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2772 N. Lietal.

1 Introduction

In this paper, we will use standard notations from the value distribution theory of
meromorphic functions (see [12, 14]). We suppose that f (z) is a meromorphic function
in the whole complex plane C and denote its order by o (f) and hyper-order by

loglog T
o2 (f) = lim sup 2&108 T )
r—00 logr

Consider the second-order homogeneous linear differential equation
[T+ PE)f + 0@ f =0, ey

where P(z) and Q(z) are polynomials in z and not both constants. It is well known
that every solution f of (1) is entire.
Suppose f s 0 is a solution of (1). If f satisfies the condition

lim sup 0,

log7'(r, )
r— 00 r N
then we say that f is a nontrivial subnormal solution of (1).

Wittich [13], Gundersen and Steinbart [10], Chen and Shon [4,6], etc., have inves-
tigated the subnormal solutions of (1) and obtained some excellent results.

Wittich [13] gave the detailed form of all subnormal solutions of (1). Gundersen
and Steinbart [10] refined Wittich’s result by analyzing the degree of the coefficients
P(z) and Q(z). They also considered the form of subnormal solutions of the more
general differential equation

"+ PE) [+ Q@) f = Ri(e*) + Ra(e™), @)

where P(z), Q(z), and R;(z) (d = 1, 2) are polynomials in z.
For the higher-order linear homogeneous differential equation

fO 4Py f*ED 4o 4 Py f =0, A3)

where Pj(z) (j = 0,---,k — 1) are polynomials in z, many papers were devoted
to the investigation of the nonexistence of its nontrivial subnormal solutions under
certain conditions, see, e.g., [3,5,10]. In [7], Chen and Shon gave an example to show
that in other case the Eq. (3) might have subnormal solutions. Further, they estimated
the number and growth of this kind of solutions and all other solutions and obtained
the following result.

Theorem A ([7]) Let Pj(z)(j =0, - -- , k—1) be polynomials in z and deg P; = m ;.
Suppose that there exists mg(s € {0, ..., k — 1}) satisfying

mg>max{m;:j=0,....,s —1L,s+1,....,k—1}.
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Then

(1) every subnormal solution fo of (3) satisfies o (fo) = 1 or is a polynomial with
deg f < s — 1, and any other solution f not of the above two forms satisfies
o(f) =1L

(i1) Equation (3) possesses at most s linearly independent subnormal solutions.

We set
A@R) =dpz" + dy12" + -+ do, dy #0, n(> 1)is an integer,

throughout the rest of this paper. Then it is natural to ask what will happen if we change
exp{z} in the coefficients of (3) into exp{A(z)}?

In this paper, we consider the above problem and go on studying the solutions of
the following higher-order linear differential equation

FO 4 Pog @) fED 4o Py @) f =0, @

where Pj(z) = ajmjzm/ +--4ajiz+ajp(j=0,1,...,k—=1), Ajmjs -5 j0s
are complex constants such that aj,,; # 0, m; are nonnegative integers, and obtain
Theorem 1.1.

We need the following definition in order to state our results. Suppose f % Ois a
solution of differential equation. If f satisfies the condition

: log T'(r, f)
limsup ———— =

r—00 r

0, ()

then we say that the equation has a nontrivial n-subnormal solution.

Theorem 1.1 Let Pj(z) (j = 0,---,k — 1), A(z) be polynomials in z with deg

Pj = mj and deg A = n. Suppose that there exists an integer s (s € {0, --- , k — 1})
satisfying

mg>max{m;:j=0,....k—1,j #s}=m, 6)
then

(1) every n-subnormal solution fy of (4) satisfies o (fo) = n or is a polynomial with
degf < s — 1, and any other solution f not of the above two forms satisfies
o (f) =n;

(i) Equation (4) possesses at most s linearly independent n-subnormal solutions.

In paper [10], Gundersen and Steinbart also activated a new direction for the study
on the nontrivial subnormal solutions to Eq. (2) and raised the question that can the
results they obtained be generalized to equation

7 H1P1E) + Pae™)If +[Q1(e5) + Q2(e™)f = Ri(e¥) + Ra(e™), (7)

where P;(z), Q(z), Rj(z) (j = 1, 2) are polynomials in z?
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2774 N. Lietal.

Many papers focus on the above problem, see, e.g., [2,4,6,11]. In [4], Chen and
Shon considered this problem and investigated the existence of subnormal solutions
of Eq. (7) and its corresponding homogeneous form under certain conditions on the
degree of the coefficients P;(z) and Q;(z) (j = 1, 2). In [6], they generalized their
results to the higher-order case. They considered the linear homogeneous equation

fO 4+ (P (@) + Qi) fED - 4 (Poe)) + Qoe ™) £ =0, (®)
and linear nonhomogeneous equation

FO+(Peoi(@)+0k—1(e7)) f 5V o+ (Po(e)+Qo(e ™)) f = Ri () +Ra(e ™),

©
where P;, Q;(j =0,1,...,k— 1), Ry, Ry are polynomials in z, and obtained the
following theorems.

Theorem B ([6]) Let Pj(z), Q;j(z)(j = 0,...,k — 1) be polynomials in z with
degPj = mj,degQ; = nj, and Py + Qo # 0. If there exist ms, ng (s,d €
{0, ..., k — 1}) satisfying both of the inequalities

mg>max{m;:j=0,...,s —1L,s+1,...,k—1},

\ (10)
ng>max{n;:j=0,....,d—-1,d+1,...,k—1},

then the linear homogeneous Eq. (8) has no nontrivial subnormal solution, and every
solution of (8) is of hyper-order o7(f) = 1.

Theorem C ([6]) Let Pj(z), Q;(z) (j =0,---,k — 1) be defined as in Theorem B;
let R;i(z) (i = 1,2) be polynomials in z. If there exist mg, ng (s,d € {0, --- ,k —1})
satisfying both of the inequalities in (10), then

(1) Equation (9) has at most one nontrivial subnormal solution fo, and fy is of form
f(@) = S1(e*) + Sa2(e7),

where S1(z) and S>(z) are polynomials in z;
(i1) all other solutions f of (9) satisfy o2(f) = 1 except the possible subnormal
solution in (i).

In [11], Huang and Sun changed exp{z} in the coefficients of (8) into exp{R(2)},
where R(z) is a nonconstant polynomial, and obtained the following result.

Theorem D ([11]) Let A; = P; (e®@) + 0 (e7R@) for j =1,....k — 1, where

Pi(2), Qj(z), and R(z) = ¢sz° +- - -+c1z+co (s(= 1) is an integer) are polynomials.

Suppose that Py(z) + Qo(z) # 0 and there exists d (0 < d < k — 1) such that for

J #d, deg Py > deg Pj and deg Q4 > deg Q ;. Then every solution f(z) of
f(k)+Ak_1f(k_1) +- -+ Ay f=0k>2,

is of infinite order and satisfies o2 (f) = s.
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Some Results on the Solutions of Higher-Order Linear... 2775

It is natural to ask can the condition “deg P; > deg Pj and deg Qy > deg O (j #
d)” in Theorem D be weakened?

In this paper, we consider the above problem, investigate the solutions of the linear
homogeneous equation

o 4 (qu (eA(z)> ¥ 0i (e—A(z))> phD 4y (Po (eA(z))
+0 (@) £ =0, (11)

where P;j (eA@) + Q; (e74@) = iy, + ..t aj1ed@ tcjo+bj1e A +
+bjn/.e’”-fA(Z), Ajmjs - Ajl, €jo, bjn/., ..., bjy are constants, m;,n; (> 0)
are integers, djm; # 0, bjn; # 0, and obtain the following results.

Theorem 1.2 Let Pj(z), Q;(z)(j = 0,...,k — 1) and A(z) be polynomials in z
with deg P; = mj, degQ; = nj, degA = n, and Py + Qo # 0. If there exist
mg, ng (s,d € {0, ...,k — 1}) satisfying both of the inequalities

mg>max{m;:j=0,....k—1, j#s}=m, (12)
ng>max{n;:j=0,....k—1, j#d}=mn,

then the linear homogeneous Eq. (11) has no nontrivial n-subnormal solution, and
every solution of (11) is of o2(f) = n.

It is obvious from lim sup,_, o,
w = 0 easily. So if (11) has no nontrivial n-subnormal solutions, we can
obtain that (11) has no nontrivial subnormal solutions. Thus, we get the following
corollary.

log T (r, :
ng(rf) = 0 that we can deduce limsup,._, o,

Corollary 1.3 Under the assumption of Theorem 1.2, the linear homogeneous Eq. (11)
has no nontrivial subnormal solutions, and every solution of (11) is of o2(f) = n.

Obviously, Theorem 1.2 and Corollary 1.3 improved Theorems B and D.
For the nonhomogeneous linear differential equation

F® 4 (Pk—l (eA(z)) ¥ O (efA(z)>) FO=D
+(Po (e*@) + 00 (@) £ = RE2), (13)

we obtain

Theorem 1.4 Let P;(z), Qj(z) (j =0,...,k — 1) and A(z) be defined as in The-
orem 1.2. Let R(z) be entire function with o2(R) < n. If there exist mg, ng (s,d €
{0, ..., k — 1}) satisfying both of the inequalities in (12), then

(1) Equation (13) has at most one nontrivial n-subnormal solution fy;
(1) all other solutions f of (13) satisfy o2(f) = n except the possible n-subnormal
solution in (i).
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2776 N. Lietal.

2 Preliminary Lemmas
Recall that

A(z) =dp" + dn—lZn_l +---+diz+dy, d = a;em’, 7= re’p,
we set §(A, ) = Re(d;(e?)') = a; cos(6; + 16), and

H,, =10 €[0,27): 8/(A,0) =0}, H_ = {6 €[0,27):8(A,6) > 0},
H,_ =1{6 €[0,27) : (A, 6) <0},

forl =1, ..., n, throughout the rest of this paper.
Obviously, if 8, (A, 8) # 0, as r — oo, we get

‘eA(z) — O (AOr" 481 (A)r+Redy _ ,64(A.0)r" (140(1))
Therefore, for j =0, 1,...,k—1,asr — oo, the coefficients in Eq. (4), we have
)P ( A(Z)) |ajmj|emj5n(A,9)(1+0(l))r”(1 +o(1)), 8,(A,0) >0, a4
(e —
! o), 8u(A.0) < 0;

and the coefficients in equations (11) and (13), we have

|ajm ;™m0 A-OUTMOI (1 40(1)), 8,(A,60) > 0,
|bjn ;=0 ANHDIT (1 40(1)), §,(A. 6) < 0.
(15)

P4+ Qe =!

The following lemma plays an important role in uniqueness problems of meromor-
phic functions.

Lemma 2.1 ([14]) Let f;j(z) (j =1, ...,n) (n = 2) be meromorphic functions, and
let gj(z) (j =1,...,n) be entire functions satisfying

() Y-, fi()esi® =0;
(ii) when 1 < j <k < n, then g;(2) — gk (z) is not a constant;
(i) when 1 < j <n,1 <h <k <n, then

T(r, fj) =0{T(r,e¥" 8} (r — oo,r ¢ E),

where E C (1, 00) is of finite linear measure or logarithmic measure.
Then, fi(z) =0(j =1,...,n).

The following three lemmas are of great importance in estimating the growth of
the ratio of two derivatives of a meromorphic function.
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Lemma 2.2 ([9]) Let f(z) be an entire function, and suppose that | f® (z)| is
unbounded on some ray argz = 6. Then, there exists an infinite sequence of points
Zn = rpe'? (n=1,2,...), where r, — 00, such that f(k)(zn) — 00 and
f(j)(Zn) k=) .
‘m < |zl (I+o(1), j=0,....k— 1L (16)

Lemma 2.3 ([8]) Let f be a transcendental meromorphic function and @ > 1 be a
given constant. Then there exist a set E C (1, 00) with finite logarithmic measure and
a constant B > 0 that depends only on o and i, j (0 < i < j), such that for all 7
satisfying |z| =r ¢ EU[O0, 1],

<B

‘ f(j)(z)

Ji
e (log® ) log T (ar, f)) . (17)

T (ar, f)
(e

Remark 1 From the proof of Lemma 2.3 ([8, Theorem 3]), we can see that the excep-
tional set E equals {|z| : z € (U:SO(an))}, where a,(n = 1,2, ...) denote all zeros
and poles of f® and O(a,) denote sufficiently small neighborhoods of a,. Hence,
if f(z) is a transcendental entire function and z is a point that satisfies | f(z)| to be

sufficiently large, then the point z ¢ E thus (17) holds for these kinds of z.

Particularly, when o ( f) < oo, then we have the following result.

Lemma 2.4 ([8]) Let f(z) be a transcendental meromorphic function with
o(f) =0 < oo, andlete > 0be a given constant. Then there exists a set E C [0, 27)
of linear measure zero (or a set E1 C (1, 00) of finite logarithmic measure) such that
for all z = re'? with r sufficiently large and 6 € [0, 2)\ E (orr ¢ E1UJ0, 11), and
forallk, j,0 < j <k, we have

< |Z|(k—j)(0—l+8)' (18)

P
f(j)(z)

The following lemma is often used to prove that a function is polynomial and to
determine the degree of this polynomial.

Lemma 2.5 ([3]) Let f(2) be an entire function with o (f) = o < oo. Let there exist
aset E C [0, 2m) with linear measure zero such that for any argz = 6y € [0, 2m) \ E,
| f(ret®)| < Mrk (M = M(8p) > 0is a constant and k(> 0) is constant independent
of 6p). Then f(z) is a polynomial of deg f < k.

The following lemma, which is a revised version of [7, Lemma 7], can estimate the
central index of an entire function.

Lemma 2.6 ([7]) Let f(z) be an entire function that satisfies o (f) = o(n < o <
o), oro(f) =occand or = 0; orop = a(0 < @ < 00), and a set E C [1, 00)
has a finite logarithmic measure. Then, there exists {z; = rre'% }, such that | f (zx)| =
M(rk, f), 6x € [0,2m), limg_ o 6 = 6y € [0, 27), 1y ¢ E, and ry — 00, such that
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2778 N. Lietal.

() ifo(f) =o0(n <o < o0), then for any given £1(0 < g1 < 757),

re T <) < g (19)

(i) ifo(f) = oo and o2 (f) = 0, then for any given e>(0 < g3 < %), and any large
M (> 0), we have, as ry is sufficiently large,

et < () < exp{ri); (20)
>iil) if o2 (f) = a(0 < a < 00), then for any given £3(0 < €3 < «),
exp{ry, %} <v(n) < exp{r,‘:+s3}. (21)

Proof By o(f) = o, we have

. logv(r)
limsup —— =0
r—oo logr

Thus, there exists a sequence {r; } (r;, — 00) satisfying

log v(r,
m 08w

ri—oo logry

Set ImE = § < oo. Then the interval [r,/c, a1+ e‘s)r,i] meets the complement of £
since

(1+ed)r]
/ — =log(1 + ¢®)r] —logr] =log(1 +¢€°) > §.
r/

k

Therefore, there exists a point r; € [ry, (1 + e‘s)rlé] \ E.Because

log v(rg) - logv(r;) _ log v(r;) ’
log ry log[(1 + e®)r(] (1 + %) log 7/
and
logv(r) _ logvl(1 + A _ log v[(1 + €®)r;]
logre = logr (1 - e Y logl(1 +edyrf]’
we have

. logv(rk)
Iim —— =0

(22)
re—oo  logry

@ Springer
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Now take zx = ree'%, 6 € [0,27) such that | f(zx)| = M(rg, f). Thus, there
exists a subset of {0}, for convenience, we still denote it by {0}, and it satisfies
limg_, » B = 0y € [0, 277). So we obtain (19) by (22).

Using a similar method as above, we can prove (ii) and (iii). O

The following two lemmas give relationships between the solutions and the coef-
ficients of some given linear differential equations.

Lemma 2.7 ([7]) Let Ao, ..., Ap—1 be entire functions of finite order. If f(2) is a
solution of equation

f(k) + Akflf(k_l) +-- 4+ Agf =0,

then oo (f) <max{o(A;):j=0,....k—1}.

Lemma 2.8 ([14]) Let f1, ..., fn belinearly independent meromorphic solutions of

f(n)_i_an_lf(?’l*l)_’__”_i_aof:o

with meromorphic coefficients. Then the Wronskian determinant W (f1, ..., fn) sat-
isfies the differential equation W' + a,—1(z)W = 0. In particular, if a,_ is an entire
Sfunction, then for some C € C\{0}, W(f1, ..., fn) = C exp ¢, where ¢ is a primitive

function of —a,—1.
The following lemma is often used to exclude an exceptional set.

Lemma 2.9 ([1,12]) Let g : (0,400) — R and h : (0, +00) — R be monotone
increasing functions such that g(r) < h(r) outside of an exceptional set E of finite
logarithmic measure. Then, for any o > 1, there exists ro > 0 such that g(r) < h(ar)
holds for all v > ry.

Lemmas 2.10 and 2.11 are used to prove Theorem 1.1.

Lemma 2.10 Let P;, m j, m satisfy the hypotheses of Theorem 1.1. If f is a solution
of (4)and o (f) < n, then

(1) if Pp £0, then f = 0;
) f Pp=Py=---=Pyg_1=0and P; #0(d < s), then f is a polynomial with
deg f <d— 1.

Proof (i) Suppose that f is a solution of (4) with o(f) < n, then f is an entire
function. For convenience, we denote

P; (eA(Z)) = ajmxemsA(Z) 4+t aj(mj+1)e(m_/+1)A(z)

+ ajm, "0+t aj1etP +ajo,
where Ajm; #Oandajy, =--- = Ajm+1) = 0. Thus, (4) can be rewritten as

Om, (2)e™AD 4 0, _1(2)e™ ™ DAD L 4 01(2)e?@ + Qo(z) =0,  (23)
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2780 N. Lietal.

where
O, (2) = agm, fO(2),
;@) =0 0afO@, j=1,....m—1, (24)
00(2) = fP @) + X4 anfO ).

Obviously, 0, (y = 0,1,...,my) satisfy 0(Q,) < n. Since e @ PARD (o, B €
{0,...,ms},0 < B < a < my) is of regular growth, we have

T(r, Q) = o{T(r,e @ PAD)) y =0,... my.
Thus, by applying Lemma 2.1 to (23), we have
Y@ =0, Qn1@)=-=01) = Qo) =0. (25)
By f©) = 0, we get that f is a polynomial with deg f < s — 1 ifs > Oand f =0

if s = 0. From Py # 0, we get that f cannot be a nonzero constant from (4). Let
deg f =h( <h <s—1).Itfollows from (6), Equations (24), (25), and the facts

deg f >deg f' > -+ > degf(h), f(h'H) = f(h+2) =...= f(k) =0,
that app = ap1 = - -+ = aom, = 0 holds. Therefore, Py = 0, which contradicts our
assumption Py # 0. Hence, f = 0.
(ii) Let f@ = F,since Pp= Py =---=Py;_1 =0and P; #0(d < s), from
(4) we get

F(k—d) + Pkfl(eA(Z))F(k_d_l) _|_ . + Pd(eA(Z))F — O

Byo(F)=o(f®) =0o(f) <nand P; # 0, we apply the result from Lemma 2.10
(i) to conclude that £ = F = 0. So, f is a polynomial with deg f < d — 1. O

Lemma 2.11 Let Pj(z) (j =0, ...,k — 1) be polynomials in z with deg P; = m .
Suppose that there exists an integer s (s € {0,...,k — 1}) satisfying (6), and
let {f1,..., fx} be a fundamental solution set of (4). If each f; satisfies either
o(fj) < norox(fj) = n, then there are at most s solutions, say fi, ..., fs, satisfy
o(fp)<n(j=1...,9).

Proof Assume that fi,..., fs, fo41 satisfy o(f;) < n(j =1,...,5s + 1), and
Sfs42, ..., frsatisfy 02(fj) =n(j =s+2,...,k). Now we apply the order reduc-
tion procedure and deduce a contradiction. For convenience, we use the notation uy
instead of f in equation (4), uy 1, ..., uk instead of fi, ..., fks Pro, .., Pk, k—1)
instead of Py, ..., Pr_1, respectively. Thus,

o(urj)=o(fj) <n,j=1,....5s +1, oo(ug ;) =0o(fj) =n,j=s+2,..., k.

Set

up—1(z) = i (M_(Z)) , Mk—l,j(Z) — i (M) ,j= 2,..., k.

dz \ug1(2) dz \ug1(z)
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/
We denote u,(:_ll) to be the primitive function of uy_;. Thus, (u,(;ll)) = Uj_1, U =

uk,lu,((__ll), and

ZCJ Oud 0 =0,k 26)

where C’/ are the binomial coefficients. Substituting (26) into (4), we obtain

k—1— 1—- -1
ZCL Dl ’)+ZPkJZCfu,§”1 VTt Peouul ) =0, @)

Rearranging the sums of (27), we obtain

k=2
Ug,1 uk 1 +(kuk1+Pkk 1uk1)u( )

k-3 k—j—1

)
+Z( Z Cj-‘rl-HPk JH1+rUg, 1>”kl 1
—i—uk 11) (u](ck)l + Pk,kflu(k b +- 4+ Pk,()ukJ) =0. (28)

Since uy,1 # 0 is a solution of (4), by (28) we obtain

(k—=1) -2)

up "+ P k- 2(Z)uk At Pre10(@uk—1 =0, (29)
where
k—j—1 (f)
1@
Pio1j(@) = Prjpi@+ Y C,HHPk,HH(z) L J=0. k=2,
=1
Now we examine the growthof Py ; (j =0, 1, ..., k—2), particularly Py_1 1.

Since o (ux,1) < n, by Lemma 2.4, there exists a set £ C (1, +00) with finite loga-
rithmic measure, such that for all z satisfying |z| = r ¢ [0, 1]U E,

) @)

ug,1(2)

Take aray argz =6 € H, . From (14), as r — o0,

|Pk,s(Z)| _ |asms|ems8n(A,9)(]+0(l))rn(1 n 0(1))’
[Py j(z)] = O(eMnAD Uty =i
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2782 N. Lietal.

Therefore, we get that for all z satisfying argz = 0 € H ., as r — oo and

n,+?
r¢[0,1]UE,

|Pk—l,s—l ()| = |asms |em.c5n(A,9)(1+0(1))rn (1 + o(1)),
|Pe,j ()] = O(rkneMon @O+ = j =gk —2; (30)
|Pi_1j(2)| = 0(rknemstsn(A,G)(l-i—()(l))r”)7 j=0,...,s—2.

We now consider the growth order of u;_1 ; = d%(%) (j = 2,...,k). Since

o(ugj)<n(j=1,....,s+1Dandox(ux ;) =n(j =s+2,...,k), we see that

o(ug—1,;) <n,j=2,....s +L,o0(ug—1,;) =n, j=s+2,..., k. 3D

Suppose that ¢, . . ., c; are constants such that
/ /
Ug,2 Uk k
cour—12+ - tau_ =\ —) +-+a|l—) =0 (32)
Uk, 1 Uk, 1
by integrating both sides of (32), we get
Coutfp + -+ -+ cpup + crug =0,
where ¢ is a constant. Since ux 1, . . ., g  are linearly independent,c; = ... =¢x =
0; hence, {ux—1.2, ..., ux—1.} is a fundamental solution set of (29).

Next, we repeat the order reduction procedure as above to Eq. (29). After s order
reduction procedures, we get

k—: k—s—1
w4 P T e P oug—s = 0. (33)

Onarayargz=0 € H, ,asr — occandr ¢ [0, 1]U E,

| Pr—s.0(2)] = lagm,|emsonA-OAHIIT (| 4 o(1)), 34

|Pi—s.j(2)] = 0(rknerﬁ(Sn(A,G)(lJro(]))r”), j=1, . k—s—1.
Also,

d (ug—s—1 j> .
Up—s,j=—|———=), j=s+1,...,k,
P dz <Mk—(s—1),s
are k — s linearly independent solutions of (33) that satisfy
O (Up—s,5+1) = n, oa(up—sj)=n, j=s+2,..., k. (35)

On the other hand, for a solution u;_; of (33), by Lemma 2.3, there exists a set Eg C
(1, 0o) with a finite logarithmic measure such that for all z satisfying r ¢ [0, 1]U Eo,

) (@)

< M[TQr,up_ ) t=1,..  k—s, (36)
ug—s(z)
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where M (> 0) is a constant. So by (33), (34), and (36), we obtain that for all z
satisfyingargz =60 € H, ,,asr — ooand r ¢ [0, 1]U E,

|asmx|ems5n(A,0)(l+0(l))r"(1 + 0(1)) — |Pk7_&‘,0(z)|

(k—s) (k—s—1) /

u, - (2) u; (2) u, (2)
A L Psis 1 (@) A= e | P () ==
up—s(2) up—s(2) ug—s(2)

< MM'[T Q2r, ug_g)]F=5H1pkn (A0 A+o0D™ = a1/~ () s a constant.
Thus, we have
g, |1~ =M AO W+ () 1 o(1)) < MM'[T 2r, ug—)1F .

The above inequality and Lemma 2.9 imply that o2 (ux—s) > n, i.e., all solutions uy_g
of (33) satisfy o2 (ux—s) > n, which contradicts o (ux—s s+1) < n. Thus, Lemma 2.11
is proved. O

3 Proof of Theorem 1.1

(i) First step We prove that every transcendental n-subnormal solution is of o (fp) = n.
By Lemma 2.10, we see thatif o (fp) < n, then f is a polynomial withdeg fo < s—1.
So o (fo) = n.

Suppose that o (fy) > n, and we will show that this supposition will lead to a
contradiction next.

By Lemma 2.3, there exists a subset E1 C (1, oo) with finite logarithmic measure
such that for all z satisfying |z| = r ¢ E; U [0, 1],

)
22)

< MITQr, )1, i, j €{0,1,... Kk}, i < j, (37)

where M (> 0) is a constant.
By the Wiman-Valiron theory, there is a set E» C (1, co) with finite logarithmic
measure, such that for all z satisfying |z| =r ¢ E, U [0, 1], and | fo(2)| = M (7, fo),

() j

By Lemma 2.6 and o (fy) > n, we see that there exists a sequence {z; = et}
such that | fo(z;)| = My, fo), 6; € [0,2m), lim;0; = 6y € [0,27), with
re ¢ E1UEy U0, 1], 1, — 00, {z;} satisfies (38), and for any given ¢; (0 < g1 <
min{ (o —n), 1}),

v(r) >r] " > rt"ﬂl > r,H_E1 > 7. (39)

Since 6p may belong to H, ,, H, _, or H, ,, we divide this proof into three cases.

n,+2 n,—?
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Case 1 Suppose 6y € H, . Since §,(A,6) = a, cos(f, + nb) is a continuous
function of 8, and 6; — 09, thus we have lim; . 8,(A, 6;) = 6,(A, 6y > O.
Therefore, there exists a constant N (> 0), such thatas t > N,

1
5n(A,0) = §5n(A,90) > 0.
By (5), for any given &4 (0 < &4 < m&, (A, 60)),

[TQr, f) ! < e ®HD@" < 3hn(A0r (40)

holds forr > N.
By (37), (38), and (40), we see that

k—s (k—s)
(Virt)) (140(1)) = f() (z1)

< MIT Qry, f)lFH < Me2dn A6t 4y)

' fo(zr)
By (4), we get
— wps(eA(Zt)) = & + S pj(eA(m))m, (42)
Jo(zt) foe) 57, Jo(zt)
Because §,(A, 6;) > 0ast > N, from (14) we get that
[Py ()] = fag, "> AAUHMIE L+ o(1)), (43)

and

|P] (eA(Zt))| < Moeﬁgn(Aﬁt)(l-’rO(l))rtn’ ]:0’ AU k_l’ J #S, M0(> O)IS a constant.

(44)
Substituting (38), (43), and (44) into (42), we get that for sufficiently large r;,
v(r) '\ M58y (A,0)(14+0(1))r! v(r;) g
p lagm, e t(I+o(l) = — (I+0(1))
t t
. SO}
+ Moo A BN ( d ) (1+o(1)). (45)
j=0j#s N !

By (41), (45), and (39), we get

v(ry)

t

k—s
| gy, |e™Ms =M (AG) A+ (1 4 (1)) < kMo ( ) (1+o(1))
< kMOMeésn(A,e,)r,"’
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which yields a contradiction by mg —m > 1 > %, and §,(A, 6;) > 0.

Case 2 Suppose 0y € H, _. Then §,(A, 6p) < 0. By using the similar method as
in Case 1, we get that for sufficiently large ¢, 8, (A, 6;) < 0 as 6, — 6y. From (14),
there exists a constant M7 (> 0), such that

|P; () <My, j=0,...,k—1. (46)

By (4), (38), (39), and (46), we get

k
(v(h)) (1+0(1)):

rt

FeD)
fO(Zz)

k—1
< kM, (”(”)) (1 + o(1)),

It

ie.,
v(r) (1 +o(1)) < kMyr: (1 4 o(1)),

which also yields a contradiction by (39).
Case 3 Suppose 0y € H, . Since 6; — 0, for any given &5 (0 < &5 < ﬁ), we
see that there exists an integer N1 (> 0), ast > Ny, 6; € [0y — €5, 6y + ¢5], and

Z;=r,e59’ eﬁ:{z:@o—ssfarngﬁo—i—ss}.

Now, we consider the growth of fj (ret?) ona rayargz =6 € Q \ {6o).

By the properties of cosine function, we can easily see that when 61 € [0y — €5, 6p)
and 6, € (0, Oy + &5], then §,(A, 01)5,(A, 62) < 0. Without loss of generality, we
suppose that 6, (A, 0) > 0for6 € [0y —es, 0p) and 5, (A, 0) < Ofor 6 € (6, Og+¢&5].

For a fixed 6 € [0y — ¢5,00), we have §,(A,0) > 0. By (5), for any given &¢

satisfying 0 < &g < m&, (A, 0),

[TQ2r, fo)]+! < efo®k+DCN" < 30 (AOF" .

We assert that |f0(5) (re'?)| is bounded on the ray arg z = 6. If | fO(S) (re'?)|is unbounded
onit, then by Lemma 2.2, there exists a sequence {y; = R; ¢'?}, such that as R; — o0,

fo(s)(yj) — oo and

FSes))

o <R +o(1),d=0,...,5s — 1. (48)
f() ()’j)

By Remark 1, £*(y;) — oo, we know that y; satisfies (37). By (37) and (47), we
see that for sufficiently large j,

A7)

< M[TQR;, fo)I"*' < M2 AOR, 1 ok (49)
() ..
f() (y])
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By (4), (43), (44), (48), (49), and §,,(A, 6) > 0, we deduce that
g, "0 AT (1 4 0(1)) = | Py (0]

< My THDRADA+0(IR] |y 5 (A0 I+0(DR] ps
- J

~ 1 n
< max{Mz, M3}R;:e(m+2)5,,(A,9)(1+0(1))Rj i

where M,, M3 (> 0) are constants, which yields a contradiction by the facts my —m >
1> % and §,(A, ) > 0. Thus, |f(s)(reig)| < M4 (M4 > 01is a constant) on the ray
argz = 6. Since

FOD (el = 0 1>(O)+/ £ 1),

we have |f0(5_1)(re"0)| < Msr (Ms > 0 1is a constant). By induction, we obtain
| fo(re'®)| < Mer®, Mg (> 0) is a constant, (50)

on the ray argz = 6 € [0y — ¢5, 6p).
On the other hand, since {z;} satisfies | fo(z;)| = M (r;, fo) and o (fy) > n, we see
that for sufficiently large r, and r, ¢ E1 U E» U [0, 1],

| fo(zi)| = exp{r/'}. (51)
By (50) and (51), we see that for sufficiently large ¢, 6; ¢ [0y — €5, 6p), i.e.,
0 € [60, 6o + 5] . (52)

Suppose there are infinitely many 6, in (6p, 6o + €5]. Then we can choose a subse-
quence {9;_/.} of {6;} and a corresponding subsequence {Zt_,- =r % } of {z;}. For the
subsequence {z;;} C {z : 6 < argz < 6p + ¢s), by using a similar method to that in
the proof of Case 2, we can get

V(V[j) S ler[ja

which yields a contradiction by (39).

Hence, there are only finitely many 6; € (6, 8y + 5], and for sufficiently large ¢,
0; = 6p and 8, (A, 6;) = 0.

Next we consider the following three subcases. 6 € H,_, ;600 € H,_, _; 6y €

H,_ ., If6 € H_, or6 € H,_, _, then by using a similar method as in Case 1
and Case 2, we can get a contradiction. If 6 € H,_, ,, then from the similar reasoning
as used in Case 3, the remaining case is 6; = 6 for sufficiently large ¢. This gives
that 6,,—1(A, 6;) = a,—1cos(@,—1 + (n — 1)6;) = 0 for sufficiently large 7. On the
analogue by this, the remaining case is that §;(A, ¢;) = «; cos(0; + jO;) = 0 for
sufficiently large ¢, where j = 1,...,n — 2.
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Therefore, for sufficiently large ¢, we get

|Pj(eA(Zr))| — |ajmjem_/~A(Zt) Lt ajleA(Zt) + aj0|
< lajm;le" 100 4 4 Jajp, e + |ajo]
<M7,j=0,--- k-1, (53)

where M7 (> 0) is a constant.
By (4), (38), (39), and (53), we get that

() \F JARED
— 1 1 — |—
) ( 2t > (e ))‘ ‘ fO(Zt)

k—1
< kM, (”5’”) (1 + o(1),

t

ie.,

v(r) (14 o(1)) = kM7ri (1 + o(1)),

which also yields a contradiction by (39).

Second step We prove that all other solutions f of (4) satisfy o2(f) = n.
Suppose that f is not a n-subnormal solution, and o2(f) < n. Then clearly
lim sup, _, bgz# = 0, i.e.,, f is a n-subnormal solution, a contradiction. So,
02(f) > n.ByLemma2.7and o (Pj) =n(j =0,...,k — 1), we have 02(f) < n.
Hence, 02 (f) = n.

(ii) By the assertion of (i), we see that a solution of (4) either is a polynomial, or
satisfies o (f) = n or o2 (f) = n. Thus, by Lemma 2.11, we see (ii) holds.

4 Proof of Theorem 1.2

Suppose that f % 0 is a solution of (11), then f is an entire function. Because
Py + Qo # 0, f cannot be a constant. Suppose that f = bp" + -+ biz+bo(h >
1, by, ..., by are constants, b, # 0) is a polynomial solution of (11), substituting this
polynomial solution into (11), we get that the coefficient of the highest degree of z,
ie., ", is (P (e®) + Qo (e74@)) (# 0), which yields a contradiction from (11).
Thus, we get the conclusion that f is transcendental.

Step one We prove that o (f) = oo.

Suppose, to the contrary, that o (f) = o < co. By Lemma 2.4, for any given & > 0,
there exists a set E C [0, 2r) with linear measure zero, such that if 6 € [0, 27) \ E,
then there exists a constant Ry = Ry(6) > 1, such that for all z satisfying argz = 6
and |z] =r > Rp, we have

<p@THOU=) G — g1,k (54)

f(j)(z)
f9@)

Take aray argz =6 € H, 4 \ E, then 6,(A, ) > 0. We assert that | £ (rel?)] is
bounded on the ray argz = 6.
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If | f®) (re'?)| is unbounded on the ray arg z = 6, then, by Lemma 2.2, there exists
a sequence z; = r;e'?, such that as r; — oo, £ (z;) — o0, and

<A +o(), =051 ©3)

D)
f(s)(Zt)

Because §,(A, 0) > 0, from (11), (15), (54), (55), we obtain that for sufficiently
large ry,

g, [ ™S AO A+ (1 4 5(1)) = ’ps (eA<z,)> +0, (e—A(z,))‘

k k—1 P
3 F®(z) » ‘Pj (eA(z,)) ey (e—A(z,))‘ » FD(z)
=@ | T A 9
< kMrtk(U-H)eﬁén(A,G)(H—a(l))rt”’ M >0,
which yields a contradiction by mg > i and 8, (A, 6) > 0. So,
|fre)| < Mir® < Myt My > 0, (56)

ontherayargz =0 € H, + \ E. _
Now, we take a ray argz = 6 € H, _ \ E, then §,(A,0) < 0. If | fD(re?)]
is unbounded on the ray argz = 6, then, by Lemma 2.2, there exists a sequence

7, = r]e'?, such that as r] — oo, £ (z}) — oo, and

<Y DU +001)), i=0,....d—1.

@)
f@(z)

Using a proof similar to above, we can obtain that for sufficiently large r;,

|bdnd|e—nd5n(A,Q)(l-FO(l))(rl/)n(1 + 0(1)) S kM(r;)k(UJ’_l)e_ﬁﬁn(Ave)(l'i_o(l))(rt/)n

which also yields a contradiction by —n;8,(A, 0) > —né, (A, 6) > 0. Hence,
|| < Mir? < myrt, (57)

ontherayargz =60 € H, _ \ E.

From Lemma 2.5, (56) and (57), we know that f(z) is a polynomial, which con-
tradicts the assertion that f(z) is transcendental. Therefore, o ( f) = oo.

Step two We prove that (11) has no nontrivial n-subnormal solutions. On the con-
trary, suppose that (11) has a nontrivial n-subnormal solution fy. We will deduce a
contradiction. By the conclusion in First step, fj satisfies (11) and o (fp) = oo. By
Lemma 2.7, we see that 02 (fp) < n. By Lemma 2.3, there exist a subset E1 C (1, 00)

@ Springer



Some Results on the Solutions of Higher-Order Linear... 2789

with finite logarithmic measure and a constant B > 0, such that for all z satisfying
|zl =r ¢ [0, 11U Eq, we have

@)
22)

< BITQr, fo)l', i, j €{0,1,..., K}, i < j. (58)

From the Wiman-Valiron theory, there exists a set E» C (1, co) with finite logarithmic
measure, so that we can choose z satisfying |z| = r ¢ [0, 1] U E> and | fo(2)| =
M (r, fo). Selecting z this way, we obtain

) J
for @ _ (M) (14+0(), j=1,....k (59
fo(z) z

By Lemma 2.6 and o (fp) = oo, there exists a sequence {z; = rteié)’}, such that
| foz)l = M(ry, fo), 6, € [0,2m), and lim; o0 0 = 6p € [0,2m), with r; ¢
[0, 11U Ey U Ey, r; — 00, and for any sufficiently large M> (> 2k + 3),

v(ry) > r,M2 > 714 (60)

Case 1 Suppose 6y € H, +. Since §,(A, 0) = a, cos(6, + nb) is a continuous

function of 6, by 6, — 6y we get lim;_, o 6,(A, 6;) = §,(A,6y) > 0. Therefore,
there exists a constant N(> 0), such thatas ¢ > N,

1
on(A,6;) > E(Sn(A,GO) > 0.

By (5), for any given €3 (0 < &3 < 8,(A,6p),andt > N,

[T(Zrt, fo)]k-‘rl S e&‘3(k+l)(27})n S e%(Sy,(A,@,)}’t". (61)

By (58), (59), and (61), we see that

k—s
(v(rz)) (14 o(1)) =

rt

50 ; ]
0= < BITQ2r, o) < Bez®n @001 (62)
fO(Zt)

Because §,,(A, 6;) > 0ast > N, from (11), (15), and (59), we get, for sufficiently
large ry,

N
v(r, n
< (z)> (s, |5 AO Ao (1 4 (1)

Tt
i () v )
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© i )
~|Jo (z¢) ’P' eA(z,) +0; e—A(Zt) ‘ X M
= h@ j:%# J ( ) / ( ) Sfo(zr)
L =1 j
<o (PO L o pgeon Ao 3 v\ (63)
It It

J=0,j#s

Further, from (60), (62), and (63), we get thatasr; — oo, and r; ¢ [0, 1JUE U E3,

k—s
g s (A0 A+ < g1 pp (V(m) < 8kM Bez®n(A 00T
o s —_— rl —_— ’

which yields a contradiction by mg —m > 1 > % and 6, (A, 6;) > 0.

Case 2 Suppose 6y € H, —.Since §,(A, 6) is acontinuous function of 0, by 6; — 6o
we getlim;_, o 8, (A, 6;) = 8,(A, 6p) < 0. Therefore, there exists a constant N (> 0),
such thatast > N,

1
8n(A, 0;) < 55,1(14,@0) < 0.

By (5), for any given &} (0 < &} < 8,(A,0p),and t > N,

-1
2+2(k+1)
[TQ2r,, fo)l+! < eS5*FDC" < g=38: (40017
Using a proof similar to that in Case 1, we can obtain that as r; — oo,

Ban, |e*(nd*ﬁ)8n(A,9/)(1+0(1))r,” < 8kMBe*%5n (A,0)rn 7

which also yields a contradiction by —(ng — )8, (A, 6;) > —%5,1(A, 6;) > 0.
Case 3 Suppose 6y € H, 0. Since 6, — 6, for any given g4 (0 < &4 < ﬁ), there
exists an integer N (> 0), such thatast > N, 6; € [0y — €4, O + €4], and

7 :rteig’ €eQ={z:600—¢4 <argz <6y + e4}.

Now, we consider the growth of fy(re!®) onaray argz =60 € Q\ {6}

By the properties of cosine function, as in the proof of Case 3 in Theorem 1.1,
we suppose without loss of generality that §,(A,0) > 0 for 6 € [0y — €4, 6p) and
8, (A,0) < 0forb € (0y, 0y + €4].

Subcase 3.1 For a fixed 6 € (6, 6p + €4], we have §,,(A, 8) < 0. By (5), for any
given &5 satisfying 0 < 5 < Wiﬂ)én (A,0),
[T@r, fo)lF*! < 728100, (64)

We assert that ‘f()(d)(reie)‘ is bounded on the ray argz = 6. If ‘fo(d)(rem)‘ is

unbounded on it, then by Lemma 2.2, there exists a sequence {y i =R jeie}, such
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that as R; — o0, f )(yj)—>oo and

/00

<RH 1 +0), i=0,....,d—1. (65)
DT

By £\ (yj) — oo and Remark 1, we know that y; satisfies (58). By (58) and (64),
we see that, for sufficiently large R;, and R; ¢ [0, 1]U Eq,

f(l)()’j

1 n
=22 < BITQR), fo)l*™ < Be 20K i=d 1, k. (66)
180G

Because §,,(A, 0) < 0, by (11), (15), (65), and (66), we deduce that for sufficiently
large Rj,and R; ¢ [0, 1]U Ey,

\ban,le” ngdn(A, 9)(1+0(1))RJ(1 +o(1)) = ‘Pd ( A();)) + Q4 < A(yj))‘

< kMB(Rj)ke*<ﬁ+z>5n(A,9)<1+o(1>>Ry
which yields a contradiction by ng — 7 > 1 > % and 8, (A, 6) < 0. So
)fo (re“g)’ < Mr?, My >0, 67

on the ray argz = 6 € (6o, 0 + €4].
Subcase 3.2 For a fixed 6 € [0y — €4, 6p), we have §,(A, 8) > 0. Using a proof
similar to that in Subcase 3.1, we obtain

)fo (reia)‘ < M7, (68)

on the ray argz = 6 € [0y — &4, 6p). .
By (67) and (68), we see that on the ray argz = 6 € Q \ {6p},

’fo (re"@)‘ < Myrk. (69)

But since o (fy (re'?)) = oo and {z, = rye!} satisfies | fo(z/)| = M(rs, fo), we
see that, for any large M3 (> k), as ¢ is sufficiently large,

foeol = | fo (rie™)] = explr™). (70)

Since z; € Q, by (69) and (70), we see that 6; = 6y as + — oo. Therefore,
3, (A, 0;) = 0ast — oo. On the analogue by this, we get §;(A, 6;) = a; cos(0; +
jb;) =0ast — oo, where j =1,...,n—1.
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Thus, there exists M4 (> 0), for sufficiently large ¢,
)Pj <eA(Z’)> +0; (e_A(Z’))‘ <My j=0,... k-1 1)

By (11) and (59), we obtain that as r; — oo and r; ¢ [0, 1]U E; U E»,

v(r)\* = Az) —Az) (”(’t))j
— 1 1)) = P; Zt i zt — 1 D).
<z,>(+°()) ;(,(e )+ Qi () () Ao
(72)
By (60), (71), and (72), we obtain that as r;, — oo and r; ¢ [0, 1]U E U E»,
v(ry) < 2kMyry, (73)

which yields a contradiction by (60). Hence, (11) has no nontrivial n-subnormal solu-
tions.

Third step We prove that all solutions of (11) satisfy o2 (f) = n. If there is a
solution fi that satisfies o»(f1) < n, then f] satisfies (5), i.e., fi is a n-subnormal
solution. But this contradicts the conclusion in Second step. Hence, every solution f
satisfies o2 (f) > n, and by Lemma 2.7 and o2 (f) < n, we get that o2 (f) = n. Thus,
Theorem 1.2 is proved.

5 Proof of Theorem 1.4

(1) Suppose that f; and f>(# f1) are nontrivial n-subnormal solutions of equation
(13). Then f; — f>(z 0) is a n-subnormal solution of the corresponding homogeneous
equation (11). This contradicts the assertion of Theorem 1.2. Hence, equation (13) has
at most one nontrivial n-subnormal solution fj.

(ii) By Theorem 1.2, we see that all solutions of the corresponding homogeneous
equation (11) are of hyper-order 02 ( f) = n. By variation of parameters, we assert that
all solutions of (13) satisfy o> (f) < n. Next, we will prove this assertion in detail.
Let fi, ..., fr be a solution base of (11). From Lemma 2.8, we have that the
Wronskian of fi, ..., fi satisfies W(f1,..., fr) = e~ ®, where ®(z) is a primi-

tive function of (Pk_l (€@ + 0y (e_A(Z))); hence, W( f1, ..., fx) has no zeros.
Therefore, the system of equations

Bifi+Byfr+-+B fr=0
Bifi +Byfs+- + B fy =0
oo (74)
B T+ B T e+ BT =0

Bl V4BV 4 BLAED = R(z)
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defines uniquely entire functions Bi, cee, B,Q. In fact, by the classical Cramer rule,
we obtain
B =RG;(fi,.... fO/W(fi,.., fi)s J=1,....k, (75)
where each G;(fi1, ..., fi) is a differential polynomial of fi, ..., fi and of their
derivatives, with constant coefficients. Take now some primitives By, ..., By of
\» .-, By, and define fo = By fi + B2 fo + - - - + Bx fx. It follows by (74) that
fo=Bifi+Byfa+---+ B fx
fo—Blf1+BZf2 "+kak/
(76)
f(k 9] =B f(k 1] +B f(k Y] 44 By f(k 1))
f(k) B, f(k) —i—Bzf(k) +ka(k) + R(2).
Multiplying the equations of (76) with (P (eA@)+ Qo(e 4@)), ..., (Pr_1(e*@)+

Qs_1(e~4®)), 1, respectively, and adding all these equations together, we get that fo
is an entire solution of (13). By the elementary theory of linear differential equations,
all solutions of (13) can be represented in the form f = fy + C1 f1 + - - - + Cy fx for
Ci, ..., Cx € C, and so, by az(B )=02(B))(j =1, , k) the assertion follows.

If 02( f) < n,then f is a n- subnormal solution. Hence all other solutions f of
(13) satisfy o2 (f) = n except the possible n-subnormal solution in (i).
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