Corollary 2 For p. satisfying system (11), (12),
(i) if Ke =~ €2, with Kg/s2 — K,0 < K < +00 or Ky > €2, we have
1Pellr2) = C, (34)
(ii) if Ko < &% we have
y e’
[ Pellr22) = CK_' (35)

&€

Proof Estimates (34) are (35) are easily obtained from (34) and (35) by applying the
change of variables (10). O

Some compactness results: From the a priori estimates of (i., p,), we can deduce
the following compactness results:

Lemma 3 For i, satisfying system (11), (12), there exists it € H'(h—, ht; L*(w))?
where i3 =0and it = 0on y3 = h™, h™, such that

Z_EA(;/, 0)in H'(h~,h": L*(0))® ase — 0, (36)

ht(x)
div, / i, ydys | =0 inow,
h= (')

37
ht (")
/ (' y)dys ] -n=0  ondo.
h=(x")
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Proof We divide the proof in three steps.

Step I Let us begin with the cases K, ~ &2 and K, < ¢2. Estimates (26) and (28)
imply the existence of u € H 1 (h=,h™; Lz(w)3), such that, up to a subsequence, we
have convergence (36). Consequently,

1. ~/ s~y lop— 1+ -1
8—2d1vxru8—\dlvx/u inH (h~,h"; H (w)). (38)
Since divii; = 0 in £2, multiplying by ¢ > we obtain
| 1 . .
g_zdwx'”s + 8—38y3u5’3 =0, 1in$2, 39

which, combined with (38) implies that dy,ii, 3/¢> is bounded in H'(h=, h™;
H~Y()). This implies that 8y3ﬁ8,3/82 tends to zero in H'(h—, ht; H= ' (w)). Also,
from (36), we have that 9yl 3 /€% tends to 0y, 113 in L?(£2). From the uniqueness
of the limit, we have that d,;i3 = 0, which implies that i3 does not depend on y3.
Moreover, the continuity of the trace applications from the space of functions v such
that || 0]| ;2 and ||y, V]| ;2 are bounded to L*(wx {h~}) and L*(w x {h~}) implies that
the values of i, 3 on the boundary @ x {h~} and w x {h"} which are constant are
preserved by letting ¢ tend to zero. Thus, i3 = 0 on w x {h~} and @ x {A™}. This
together with the fact that i3 is independent of y3 gives that u3 = 0.

Step 2 In the case K > &2, from the second estimate in (28), we can deduce that
there exists i € H'(h~, h; L*(w)?) such that (36) holds.

_1
Taking into account this convergence, estimate (27) and that e K, 20, =

1
& K_%ﬁs/sz, we deduce that e 1K, 2ii, tends to zero.
Proceeding as the previous cases, we can deduce that u3 = 0 in £2.
Step 3 In this step, we prove (37). To do this, we consider ¢ € C Cl (w) as test function
in diveii, = 0 in £2, which multiplying by £ 2 gives

1
8—2/ div,it, p(x") dx'dy; = 0.
2

Now, from (36), we get (37). O

Lemma 4 For p. satisfying system (11), (12),
(i) if Ko ~ €% with K;Je2 — K, 0 < K < 400, or K, > &2, there exists

pE L%(.Q) such that
Pe—p in L*(£2), ase— 0. (40)

(ii) if Ko < &2, then there exists pE L%(.Q) such that

K. . ~ . 2
—5 Pe—p in L“(82), ase— 0. 41
£
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Proof Taking into account estimates (34) and (35), assertions (40) and (41) follow
directly. O

We are now able to prove the main result of this section:

Proof (Proof of Theorem 1) First of all, applying the change of variables (10) to estimate
(18), and using estimate (28), we deduce that

IA

‘/ (ite - Ve)ii vdx'dy; ”ﬁ8”L4(,Q)3 ||D8’/~t8||L2(Q)3><3 ||v8||L4(_Q)3
2

IA

~ 2
€ ” Dgug ||L2(.Q)3X3 ” D ||L2(.Q)3><3

IA

2 Dvell 12 (2y3x3 = O (42)

Now, we choose a test function ¢ (x’, y3) € D(2)3. Multiplying (11) by ¢(x’, y3),
integrating by parts and taking into account the above estimate, we have

~ 2 - ~ .
— e / Dyiie : Dygdx'dys — 2 / dysils : Dyspdx'dys + / Pedivyg'dx'dy;
2 2 2

1
+—/ Pe By3v3 dx'dy; — i/ fie - vdx'dys =/ Fov dxdys + O, (43)
eJo ) K: Jo 2

The above variational formulation will be useful in the following.

We proceed in three steps depending on the magnitude of K, with respect to ¢.

Step 1 Critical case K, ~ &2, with K‘,;/e2 —- K,0 < K < +00.

First, we prove that p does not depend on the variable y3. To do this, in (43) we
consider as a test function ¢, (x’, y3) = (0, ep3(x’, y3)). Passing to the limit and using
(36) and (40), we arrive at

/ P 0y;03 dx'dy =0
wxY

confirming that p does not depend on y3.

Now, we choose a test function ¢ (x’, y3) = (¢'(x’, y3), 0) in (43) satisfying con-
dition (37). By doing that, we can use convergences (36) and (40). When passing to
1 &2

- s% and that p does not depend on

the limit in (43), we take into account that el
€

y3. As a result, we obtain

e [ it ardn - % [ dpadan= [ f e @
9] K Jo 7]
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By density, (44) holds for every function v in the Hilbert space V defined by

(', y3) € H'(h™,h™; L*(®)®),  such that

ht(x)
div, f e(x',y3)dy3 | =0  ino,
V = h=(x")

ht(x)
/ e(x',y3)dys | -n=0  onw
h=(x")

Due to Lax—Milgram lemma, variational formulation (44) in the Hilbert space V admits
aunique solution # in V. Following the same arguments as in [1], the orthogonal of V
with respect to the usual scalar product in H Yh=, ht; L?(w)?) is made of gradients
of the form Vg (x"), with g(x’) € L(z)(w). Therefore, using the integration by parts,
variational formulation (44) is equivalent to the effective system

Meafgﬁl(x/, y3) + &' (x', y3) = f'(x) = Ve p(x') in 2,
ht(x))
div,/ / ' (x',y3)dys | =0 inw,
“\in (45)

ht(x")
/ @', y3)dys | -n=0 on dw.
h=(x)

It remains to prove that the pressure ¢ (x’) arising as a Lagrange multiplier of the
incompressibility constraint div ./ ( f hh_+ (gcx/;) @(x’, y3)dy3) = 0is the same as the limit of
the pressure p,. This can be easily done by multiplying Eq. (11) by a test function and
identifying limits. Since (13) admits a unique solution, then the complete sequence
(ile /€2, Pe) converges to the unique solution (i (x’, y3), p(x’)). This gives the desired
result.

Since (45)1 can be viewed as a linear second-order ODE (with constant coefficients)
with respect to y3, we get

K : , -
W y3) = — (A1) Ape™ ™ — 1) (Vo p) = 1'@).
"
Here, we introduce M = _/ KLM, while the unknown functions Aj(x’), A>(x’) are

given by

o~ M=) _ p~Mh* ()
A(x)) =

eMIT () —Mh=(x') _ oMh=(x')—Mh*’

M=) _ M ()
Ar(x') = —

eMhT () —Mh=(x") _ oMh=(x)—Mh+"
By a simple integration with respect to y3 from 4~ (x’) to 2™ (x'), we obtain (13).
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Step 2 Subcritical case K, < 2. Similarly to the previous case, it can be proved
that p does not depend on y3. In order to obtain the effective model, we take as a test
function ¢, (x', y3) = (K¢ /e2¢’(x', y3), 0) in (43) with ¢’ satisfying (37). Thus, we
can use convergences (36) and (41). When passing to the limit, we take into account
that K, /e> — 0 to obtain

u f i - pdy'dys =0, (46)
2

Again, by density, (46) holds for every function ¢ in the Hilbert space V. Proceeding
as above, the variational formulation (46) is equivalent to the effective system

@', y3) = =5 Vo px) in 2,
AE%)
div,/ / i'(x',y3)dys | =0 inow,
“\-o) 47)
ht(x))
/ @', y3)dys | -n=0 on dw,
h=(x)

which, after integrating with respect to ys, gives (15).

Step 3 Supercritical case K, >> 2. Similarly as above, it can be proved that p does
not depend on y3. Proceeding as in Step 1 and taking into account that £ /K, — 0,
we obtain

e [ i dg dan = [ f g/ an, (48)
2 2

which is equivalent to the effective problem

Meagzﬁ’(x’) = f —Vup) inw,
ht(x)
. . _ .
div, /h_(x/) u(x,y3)dy; )] =0 inow, (49)
ht(x')
/ ' (x', y3)dys | -n=0 on dw
h=(x")

implying that
() = y3) (3 —h~ () .
u(x’, y3) = > (f' (") = Vup(x')),
e
which, after integrating with respect to ys, gives (16). O
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3 Oscillatory Case

In this section, we investigate the asymptotic behavior of a viscous fluid in the domain
with highly oscillating boundaries, namely

/ /
Ag = {(X/,)C3) eR:x cw, eh™ <£> <x3 <eh™ (x_)}
g g

In this setting, we consider 2, AT, with i~ < h™, to be smooth functions defined
for y’ in R?, Y’-periodic, where Y’ = (—1/2, 1/2)? is the 2D cell of periodicity. We
define the 3D basic cell

Y = {y eR:yeY, )<y < h*(y’)}.

We define the values i . . bt as
- — minh™ + +
Fimin = 100 1) Py = max BT (). (50)

We denote by L%(Y ), Httl (Y), the functional spaces

LA(Y) = {v e LA () : /Y v)Ady < +o0,
v(y + K, y3) = v(y)VK € Z, ae.y € Y}
and
HM\(Y) = {v e HL.(V)NLA(Y): fy IVyu2dy < +oo}.

As in Sect. 2, the porous medium flow is modeled by the Darcy-Lapwood—
Brinkman equation (8), (9), now posed in A.. In view of that, let us consider a sequence
(ue, pe) € Hy(Ag)? x L*(A,), which satisfies

1% Y
—MeAug + Vpe + Zus =f - q?(us -Vug, (51)
divu, =0
endowed with
us =0 on 9A,. (52)

As commented in Sect. 2, system (51), (52) has a unique solution (u., p.) €
HJ(Ap)? x LE(Ay).
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Our goal is to find the asymptotic behavior of u, and p, when ¢ — 0, depending
on the magnitude of K, with respect to ¢. For this purpose, we introduce the dilated
variable y3 = ’;—3 in order to have the functions defined in an open set with a height of
order one:

/ /
A = {(x',y3) eR: x' cw, h™ ()i) <y3<ht (x_)}
€ g

In view of that, the functions i, € HO1 (/TS)3, De € L%(/Tg) are defined by

ﬂa(x/’ y3) = M&‘(-xlv 8)’3)7 p~8(-x/s y3) = p&‘(x/v 8y3)9 a.e. ()C/, )’3) € XS'

As a consequence, system (51) can be rewritten in /Ts:

= f/ - %(ﬁs - Ve)ile

. - - - 1. = wo.
—UeAylig — € 2;@3)2,3148 +Vype+e 18y3p€e3 + K—ug
&
divy ity + & dyyiie 3 = 0
(53)
with no-slip boundary condition on 3 A, ie.,
fie =0 on dA,. (54)

It i s essential to observe that the sequence of solutions (i, ps) e H! (A )3
L2 (A ) is not defined in a fixed domain (independent of &) but in Ag which varies
w1th respect to ¢. In order to pass the limit, the convergences in fixed Sobolev spaces
(defined in an e-independent set A) are to be employed which requires first that (i,
Pe) be extended to the whole domain

= {(x’,y3)eR3 cx'ew, hy <3 <hmax}.

Here f;, and hit . are defined by (50).

The main result of the paper can be formulated as follows:

Theorem 2 We distinguish the three characteristic cases:

(i) if Ko ~ &2, with K /e* - K, 0 < K < +c>o then the extension (U, /€2, P,)
converges weakly, as ¢ tends to zero, in H! (M i h$ax, L%(w)3) x Lz(a)) to

(v P), with 73 = 0 and ¥ = 0 on 3 =h_is hit . Moreover, P € H (w) and
(V' (x), P(x)) is the solution of the effective problem

V) = KAy (£6) = VePR))  ino.

V(x') = 0 (55)
divy V/(x', y3) =0 inw,
V', y3) -n=0 on dw.
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(ii)

(iii)

where V (x') = f o 3(x', y3) dysand Ay € R>*? — RZ? is symmetric, positive
definite and deﬁned by its entries:

(AM),-,-=/YDw"(y>:Dwa<y)dy, =12 (56)

Here, W' (y) (i =1, 2)denote the unique solutions in Hﬁ1 (V)3 of the local Darcy-
Brinkman problems in 3D:

Aw+ qu + w! =e¢ inY,
dlvyw =0 inY
\ , 57
wi =0 inys=h=(y), ht (), o7
w', 7' Y’ — periodic,

with M = K e

if Ko < €2, then the extension (Us/€2, K, /€2 P;) converges weakly, as ¢ tends
to zero, in H (M in> h$ax, L?(w)3) x L o(w) to (v, P) with vz =0and v =0
onys =h_.., hmax Moreover, P € H! (w) and (V ), P(x’)) is the solution

of the effective problem

V() = =20V P(x) inw,
V3(x') =0,

divy V/(x") =0 inw,
V') -n=0 indw,

(58)

hgax
whereV (x') = / v(x’, y3)dysand Ag € R2*2jsqa symmetric tensor defined

min

by its entries:
(Ao)ij =/ (€ +Vyghejdy', i,j=1,2.
Y/

Here qi(y’) (i = 1,2) denote the unique solutions in Hjl(Y})2 of the local
Hele-Shaw problems in 2D:

Ayrqi =0 in Y},
(Vy/qi +e¢)-n=0 indY’, (59)

q' Y' — periodic.

if K¢ >> &2 then the extension (s /€2, Py) converges weakly, as ¢ tends to zero,

in H! (hmm, haxs L%(w)?) x Lz(w) to (v, P) with 13 = 0 and v = 0 on
y3 = hi, hihay. Moreover, P € HY(w) and (V'(x'), P(x")) is the solution of
the effective problem
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~ A ~
Vi) = 22 (f/(x/) — VX/P(x/)> inw,
" e
V3(x) =0 (60)
divy V/(x', y3) =0 inw,
V', y3)-n=0 on dw.
h$ax
where V(x') = 3(x, y3)dy; and A € R**? — R2 is symmetric,

h_

min

positive definite and defined by its entries:
(Aco)ij :/Dwi(y) : Dyw’ (y)dy, Vi, j=1,2. (61)
Y

Here, w' (y) (i = 1,2)denote the unique solutions in Hnl (Y)3 of the local Stokes
problems in 3D

—Aywi —i—qui =e¢ inY,

divywi =0 inY,

w'=0 inys=h"(y), h*(y),
w!, 7l Y — periodic.

(62)

3.1 Proof of the Main Result

A priori estimates: Using the same arguments as in Sect. 2, we derive the a priori
estimates for i, and p, in Ag.

Lemma5 For u. satisfying system (53), (54),

(i) if Ko ~ €2 with Ks/e? — K, 0 < K < +00 or K, < &2, the following
estimate holds:

liiell 25,0 < Ce™. (63)

(ii) if Ks > €2, the following estimate holds:

1

||’/~ls||L2(/’{£)3 < CeK?. (64)
Moreover, in every cases, it holds
||Dx’ﬁs||L2(X£)3x2 < Ce, Hayzﬁsan(/Lﬁ < Ce?. (65)

Now, we turn our attention to the pressure. As in the previous section, from Eq. (53)
we can obtain the estimate for the pressure p.. However, now the constant C appearing
in (30) depends on the domain A,, and, thus, the estimate for the corresponding

@ Springer



Homogenization of the Darcy-Lapwood-Brinkman Flow in a... 3093

Fig.1 Basiccell Y U3

1‘\+

pressure p, may not be uniformly bounded when ¢ — 0. For that reason, the idea is
to extend the pressure p; to the ¢-independent domain A.
The Extension of (e, pe) to the domain A ltis easy to extend the velocity by zero
in A \ A (this is compatible with its Dirichlet boundary condition on 8A8) We will
denote by v, the continuation of i, in A. It is well known that extension by zero
preserves L2 and H(} norms. We note that the extension v, belongs to H(} (A)3.

However, extending the pressure is a much more difficult task. Tartar [29] introduced
a continuation of the pressure for a flow in porous media. This construction applies to
periodic holes in adomain A, when each hole is strictly contained into the periodic cell.
In this context, we cannot use directly this result because the “holes” are along the top
and bottom boundaries of A, and moreover the scale of the vertical direction is smaller
than the scales of the horizontal directions. This fact will induce several limitations
in the results obtained by using the method, especially in view of the convergence
for the pressure. In this sense, for the case of Newtonian fluids in a domain with a
top boundary with roughness, Bayada and Chambat [8] and Mikeli¢ [22] introduced
an operator R generalizing the results of Tartar [29] to this context. In our case, we
need an operator R® between HO1 (Q,)? and HO1 (A,)3 with similar properties, where
Qe =w X (Shmln’ ehmax)

Following [8], we make a few more assumptions on the geometrical structure:

H1 The surface roughness is made of detached smooth humps periodically given on
the upper (resp. the lower) part of the gap.
H2 We consider that the domain w is covered by a finite number of periodic cells Y, k/ ,

of size &, where fork’ € Z2, each cell Y, =¢ek'+eY' withY' = (-1/2, 1/2)2.
We define T, = {k’ €7’ 0Ny, # @}.

We consider a smooth surface included in Y and surrounding the hump (in the
top) such that Y is split into two areas Y;{ and Y,} (see Fig. 1 for more details).

H3 37} is a C! manifold.

We note

ot =Y xh o), St =9v, nayy.

max)
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We obtain the following result.
Lemma 6 For given ¢ € H'(IT1)? such that § = 0 on I't, there exists v €
H'(Y,;D)? such that:

~ 4 ~ ~
w, = and w .
g+ = Pls+ lays+

Moreover, there exists a constant C which does not depend on ¢ such that:

1t iy < CHG 1o o
div,g = 0 = div,ut =
Proof 1t is analogous to the proof of Lemma 3.1 in [8]. O

Lemma 7 There exists an operator R} : HO1 (0 — HO1 (Ag) such that

1. ¢ € Hy(A)’ = RE(p) = ¢,
2. divg =0 = divR/ (¢p) = 0.
3. Forany ¢ € Hol(Qg)3, we have

IRE @20, = C (10l 20 + £1DEN 2z )
1
IDRY@)l2a5s = C(SN0lli2gry + 10920z ye2)-

with constant C independent of ¢ and e.

Proof For any ¢ € Hi (IT*)? such that @ = 0 on I'", Lemma 8 allows us to define
R*(¢) € H'(IT*)* by

@ ifyevt,
Rt (@)= ot ifyevt,
0 ifyevt,

which satisfies

/ [RT (@) dy +/ IDyR*(@)dy < C (f @1 dy +/ |Dy¢|2dy)67)
o+ a+ o+ o+
For every k' € T, by the change of variables

x’ X3 dx
Kty == y3==,dy=—3, 8y =¢d,, (68)
& & &

we rescale (71) from IT™ to QZ‘, e This yields that, for every functionp € H 1 (QZZ 8)3 s
one has

/+ IR () dx +82/+ IDcR* (@) dx

Qk & Qk/,s
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Fig.2 Basic cell [Tt U3

<C (/ |¢|2dx+82f |Dx/go|2dx.>
oF, oF,

ke ke

We define R by applying R to each period Ql‘(’? .- Summing the previous inequalities
for all the periods Qj’ ., and taking into account that from (H2) we have Q, =
Urer, Qi ¢» giVes

/Q+ RS (@) dx + &2 /Q DR (¢)1* dx

< c(/ |(p|2dx+82/ |Dx<p|2dx). (69)
oF oF

Obviously, R;‘ () liesin HO1 (Ag)? and is equal to ¢ if ¢ is zero on Qg‘ \ Ag, so we get
the estimates in 3. Moreover, the second item is obvious from (66), and the definition
of R} O

We make a few more assumptions on the geometrical structure. Thus, we consider
a smooth surface included in /T and surrounding the hump such that IT is split into
two areas ¥ and Y, (see Fig. 2 for more details). We also assume that 9Y, " is a c!
manifold.
We note
M =Y x (hyy hib), S =03Y,, N3Y;.

min’
Analogously, we have the following result.
Lemma 8 Forgiveny € H' (IT)3 such thaty = 0on I'~, there exists ™ € H'! (Y,,T)3

such that:

W =@, and w
s Y

s
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Moreover, there exists a constant C which does not depend on ¢ such that:

0~ g1y < Cl@lgimyss
H'(Y;) () (70)
diveg =0 = divew™ = 0.

Finally, we give the properties of the operator R;.

Lemma 9 There exists an operator R, : HO1 (Qe) — H(} (Ag) such that
1. g€ H()l(As)3 = Re(p) = ¢,
2. divgp =0 = divR.(¢) = 0.
3. Forany ¢ € HOI(QS)3, we have
||R8(§0)||L2(A5)3 = C<||§0||L2(Q5)3 + 8||D¢||L2(Q5)3><3),

1
IDR@120a,35 = C(Z 10l 120, + 1D0ll120,+)-

with constant C independent of ¢ and ¢.

Proof For any ¢ € HO1 (IT)? such that = 0 on I'~, Lemma 8 allows us to define
R(@) € H'(IT)* by
R* (@) ifyer;,
R(@)=1 w™ ifyeY,,
0 ifyeY,,

which satisfies
/|R<¢)|2dy+/ |DyR(¢)|2dy§C</ |R+<¢>|2dy+/ |DyR+(¢>|2dy>.
I7 I7 I7 I7
(71)

For every k' € T, by the change of variables (68), we rescale (71) from IT to Qp .
This yields that, for every function ¢ € H' Q. 2)3, one has

/ |R(<p)|2dx+82/ |D:R(9)|* dx
Qk’,a Qk’,a

sc/ |R+<<p)|2dx+82/ |DxRT ()| dx.
Qk’,a Qk’.s

We define R, by applying R to each period Qy .. Summing the previous inequalities
for all the periods Qy’ ., and taking into account that from (H2) we have Q, =
Uker, Q' - giVves
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/ |R: ()] dx +82/ |Dy R (9)|* dx

§C</ |R:(w>|2dx+e2/ |Dij<<p>|2dx),
Q¢ Q¢

which thanks to (69) gives

/|Rs<¢>)|2dx+82/ |Dng<<p)|2dxsc</ |(p|2dx+52/ |Dx<p|2dx),
Qe Qe Qe Qe

Obviously, R.(¢) lies in HOl (A5)3 and is equal to ¢ if ¢ is zero on Q; \ Ag, so
we get the estimates in 3. Moreover, the second item is obvious from (70), and the
definition of R;. O

We obtain the following a priori estimates for the extension (v,, P;) in the domain

Q.

Lemma 10 There exists a constant C independent of €, such that the extension
(e, Po) € Hi(0:)® x L3(Q;) of a solution (u, pe) of problem (51), (52) satis-
fies

(i) if Ko ~ &2, with K, /e — K, 0 < K < 400, the following estimates hold

5

lvell 220, < Ce2, (72)
1

I Pellz2cp,) = Ce2. (73)

(ii) if K < €2, the following estimates hold
5
lvell 2,y < Ce3, (74)
P c 75
<C—.
I Pellz20,) = X, (75)
(iii) if Ks > €2, the following estimates hold

3 1

lvell 2c0,) < Ce2K¢, (76)
1

I Pellz2(g,) < Ce2. (77

Moreover, in every case it holds
3
||Dv5||L2(Qg)3X3 < Ce2. (78)

Proof We first estimate the velocity. Taking into account Lemma 5, it is clear that,
after extension, (72), (74), (76) and (78) hold.
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The mapping R® defined in Lemma 7 allows us to extend the pressure p, to Q,
introducing F; in H™! (Q8)3:

(Fe,9)0, = (Vpe, RE(@)) 4., forany ¢ € Hi(Q:)>. (79)

We calculate the right-hand side of (79) by using (51) to obtain

(Fe,9)o, = —Me/

Du, : DR®(¢) dx — i/ ug - R°(p) dx
A K: Ja,

/ & p &
+ " - R, (p)dx — E As(ug - Vue R* () dx. (80)

Moreover, divp = 0 implies
(Fé‘a (p)Q‘E = 07
and the DeRham theorem (see, e.g., [16]) gives the existence of P, in L%(QS) with

Fe =VP..
We introduce ¢, as the function solution of the auxiliary problem

divee = P € L§(Q:) in Qe, ¢ =0 ondQ,.
According to Lemma 2, such problem has at least one solution such that
Cc
loellz2.3 = CllPellz2co,y,  1D@ell2(0,)3x3 < ;”PA?HLZ(QS)‘

Thus, we get

”Pg”Lz(Qa) = ‘/ PgdiV(pgdx
Qe

= He

f Du, : DR®(¢) dx

Ag

+'Ki/ e - RE(¢g) dx

e J A

. (81)

+‘/ '+ R () dx +‘%/ (ug - Vug R* () dx
A ¢” Ja,

Taking into account Lemma 7 iii) and Lemma 2 applied to the domain Q. , we conclude

||R8(¢£)||L2(AE)3 = C<||‘Ps||L2(QS)3 + 8||D(ps||L2(Qs)3><3) <C| P ”LZ(QS)»
1 C
IDR* @) ll2a 5 = C(Slgellizgns + 1D¢el 2o ) < ZIPellzo,.

Finally, proceeding as in the proof of Lemma 2, we deduce the desired estimates of
the pressure in every case. O
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Applying dilatation (10), we obtain the following a priori estimates for the extension
(Vg, Pg) in A.

Corollary 3 For the extension (U, P.) satisfying system (53), (54), we have

(i) if Ko =~ &2, with Kg/s2 — K, 0 < K < 400, the following estimates hold

1Bell 2y < Ce?, (82)
I Pell 2z < C- (83)

(ii) if Ks < €2, the following estimates hold

I15ell 27y < CE?, (84)
~ 82
||Ps||L2(X) =< C?- (85)

&

(iii) if Ko > €2, the following estimates hold

1
Vel 20y = CekK/, (86)
1221205 < C- 87)
Moreover, in every case it holds
1Dy el 2 Giyer < Cer 8y0ell 1253 < Ce™ (88)

Adaptation of the Unfolding Method: The change of variable (10) does not provide
the information we need about the behavior of i, in the microstructure associated with
Ag. To solve this difficulty, we introduce an adaptation of the unfolding method (see
[6,14] for more details). First, we explain the notation used in the sequel. Recalling
that Y/ = (—1/2,1/2)%, Yp . = ek’ + &Y', for every k' € T,, and that the basic cell
is given by

Y={yeR3:V€Yﬂlf@5<%<hWVﬂ’

we define Y. = Y/, . x (A7 ("), h*(y") for every k' € T,. We also define the
extension of the basic cell by

=Y x 0. , ht

min’ max)'

The corresponding cubes of size ¢ and height &(h,, — hgin) are given by Qp .

— Yy’ - + A v/ — i
- Yk’,a X (Shmin’ Shmax) and Qk’,e =T X (hmin’ hmax)'
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Given ﬂEN € H(} (/T,;)3 a solution of the rescaled system (53), extended by zero
outside of A, we define ii., by

/
e (x', y) = it (8/< (x ) + ¢y, y3) cae (X, y) ewxY. (89)

B
Here, the function « is defined as follows: For k’ € 72, we define « : R? — 72 by
k(xX) =k < x" ¢ Ylé’,l'

Note that « is well defined up to a set of zero measure in R? (the set Uy529Y/, -
Moreover, for every ¢ > 0, we have

/
X / / /
x(—) =k x e€Y,,.
A ,

In the same sense, given the extension of the pressure f’s € L%(Z), we define 138
by

/

P.(x,y) = P, (gx (%) tey, y3> L ae (X, y) € x II. (90)

Remark 1 For k' € T, the restrictions of i, to ¥}, . x ¥ and P, to Y/, , x IT do not

depend on x’. As a function of y, it is obtained from (ii,, P;) by using the change of
variables

" ek!
y =1 88 , O1)

transforming Y} . into Y and ékg ¢ into 1, respectively.

Lemma 11 There exists a constant C independent of e, such that (ii,, Py) defined by
(89), (90) satisfies

(i) if K, ~ &2, with K, /e — K, 0 < K < 400, the following estimates hold

liell L2 yy < Ce?, (92)
1 Pell 12 (eimy < C- (93)

(ii) if Ko < €2, the following estimates hold

liell 2(oxyy < Ce?, (94)
A 82

I Pell 2wy < C?- 95)
£
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(iii) if K¢ > €2, the following estimates hold

1

el 2xyy < CeKZ, (96)
I Pell 2(wxrmy < C. CH)

Moreover, in every case it holds
IDydiell 2(xyyie < Ce 3y iiell 2xyys < Ce™ (98)

Proof Letus first derive some estimates for the sequence it defined by (89). We obtain

[ il avay
wxY

Z// /|D/u£(x y)| dx’dy

k'eTy

R 5
Z/ / / |Dyiie (ek’ + €Y', y3)|” dx'dy’dys.
k'eT; o Y' IR ()

We observe that iz, does not depend on x’ so we deduce
A / 2 /
/ \Dy/ug(x ,y)| dx'dy
wX

()
- 2
=g’ Z / / |Dyite (k' + €)', y3)|” dy'dys.
h-

K eT, o)

Using the change of variables (91) and the Y’-periodicity of 2~ and h*, we get
A / 2 /
/ |Dy/u8(x ,y)| dx'dy
wxY

h*(‘**k/
— Z/ /h |Dyiie(x, y9)| dx'dys

k'eT, —k)
=&’ Z// f |Dxfus<x )| dx'dys
k'eT; h~

- 2
=&’ /~ |Dx/us(x’,y3)| dx'dy;.
A
Employing estimate (65);, we deduce (98);.
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Similarly, using Remark 1 and definition (89), we have

f |8y, (6, )P di'dy < 62 ) / |05t (k' + £y, y3)|” dy.
wxY K'eT, Y

Using the change of variables (91) and estimate (65),, we obtain

/ |9yyi26 (', y)[? d'dy < / |9y,i76 (6", y3) | do'dys < Ce?,
wxY Ag

proving (98),.
Similarly, using definition (89), the change of variables (91) and estimates (63) and
(64), we have in the cases K, ~ ¢ and K, < &2 that

/ e (', y)|* dx'dy < Ce*,
wxY
whereas, in the case K, > €2, it holds
A / 2 / 2
|u€(x ,y)| dx'dy < Ce”Kg,
wxY

implying (92), (94) and (96). .
Finally, let us obtain some estimates for the sequence P, defined by (90). We observe
that using definition (90) of P, we obtain

/ ht
N P max
/ Pg(.x/,y)‘ dx/dy S 2 : / / /
wxII k'eT, lé’,s i

We also note that P, does not depend on x’ so we have

N 2 hlJrrlax
f PE(X’,y)‘ dx'dy <&* »° / f
wxIT PR LN

By the change of variables (91), we get

/wx]']

Taking into account (83), (85) and (87), we deduce (93), (95) and (97), respectively. O

. 2
P.(ek’ + ¢y, y3)| dx'dy.

2
P (sk’ + gy, y3)’ dy'dys.

~ 2
P,y dv'dys,

~ 2
P avay = [
A

Some compactness results: From the a priori estimates of the extension (v, f’g), we
can deduce the following compactness results.
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Lemma 12 Consider the extension U, of U satisfying system (53), (54). Then, there

exists 0 € H'(h ;. hi; L?(@))® where iis = 0 and it = 0 on y3 = h. ., hf..
such that
8——\(5’ 0)in H (h b L3 (@), ase — 0, (99)

. hxax
div,
.

min

h%ax
v'(x, y3)dy3> =0inw, (/_ v (x, y3)dy3> -n=0ondw.

(100)

‘We omit the proof since it is similar to the proof of Lemma 3 considering the domain
A instead of £2.

Lemma 13 Consider the extension Py of pe satisfying system (53), (54). Then,

(i) if Ke = 8 ,with K, /e — K, 0 < K < 400 of Ke > €2, then there exists
Pel? (A) such that

P.—P in L*(A), ase — 0. (101)
(ii) if Ko < &2, then there exists P € L%(/T) such that

Ke - =~ . 5 ~
S—ZPS—\P in L“(A), ase — 0. (102)

Again we omit the proof since it is similar to the proof of Lemma 4 considering the
domain A instead of £2.
Next, from the a priori estimates of (ii, P.), we can prove the following compactness
results:

Lemma 14 For a subsequence of ¢ still denoted by ¢, there exists ii € L*(w; Htil (Y)®,
with [, i3dy =0and it =0 on y3 = h™, h't, such that

e 2i,—iin L*(w; H'(Y)?), ase — 0, (103)

diviii =0inw x Y. (104)

Moreover, we have

div, </ ' (x', y)dy> =0inw, (/ ' (x, y)dy) -n=00ndw. (105)
Y Y
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Proof We start with the case K, ~ ¢2. Estimates (92) and (98) imply the existence of
i :wx Y — R3, such that, up to a subsequence, (103) holds. By the semicontinuity
and estimates given in (92) and (98), we have

/ |a|” dx'dy < C, / D) dx'dy < C,
wxY oxY

confirming that i € L?(w; H'(Y)3).

It remains to prove the Y’-periodicity of # in y’. This can be accomplished by
proceeding as in Lemma 5.4 from Casado-Diaz et al. [11].

Since divgii, = 0in A, by definition of i, we have a_ldivy/ﬁ; +e! dysite 3 = 0.
Multiplying by ¢!, we obtain

s_zdivy/ﬁ’g + 8_23)73@9’3 =0, inwxyY,

which, combined with (103), proves (104).
Observe that the case K, < &2 is analogous to the previous one, so we omit the proof.
For the case K, >> &2, estimates (96) and (98) imply that ! K;lﬂﬁg tends to
zero and we have the same result as in the previous cases.
Finally, in order to prove (105), let us first prove the following relation between v
and i,

1
1Y’

hmﬂx
/ A, y)dy = / 5, y3)dys. (106)
; )

min

For this, let us consider ¢ € C cl (w). We observe that, using definition (89) of #,, we

obtain
8_2//ﬁg(x’,y)(p(x’)dydx’
wJY

=2 ) / / iie(ek’ + ey, y3) ek’ + ey )dydx' + O,.
k’ETg Ié’ 3 Y

Further, we note that i, and ¢ do not depend on x” so we have
2 [ [ yeanayar
wJY

h* ()
=Yy / / iic(ek + €Y', y3) o(ek’ + ey)dysdy’ + O,.
ez v I

Using the change of variables (91) and the Y’-periodicity of 2*, we get

5_2//ﬁg(x’,y)<p(x’)dydx'
wJY

(' fe)
=Y ) / / ite (', y3) p(x")dy3dx’ + O¢
! h

ker, Y Yo Jh (/e
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hmax
= 2|Y| Z/ / O (x', y3) 9 (x")dy3dx” + O

k'eT,
—2vy/ ~ 1 / /
=& Y If Ve (x7, y3) @(x))dysdx’ + Oe.
2

Taking into account (99) and (103), we obtain (106). Since v3 = 0, we deduce that
f v i3dy = 0 a.e. in w. Finally, relation (106) together with (100) yields (105). O

Lemma 15 For a subsequence of ¢ still denoted by ¢,

(i) if Ke ~ €2, with K. /e — K, 0 < K < 400 of Ky > €2, then there exists
Pe L*(w x I) such that

Po—P in L*(wx IT), ase — 0. (107)
(ii) if Ko < &2, then there exists Pec L%*(w x IT) such that

Key =~ . 2
—P —P in L“(wx IT), ase — 0. (108)
g2

Effective problems: The idea is to multiply system (53) by a test function having the
form of the limit & (as explicated in Lemma 14).

Theorem 3 It holds:

(i) if Ko ~ &2, with K, /e — K, 0 < K < 400, then (¢ 2il,, f’g) converges as
tends to zero, to the unique solution (i (x’, y), P(x"))in L*(w; H (Y)? )XL (w),
with fY i3 dy = 0, of the effective problem

—eAyii +VyG + Ril = f'— VP inwxVY,

divyi =0 inwxY,

=0 onyy =h=(y),h* (),

div, (fY #'(x', y)dy) =0 inw, (109)
(fY a(x', y)dy) n=0 on dw,

y = i,4 Y’ — periodic.

(ii) if Ko < ¢, then (eizﬁg, Ks/szﬁs) converges, as ¢ tends to zero, to the unique
solution (ii(x', y), P(x")) in L?(0; H'(Y)?) x L3(w), with [ d3dy = 0, of the
effective problem

Wi+ Vyg=—VyP inwxY
divyia’ =0 inwxY,
i=0 onys=h"(y),ht (),

divys (M(x »Ndy) =0 inw, (110)

(fY i (x y)dy) n=0 on dw,
y =i, q Y’ — periodic.
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(iii) if K¢ > 82,~ then (¢ 2, f’g) converges, as ¢ tends to zero, to the unique solution
@', y), P(x) in L*(w; H'(Y)?) x L§(w), with [, ii3dy = 0, of the effective
problem

—UeAyit + VG = f'=VuP inwxY,

divyit =0 inwxY,

u=0 onyy=h=(y),h* (), (111
divy (fy @'(x', y)dy) =0 inw,

(fy ft’(x’,y)dy) -n=20 on dw,

v —i,q Y’ — periodic.

Proof First of all, we choose a test function ¢(x’, y) € D(w; Cé’O(Y )3). Multiplying
(53) by p(x', x’ /e, y3), integrating by parts and taking into account the same reasoning
asin (42), we get

/~ (itg - Vs)ﬁswdx/d)’?a = 0;.
Ag
As a result,

- 1 -
He /N Dyl : (wap + gDy‘P) dx'dys + /N Ve Pe ¢ dx'dys
A

£

+ 2 | i pdrdys = [ f- ¢ dx'dys + O
K8 Ag Ae

Taking into account the prolongation of the pressure, we have
[ Vebeyaxan = [ VR parar,
Ae A
and so
~ 1 / D 1 / /
Me | Dettg : | Dy + EDy(p dx'dy; — | Pedivpye dx'dy;
e A

1 -
—= /N P, divyp dx'dys + Ll /N i - @dx'dys = /~ f ¢ dx'dys + O,.
e Ji K. Ji. 3.
(112)

By the change of variables given in Remark 1, we obtain

~ 1 ~
% Dyii, : Dygdx'dy —/ P, divyg dx'dy — -f P, divyp dx'dy
wxY wxIT & JoxI
_r fie - dx'dy = £ ¢ dx'dy + O.. (113)
Ks wXxY wxY
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This variational formulation will prove useful in the following steps.

Step I Case K, ~ &%, with K, /e> — K,0 < K < 400.

First, we prove that P does not depend on the microscopic variable y. To do this,
we consider as the test function ¢¢ (x’, y3) = ep(x’, x’ /e, y3) in (113). Passing to the
limit and using convergences (103) and (107), we get

f P divygdx'dy = 0,
wxTT

implying that P does not depend on y.

We consider now ¢ € D(w; C§°(Y)3) with divyp = 0 in o x ¥ and
div,/( fY ¢'dy) = 0 in w. Then, when passing to the limit in (113) and taking into
account (103), (107), the second term contributes nothing because the limit of 135 does
not depend on y and &’ satisfies diVx/(fY ¢’ dy) = 0. Now, if we pass to the limit in
(113), we get

i-gpdx'dy = / f e’ dx'dy. (114)

wXxY

,uef Dyii : Dypdx'dy + ﬁ/
wxY K wxY

By density, this holds for every function ¢ in the Hilbert space V defined by

o(x',y) € L*(w; H!(Y)),  such that

V— divyp(x’,y) =0 inwxY,divy (fy o(x’,y)dy) =0 ino,

/w(x’,y)dy)-n:O onw
Y

By Lax—Milgram lemma, variational formulation (114) in the Hilbert space V admits a
unique solution z in V. Reasoning as in [ 1], the orthogonal of V with respect to the usual
scalar product in L?(w x Y) is made of gradients of the form Vg (x") + Vyg(x', y),
with g (x') € L%(a)) andg(x’, y) € L*(w; Hnl(Y )). Therefore, by integration by parts,
variational formulation (114) is equivalent to the effective system (109). It remains to
prove that the pressure P(x), arising as a Lagrange multiplier of the incompressibility
constraint div, ( fY i(x’, y)dy) = 0, is the same as the limit of the pressure P.. This
can be easily done by multiplying Eq. (53) by a test function with div, equal to
zero, and identifying limits. Since (109) admits a unique solution, then the complete
sequence (¢ i, P.) converges to the solution (z(x’, y), P(x")).

Step 2 Case K, < 2. First, taking as test ¢, (x', y3) = K./ep(x’, x'/e, y3) in
(113) and passing to the limit, taking into account convergences (103) and (108), we
prove that P, does not depend on y. Moreover, similarly to the Step 1, if we pass to
the limit in (113), we get

M/ i-@dx'dy =0. (115)
wxY

By density, and reasoning as in Step 1, this problem is equivalent to the effective
system (110).
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Step 3 Case K, > 2. First, taking as test function of the form ¢.(x’, y3) =
sp(x’,x’/e, y3) in (113) and passing to the limit taking into account convergences
(103) and (107), we prove that 135 does not depend on y. Moreover, similarly to the
Step 1, if we pass to the limit in (113), we get

,ue/ Dyii : Dypdx'dy = / f ¢ dx'dy. (116)
wxY wxY

By density, and reasoning as in Step 1, this problem is equivalent to the effective
system (111).

Now, the proof of Theorem 3.1 can be conducted as follows:

Proof (Proof of Theorem 2) The derivation of (55), (58) and (60) from the effective
problems (109), (110) and (111), respectively, is straightforward, and we leave it
to the reader as an easy algebra exercise. It should be mentioned that the problems
(55), (58) and (60) are well-posed problems since they consist of simple second-order
elliptic equations for the pressure P (endowed with Neumann boundary condition).

As itis well known (see [29]), the corresponding local problems are also well posed
with periodic boundary condition, and it can be easily checked, by integration by parts
that

(Am)ij =/ Dyw'(y) : Dyw’ (y)dy =/w"<y)ejdy, i=12 j=123.
Y Y

The definition implies that Ay is symmetric and positive definite. Observe that the
condition fY wydy =0,i =1, 2, implies that (Ap);3 = 0 and since Ay is symmet-
ric, we have that (Ay)3; = 0. Then, Ay € R2%2 1t happens the same with Ay, and
Ag. |
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