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1 Introduction
1.1 Motivation
The classical 3D incompressible micropolar fluid model was firstly derived by Erin-

gen [13], which was used to describe the fluids consisting of randomly oriented
particles suspended in a viscous medium. The model is given by

ad

B—L; —(WH4v)Au —2vrotw+ (u - VYu +Vp = f,

V.ou=0, (1.1)
ad -

a—(;) —(ca +cp)Aw+4vro+ (U - VYo — (co + ¢qg — cq)Vdivw — 2vprotu = f,

where u = (uy, ua, u3) is the velocity, ® = (w1, w2, w3) is the angular velocity
field of rotation of particles, p represents the pressure, and f = (f1, f2, f3) and
f = (f1. f>, f3) stand for the external force and moment, respectively. The positive
parameters v, v;, co, ¢, and ¢y are viscous coefficients. Actually, v represents the usual
Newtonian viscosity and v, is called microrotation viscosity.

Micropolar fluid model plays an important role in the fields of applied and computa-
tional mathematics. There is a wide literature on the mathematical theory of micropolar
fluid model (1.1). The existence, uniqueness and regularity of solutions for the microp-
olar fluids have been investigated in [11,20]. Also, lots of works are devoted to the
long time behavior of solutions for the micropolar fluids. More precisely, in the case
of 2D bounded domains, Chen, Chen and Dong proved the existence of H2-global
attractor in [6] and verified the existence of uniform attractor in [7]. Lukaszewicz
and Tarasifiska [22] proved the existence of H!-pullback attractor. Recently, Zhao
and Sun et al. [36] established the L2—pullback attractor and H'! -pullback attractor of
solutions for the universe given by a temper condition, respectively. For the case of
2D unbounded domains, Dong and Chen [9] investigated the existence and regularity
of global attractors. Later, they [10] obtained the L? time decay rate for global solu-
tions of the 2D micropolar equations via the Fourier splitting method. Zhao, Zhou
and Lian [34] established the existence of H'-uniform attractor and further proved
the L>-uniform attractor belongs to the H'-uniform attractor. Also some efforts are
focused on the 2D micropolar equations with partial dissipation. For example, Dong
and Zhang [11] examined the microrotation viscosity, namely ¢, +c4 = 0. The global
regularity problem for this partial dissipation case is not trivial due to the presence of
the term V x o in the velocity equation. Dong and Zhang overcame the difficulty by
making full use of the quantity V x u — VZJ:;’_ w, which obeys a transport—diffusion
equation. When the parameters v = 0 and v, # ¢, + ¢4, the global well posedness
of the micropolar fluid equations was obtained in the frame work of Besov spaces
in [33]. More recently, Dong, Li and Wu [12] studied the global regularity and large
time behavior of solutions to the 2D micropolar equations with only angular viscosity
dissipation.

In the real world, delay terms appear naturally, for instance as effects in wind tunnel
experiments (see [26]), in the equations describing the motions of the fluids. The
delay situations may also occur, for example, when we want to control the system via
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applying a force which considers not only the present state but also the history state of
the system. To the best of our knowledge, the delays for ordinary differential equations
(ODE) were first studied by Hale (see [17,18]). As regards the partial differential
equations (PDE) with delays including finite delays (constant, variable, distributed,
etc.) and infinite delays. Different types of delays need to be treated by different
approaches. To this respect, there are lots of important foundational works, particularly
in the case of random dynamical systems. For the case where the delays are finite,
one can refer to [3-5,8,21]. For the other case where the delays are infinite, one can
see [2,19,23], etc.

However, to our knowledge, there is little literature for micropolar fluid with
delay. Zhao and Sun [37] established the global well posedness of the weak solu-
tions and proved the existence of pullback attractors for the micropolar fluid flows
with infinite delay on 2D bounded domains. Furthermore, Zhou et al. [38] verified
the H2-boundedness of the pullback attractors obtained in [37]. Nowadays, Sun [30]
proved the global well posedness for the micropolar fluid flows with delay on 2D
unbounded domains.

The purpose of this paper is to study the pullback asymptotic properties of the
global solutions obtained by Sun [30]. The main objective is to show the existence of
pullback attractor for the universe given by a tempered condition. As a consequence,
the existence of pullback attractor for the universe of fixed bounded sets follows.
Giving suitable assumptions for external force, the consistent relationship between
two pullback attractors and the tempered property of the pullback attractors is easily
obtained by the means of [16,27].

We mention that the asymptotic compactness is needed to achieve our goal and
the method we want to address here is called energy equation method. For many
physical systems there are energy equations (or their analogues) in the sense that the
changing rate of energy equals the rate that energy is pumped into the system minus
the energy dissipation rate due to various dissipation mechanisms. As far as we know,
the method was first observed in 1922 by Ball (for weakly damped, driven semilinear
wave equations) that such energy equations may be used to derive the asymptotic
compactness of the solution semigroup, and he then wrote it up and published in [1].
The method has now been used in a variety of applications. For example, it was applied
to a weakly damped, driven Korteweg—de Vries (KdV) equation by Ghidaglia [14],
to weakly damped, driven hyperbolic-type equations by Wang [31], to parabolic-type
problem by Rosa [28]. At almost the same time, Moise et al. [24] used this method to
derive the asymptotic compactness property of the semigroup and presented a general
formulation that can handle a number of weakly damped hyperbolic equations and
parabolic equations on either bounded or unbounded spatial domains. In this paper,
for the lack of compactness of the usual Sobolev embedding in unbounded domains.
Inspired by [15,25,37], we apply the technique of the decomposition of spatial domain
to overcome the difficulty. It also is worth mentioning that some new techniques are
needed to deal with the term of delay, which is more complex than the case without
delay.

@ Springer
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1.2 Formation of Problem

In this paper, we consider the special situation that the velocity component in the x3-
direction is zero and the axes of rotation of particles are parallel to the x3 axis. That
is,u = (u1,u2,0), 0 = (0,0, w3), f = (f1, /2,0), f = (0,0, 3), g = (g1, 82, 0)
and g = (0,0, g3). Let @ C R? be an open set with boundary T" that is not necessarily
bounded but satisfies the following Poincaré inequality:

There exists A1 > 0 such that,\1||<p||§2(9) < ||V¢||iz(m, Vo e H (). (1.2)

Then, we discuss the following 2D incompressible micropolar fluid model with
delay

9

8—”;—(u+v,)Au—2u,vxw+(u.V)u+vp
= f(t,x)+ g(t,us), in (7,400) x 2,

Jw

5—6{Aw+4vrw—2erxu+(u~V)a)

= ft,x) + gt @), in (r,+00) x Q, (1.3)
V-u=0, in (t,400) x €,
u=0, =0, on(r,400) x T,
WD), 0(0) = @™, ™), @), o))

= ("t —1), 93 (t — 1)), t €(r —h, 1),

where @ := ¢, +c4,x := (x1, x2) € €2, g and g stand for the external force containing
some hereditary characteristics u; and w;, which are defined on (—#, 0) as follows

u;(s) ;=ul +s), wi(s)  =w(t+s), Vvt 21, s € (—h,0). (1.4)

( il", qbiz“) represents the initial data in the interval of time (—#, 0), where & is a positive
fixed number, and

dup  ouq ow ow
Vxu=——-—, Vxo=|—,—].
3)61 3)62

For the sake of convenience, we introduce the following useful operators

(Aw, ¢) = (v + 1) (Vie, V) + &(Voo, Vs, Y = (u, @), ¢ = (&, ¢3) € V,
(Blu,w),¢) = (u-Vyw,¢), VueV, w=(u,w) eV, quE Vv,
Nw) := (=2v,V x w, —2v,V X u + 4v,0), Vw = (u,w) € V.

(1.5)

Then, we can formulate the weak version of Eq. (1.3) as follows
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88_1;) + Aw + B(u, w) + N(w) = F(t,x) + G(¢t, w;), in (7, +00) x £,
V.-u=0, in (7, 400) x Q,
w = (u,a)_) =0, on (_r, +00) X 1",_
w(t) =w" = ", om), w(t) =¢"( —1)
= (¢I"(s), pI(5)), t € (t —h, 1), s € (—h,0),

(1.6)

where

w(t, x) = (u(t, x), a)~(t,x)),
F(t,x) == (f(, x), f(£, %))
G(t,wy) = (gt ur), g(t, wy)).

1.3 Notation

Throughout this paper, we denote the usual Lebesgue space and Sobolev space by
L?(2) and W™ P (2) endowed with norms || -|| , and || - ||, », respectively. Particularly,
we denote H™(Q2) := W™2(Q).

Vi=V(Q) = {9 € (5P () x C(R)] ¢ = (¢1,92), V-9 =0},
V:=V(Q) =V x C(Q),
H :=H(Q) := closure of V in L*(Q)

X LZ(Q), with norm || - ||z and dual space H*,
V :=V(Q) := closure of V in H'(Q)

x H'(Q), with norm |l - |lv and dual space V*,
H :=ﬁ(9) := closure of V in Lz(Q)

x L3(R) x L*(R), with norm || - || 7 and dual space H*,
v ::\7(9) := closure of V in HI(Q)

x H'(Q) x H'(Q), with norm || - |y and dual space V.

(-, -)— thei inner product in L2(), H or H (-, -)— the dual pairing between V and

V* or between V and V*. Throughout this article, we simplify the notations || - |2,
Il - Iz and || - || 7 by the same notation || - || if there is no confusion. Furthermore, we
denote

L?(I; X) := space of strongly measurable functions on the closed interval 7,

with values in the Banach space X, endowed with norm

1/p
lellLra:x) = (/ ||<p||‘§dt) , for1 < p < oo,
1

C(I; X) := space of continuous functions on the interval /,

with values in the Banach space X, endowed with the usual norm,
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LIZOC(I ; X) := space of locally square integrable functions on the interval I,
with values in the Banach space X, endowed with the usual norm,

<> <> — the compact embedding between spaces.

Following the above notations, we additionally denote
L% = L*(=h,0; H), L} :=L*(—h,0;V),

2 ._ g 2 2 ._ v 2 2
EA.—HXLI:I\, E‘?—VXLv, E%

w2
i Hx% = H x L3.

2 2 g2 :
The norm || - ||x for X € {E%, E?, Eﬁxsz} is defined as

172 1/2

- 2 2 o 2 2
IGw. )l gz, = (lwl| +||U||Lzﬁ) . )ligz = (lwll +||U||L2‘7) ;

I llg2 = i+ el

The rest of this paper is organized as follows. In Sect. 2, we make some preliminar-
ies. Section 3 is devoted to proving the existence of pullback attractor for the universe
given by a tempered condition. In Sect. 4, we aim at some properties of the pullback
attractor obtained in Sect. 3.

2 Preliminaries

In this section, we recall some key results about the non-autonomous micropolar fluid
flows and introduce some notations and definitions about pullback attractor. To begin
with, we list some useful estimates and properties for the operators A, B(-) and N (-)
defined in (1.5), which have been established in works [25,30,34,37] .

Lemma 2.1 1. Theoperator A is linear continuous both from Vo V*and 'from D(A)
to H, and so is for the operator N (-) from V to H, where D(A) = vn (HQ(Q))3.

2. The operator B(-, -) is continuous from V x V to V*. Moreover; foranyu €'V
and w € 17, there holds

(Bu, ), ¢) = —(Bu, @), V), YueV, VeV, Vpe V. 2.1

Lemma 2.2 1. There are two positive constants ¢ and ¢ such that

ci{Aw, w) < [wllf < e2(Aw, w), Yw e V. 22)

2. There exists some positive constant oo which depends only on S, such that for any
(u,¥,p) € V.xV xV there holds

1 Tl 1
apllullz[[Vull2llel2[Vel2 [V,

[(B(u, ¥), )| < 1 1ol 1
aollull z[[Vull2[¢ 12V I2 Vel

2.3)
Moreover, if (u, ¥, ) € V x D(A) x D(A), then
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(B, ¥), Ap)| < aollull2 Va2 | V(|2 | Ay |2 | Agl. (2.4)

3. There exists a positive constant c(v,) such that

INW)II < co)ll¥lp, Y¥ € V. (2.5)
In addition,
1
—(N(¥), AY) < Zqu/fnz + ) lvl3, V¥ € D(A), (2.6)
SUlVIS < (AY. ) + (N(W). ¥), Yy eV, 2.7)

where 81 := min{v, a}.
Then, we recall the global well posedness of solutions established in [30].

Assumption 2.1 Assume that G : R x L%(—h, 0; ﬁ) — (L2(2))? satisfies:

(i) For any & € L2(—h,0; H), the mapping R 5 ¢t +— G(1.§) € (L2(Q))? is
measurable.

(i) G(-,0)=(0,0,0).

(iii) There existi a constant Lg > 0 such that for any r € R and any &, €
L*(—h, 0; H),

1G@,8) — G, Wl < LgllE —nllp2—p.0.5)-
(iv) Thereexists Cg € (0, 81) suchthat,forany¢ > r andany w, v € Lz(‘f—h, t; ﬁ),

t

t
/ 1G (6, wg) — G(B, vg)17d0 < cé/ lw(®) — v(©)]*de.
T T—h
Moreover, for any ¢ > t, there exists a y € (0,261 — 2C¢) such that
t t e
/ e’? G0, we)||>do < Cé/ e’ |\ w®)]?d0, Yw € L>(x — h, t; H).
T T—h

Theorem 2.1  Assume F(t,x) € L? (R; \7*), YVt > 1, t € R, and G satisfies

. Tloc
Assumption 2.1. Then, for any (w™, ¢'™) € E% there is a unique weak solution

w(-) == w(; 7, w", ¢") of system (1.6), which satisfies
wel(t, T H)NLYz, T: V) and w' € L*(x,T; V*), VT > t.

Moreover, let v(-) ;= v(-; T, it 1//i“) be another weak solution corresponding to the
initial value (™, Y'™) € Ezﬁ, then, for all t > t, we have

lw() —v@IP <rllw™ — o™, g™ — g2, -7, 2.8)
H
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2814 W. Sun, G. Liu

t . . . .
f lw®) — v@)I% do <87 'ri (W™ — o™, ¢ — ™3,
(1+aw)-e” ™), (2.9)

where
t
r1 = max{l, ZaQCé}, o(w(t)) = f (81_1a§||w(s)||2‘7 + 2a; + ZGZCé)dS,
T

where the positive constants ay, ap satisfy ayar > }‘.

On the basis of Theorem 2.1, the biparametric map defined by
Ut )+ " 9™ > et w™ ¢, wir,w™ ™), Vi, (2.10)

generates a continuous process in E% and E %7, respectively, which satisfies the fol-
lowing properties:

HU@ O™, ¢ =@, ¢™,
DU )HU s, D™, ") = U D™, ¢™).

Finally, we end this section with some notations and definitions concerning the
pullback attractors for non-autonomous dynamical systems in the following. On can
refer to [16,27,35].

We denote by X the space H or V and by P(X) the family of all nonempty subsets
(/)\f X. A universe D(X) in P(X) represents the class of families parameterized in time
B(X) ={B(t)|r € R} € P(X).

Definition 2.1 A family of sets Eo = {Bo(t)|t € R} € P(X) is called pullback
D-absorbing for the process {U (¢, T)};>. in X if forany ¢ € R and any B= {B(t)|t €
R} € D, there exists a to(¢, E) < tsuchthatU(f, t)B(t) C By(¢t) forallt < 19(¢, §).

Definition 2.2 The process {U (¢, T)};>¢ is said to be pullback Eo-asymptotically
compactin X if forany ¢ € R, any sequences {7,} C (—00, ] and {x,} C X satisfying
T, - —ooasn — oo and x, € By(t,) for all n, the sequence {U (¢, 1,,; x,,)} is
relatively compactin X. {U (¢, t)},> is called pullback D-asymptotically compact in
X if it is pullback §-asymptotically compact for any BeD.

Definition 2.3 A family of sets .Zl\x = {Ax(t)|t € R} € P(X) is called a pullback
D-attractor for the process {U (t, 7)};>. on X if it has the following properties:

Compactness: for any r € R, Ax(¢) is a nonempty compact subset of X;
Invariance: U (z, t)Agg(t) =Ax(@), YVt > 1;
e Pullback attracting: Ay is pullback D attracting in the following sense:

Erzloodistx (U, v)B(r), Ax (1)) =0, VB = {B(s)|]s e R} e D, t e R,

Minimality: the family of sets ./zl\x is the minimal in the sense that if
O ={0(®)|t € R} € P(X) is another family of closed sets such that

@ Springer



Pullback Attractor for the 2D Micropolar Fluid Flows... 2815

lim disty (U(¢, T)B(t), O(t)) =0, for any B= {B(t)|t e R} € D,
T——00

then Ax(t) C O(t) fort € R.

Remark 2.1 1f the process U possesses a pullback D-absorbing set §0 and is pullback
Eo-asymptotically compact in X, we can construct the pullback attractor by the stan-
dard method introduced by Garcia-Luengo et al. [16, Proposition 9] and Marin-Rubio
and Real in [27, Theorem 18]

3 Existence of Pullback Attractor for the Universe D,

In the section, we investigate the pullback attractor for the universe D, given by a
tempered condition in space E 2ﬁ To begin with, in order to construct the universe D,,,
we give some useful energy estimates.

Lemma 3.1 Foranyt > T, assume that F € Lz(r, t; V*) and G satisfies Assump-
tion 2.1. Then, for any (w™, ¢) € E%, we have

t
@I+ pe [ e @i

T

. . t
<A+ Ce)e 7T g™ 7, +ale ! f NP @50, (1)
H

T
where a € (0,261 —2Cg —y), B:=251 —2Cg —y —a > 0.

Proof Let us denote w(-) = w(-; 7, w™, ¢'"). Testing (1.6); by w(r), we obtain
from (2.1) and (2.7) that

1d
5 3 IO + 81w O < (F@), w®) + (G, w), w()),
which implies

d
3 @ IO = ye [wOl® + 281" w13
< 26" (F (1), w(t)) + 2¢7 (G (2, wy), w(1)).

Let T < 6 < t. Replacing the time variable ¢ in the above inequality with 6, then
integrating it with respect to 6 over [z, t] gives

t
M w®I? + @81 — ) / e (@) ]13do
T

t t
<eyf||wi“||2+2/ eV"<F(0),w(9))d9+2f e’ (GO, wy), w®)do. (3.2)

T T
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By the Young’s inequality and Assumption 2.1, we deduce

t t
2 / 7 (G (9, we), w(0))d6 < 2 / "1 GO, wel| () d6
T T

1 1
t 2 t 2
<2</ eWnG(e,wenzde) (/ eV9||w<9>||2d9>
T T

T t
< Cg / e’ |w(®)[1°d0 +2Cq / e |lw(®)]*do
T—h T
. t
< Ce’ o™ 12, +2C6 f e w(9)]*do, (33)
H T
and

t t
2/ e’ (F(6), w(6))do <2/ I F©)llg+lw(®)7d6

T

t t
<o f | F(0)]%.d6 + « / ¢ w(®)]%d6, (3.4)
T T

where o« € (0,281 — y — 2C¢). Substituting (3.3) and (3.4) into (3.2), yields (3.1).
This completes the proof. O

As a consequence of Lemma 3.1, we immediately have

Proposition 3.1 Under the conditions of Lemma 3.1, foranyt > T +t, T > 0 and
(W™, ¢™) € E%, it holds that

t . .
/ lw(®@: T, w™, ¢ 3do
t—T

<B4+ Co)e 7T @™, ¢, + (@) le D / e |IF6)]3.d6,
H T
3.5)

where a and 8 come from (3.1).

Proof Fort > T + t, we have

t t t
/ e |w(@®)lI3d6 > / e w(0)5do > er ¢~ / lw®)[%d6  (3.6)
T t—T t—T

From (3.1), it follows that

t ) . t
B / | w®)[3d6 < (14 Ce)e ™ |(w™, ¢™)l7, +a” / || F O)113.d6,
T H

T

which together with (3.6) implies (3.5). The proof is complete. O

Now, we can construct the universe D,, in the following.
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Definition 3.1 (Definition of universe D,,)
Set

R, = 1{p(t) : Ri> Ry | t_l)iI_nooeytpz(t) =0l
We denote by D,, the class of all families D= {D()|t e R} C P(E%) such that
D(t) € By (0, p5 (1)), for some pp(t) € Ry,
H

where B g2 (0, p55(1)) represents the closed ball in E 2ﬁ centered at zero with radius
H
Pp ().

3.1 Pullback D) -Absorbing Set

In this subsection, we prove existence of the pullback D, -absorbing set.

Assumption 3.1 Assume that F (¢, x) € L? (R; V*), Vt>1, 1 elR,and

loc

t t+1
/ e’ F 0, x)||%,d0 < +oo, Sup/ |F (6, x))?do < +oo. (3.7)
t

—o0 teR

Lemma 3.2 (Pullback D, -absorbing set) R
Assume that Assumptions 2.1 and 3.1 hold. Then the family B := {B(t) | t € R}
with

B ={ ) € Efpx . Dl <RIO. W6z, < Ra(0)

Vv

(3.8)
is a pullback D, -absorbing set for the process {U(t, t)}; >+, where
t
RI@) =1+ 1+ g le"Ha e / e’ || F(0)]%.4d6, (3.9)
)

t

R3(1) :=4n2ﬂ—1[2+xf‘c§;e”+a—1e—y<’—h>/ e’ ||F(0)|%.d6]

—0o0

t

t
ONF©))3,d0] + 4n* / IF6)3.d6,
00 t—h
(3.10)

_1
where B comes from (3.1), a € (0,28; — y — 2Cg) and n := max{l, ap, A, 2,
_1
cl_1 +c()ry 2
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Proof By (3.7) and (3.9), it is clear thatt lim e”? R%(t) = 0. Consequently,
——00

B(t) C {(¢,¥) € Ex | ll(9, I/f)an%

< ,oz(t), t—ljlzloo ,oz(t) = 0}, and therefore Be D,.

Taking T = h in Proposition 3.1, and for any ¢ > t + h, we have

i i 2
e (5 7, w™, 62,
v
t

BTN+ Co)e 7T ™, g™ 17, + (@f) eV / | F©)II3.d6,
H

o0
which together with (3.1) gives
U@ o™, ¢i“)||i-ﬁxﬁv = lwis v w™ @™ + w5 7w 97
SA+p7e A+ Co)e T W ¢

t
+Q +,3_1eyh)oc_le_’”/ e’ F©O))|%,d6, (3.11)
—0o0

In addition, it follows from (1.2), (1.6)1, (2.2), (2.3) and (2.5) that

(w'(©), v)| <{Aw(®), v)| + [(B(®), w®)), v)| + (N W), v)|
+ [(F(0), v)| + (G (O, wp), v)|

<(c T w®)llg + @ollu@ 2 1Vu@)12 [w@)] 2 |[Vw@)|?
_1
+erl 2 w®) g

_1 ~
FUF @5« + 2, 2 1GO, wo)l)llvlly, YveV. (3.12)
Since [[u(@)[| < [[w(@)[ and [Vu(@)| < [Vw (@) < [w(®@)]ly, (3.12) implies

lw' @) g+ < n(lw@ly + lw@w@) g + IF @y + 1GO, wo)ll),

_1 _1
where 7 := max{l, 2, A, °, cl_1 + c(v-)A, 7 }. Integrating the above inequality and
using the Cauchy inequality yield

t t
/hnw/(e)n%d@ <4n2/ h(||w<9)||é+||w(9)||2||w<0>||%
t— t—

+IFO)%. + GO, wp)|1*)do. (3.13)

Under Assumption 2.1, it holds that
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t t t
/ 6. w100 < ct [ Iw@IPds <t | I ®IFde.
r— 1— !

From (3.1), we have

sup  [w(®) > <1+ Ce)e 7T @™, ¢ ™)1,
Oelt—h,t] H

t
+ a—le—ﬂ’—h)/ e’ || F(s)|/%, ds.
—0o0
Taking T = 2k in (3.5) yields
t . .
f . lw(®) 1340 <B~' (1 + Ce)e 7D ™, ¢™)[17,,
t— H

t
Hap e [ F@) 0.

—0Q
Now, taking (3.13)—(3.16) into account and writing
M1, T, w", ¢™) :=(1 4 Ce)e 7O ™, ¢,
H
t
+a e / e’ F(0)]%,4d6,
—00
we obtain
! 2
lw; ()1l 2 =/ lw'(6)]1%,d6
v t—h
<A1+ (14 Co)e 7D ™, ™) |12,
H
t
+a vt / eS| F(s)|%.ds]
—0o0

x [ (14 Co)e 7D ™, ¢M)I7
H

+aperen [

t

0 2
e’ F(0)I15.d0]
oo
+ 42 CE[ATI 1+ Co)e 7T @ g™
H

t
+ (@p) e f P |IF©)%.d0]

—00

t
+4n? f IF(6)]3,d6
t—h

(3.14)

(3.15)

(3.16)

=4 [1+27'Ce" + Mt v w™, MM, T, w™, ¢

t
+4n2/ ) IF(6)]3,d6.
t_

(3.17)

@ Springer



2820 W. Sun, G. Liu

Therefore, from (3.11) and (3.17), we conclude that the family B given by (3.8) is a
pullback D), -absorbing set for the process {U (¢, T)};>. This completes the proof. O

3.2 Pullback D,,-Asymptotic Compactness

This subsection is to prove the pullback D, -asymptotic compactness of the process
{U(t, T)}s>. Since the lack of compactness for Sobolev imbedding in unbounded
domains, we first establish the tail estimate with respect to the unbounded domains.

Lemma 3.3 (Tail estimate of unbounded domains) R

Assume that Assumptions 2.1 and 3.1 hold. Then, for any € > 0,1t € Rand D =
{D()|t eR} e P(E%), there exist lo := ly(e,t, D) > Q0 and 19 := 10(€,t, D) < t
such that, for any | > ly, T < 19 and (w™, ¢™) € D(1), there holds

lw(t: 7, w™, ¢ 20 < € (3.18)

where Q) ;= {x € Q| |x| < [}.

Proof Let the truncation function x(-) € C2(R2), x(x) € [0, 1] satisfies for some
constant c¢q

0, |x| <1,
X0 = { DSy IVl <o 1D Wl <
In particular, set x;(x) = x (7) with [ > 1, we have
o (€]
IV X1 () Lo (m2y < 7 ||D2Xl(x)||IL°°(]R2) < 7 (3.19)

Taking the inner product of (1.6); yields

1d _
——||xzw||2+<A(xzw>,xzw>—<v+vr)/ |quz|2dx—a/ |V x| *dx
Q Q

2 dt
+ (- Vyw, xtw) + (N(qw), xyw) + (Vp, xPu)
=(F(t,x), x}w) + (G(t, wy), x}w). (3.20)

It follows from (3.19) and the Holder inequality that
v+ /Q UV xiPdx < 0+ ) IVl lll* < G+ vl [lul?. (3:21)
Similarly, it holds that
& fQ 0V xil*dx < &|IVxilifegllol® < cgal o>, (3.22)
Using integrating by parts and the fact V - u = 0, we obtain
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(- Vyw, x; w) Z/u, X u]dx+Z/u,—xlwdx

i,j=1

2
20U j (.
=— Z uiujxl gdx—i—Z Q“i”legdx
1 1

i,j=1

2
a0
— Z <f uiwy; —dx + 2f uia)z)(lidx>
3)6,'

=—((u-Vyw, x w) ZZ/u,u Xl—dx

i,j=1
2
23 w2y
- Quzw X’a_x,- X,
i=1

which together with (3.19), the Holder inequality, the Gagliardo—Nirenberg inequality
and the Young’s inequality yield

[((u - VYw, Xlu))|—| Z/uu X — dx—i—qua)X[—dx}

i,j=1

SIIVXIIILOO(Q)IIMIIIIwIIMQ) < col Mullllwllwly < 7(|le|4 +lwld). (3.23)

From (3.19) and the fact V - u = 0, we also have

2 2
ap dx
Vp. xtwl =] —2-d=§f2 ~uid
I(Vp. x;w)l I__ /anixl uidx| |‘ 2pay x|
L2 p IV xillse e lxull < 2eol~Hplllixul. (3.24)

Taking (1.2), (2.7), (3.20)—(3.24) and Lemma 3.2 into account, we deduce that there
exists 71 such that, for any v < 1,

5 gl +dilawly < Ed—uxlwn + (AGuw), xw) + (N (Guw), xw)
C (v+ )
u|| I + 2 || [ <||w|| + w3 + I Flg-lawly

+ (G, w), xfw) + Tllpllllxmll

2 -
¢y - max{v + vy, a}
<2 2 lwll* + R“ || ||A+E||X1F||V*+,31||Xlw||A

+ (G, wy), xfw) + T(IIPII2 + lxull?),
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where the constant 8; € (0, W]

that

. Hence, there exists constant ¢z > 0 such

i|| wl> +2@1 — Bl w||2<5|| wl* + 261 — B lluwls
thl 1 IXt \tXl 1 Dixiwiiy
c 2¢ 2¢
<—3R2+ 0724+—°|| 1%
+§|IszIIV*+2(G(t W), X w)+—(||p|| + lxaul®.
Further, it holds that
d yt 2 yt 2
3 @ uw®I) + 1261 = p1) = vl I xw )|
< l—eV’R (r>+7 "' RY 0+ 20 l =0 e w ol
1
+ geanFnA +2e7(G(t, wy), xfw(t))
1

2co
+ TeV’(upn2 + lxw@O1?).

Integrating the above inequality yields

t
e lw®I* + 1281 — B1) — y]/ e’ | xw(s)|*ds

. t 2 t
<e”||xlwm||2+f—§ / eVSR%(s)ds+$ / e’ R (s)ds
T

T

26‘()

+7 e”||w(s)||2‘7ds
rl t
3 | IF O 2 / 7 (G (s, wy), xPw(s)ds
T
2¢ ! 2¢ !
+ 20 [eripltas + =2 / ¢ w(s)|2ds. (3.25)
T T

Similar to (3.3), we have

t ) t
2 / > (G(s, wy), x{w(s))ds < Cae’ "l x¢" |17, +2C / e [ xw(s)|*ds.
T H T
(3.26)
Inserting (3.26) into (3.25), noting that 2(6; — 81 — Cg) — y = 0, we deduce that

w1 <e” T xw™|* + Coe’ "l ™12,
L2
H

2 t
o) [ermion
T

@ Springer



Pullback Attractor for the 2D Micropolar Fluid Flows... 2823

2 2c !
+ 20 / PRI + 2 / e (sl ds
T T

1 ! 2¢ ro
4 e [ eraribas + 20 [Ceripias Gan
281 T l T

For any € > 0, there exists a 1 := 12(e, 1, 5) such that

. . €
"I w | + Coe g, < ¢ forany T <. (3.28)
H

Note that (3.7) implies, see [32],

t

i v 2 =
zlirgo _Ooe lF@,x)| *(sz\szz)de 0, VteR. (3.29)

Then, under Assumption 3.1, taking Lemmg\ 3.1, Lemma 3.2 and (3.29) into account,
we conclude that there exists [ := [ (€, ¢, D) such that for any / > [y,

2 : 2 '
(j—j n ﬂ) e—V’f " R2(s)ds < 2, %e_yt/ e RA(s)ds < &,
T T

(o))

[

2
e | e Gas < ¢
(3.30)
and
Ry /teys”XIFHA*dS — e /tey“IIFIIA* ds< <. (33D
2,31 T v 2,31 T vreen 6

It follows from (1.3); that Vp € L?
LlOC(T’ +oos LZ(Q))7

(7, +00; H1(R)), which implies p €

loc

t t
f e’ | pllPds < c/ e’”||w(s)||2?ds, where c is a positive constant.
T T

Consequently, we deduce that there exists I := l» (e, t, 5) such that for any [/ > I, it
holds that

2 2cc t
20 vt / e plPds < l° e V! f e w(s)|3ds <

[ T T

(3.32)

O\Im

Substituting  (3.28)—(3.32) into (3.27), we immediately obtain (3.18) with
79 = min{ty, 12} and Iy = max{l, [>}. This completes the proof. O

In order to prove the pullback asymptotic compactness, we need to improve the
regularity of solutions.
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Lemma 3.4 (see [29]) Let Yo, Y be two Banach spaces such that Yy is reflexive,
and the inclusion Yo C Y is continuous. Assume that {w,} is a bounded sequence in
L®(tg, T; Yo) such that w,, — w weakly in LP (ty, T; Yp) for some p € [1, +00) and
w € C(ty, T;Y). Then w(t) € Yy and

lw(®)lly, < hminf [|wy L@, 7:v0), V1 € [10, T
n—o0

Lemma 3.5 (Regularity estimate) Assume that Assumptions 2.1 and 3.1 hold, then,
foranyt € Rand D ={D(s) |s € R} € Dy, there exists a (D, t) such that, for any
T §\r*(D, 1), the weak solution w(t) with initial data (wg', ¢y") C D(t) is bounded
inV.

Proof We consider the Galerkin approximate solutions. For each integer n > 1, we
denote by

n
Wy (1) = Wy (85 T, WG, BF) = Y Eni (i, Wiy () = Wy (¢ + 5 T, WG, D7),
i=1

(3.33)

the Galerkin approximation of the solution w(#) of system (1.6), where &,; (¢) is the
solution of the following Cauchy problem of ODEs:

%(wn(t)» e;) + (Awy, (1) + B(un, wy) + N(wy, (1)), ¢;)
= (F(t)ael>+(G(t’ wnt)vei)v (334)

(wy (1), €;) = (wg, €;), (wy(s),e;)
=(¢5.€), se(t—h,1), i=12,...,n,

\y\here {e; : i > 1} C D(A), which forms a Hilbert basis of V and is orthonormal in
H. Multiplying equation (3.34); by A&,;(¢) and summing them for i = 1 to n, we
obtain

| &

7 (Awn (1), wa (1)) + 1AW, (1> + (B(un (1), wa (1)), Aw, (1))

+ (N (wn (1)), Aw, (1))
= (F(1), Aw, (1)) + (G (1, wp;), Awp(1)). (3.35)

[ e
o

From (2.4) and the facts [|un |2 < |lwnll?, |Vun|* < |wy ||2V~, and using the Young’s
inequality, we deduce that

1 1 1 3
—(B(un, wn), Awy) < [(Bun, wn), Awn)| < aollun 2 [Vun 2 [Vw, 2| Aw, |12

21 43,4 2 4
< S IMAwg 17 + A e lwa 17 [wa 5

1
4
which together with (2.6), (3.35) and Assumption 2.1 implies
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1d
3 g Awns ) = —Awy I* + (F, Awy) + (G(t, wy,), Awy)

—(B(un, wy), Awy) — (N (wy), Awy,)

2 1 2 2 2 1 2
< —llAwn? + 4w I + IFOI + 16 wa) I + 1| Awn
1
+ I Awnl? + Ao lwn I

1
+ ) wallf + Il Aw,]®

= IFOI? +I1GE, wa) |7 + w15 (g lwalP w3 + ¢ (v)).

Further, from (2.2) and the above inequality, we have

d
—(Awy (1), wy (1))

dr
S2F O + 201G @, wa )P + (Awn (1), wn (1)) (27 c2eg lwn ()1 1w (1)1
+2c2¢*(11)). (3.36)
Let us set

Hy(0) := (Aw, (), wa(8)), 1,(0) :=2(IF@)* + GO, wpp)|I*),
K (0) == 27203 wn (0) 1 |wn ()13 + 2¢2¢% (vy).

Replacing the variable t with 6 in (3.36), we get
d
@Hn(Q) < Kn(0)Hp (0) + 1,(0). (3.37)

Using the Gronwall inequality to (3.37), forall T <t — h < 5 < t, we have

t t
Hy(t) < (Ha(s) + / 1,(6)d0) - exp {/ K,,(e)de} . (3.38)
t—h t—h

Integrating (3.38) from s =t — h to s = ¢, we obtain that

t t t
hH,(t) < (f H,(s)ds + h/ In(e)de) - exp {/ K,,(@)d@} . (3.39)
t—h t—h t

—h

In addition, it follows from (2.2), Lemma 3.2 and Assumption 2.1 that

t t t
/ H,(s)ds + hf 1,(6)do = / (Aw, (s), wy(s))ds
t—h 1—h t—h

t
+h/ h2(||F(0)||2+ G (0, wng)I*)do
t_
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t t t
<! / lwa (s)[3ds + Zh/ | F(6)]%d6 + 2hcé/
t—h t—h t—2

t
< T RIG) + 4 CERA (1) + 2h / IF©)Id0 < ea(R(1)
t—h
t
+ / IF©)]2do),
t—h

where ¢4 := max{2h, cl_l + 4h2Cé}. From (3.1) and Lemma 3.2, it holds that

t 1
/ RACHE / @ cxaf 0P O) 1} + 2026018
t— t—
t
<2crey sup  [lwa(0)] / lwa (@)113d6 + 2c2hc? (vy)
Oelt—h,t] t—h

<2 eaeg[(1+ Co)e? M0 (w, ) 117
H

t
+a_1ey(h_’)/ ?||F(0)]15,d0]RT (1) + 2c2hc? (vy).
—0o0

With the aid of (2.2), substituting the above two inequalities into (3.39), yields
lwa (I < c2Hu (1)
< caesh Y (R3I) + / th IF ©)]>d6)
x exp {es(e? T (wg, <15(')1)||?5i7

t
+ e*W/ N FO)15,d0)R3 (1) + 2c2hc* (v},

—00

) lw(®)|>d6

(3.40)

where ¢5 := 270205867”’_- max{(1 + Cg), @~ '}. Under Assumption 3.1, it is clear that

there exists a constant M such that

t
/ |FO)?d0 < M, Vi eR,
t—h

which together with (3.40), Lemma 3.4 implies the boundedness of ||w(t; t, wé)“,

M|y forall T < t*(D, t). The proof is complete.

m}

On the basis of the above results, we are ready to prove the pullback D, -asymptotic

compactness of the process {U(t, T)};>¢.

Lemma 3.6 (pullbackD, -asymptotic compactness)

Under the conditions of Lemma 3.3, the!\)rocess {U(t, ©)}1>: generated by (2.10) is

pullback D, -asymptotically compact in H.
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Proof For any fixed ¢t € R, and family D= {D(s) | s € R} € D,, any sequences
{ta} € (—o0,1] satisfying 1, — —oo0 as n — +oo and {(w)", ¢i")} C D(zy). It
suffice to show the sequence {(w"(¢), w}(-))},>1 defined by

W" (1), w!'() = U, m) (W, oM = (w(t; Ty, W, $IN), w; (- T, W, M)

is relatively compact in £ %

Step 1 (the sequence {w" (1)},>1 is relatively compact in H)

In fact, by Lemma 3.2, there exists a time t; := t1(D,t) < t such that, for
any T < 11, U(t, 1) D(7) C B(t). Moreover, (3.8)—(3.10) implies B(¢) is uniformly
bounded with respect to ¢. Consequently, D(¢) is uniformly bounded in E 2ﬁ>< 12 with

v
respect to ¢. Since E Zﬁx 2 is a reflexive Banach space, we can extract a subsequence

V . .
(denoting by the same symbol) {(w}, ¢»")}»>1 and some (w, ¢) € E%x 2 such that
v

U, t)(wy', ¢i) — (w, ¢) weakly in E% , asn — oo, (3.41)
v
which implies
w" (1) — w(r) weakly in Hasn — oo. (3.42)

Moreover, from Lemma 3.3, we conclude that, for any € > 0, there exist 13 =
3(€,t, D) and I3 := I3(¢, t, D) > 0 such that

[w" O ll2@\g) = Ilw" @ T, wi,n,¢;,n)||]1,2(gz\gl) <z, YVouu<m, [ 2050 (343)

w1 M

Observe that, for any fixed t € R, w(t) € H is fixed. Hence, for the above € > 0,
there exists /4 > 0 such that

€
lw® 2@\ < 3 Vi, <13, [ > 14 (3.44)

Now, we define the restrictions of w” and w in €2;, respectively, as

0 _Jwr@), x e, _Jw@), x ey,
w (’)|91 " { 0, x € Q\Qy, w(l)|91 1 o, x € Q\.

It follows from Lemma 3.5 that, for any / > 0, the sequence {w" () |Qz }n>11s bounded

in V(Ql). Since V(Ql) > ﬁ(Ql), there exists a subsequence (denoting by the
same symbol) {w"(t)|Ql},,>1 satisfying

|lw" () — w(t)||ﬁ(QI) — 0, as n— oo, (3.45)
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which combine with (3.43) and (3.44) implies that there exists a No € N such that,
for any n > No,

[w" (@) —w®)ll g =lw" @) —wd)ll g, + W ®) —w®)l2@e)
<w" @) —wl g, + W' Ollzoq)
+llw®ll2\e) < € (3.46)

Therefore, the sequence {w" (¢)},,>1 is relatively compact in H.

Step 2 (the sequence {w] (-)},>1 is relatively compact in Li,)

Letus denote {6} ;>0 the sequence of all rational numbers from the interval [, O].
From the above argument, we deduce that there exists a subsequence (denoting by the
same symbol) {(w)" ¢‘“)}n>1 such that for each j there exists a w/ € H satisfying

w(t +0;; 1y, win (/) Y strongly in Hasn — . (3.47)

n>

Then for any #1, 1, € [t — h, t] with #; < tp, we have

W (1) — w (11) = / " " s)ds
= /tz [ — Aw"(s) — B (s), w"(s)) — N(w"(s))
;IF(S) + G(s, wy)]ds
Hence, from (2.2), (2.3) and (2.5), it follows that
" () — w" (1) -
< /t " (AW ©llg + 1B (), 0" lge + INGW $Dligs + I1F6) 9.
£ 1G G, W 5)ds

%)
< c/ (" &l + lw" @ Hw" Oy + 1F g + 1G (s, wi)])ds
t
l (3.48)

Moreover, applying the Cauchy inequality and Assumption 2.1, we have

t 1 n 2
/ G (s, wi)llds <Cg(t2 — 11)? (/ ||w"(s)||2ds)
I3 t1—h

1 ! 2
<Cq(tp —11)2 (/ ||w"(s)||2‘7ds> . (3.49)
t—2h
Similar to (3.49), it also holds that
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%) t %
/ | F($)llp=ds <(r2 — 1)’ </ . IIF(S)Ile*dS) , (3.50)
11 11—

1

5} 1 %) 5 2
/ [w" (s)llpds <(t2 —11)?2 (/ IIw”(S)Ilﬁds> , (3.51)
1 n

and

t n
/ [w” () [w" (s)lpds < sup  [[w" ()]l / [w" ()l pds
f 141

s€[t—h,t]

1
1 n 2
<—1m)? sup [[w' ()] (/ ||w"(s>||%ds> :
41

selt—h,t]

(3.52)

(3.48)—(3.52) imply

[w"(12) = w" (D) Ip+ < etz — 1) |:(1 + sup IIw"(S)H)

selt—h,t]

t 2 t ;
x( / ||w"<s>||éds) +< / ||F<s>||%*ds> ] (353)
t—2h t—h

It follows from (3.1) that for all s € [t — h, ],

. . §
lw"()[> <A+ Ce)e VS~ [ (wit, 5, +a e f e’ F©)II%,d0
H

Tn

<A+ Ce)e” "m0 ), g1
H

t
+alerh=n / "’ | F(0)|%,d6. (3.54)
—00
In addition, (3.5) gives

t . .
/ lw" () [3ds <B™' (1 + C)e 2™ | wi, I,
t—2h H

t

+ (@p)temr 720 / e’ ||F(0)/5.d6. (3.55)

—0o0

Since e?™ ||(wiln, qbiln) ”125& is bounded, taking Assumption 3.1 and (3.53)—(3.55) into

H
account, we conclude that

the sequence {w" (-)},>1 is equicontinuous in C([r — h, 1]; V*).
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Next, observe that for any r € [t — h, t]\Q, where Q represents the set of all rational
number,

[w"(r) — w" () lge <MW" () —w" (1 +0) g« + W' (1 +0;) —w" (@ +6;) 9+
+ w4+ 0;) —w" ()lp«, Vj=1

On the one hand, by the equicontinuity of {w”(s)},>1, there exist a subsequence
{0j,} C {6} such that

lw"(r) —w" (40 )y« = 0 as k — oo,

w™ (4 6;,) —w" )|y« — 0 as k — oo.
On the other hand, (3.47) implies
lw"( +6;,) —w"(+60;) |y« — 0asn, m — oo.

Therefore, for any 0 € [t — h, t]\Q,
the sequence {w" (r)},>1 is a Cauchy sequence of V=,
Thus, for each r € [t — h, t], there exists some v(0) € V* such that
w’ () — v(P) strongly in V*asn — o0o.
Based on the continuous injection of H into V* and (3.54), we conclude that the

sequence {w" ()} is bounded in C([t — A, t]; V*). Then, applying the Lebesgue dom-
inated convergence theorem, we obtain

w"(-) — v(-) strongly in L>(r — h, 1; V*)asn — oo.

So

w'(t + ) = wl(; T, wiln, (]52“) — (") == v(t + -) strongly in L%, as n — o0.
(3.56)

From (3.41) and the uniqueness of limit, (3.56) implies

w (- Ty, wh, ") — ¢ strongly in LZV* asn — 00. (3.57)

Further, we conclude that

0 0
/h lwy (s) — ¢ (s)1*ds =/h(w§’(S) — @), wi(s) — ¢ (s))ds

<lwy(s) — )Lz, llwy (s) — ¢z — 0 as n— oo,

which together with (3.46) gives the pullback D, -asymptotic compactness. O
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3.3 Existence of Pullback Attractor for the Universe D),

Theorem 3.1 Assume that Assumptions?2.1 and 3.1 hold, thenthe process{U (t, T)}; >+
in (2.10) has a unique pullback D, -attractor AD = {Ap, (1) | 1 € R} forthe universe
D,.

Proof Define

Ap, ()= () |J U@ D), D={(D@) |t €R}eD,. (3.58)

<! TS
According to [16, Proposition 9] or [27, Theorem 18], Lemmas 3.2 and 3.6 imply
Apy = {Ap , (1) | t € R} in (3.58) is the unique pullback attractor for the universe
D,. o
4 Some Properties of Pullback Attractor for the Universe D,,
In this section, we conclude some properties of pullback attractor for the universe D,, .

The first property is that pullback attractor for the universe D,, is consistent with that
for the universe of fixed bounded sets. The other property is the tempered behavior.

4.1 Consistency with Pullback Attractor for the Universe of Fixed Bounded Sets
Let us denote D the class of all families
5F = {Dp(t) = D |t € R, D is some bounded set in Ezﬁ}

It is clear that Dr C D,,. Then we consider the universe D in ’P(E%).

Theorem 4.1 UnderAssumptlons 2.1 and 3.1, the process {U(t, T)};>¢ in (2.10) has
a unique pullback D p-attractor .ADF {Ap, (t) | t € R}, Moreover,

Ap, (1) = Ap, (1), Yt € R. @.1)

Proof The existence of pullback Dp-attractor .Zl\pF is as a consequence of Theo-
rem 3.1. Under Assumption 3.1, (4.1) follows from [27, Proposition 23]. O

Remark 4.1 By the pullback attracting property of the pullback attractor ‘ZDV
and (4.1), we can check that, for any D= {D(t) | t € R} € D,, there holds

lim distg (U(t, 1)D(1), Ap, (1)) = lim distz (U(t, 7)D(1), ADV () =0,
T—>—00 H T—>—00 H

which implies that .,Zl\DF not only attracts any bounded sets but also attracts some
tempered sets in the pullback sense.
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4.2 Tempered Behavior of the Pullback Attractor

Theorem 4.2 Under the conditions of Assumptions 2.1 and 3.1, it holds that

lim (e’ sup l(w, ®)ll g2 | =0, 4.2)
oo (w.¢)eAp,, (1) d
lim e sup  [l(w, @)l | =0. (4.3)
=m0 (w,p)eAp, (1) v

Proof By Definition 3.1 of universe D,,, we have

ADy €D,.
Thus, (4.2) holds.
Moreover, (4.3) is a consequence of Lemmas 3.2, 3.5 and Assumption 3.1. ]
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