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1 Introduction and Main Results

This article mainly concerns with mappings f : C" — C”, written in coordinates as

()= (f1(D),.... (D), Z=(21,-...20).
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We say that f is a polynomial map if each component function f; : C" — Cis a
polynomial in n-variables zy, . .., z,,for 1 <i < n.Apolynomial map f : C" — C”"
is called invertible if it has an inverse map which is also a polynomial map.

Let Df := (8ff) , 1 <1i,j < n, be the Jacobian matrix of f. The Jacobian
nxn

0z;

determinant is denoted by det Df. If a polynomial map f is invertible and g = f~!,
then go f = id, and because det Df -det Dg = 1, det D f must be a nonzero complex
constant. However, the converse question is more difficult. Then, the Jacobian conjec-
ture (JC) asserts that every polynomial mapping f : C" — C" is globally invertible
if det Df is identically equal to a nonzero complex constant. This conjecture remains
open for any dimension n > 2. We remark that the JC was originally formulated
by Keller [13] in 1939 for polynomial maps with integer coefficients. In the case of
dimension one, it is simple. Polynomial map f is called a Keller map, if det Df is a
nonzero complex constant. In fact, Bialynicki-Birula and Rosenlicht [4] proved that a
polynomial map is invertible if it is injective.

It is a simple exercise to see that the JC is true if it holds for polynomial mappings
whose Jacobian determinantis 1, and thus, after suitable normalization, one can assume
that det Df = 1. The JC is attractive because of the simplicity of its statement.
Moreover, because there are so many ways to approach and making it useful, the JC
has been studied extensively from calculus to complex analysis to algebraic topology,
and from commutative algebra to differential algebra to algebraic geometry. Indeed,
some faulty proofs have even been published. The JC is stated as one of the eighteen
challenging problems for the twenty-first century proposed with brief details by Field
medalist Steve Smale [19]. For the importance, history, a detailed account of the
research on the JC and equivalent conjectures, and related investigations, we refer,
for example, to [3] and the excellent book of van den Essen [11] and the references
therein. See also [5-10,14,23,24]. We would like to point out that in 1980, Wang [22]
showed that every Keller map of degree less than or equal to 2 is invertible. In 1982,
Bass etal. [3] (see also [5,25]) showed that it suffices to prove the JC foralln > 2 and
all Keller mappings of the form f(Z) = Z + H(Z), where Z = (z1, ..., 2,), and H
is cubic homogeneous, i.e., H = (Hy, ..., H,) with H;(Z) = (L;(Z))3 and L;(Z) =
ai1z1 + -+ -+ ainzn, 1 < i < n. Cubic homogeneous map f of this form is called
a Druzkowski or cubic linear map. Moreover, polynomial mappings from C” to C”
are well behaved than the polynomial mappings from R” to R”. Indeed, Pinchuk [17]
constructed an explicit example to show that there exists a non-invertible polynomial
map f : R?> — R? with det Df (X) # 0 for all X € R?. In any case, the study of
the JC has given rise to several surprising results and interesting relations in various
directions and in different perspectives. For instance, Abdesselam [1] formulated the
JC as a question in perturbative quantum field theory and pointed out that any progress
on this question will be beneficial not only for mathematics, but also for theoretical
physics as it would enhance our understanding of perturbation theory.

The main purpose of this work is to identify the Keller maps for which the JC is
true.

Theorem 1 The Jacobian conjecture is true for mappings F(X) = (Ao f o B)(X),
where X = (x1,...,x,) € R", A and B are linear such that det A.det B # 0,

f=1, ..., uy),

@ Springer



The Jacobian Conjecture and Injectivity Conditions 2101

uk(X) = ¥+ [ @a ey 4P e o+ 1)
+"'+am(x1+"‘+xn)m]

fork=1,....n,aj,yx €eRwith) ;_,yx =0andm € N.

Often it is convenient to identify X in C" (resp. R") as an n x 1 matrix with entries
as complex (resp. real) numbers. It is interesting to know whether there are other
polynomial mappings for which the JC is true in C" (resp. R"). In this connection, we
will notice that for the case n = 2 of Theorem 1 it is possible to prove the following:

Theorem 2 With X = (x,y) € R2, consider f(X) = w1(X), uz(X)), where up(X)
fork = 1,2 are as in Theorem 1 and

FX) = ui(X) + W(X), ua(X) + w(X)),
where W and w are homogeneous polynomials of degree (m + 1) in x and y. If

detDf(X) = 1, then f = A~' o F o A, where A is linear homogeneous non-
degenerate mapping and

FX) = (1100 + e (64 9" 102X = e (6 + ")

for some real constant oy, 1. The Jacobian conjecture is true for the mapping f .

Remark 1 1t follows from the proof of Theorem 2 that A equals the identity matrix /
if f(X) # X.

In connection with Theorems 1 and 2, it is interesting to note that in the case n = 2,
the mappings F defined in Theorem 1 provide a complete description of the Keller
mappings F for which deg F < 3 (see [21]).

Next, we denote by P, (m), the set of all polynomial mappings F' : R" — R”" of
degree less than or equal to m such Elgat DF(0) =1 and F(0) = 0. Let P,(m) be a
subset consisting of mappings f € P, (m) which satisfy the conditions of Theorem
1. Also, we introduce

P,(m) = {F € P,(m) : F is injective}.
If f, g € P,(m), then
fX)=X+uX)y and g(X) = X 4+ v(X)J,

where X = (x1,...,x2), v = 1, ..o, ¥u)s 8§ = (81, ..., On),

w(X) =Y ar(xr 4+ +x,)" and v(X) =D Bl 4+ 1),
k=2 k=2
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2102 S. Ponnusamy, V. V. Starkov

such that ZZ:I Sk = ZZ:I yr = 0. Here a’s and Bi’s are some constants. It is
obvious that f o g is injective, but it is unexpected that the composition f o g also
belongs to P, (). This circumstance allows us to generalize Theorem 1 significantly.

Theorem 3 For n > 3, consider the mapping F : R" — R" defined by F(X) =
(U1, ..., up), where

(m)

wX) = x4+ pP i+ A ) A @ A )" k=1, 0),

and p,((l) are constants satisfying the condition Y ;_, p,El) =O0forall =2,...,m.
Then the Jacobian conjecture is true for F, where F = f1 o ---o fy and each f;
(j =1,...,N) is a polynomial map of the form f given by Theorem I.

From the proofs of Theorems 1, 2 and 3, it is easy to see that these results continue to
hold even if we replace R” by C". The proofs of Theorems 1, 2 and 3 will be presented
in Sect. 3. In Sect. 2, we present conditions for injectivity of functions defined on a
convex domain.

2 Injectivity Conditions on Convex Domains

One can find discussion and several sufficient conditions for global injectivity [2, 16].
In the following, we state and prove several results on injectivity on convex domains.

Theorem 4 Let D C R” be convex and f : D — R" belong to C'(D). Then
f = (f1,..., fu)isinjective in D if for every X1, X2 € D (X1 # X2) and y(t) =
X1 +1t(Xo — Xy) fort €0, 1], det A # 0, where

la .
A = (aij)nxn with ajj =f i(J/(t))dt, I<i,j=<n
o 0x;

Proof Let X1, X € D be two distinct points. Since D is convex, the line segment
y(t) € D fort € (0, 1), and thus, we have

1
F(X2) — F(XD) = / df () = / Df(¢)d¢ = /0 (D) (0)(X2 — X1 dr.
Y Y

Taking into account of the assumptions, we deduce that f(X>) — f(X1) # 0O for each
X1, X2 € D (X1 # X») if forevery X € R"\{0},

1
/ Df(y(1)di x X £0
0

which holds whenever det A # 0. The proof is complete. O

We remark that Theorem 4 has obvious generalization for functions defined on

convex domains D C C”. In this case, the Jacobian matrix of f,i.e., Df = ((%’) s
L/ nxn
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The Jacobian Conjecture and Injectivity Conditions 2103

1 <i,j < n, will be used. Moreover, using Theorem 4, we may easily obtain the
following simple result.

Corollary 1 Let D € R" be a convexdomainand f = (f1, ..., fn) belong to cl(D).
If for every line L in R", with L N D # @,

8 .
det (ai(x,-, ,-)) £ 0 for every X; j € LN D,
Xi

then f is injective in D.

Proof Let X1, X, € D be two distinct points and y () = X1 + (X2 — X1) be the
line segment joining X and X, t € [0, 1]. Then, forevery i, j = 1, ..., n, we have

Laf; _ofi o,
/0 a—xi()/(t))dt = a_xi(Xl,j)a

where X; ; € (X1, X2). The desired conclusion follows from Theorem 4. O

Corollary 2 Let D € Cbeaconvexdomain, z = x+iyand f(z) = u(x, y)+iv(x, y)
be analytic in D. Then f is injective in D whenever for every z1, 2o € D, we have

aet [Zj gg _uix(izs)} = u3(z1) + v (22)* #0.

Corollary 2 shows that if u, % 0or v, # 0inaconvex domain D, then the analytic
function f = u + iv is univalent (injective) in D. Thus, it is a sufficient condition for
the univalency and is different from the necessary condition f/(z) # 0, the fact that in
the latter case u, and v, have no common zeros in D. The reader may compare with
the well-known Noshiro—Warschawski theorem which asserts that if f is analytic in
a convex domain D in C and Re f/(z) > 0in D, then f is univalent in D. See also
Corollary 4.

Throughout we let R, = {X = (x1,...,x,) € R": x; >0} and S, = {X €
R™ : ||X|| = 1}, the unit sphere in the Euclidean space R”.

Theorem 5 Let D C R" be a convex domain, f : D — R" belong to CI(D) and
Q = f(D). Then f is injective if and only if there exists a p € C1 (), ¢ : Q@ — R”,
satisfying the following property: for every Xo € S,_1 there exists a unitary matrix
U = U(Xg) with

U x (D)(f (X)) x Df(X)Xo € R, ()

for every X € D.

Proof Let X1, X5 € D. Then the line segment y (¢) connecting these points given by
y(t) = X1 + t(X2 — X1) belongs to the convex domain D for every ¢ € [0, 1]. We
denote Y = ¢ o f and observe that

1 1
v (X2) — 1ﬂ(Xl)Z/ dw@):/o d(y OV)(I)Z/O (DY) (y () x (X2 — Xp)dr.
14
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2104 S. Ponnusamy, V. V. Starkov

If X7 # X», we may let

X2 — X

Xo=——¢€
[1X2 — X1l

n—1-

Sufficiency («<=): Now we assume (1) and show that f is injective on D. Because
of the truth of (1), it follows that

1
U (X2) =y (X)) = 1 X2 — X1||/0 UDy)(y (1)) Xodt # 0.

Then the first component a;(t) of U(DY)(y (1)) Xo = (a1(t),...,a,(t)) € R, by

definition, satisfies the positivity conditiona; (t) > Oforeacht, and thus, fol a(t)dt #
0. Consequently, f(X2) # f(Xy) forevery X1, X» (X # X3) in D.

Necessity (=>): Assume that f is injective in D. Then we may let ¢ = f~! and
assume that U is an unitary matrix such that U X = (1,0, ..., 0). This implies that
¥ (X) = X, and thus,

U x (DY)(y(t)Xo=(1,0,...,0)
and (1) holds. O

It is now appropriate to state a several complex variables analog of Theorem 5. As
with standard practice, for D C C”, we consider f € C(D), Q = f(D) c C",
peC(Q,¢: Q —C,Z=(1,....21) € C", Z = (Z1,...,7n), and
Y = ¢o f. We frequently, write down these mappings as functions of the independent
complex variables Z and Z, namely as f(Z, 7), o (W, W) and w(Z, 7). Denote as
usual

Y1 9y
oy, | T AW )
3¢=ﬁ: and 31/,:8(_;"’_").
i1y -5 23n Zly -5 23n
awn awn
071 0z

At this place, it is convenient to use 9 instead of Dyr. Then for y (t) = Z1 +t(Z2 —
Z1),t € (0, 1), we have

V(Za, Z2) — ¥ (Z1, Z1) =fdw(z,7)
Y
1
=/0 [aw(y(t), y(0) - (Zo—Z) 4+ 9y (@), y(1) - (Z2 — zn] dr.

Thus, Theorem 5 takes the following form.
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The Jacobian Conjecture and Injectivity Conditions 2105

Theorem 6 Let D C C" be a convex domain, f : D — C" belong to C'(D)
and Q = f(D). Then f is injective in D if and only if there exists a ¢ € C(),
¢ : Q — C" satisfying the following property with v = ¢ o f: for every Zo € C",
|1 Zoll = 1, there exists a unitary complex matrix U = U (Zy) such that for every
Z € D, one has

U[oy(Z,Z)Zo+ 0y (Z,Z)Zo] € {Z € C" : Rez; > 0}

In particular, Theorem 6 is applicable to pluriharmonic mappings. In the case of
planar harmonic mappings f = h + g, where h and g are analytic in the unit disk
D :={z € C: |z| < 1}, Theorem 6 takes the following form-another criterion for
injectivity—harmonic analog of ®-like mappings, see [12, Theorem 1].

Corollary 3 Let f = h+g be harmonic on a convex domain D C C and 2 = f (D).
Then f is univalent in D if and only if there exists a complex-valued function ¢ =
¢ (w, w) in CH(Q) and such that for every € with |€| = 1, there exists a real number

y = y(€) satisfying
Re {7 (3¢ (f(2). () + €39 (f(2). f(2))} > O forallz € D,
where 0 = 8% and 3 = %.

Several consequences and examples of Corollary 3 are discussed in [12], and they
seem to be very useful. Another univalence criterion for harmonic mappings of D =
{z € C: |z] < 1} was obtained in [20]. Moreover, using Corollary 3, it is easy to
obtain the following sufficient condition for the univalency of C'! functions.

Corollary 4 ([15]) Let D be a convex domainin C and f be a complex-valued function
of class CY(D). Then f is univalent in D if there exists a real number y such that

Re (¢ f.(2)) > | fz(2)| forallz € D.

For example, if f = h + g is a planar harmonic mapping in the unit disk D and if
there exists a real number y such that

Re {eiyh/(z)} > |g'(z)| forz € D, )

then f is univalent in ID. In [18], it was shown that harmonic functions f = h + g
satisfying condition (2) in D are indeed univalent and close-to-convex in D, i.e., the
complement of the image region f (D) is the union of non-intersecting rays (except
that the origin of one ray may lie on another one of the rays).

Moreover, using Theorem 6, one can also obtain a sufficient condition for p-valent
mappings.

Corollary 5 Suppose that D C R”" is a domain such that D = UZ:] D,,, where Dy,’s
are convex form = 1, ..., p. Furthermore, let f € C'(D), Q = f(D) CR", ¢ €
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2106 S. Ponnusamy, V. V. Starkov

CY(Q) such that for every X,, € S,—_1 there exists a unitary matrix Uy, ‘= Uy, (Xy)
foreachm =1, ..., p, such that

Un x (DP)(f (X)) x (Df)X) x Xm € RY,

forevery X € Dy, m =1, ..., p. Then f is no more than p-valent in D.

3 Proofs of Theorems 1, 2 and 3

Proof of Theorem 1 1t is enough to prove the Theorem in the case A = B = I. For
convenience, we let z = x{ + - - - + x,. Then

up(X) = xx + v I:(xzzz —I—(x3z3 + ... +amzm]

fork=1,....n,0j,k € Rwith )}y =0and X = (x1,...,x,).
We first prove that det Df (X) = 1. To do this, we begin to introduce

L(X) =2z + 30[322 + ... +mamzm—1.

Then a computation gives

duy ;
— =48] L.
0x; R
and
1+nL L ... yL
wL 14+w»mL... wL
detDf = ) . . ) =1 +yLh,
VnL L ... 14+ wyL
where
1 0 0 1 1 1
vwL1+wL... w»nL wL1+wL ... w»nL
L=\ . . . and h = | | . . .
ol vuL ... 14y, L oL vuL ... 14+ y,L

We will now show by induction that

det Df(X) =1+ <Z yk) L(X).

k=1

Obviously, for n = 2, we have det Df (X) = 1 + (y1 + y2)L for y1, y» € R.
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The Jacobian Conjecture and Injectivity Conditions 2107

Next, we suppose that det Df (X) =1+ (y1 +---+ yp)L holds for p =n — 1,

where y1, ..., ¥, € R. We need to show that it is true for p = n. Clearly,
14+mL ... w»L
I = : : : =1+Om+ -+l
ol ... 1+ y,L
and
1111...1
0100...0

I = 0010...0] 1
0000...1
Since det Df = I} + y1 L1, using the above and the hypothesis 22:1 vk = 0 that
detDf(X) =1+ +r+- - +y)LlX) =1

Applying Theorem 4, we will finally show that f is indeed a univalent mapping.

1
Now, for convenience, we denote L, = [ L[y (t)] dt and obtain that
0

1+)/1L* VIL* VIL*
1 duy " oLy 14+wmLye... yLs
det / ——W(@®)dr = . ) : :
0 9x; k=1 : : : :
Vi Ls YaLs ... 14+ yuLy
=1+W+-+ya)Lls
=1
for all y (¢) as in Theorem 4. Thus, by Theorem 4, f is univalent in R”. O

Remark 2 The injective mapping f in Theorem 1 can be obtained directly from this
kind of display and without the use of Theorem 4 but by a method of contradiction.
Indeed, if X = (x1, ..., %), Y = (V1 -+ > ¥n)s 2 = Doy %) 9(2) = ez + ... +
anz™, f = (uy,...,u,), where

ui(X) = xp + vrp(2)

fork =1,...,n,and «, yx are constants with
n
> =0, 3)
k=1
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2108 S. Ponnusamy, V. V. Starkov

then f is a globally injective mapping. This is because f(X) = f(Y) implies
n n
Xk + Yk ij =Yk + wo Zyj fork=1,...,n, (@)
j=1 j=1

which, because of (3), obviously gives that ZZ: | Xk = ZZ: | Yk- Finally, from (4), it
follows that x; = yi, and hence, X =Y.

Proof of Theorem 2 Consider f(X) = (u1(X), ur(X)), where X = (x, y) € R? and
U (x,y) = x + [az(x F 2 s+ ) et o+ y)’"]
and
u2x,y) =y = [l + 9P+ aalr+ ) o 0)"]
foraj eR, j=2,...n Let
FX) = @i(X) + W(X), ua(X) + w(X)),

where W and w are as mentioned in the statement.
As in the proof of Theorem 1, we see easily that

I+L+W, L+W,
—L+w, 1-L+w,

=14+ Lywy + (1 = L)Wy + LWy — Lw, + (Wow, —w, Wy) (5

det Df =

which s identically 1, by the hypothesis of Theorem 2. Moreover, allowing || X || — oo
in (5), it follows that Wyw, — wy Wy = 0. We now show that this gives the relation

w =W

for some constant A. We observe that both w and W are not identically zero simul-
taneously. If w = 0 and W # 0, then we choose A = 0. Because of the symmetry,
equality holds in the last relation when W = 0 and w # 0. Therefore, it suffices to
consider the case W # 0 #% w. We denote r = x/y. Using the definition of w(x) and
W (X) in the statement, we may conveniently write

m—+1 m+1
w(X) = Z (kakym+l_k — ym+l Z Olktk = ym+1p(t)
k=0 k=0

and similarly,
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The Jacobian Conjecture and Injectivity Conditions 2109

m—+1
W(X) =" Byt =yl ). (6)
k=0
Using these, we find that
m+1
we(X) = Y kapx 'y R = 7 p/ (1), and
k=1

wy(X) =Y (m 4+ 1= agx*y™ ™ =y ((m + 1) p(1) — 1p' (1)).
k=0

Similarly, we see that

Wi (X) = y"q' (1) and Wy(X) = y"((m + Dgq(t) — tq'(1)).

Then
Wy (X) _ wy(X) (m+Dgq@t) —tq'(1) _ (m+ Dp(t) —tp'(1)
Wi(X)  wye(X) q'(t) p'()
@ _ P
gty  p@)’

and the last relation, by integration, gives ¢ (1) = Ap(t) for some constant A. Thus, we
have the desired claim w = AW. Consequently, by (5), det D f(X) = 1 implies that

I+ Lwy+1A—-L)YWy+ LWy, — Lw, =0
which, by the relation w = AW, becomes
A+LA+L)Wy+ (1 —L—-LA)W,=0. (7
Allowing || X || — 01in (7), we see that AWy (X) + W, (X) = 0 is equivalent to
m+1
D [rn+ 1= (k= D))Beor + ki ]y =0,
k=1

This gives the condition A(m + 2 — k)Br—1 + kpr =0fork =1,...,m + 1. From
the last relation, it follows easily that

_ W+ D)

Pe= dm+1—n)!

Bo fork=1,....m+1

and thus, using this and (6), we obtain that

W(X) = Bo(y — rx)" 1.
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2110 S. Ponnusamy, V. V. Starkov

Since

We(X) = —=A(m + DBo(y —Ax)" and Wy(X) = (m + 1)Bo(y — Ax)",

allowing || X|| — oo in (7) (and making use of the expression L in the proof of

Theorem 1 for n = 2), we have in case L # 0 and «;;,, # 0 :

an(1+2)* =0,
which gives the condition . = —1. Note that if «r;, = 0, we choose the leading largest
J for which «; # 0. However, the last condition gives that A = —1. Consequently,

we end up with the forms
W(X) = Bo(x + y)" ™ = a1 (x 4+ y)"*!
and
w(X) = —Polx + )" = —appi(x + y)"
If L =0, then
FX) = (x+ Bo(y = 2x)" Ty + 280 (y — ax)"H1).

If at the same time A % 0, then we denote

A= (‘0’\ ?) , F(X) = Af(A7'(X)) and oy = —ABo.
Thus, we have f = A~ o F o A and
FOO = (x4 e (64 9"y = g (6 490",
If L=0and A =0, then w = 0 and W(X) = Boy™ ! so that
OO = (x+ oy, .

Now, we denote

10

This gives f = A~! o F o A and F has form (8). The proof is complete.

Proof of Theorem 3 requires some preparation.
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Lemma 1 Suppose that G; € P,(m) for j = 1,...,N and Gj(X) = X +
uD(X)y D, where u(X) = Y0, a7 withz = x1 4 -+ + xa y9 = (17,
ceey yn(])), py yk(J) = 0forall j, andal(]) are some constants. Then Go---oGy =:
F € P,(m), and

FX)=X+uPXy® +- 4+ u™(Xx)y™,

Proof At first, we would like to prove the lemma for N = 2 and then extend it for the
composition of N mappings, N > 2. Let G; € P,(m) for j = 1,2 and

Gi(X)=X+uPX)yyV.

Also, introduce

m
Ga(X) = (g7, 85, g?) and Lp(X) = la":/~! forp=1.2.
=2

We observe that

m n
2 2 2
! )<x>+...+g;2><x>=z+z[a;>zy,§ y} -
=2 k=1

and therefore,
L1(G2(X)) = L1(X) and DG1(G2(X)) = DG(X).
Finally, for the case of N = 2, one has

DF(X) = DG(G2(X))DG(X)
= DG(X)DG2(X) = AD(L)AP(L2) = (rij)nxns

where AP (L ) for p = 1,2 are the two n x n matrices given by

1 +(y%(p)Lp yl(p)(L)p . VIEP;LP
p p p
Y, L 1+y"L,--- y,"'L
A(p)(Lp): 2. p 2 p . 2. p =12
Vn(p)Lp Vn(p)Lp el +Vn(p)Lp

If i # j, then a computation gives

n
1 2 I 2 ! 2
rij = v, )Llesz( "y L+ P Ly = v VL + P Lo
k=1
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2112 S. Ponnusamy, V. V. Starkov

Similarly, for i = j, we have

n
2 2 2
Tii = J/i(l)Lle Z)/k( U J/,'(l)Ll + )/i( Ly =1+ J/,'(I)Ll + J/i( 'Ls.
k=1

Consequently, we obtain that

1 2 1 2 1 2
(1 +7f( )L1 +12/( )Lz) )’( )f1 +J/1( )52 (1)L1 +7/(2)L2
r Ly 4—V()L2 (1-FV§)L14-V()L2)-~ ()L14-V()L2
DF(X) = .
1 2 1 2 1 2
s )Ll +Vn( )Lz ( )Ll +Vr§ 'Ly (1 +J/rf )Ll +Vrf )L2)

Moreover, it follows easily that

x4y PuO ) + yPu®(x)
(1) ), ©2)
x2+ vy, u (X)) + " u(X)
F(X) = (G 0Gy)(X) = g S

1 : 2
%+ w0 + 7@ (X)
=X +uPX)yV +u®x)y?®.

Similarly in the case of the composition of three mappings G, G and G3 (i.e., for
the case of N = 3), the Jacobian matrix of F = G o G, o G3 is given by

DF(X) = DG1((G2 0 G3)(X))DG2(G3(X)) DG3(X)
= DG1(X)DG2(X)DG3(X)

= (rijdnxn;

Where fOI”i ;é j,

and
rij =1+ yl-le + yi(z)Lz + y,-(3)L3.
Moreover, we find that
F(X) = (Gi0Gy0G)(X) =X +uV )y +u® )y +u® (x)y?.

The above process may be continued to complete the proof. O
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Remark 3 We remark that the lemma is of interest only when the dimension of the
space is greater than or equal to 3. For n = 2, it does not give anything new in
comparison with Theorem 1. However, for n > 2, we obtain from Lemma 1 new
mappings from P, (m), not belonging to P, (m).

Example 1 Letm =3 =n, N =2, al(l) =/-1, al(z) =2+, y(l) = (1,2, =-3),

y® = (=3, 1,2) and apply Lemma 1 for the mappings G, G» € P3(3).
Define F(X) = (G10G2)(X) = (u1(X), u2(X), u3(X)), where X = (x1, x2, x3),
z = x1 + x2 + x3. Since
FX) =X +uPX)y® +u®(x)y@
=X+ 2 +221,2,-3) + 422 +52°)(=3, 1,2),

a comparison gives
ur(X) = x1 — 112% — 132, up(X) = x2 + 622 +92° and uz(X) = x3 + 5z% +4z°.

According to Lemma 1, we obtain that F € P3(3). We now show that F' ¢ P3(3).
For its proof, it is enough to show that there are no such vectors I' = (I'1, I'2) and
A = (Aj, Ay) from R? that

'A=(-11,-13), A =(6,9) and (-I'1 —T')A = (5,4).

It is easy to see that the above system of equations has no solution which means that
F ¢ P3(3). O

Now, we prove our final result which offers functions from P, (m) and generalizes
Theorem 1 significantly in a natural way.

Proof of Theorem 3 The idea of the proof is in presenting F as a composition of
mappings G; € P,(m) for j = 1,...,N. For G;, we may write G;(X) =
(ugj), e, u,(qj)), where

m n
u,((")(X) =xr + yk(")ZAl(")zl, Zyk('/) =0 forallj=1,...,N,
1=2 k=1

and Al(j ) are some constants.
From Lemma 1, the possibility of choosing ' = G o- - -0 G y means the following:
there exist two sets of numbers

n
(f)}n’N ith WD —0 forall j=1.....N
[Vk A wi ,;yk or all j ,..., N,

and
sym, N
)
1=2, j=1
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such that forallk =1, ...,n,
D, 2) (2 N) (N i
Vk()Az()"‘Vk()Az()"""‘"Vk( )A1()=P1(<) 9)
holds for each [ = 2, ..., m. For the solution of this task, for every j = 1,..., N,

Y] .
we fix a set of nonzero numbers {yk(j )]k 1 such that >} _, yk(] ) = 0 and the rank
11, N N
of the matrix [yk(] )}
k=1, j=1

each of the linear system of equations (9) for/ = 2, ..., m, the corresponding matrix

is equal to (n — 1) (we can consider N > n). Then in

.\, N
(yk(] ))k . of the system is one and the same and has also the rank (n — 1), and
=1, j=

Al(l) ey AI(N) play a role of variables in the system of equations (9). At the same

0 (1)>”’N

time in each system (9), the rank of an expanded matrix (yk U p; as well

k=1, j=1

\n, N
as the rank of (y,{(] ))k L will be equal to (n — 1) in each system, since
=1, j:

n n
Zplil) —0= Zykm for each / and j.
k=1 k=1

Therefore, according to the theorem of Kronecker, each of the system of equations

) (I = 2,...,m) will have the solution (Al(l), R AI(N)). It finishes the proof of
Theorem 3.

Remark 4 The proof that F' in Theorem 3 is injective can also be easily obtained from
the form F analogous to that of Remark 2 to Theorem 1.

Remark 5 For n > 3, Theorem 3 significantly expands the set P,(m) of mappings
for which JC is fair. Really, without parameters of matrices A and B from Theorem
1, the set P, (m) has [(m — 1) + (n — 1)] free parameters, and the set of polynomial
mappings from Theorem 3 has (m — 1)(n — 1) such parameters.

Acknowledgements The authors thank the referee for an alternative proof of the injectivity of ' in Theorem
1, and we have included this proof as Remark 2. The work of V.V. Starkov is supported by Russian Science
Foundation under Grant 17-11-01229 and performed in Petrozavodsk State University. Each of the authors
carried out 1/2 part of investigation. The work of the first author is supported by Mathematical Research
Impact Centric Support of DST, India (MTR/2017/000367), and the work was completed during the visit
of the second author to ISI, Chennai Centre, Chennai, India. This author thanks the ISI for support and the
hospitality.

References

1. Abdesselam, A.: The Jacobian conjecture as a problem of perturbative quantum field theory. Ann.
Henri Poincaré 4, 199-215 (2003)

2. Avkhadiev, F.G., Aksent’ev, L.A.: The main results on sufficient conditions for an analytic function
to be schlicht. Uspehi Mat. Nauk 30(4), 3-60 (1975), English translation in Russian Math. Surveys
30(4), 1-64 (1975)

@ Springer



The Jacobian Conjecture and Injectivity Conditions 2115

11.

12.

13.

14.

15.

16.

17.
18.

19.
20.

21.
22.
23.
24.

25.

. Bass, H., Connell, E.H., Wright, D.: The Jacobian conjecture: reduction of degree and formal expansion

of the inverse. Bull. Amer. Math. Soc. 7(2), 287-330 (1982)

. Bialyniky-Birula, A., Rosenlicht, M.: Injective morphisms of real algebraic varieties. Proc. Amer.

Math. Soc. 13(2), 200-203 (1962)

. Druzkowski, L.M.: An effective approach to Keller’s Jacobian conjecture. Math. Ann. 264, 303-313

(1983)

. Druzkowski, L.M.: A geometric approach to the Jacobian conjecture in C2. Ann. Polon. Math. 55,

95-101 (1991)

. Druzkowski, L.M.: The Jacobian conjecture, Preprint 492. Institute of Mathematics, Polish Academy

of Sciences, Warsaw (1991)

. Druzkowski, L.M.: The Jacobian conjecture in case of rank or corank less than three. J. Pure Appl.

Algebra 85, 233-244 (1993)

. Druzkowski, L.M., Rusek, K.: The formal inverse and the Jacobian conjecture. Ann. Polon. Math. 46,

85-90 (1985)

. Druzkowski, L.M., Tutaj, H.: Differential conditions to verify the Jacobian conjecture. Ann. Polon.

Math. 57, 253-263 (1992)

van den Essen, A.: Polynomial automorphisms and the Jacobian conjecture. Progress in Mathematics,
vol. 190. Birkhéuser Verlag, Basel (2000)

Yu, S., Ponnusamy, Graf, S., Starkov, V.V.: Univalence criterion for harmonic mappings and ®-like
functions. Complex Var. Elliptic Equ. (2017). https://doi.org/10.1080/17476933.2017.1409741
Keller, O.H.: Ganze Cremona-Transformationen. Monatshefte fiir Mathematik und Physik 47,299-306
(1939)

Kulikov, V.S.: Generalized and local Jacobian problems, (Russian) Izv. Ross. Akad. Nauk Ser. Mat.
56(5), 1086-1103 (1992); translation in Russian Acad. Sci. Izv. Math. 41(2), 351-365 (1993)
Mocanu, P.T.: Sufficient conditions of univalency for complex functions in the class C 1 Anal. Numér.
Théor. Approx. 10(1), 75-79 (1981)

Parthasarathy, T.: On global univalence theorems. Lecture Notes in Math, vol. 977. Springer, New York
(1983)

Pinchuk, S.: A counterexample to the strong real Jacobian conjecture. Math. Z. 217(1), 1-4 (1994)
Ponnusamy, S., Yamamoto, H., Yanagihara, H.: Variability regions for certain families of harmonic
univalent mappings. Complex Var. Elliptic Equ. 58(1), 23-34 (2013)

Smale, S.: Mathematical problems for the next century. Math. Intelligencer 20(2), 7-15 (1998)
Starkov, V.V.: Univalence of harmonic functions, hypothesis of Ponnusamy and Sairam, and construc-
tions of univalent polynomials. Probl. Anal. Issues Anal. 21(2), 59-73 (2014)

Starkov, V.V.: Jacobian conjecture, two-dimensional case. Probl. Anal. Issues Anal. 23(5), 69-78
(2016)

Wang, S.S.-S.: A Jacobian criterion for separability. J. Algebra 65, 453-494 (1980)

Wright, D.: On the Jacobian conjecture. Illinois J. Math. 15(3), 423440 (1981)

Wright, D.: The Jacobian conjecture: ideal membership questions and recent advances, Affine algebraic
geometry, pp. 261-276, Contemp. Math., 369, Amer. Math. Soc., Providence, RI (2005)

Yagzhev, A.V.: Keller’s problem. Siberian Math. J. 21(5), 747-754 (1980)

@ Springer


https://doi.org/10.1080/17476933.2017.1409741

	The Jacobian Conjecture and Injectivity Conditions
	Abstract
	1 Introduction and Main Results
	2 Injectivity Conditions on Convex Domains
	3 Proofs of Theorems 1, 2 and 3
	Acknowledgements
	References




