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Abstract In the present paper, we study the semilinear elliptic problem —Au
u |u|2*(“)_2u
—p— =
Iyl . . .
Rabinowitz condition by general superquadratic assumptions and the nonquadratic
assumption, we establish the existence results of positive solutions.

4+ f(x, u) in bounded domain. Replacing the Ambrosetti—
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1 Introduction and Main Results

In this paper, we deal with the following semilinear elliptic problem with Dirichlet
boundary value conditions

2%(s)—2 .
—Bu = ppy = Mt e, i @,
u >0, in Q, (L.1)
u=0>0, on J%,
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where f € C(2 x R, R), Q is a smooth bounded domain in RN = R¥ x RN+
with 2 < k < N, a point x € R¥ is denoted as x = (v,2) € R* x RV=* and
0,9eQ0<pu<i= % fork > 2, and u = 0 for k = 2. The so-called

Hardy—Sobolev critical exponent is denoted as 2*(s) = 2%\]7;) ,where 0 < s < 2.

Clearly, 2* = 2%(0) = =5 is the Sobolev critical exponent. F(x, t) is the primitive

function of f(x, t) defined as F(x,t) = / f(x,s)ds. H0 (£2) is the Sobolev space
0

with its equivalent norm

= ([ (1w _MS%) )

due to the Hardy inequality

12
Ck/ 2 d </ IVul*dx, Vu e D"2(RY),
NIyl RN

where Cy = (%)2 is the best constant and is not attained. Let S, be the best Hardy—
Sobolev constant defined as

S (1Va? —u«l;‘,%)dx.

S, = inf (1.2)

B ueD! 2@\ (0.29) 0 (f s )zf@
RN Ty
When k = N, (1.1) becomes
2% (s)— 2 .

—Au = ppy = e e, in @,
u>0, in Q, (1.3)
u=020, on 082,

after the work of Brezis and Nirenberg [3], there are many papers concerning the
Dirichlet problem with critical exponents (see [1,6-9,11,17,19,26]). When & = 0
and s = 0, problem (1.3) becomes the well-known Brezis—Nirenberg problem and
is studied extensively; for example, Nguyen and Lu [23] established the existence of
nontrivial nonnegative solutions in dimension two involving exponential nonlinearities
which had subcritical or critical exponential growth and did not satisfy the (AR)
condition. When p¢ # 0, the problem has its singularity at 0 and attracts much attention.
For instance, Ding and Tang [12] studied the existence of positive solutions for N > 3
and 0 < s < 2. Kang and Peng [18] showed the existence of positive solutions
replacing f(x, u) by Au|?"%u withg > 2 for0 < s < 2.

When 2 < k < N, the singularity of the problem is more complicated. Very
recently, it attracts more attention. Bhakta and Sandeep [2] studied the regularity,
Palais—Smale characterization and existence of solutions in some special bounded
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domain and proved nonexistence of nontrivial solution with f(x,u) = 0. Ganguly
and Sandeep [14] researched the existence and nonexistence of sign-changing solu-
tions for the Brezis—Nirenberg type problem in the hyperbolic space, which is closely
related to Hardy—Sobolev—Maz’ya equations. Yang [28] showed the existence of pos-
itive solutions for N > 3 with Neumann boundary condition and f(x, u) satisfying
some conditions. Wang and Wang [27] showed that the existence of infinitely many
solutions replacing f (x, u) by Au for N > 6+ s. More details about Hardy—Sobolev—
Maz’ya equations and elliptic equations in H" (n-dimensional Hyperbolic space) can
be seen in [4,5,13,22] and their references.

In order to get a nontrivial solution, the Mountain Pass Lemma [25] is generally
exploited, when the equation involves superlinearity. To use this lemma, the authors
assume that f(x, t) satisfies the well-known Ambrosetti-Rabinowitz (AR) condition,
that is, for some p > 2, M > 0, fora.e. x € Q and all |t] > M, there holds

0<pF(x,t) < f(x,0)t.

Itis known that the (AR) condition plays an important role in ensuring that any Cerami
(Ce) sequence of the functional is bounded. But this condition is very restrictive, and
there are many functions which do not satisfy the (AR) condition, for example

flx, ) =2t In(1 + [t]).

The main purpose of this present paper is to establish the existence of positive

solutions for problem (1.1) with 2 < k < N, 0 < p < [ under the case
N-=-2
s=2— and f (x, 1) satisfying different conditions which

N —k+/(k =22 —4apu

are weaker than the (AR) condition but play the same role as the (AR) condition. Here
are the main results of this paper:

Theorem 1 Suppose N > 2k —2 —2/(k —2)2 —4u,2 <k < N,0 < pu < f1, and
N-=-2 _
§=2— f e C(Q x RT, R) satisfies

N—k+ (k=22 —4u

, 1
(f1) fx,t) >0fort >0and f(x,t) =0fort <0.limsup @ < A uniformly
t—0t
for x € Q, where 0 < A < A1 and A1 is the first eigenvalue of —A — ]y =2,
fx, 1)

(f2) Jim o1 = 0 uniformly for x € Q,

(f3) there exista positive constant o, a nonempty open subset w with (0, 2°) € w C €,
and a nonempty open interval I C (0, +00), so that f(x,t) > o > 0 for almost
everywhere x € w and forallt € I.

Then, problem (1.1) admits at least one positive solution.

Remark 1 Firstly, when k = N, problem (1.1) has been researched in [20], in which

f(x, 1) did not satisfy the (AR) condition. Secondly, there are many examples satis-

fying the assumptions of Theorem 1. For instance, we may take f(x,t) = At with
0< A <Ap,or f(x,t) =29 witht >0and 1 < g < 2%(s) — 1.
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2336 R.-T. Jiang, C.-L. Tang

Theorem 2 Suppose N > 2k —2 —2\/(k —2)2 —4u,2 <k < N,0 < u < ji and

N -2 _
s=2-— . f € C(Q x RT, RT) satisfies (f3) and
N—k+J/k-2)2—4u
) 1 . _
(fa) liI(I)1+ f(); ) = 0 uniformly for x € Q,
r—
. fen —
(fs) t_l)lgloo T = 0 uniformly for x € Q,
. [ . —
(fe) lim = +-o0 uniformly for x € Q,
t——+00 t

(f7) Ifx,n]f < a1F(x nle|* forsomem >0,7>1land (x,1) € Q x R witht
large enough, where F(x 1) = 2f()c Nt — F(x,1).

Then, problem (1.1) possesses at least a positive solution.

Remark 2 Firstly, (fe) and (f7) can lead to F(x, t) = %f(x, tt — F(x,t) > +0o0
uniformly in x € Q as t — + 0o. Secondly, there are also many functions satisfying
the conditions of Theorem 2. For example, one may take f (x, ) = At? with A > 0 and
1 < g < 2*—1.Thirdly, whenk = N, u # 0,ands # 0, Ding and Tang [12] obtained
the existence of positive solutions with f(x, u) satisfying a global (AR) condition.
Here, we obtain the similar results as those in [12] when 2 < k < N. Thus, our results
complete the existence of positive solutions for elliptic problem with Hardy—Sobolev
critical exponents.

Theorem 3 SupposeNZZk—Z—Z\/(k—2)2—4,u,2§k<N,0§/1,<[L,and
N -2 _
s =2— . f € C(Q x RT,R) satisfies (f1), (f3), (f5),

N—k+(k—272—4u

(fe) and

(f3) there exist two constants 6 > 1, 6y > 0 such that OH (x,t) > H(x, st) — 6y
forallx € Q,t > 0ands € [0, 1], where H(x,t) = f(x,t)t —2F(x,t) and
F(x,t) = fot f(x, s)ds.

Then, problem (1.1) admits at least one positive solution.

Remark 3 A condition similar to (f3) was introduced by Jeanjean [16]. We can easily
verify that when 6 = 1, (fg) means that @ is nondecreasing with respectto ¢ > 0,
which leads to the (AR) condition. Thus, (f3) gives a more general monotonicity
when 6 > 1. Moreover, one can find some examples that satisfy ( fg) but ! (f 1) s not
monotone. For example, let

F(x,t) =t>In(1 + %) + tsint,

it follows that

23
f(x, t)—2t1n(1+t2)+ T2 —+—smt+tcost

@ Springer



Positive Solutions for Elliptic Problems Involving... 2337

then

H(x,t):2(t2—1)+ + 1% cost —tsint.

1 +1¢2

Let 6 = 1000, we can prove by some simple computation that f(x, 7) satisfies (f3)
but @ is not monotone any more.

Theorem 4 Suppose N > 2k —2 —2/(k —2)2 —4u,2 <k < N,0 < u < f1, and
N-2 _
s=2- f e C(Q x RT, R) satisfies (f1), (f3) and

N—k+Jk—22—4n

(fo) there exists q € [2,2*) such that lim
—+00

Sx, 1)
a1
(f10) there exist constants D > 0, L > 0, and § > N(qT_z), such that

= 0 uniformly for x € Q,

fx,t)t —2F (x,t) -
|t]° -

fort > L anda.e. x € Q.

Then, problem (1.1) admits at least one positive solution.

Remark 4 A nonquadratic condition similar to ( f19) was introduced in [10]. Although
(f10) is weaker than the (AR) condition, it can guarantee the boundedness of the (Ce)
sequence. There are also many functions that satisfy ( f19) but do not satisfy the (AR)

condition. For example, f(x,?) = 2¢In(1 + %) + 1%32, teR.

2 Proof of Theorems

To verify our main results, we make use of the following notations.

The dual space of a Banach space E will be denoted by E’.

LP(€2,|y|~¥dx) denotes the weighted Sobolev space.

—(resp. —) denotes the strong (resp. weak) convergence.

C, C; (i=0, 1, 2 ...) will denote various positive constants, and their values can
vary from line to line.

In order to study the positive solutions of problem (1.1), we first consider the
existence of nontrivial solutions to the problem

_ @hr o

—Au — Mly%l e flx,ut), in Q,
u >0, in €, 2.1
u =0, on 082,
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where u™ = max{u, 0}. The energy functional corresponding to problem (2.1) is given
by

I ! v v WO e [ Foeutyd
(”)_E/QQ uF - i |2> e 2*<s>/ Ik /Q ()

2.2)
foru € HO1 (). Clearly, I is well defined and is C' smooth thanks to the Hardy—
Sobolev—Maz’ya inequality [21]

|M|2*(S) 2%(5) 2
/ oF dx 55;1/ <|W|2— 5 |2>dx (2.3)
RN yi RN

where S, = S(u, N, k, s) is the best constant defined in (1.2). By the existence of the
one-to-one correspondence between the critical points of / and the weak solutions of
problem (2.1), we know that if « is a weak solution of problem (2.1), there holds

(u+)2 (s)— 1
(I'(w), v) =/ <(Vu,Vv)— 2> /
Q ] R

—/ f(x,u+)vdx =0,
Q

for any v € HO1 (2).
Before proving our main results, we need the following lemmas. First, itis necessary
to give the estimates below. From [2,4,5,22], when s = 2 — m, the

best constant S, given in (1.2) can be achieved by the following form of the extremal
function

| |7~/<k—2>2—4u—<k—2>
y 2

1 b
((1+ [y)2 + [z T2

U(y,z) =c(u,k,N)

where c(u, k, N) is a constant. In order to guarantee s > 0, we suppose N > 2k —
2 — 24/(k —2)2 — 4y in this article. For (0, zo) € Q, we can choose p, R > 0,
satisfying B, (0, 2% c Q c Br(0,2%.Lety € C§°(£2) be a cutoff function such that
0 <¢(x)<1and

I, xeBy0.2%,

PO=00, x g B0,

S (k—22 —4 1 —(f— 2—
Denote T = M. Setu’ = STNU(g, Z;ZO) for ¢ > 0. Then,

Iyl

1
w(x) = c(u, k, N)eTo=2 |
(e +1yD? + |z = 0P T®=2
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is also an extremal function of S, and solves the equation
u |u|2*(‘v)_2u

: N
SET o R

—Au —

For & > 0, we define u, = @(x)u}(x). We have the following estimates for u,.

Lemma 2.1 Suppose N > 2k —2 —2/(k —2)2 —4u,2 <k < N,0 < u < ji, and
N -2
s=2— , then the following estimates hold

N —k++/(k—2)2—4pu

2

f Ve |2dx = / IVutPdx + 0 (eiz*m—Z) , (2.4)

Q R

2 *\2 5

f “a= [ “Lato (e7077). 2.5)

o Iyl RN Y]

|u8|2*(s) |u*|2*(s) 2%(5)
Ly = / el vto0(eTo2). (2.6)
Q Iy RV |yl

Proof First, we estimate (2.5). There holds

2 *\2 *\2 *\2
/ Yeqr= [ W o [ W)y / (1—¢% (”8)2 dx
oyl o Iyl Q Iyl Iyl
*\2 *\2 u* 2
:/ (ug)zdx_/ (ug)2 /( _ )
RV |yl rRMQ [V

w?)? (})? (u})?
=/ gzdx—/ Szdx—/ (1 - ¢*)—dx.
RV Y] RrR¥\Q |Vl 2\B (0.2 [¥]

Then, we have

)2 272
/ (u )2 o7 2/ |y _ax
RV\B,(0,20) |Vl RM\B, (0.2 ((¢ + |y|)2 +lz- 02T

= g2*®) 2/ |y| 3 dx
EBO) (6 1 |y])? + |2 )T

+oo pdoo 2T+k—3 N—k-1

82*(9 2(/ s—drdt
3 L
2

I (4?4270

+o0  2T+k—3;N—k—1
/ / s—drdt
2 (e +7)2 +12)TH2

IA
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2340 R.-T. Jiang, C.-L. Tang

+00 72T +k=3;N—k—1
/ / 5 drdt)
O (en)peyros

+00 N—k—1
t
_ 2THN-2- 5 2(/ 2T +k— 3dr/ s
% £ (4242702

2e 2e

2 27 +k—3 oo Nk
+ r °dr —drt
0 A+ +1)To2

+00 thkfl
+/ r2T+k—3dr/ _ dt)
% O ((1+r)?+1HTo=2

2e

2 +00 2T +k—3 +00 N—k—1
< TN 2555 S — T L —
- L T —N+k 0 NFo
% (1 +r)Te=2 (14 2) T2

£ 72T +k=3 ooy N—k-1
0 (14+r) T2 + 0 (1 +12) T2

+00 r2T+k73 +o00 thkfl
+ / _dr / 72@)
£ Q4nFo2 N Jo (4 2yFes

2e

+00 2T +k-3
o2 r
< C82T+N 2 2*(A‘)—2</ —dr

1
£ (1+nFo2 N

2’% r2T+k73 +00 r2T+k73
0 (14 r)Fma Ntk £ (14 r)To2 N
2

< Ce2*()-2,

S

Then from above, one has

(u*)? 2
£ _dx = O (eT02) . 2.7
oo o= 0e752) =

M\B,0.29) 1VI?

By the same method, we get

*\2
[ o).
R¥\Bg(0,20) |l

Since

[N Ty [ e - i
BRV\Br0:0 Y2 T Jrna Iy2 T T JrMB,00 V1P

we obtain

2 *)2 5
/ u‘szdx = (ug)z dx + O (82*(3’)’2> )
Q 1yl rY |yl
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Next, we estimate (2.6). In fact, there holds

e lpuz

yl* ‘Q yl*

Juz > w1
=/53d—/(1 pr
o Iyl [yl
#12%(s) *2()
:f Wssdx—f a3 /“ oy,
rY 1yl rM\Q VI [yl

u* 2*%(s) u* 2%(s) B
:/ el 7 dx—/ e | dx—/ (1= gron el
RV |yl rMQ VI Q\Bg (0.20) [y]*

Since
|I/l* |2* (s)

2% (s 2
/ |ug| (Y)dx</ 17 (S)dx</ ¢ dc
RM\Br(0,20) |¥I° “Jrma P T JrMB, 029 1Y

using the method similar to (2.7), one gets

|u |2 (s) 2% (s)
/ el e~ 0 (mm) .
RM\Bp(0,20) [YI°

Thus, we deduce

2%(s) *|2%(s) 2
u u (s)
de — / Juz ] & dx+ 0 (82*@)2) .
o DI Ry |yl

Now, we estimate (2.4). Observe that

/|vu£|2dx=f |V(<pu;")|2dx:/ |u;|2|vgo|2dx+/ (Vu;",v«pzu;‘))dx
Q Q Q Q

I/l;k _|M |2(S‘)2*

and —Au} — ,u|y|2 = , one has

[y]*

5 |M*|2*(s)

*\2
/ <Vu£,V(g02u*)) dx = / (pus) dx+f el dy
Q Q [yl

When x € Bg (0, zo), one has Vg = 0, then

2
[ wivePar = o (75 ).
Q
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2342 R.-T. Jiang, C.-L. Tang

Therefore, one has

/ |Vu£|2dx
Q

) ) 2| *|2 (s) 2| *|2
=f|u:| |Vg0|dx+/ . dx+,u/<p —>-dx
Q Q [yl o Iyl

2 |u *|2*(Y) 2% u* |2
< Ce¥0=2 +/ —&—dx + Ce¥02 + u/ 5
RN Y] RV [Y]

> |2 PR
= ———dx+u 5dx + Ce?02 + Ce2"02
RV VI LY

2
:/IwwM+QﬁW3
RN

dx + Ce T2

/Wm%
Q
.o ) 2| *|2 (s) 2| >k|2
=/|u€| |Vg0|dx—|—f<p . dx+,uf<p 2dx
Q Q [yl o Iy

5 lu |2*(s) 2% (s) |u*|2
> CeT6—2 4 8+dx + CeTe)—2 4 W 52
R |y)¢ RV 1Yl

__2
dx + Ce 702

lu |2 (s) |u*|2 5 2%(5)
= R L E— | £ d CeTo)2 4 Cg2e)2
—dx + u 7 dx +Ce + Ce
Ry |y[* RV Y]
2
=/ |VulPdx + Cre o2,
RN

Thus, we obtain
2 s 2 2 s
/ |Vui|“dx + C1e76)2 5[ |Vue|~dx 5/ |Vui|“dx + Cre 702,
RN Q RV

The proof is completed. O

For convenience, it is necessary to get the following estimates. Set

1
2%(s) 6
u
Ve = U/ / gsdx .
o Iyl
2%(s)
v
/6 dx = 1.
o I

Then, the following results can be obtained by the methods used in [15],

Clearly,

__2 __2
Sy 4 C7eT02 < |lvg|? < S, + Cge T2, (2.8)
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and

0(52*(3)*2), l<qg< 2N ,

ON++/ (k=22 —dp—(k—2)
q
q — 0 2%(s)=2 1 , — 2N ,
/Qvgdx (X0 Inel). = e (2.9)
q
o TN To), 2N q <2~

<
OIN4+/(k=2)2—4p—(k—2)
We will use the function v, as a test function to estimate 7 (1) below.

Lemma 2.2 Suppose N > 2k —2 —2/(k—2)2 —4u, 0 < u < fi, and s =
N -2
. Assume that (f1), (f3), and (f5) hold. There exists

2 —
N—k+k—22—4u

7= HOl () withu’ # 0, such that

2— 20
sup I (tu') < =5 P
>0 2(N =)

Proof Considering the functions

2%(s)

2*(s)

1
80 = 1u0) = 57 v - —/QFu,rvg)dx,

2%(s)

2%(s)”

- 1
HOE Erznvgnz —

Note that g(0) = 0, g(#) > 0 for r > 0 small enough, and liﬂl_l gt) = —oo. It
—+00

follows that sup g(#) can be achieved by some ¢, > 0.
>0
First, we claim that 7, is bounded. By

ooy 1
0=2g't) =1¢ (nvgn2 —p 972 - —f f(x,zv8>v8dx),
e Jo
* 1 *
we have ||v, ||2 = l‘g2 ©=2 4 [—f fx, tvg)vedx > t82 (S)_z; therefore, one gets
e JQ

2
fe < v || 02 &40,

By (2.8), we get
te < Cra. (2.10)

Now, we prove that 7, is bounded below under (f1) and (f5). Obviously, one
has | f(x, 0] < elt|* + Ci2, then |Jv|> < 2@72 4 s/ It |* 2 Jve | dx +
Q

C / |ve|*dx. Due to HJ () < L*(2) and (2.8), we can obtain / [ve|? dx <
Q Q
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2344 R.-T. Jiang, C.-L. Tang

C||v€||2* < C13(2SM)27 for ¢ > 0 small enough. From (2.8), one has/ |v6|2dx —
Q
0, as e — 0. From above, combining with (2.9), we deduce that
202> (2.11)
From (2.10) and (2.11), we obtain that ¢, is bounded for & > 0 small enough.
Secondly, we compute sup g(¢). Now we claim that

t>0

2.2%(s) 23:()‘22 2
lve| 762 < 8§, ™7 + Crge 702, (2.12)

In order to prove, we first verify the following inequality
(a+b) <a" +ra+1)"""b, a>0,r>1,0<b<1.

Indeed, set ¢ (x) = (a+x)" —a" —r(a+1)""'x,for0 < x < 1. Obviously, ¢’ (x) < 0
forall0 < x < 1,50 ¢(b) < ¢(0) = 0O; then, the inequality above holds. Then, let

2 .
a=3S8,,b=Ce¥02 r = 23(5(;32, and combining with (2.8), we get (2.12).
It is easy to get that g(¢) attains its maximum at t? and is increasing in the interval

[0, tg], and combining with (2.12) we conclude that

I(tcve) = g(te) < g(t,?) - / F(x, teve)dx

2 — 5 2-2%(s)
= ——|[[ve[| Z*®2 —/ F(x, tsve)dx
Z(N — S) Q
25 A :
— 8§, YT+ ClueTO2 — | F(x, tyv.)dx.
S TERE 14 /Q (x, tve)
25 O
Therefore, in order to verify that sup / (tu') < —S,i =2 it is sufficient to
t>0 2(N —s)
show that
2
Ciye2" -2 —/ F(x,tevg)dx < 0,
Q
for ¢ > 0 small enough. To this purpose, we prove
___2
lim ¢ 2*(-Y>-2/ F(x,t,vg)dx = +o00. (2.13)
e—0F Q

In fact, if there exists m(¢) such that f(x, t) > m(¢) > 0,combining with the definition
of v,, (2.6) and the boundedness of 7., we only need to verify

1
__2 CeeTo2|y|T
lim ¢ 2*@)_2/ M d b i dx = 400, (2.14)
e—0F |x|<R ((8 + 1y)2 + |Z|2) ()2
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where Br(0,z%) c Q, without loss of generality, we assume R > 2 and M(t) =
1t

/ m(s)ds is the primitive function of m(¢) and

0
1
ug*(s) 76
C.=t, dx
Q P

By (2.6), (2.10), and (2.11), we obtain that C, is bounded. Through computation, one
has

1
Cee 702 |y|"

g Y2 / M : dx
|x|<R ((8 + |y|)2 + |Z|2) 2%(5)—2
R 1
Coe ™02 T 3 L
>¢ 2*@) 2 / / : rk=1gN=k=1q,ds
(e + r)2 +s )2*“)—2
T T
2*(5)727-
=V 2*“) 2/ / ; Pk 1sN=k=1grds
((a+ r)2 +52)F02
N—
=¢ 2*(“)—2 / =+ N Rar
9 1
R T—t o
2e(1+7) Cee” Y02y Nek—1
/ M 3 - 0 dp.
0 (1 +r)TFO-2(1 4 p2) ¥ (5)—2

Thus, we can deduce that for R’ = g > 1, (2.14) is equivalent to

el 5
5 rk71(1 + r)kadr
e¥m—2 JO
R 7L T
ET) C 2%(s)-2
/ M o L | oV ldp > 400, (2.15)
0 (l—i—r)m(l—l—pz)m

as ¢ — OT. Then, if we prove that

EN :
. / N+ )N ar
g2 JO
1 T—L T
e(1+r) C 2%(s)=2
/ ' m o L | oV ldp > too. (2.16)
0 (1+r)m(l+p2)m

as e — 0T, then it is easy to check that (2.15) is established.
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Last, we will prove that (2.16) holds under ( f3). By (f3), one gets

f&, ) =oxi(t) £ m@),

for almost everywhere x € w and for all # > 0, where yx; is the characteristic function
of I(I C (0, +00)). Thus, for some constants n > 0 and B > 0, it follows that

M(@) =n>0,
for all #+ > B. Then, we obtain

___1
C88T Zo—2pT

M

2 1 2 r’v
(14+r)FO2( + p?) 762

T(2*(s)-2)

. ,r 2 T(2*(5)=2)-1 _1 ..

for all p satisfying p < C€T8 2 ,where 0 < r < &7 " and Cj is
r

bounded and related to B and C,. Then, it leads to

: T T—35r3,T
stﬁ / ' rk_l(l +r)N_kdr/ o M CESZ r ; ,oN_k_ld,o
0 0 (l—i-r)m(l—i-pz)m

TQYO=D  7o*-2)-1
2 & 2

2 i Co—15—
> ne " To2 / =1 +r)N*kdrf o dp
0 0

rr

1
__ 2 TR*(s)=2)—1 a7 € T(2*(s)—=2)(N—k)
0

Nk _ 2
=Cige 2 o2,

N -2
for N >2k—2—+/(k—2)?—4pands = 2 — ; then,
N—k+(k—-22—4u
one has # — ﬁ < 0. Therefore, (2.16) holds. Then, we complete the proof of
Lemma 2.2. O

Proof of Theorem 1 From the continuity of embeddings
H(Q) = LY(Q)(1 < g < 2*)and H}(Q) < L ®(Q, |y|~dx),

there exist Cy9, Coo > 0 such that

g g Ju*" 0

lu|9dx < Cioflull?, dx < Coollul|” ™. (2.17)
Q o Iy

It follows from ( f1) and ( f>) that

1 *
|F(x, )| < Exmz + Cyt* 9, (2.18)
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forallr € Rt and x € Q. By (2.17) and (2.18), one has

1 whH? <S>
1) = 3 lul? - o o [t [ et
1 (u+)2*(s)
> —lul?® - [ /|u| dx — sz/ ) ) dx
2 2*(s> Iyls
> l|| 17— B P — ol
=2 2*( ) 211

for 0 < A < Ap; therefore, there exists « > O such that 7 (u) > « > O for all ||u|| = r,
where r > 0 small enough. For any u € H(} (Q) with u™ # 0, together with the
nonnegativity of F'(x, r), one has

. +32%(s)
I(tu) = ; (] 2*( ) 2“)/ (”|)|S dx—/ F(x,tuT)dx
y
. (u+)2*(6) ¢
< 3PP — i “)/ O g,
2%(s) ( ) [yl

then lifP I(tu) — —oo. Thus, we can find t > 0 such that I(+'u) < 0 when
—+00

lt'ull > r. According to the Mountain Pass Lemma (see [25]), there exists a sequence
{un} C H(} (R2), such that as n — oo,

I(uy) — ¢ > o and (14 [luy D1 (uy)| — 0in (H, (Q))/,
where

¢ = inf max I(y(¢
yel 1€[0,1] r ),

I ={y € C(0, 11, Hy ()ly(0) =0, y (1) = /'u}.

It is easy to obtain that ( f>) leads to (f5), then Lemma 2.2 holds if we replace ( fs) by
(f2). By the definition of ¢ and Lemma 2.2, we obtain

2*(s)

Z_S Ko
O<a<c= 1nf max I(y(®) < max 1(tt'u) < sup I (tu) < 2(5)-2
ety 1€[0.1 ,JS 2N —s5) "

First, we claim that {u,} is bounded in H& (2). Indeed, by ( f2), for any & > 0, there
exists M > 0, such that

IFx, 0| <&t D, xeQ, t = M; |F(x,1)| <Ci(e), t € (0, M];
1fe 0t <elt @, x e, t=M; |f(x,0)t] < Cae), t € (0, M].

Thus, we have

|F(x, )| < Ci(e) +lt]* @, | f(x,01] < Cale) + &t >, (2.19)
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for any (x,1) € Q x RT. Then, for £ € (2, 2*(s)), one has
1 1 *
Fert) = 2f 0t S Fxn) = 2f (.01 < Ca(e) + et (2.20)

forany (x,7) € Q x R*. Setl(x,1) £ |y|_slt|2*(s)_1 + f(x, t), we claim that [ (x, t)
satisfies the (AR) condition. By (2.20), one easily gets

§

EL(r. 1) — I(x. 1)t = <2_(S)

(7%
(55

so for ¢ > 0 sufficiently small, there exists M" > 0, such that

- 1) I 1O + (EF G, 1) — f(x, )

- 1) V1751212 O) 4 £Ca(e) + et

1) Iy~ + Se)vﬂ*(‘) +EC4q(e),

0<&L(x,t) <Il(x,nt, x € Q\{(0,z")}, t = M,

t
where L(x,t) = / [(x, s)ds. Moreover, by (f2), we obtain
0

L(x,t) — él(x, 0Ot < max (F(x, ) — éf(x, t)t> e

xeQ\{(0,20)},0<r<M’
It follows from the inequalities above that
1 —
L(x,t) — gl(x, Nt < My, forall x e Q\{(0,z%}, 1 >0. (2.21)
Then, one has

c+1+o(l) = I(uy) — é(l’(un), Un)

B l_l 5 1 / (u+)2*(5)
- <2 s) i +( 2*<s)) BE

F(x, ujl') — éf(x, “;T)”n

> <lg_l) |Iun||2—/ <L(x,u )—ll(x,u Yu, >
—\2 ¢ Q 3

> (L2 1) i - Mol
= — — ) lluall* — .
=\2 S n 0

Thus, {u,} is bounded. Due to the continuity of embedding HOI(Q) — Lz*(‘v)(Q),
we have / |un|2*(‘v)dx < C < oo. Up to a subsequence, still denoted by {u,}, there
Q

exists ug € HO1 (R2) satisfying
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Un = Uo, weakly in H} (),
Up — Uuo, strongly in L7 (2), 1 < p < 2%,
Un(x) = uo(x), a.e.in Q, (2:22)

* * * (o !
w2 O u% @=1"" weakly in (L2 ®)(Q, |y|’de)) ,

asn — 00. By (f2), for any ¢ > 0, there exists a(¢) > 0 such that

1 .
|F(x,1)] < glt)*® +a(e) for (x,1) € Q@ x RY.
2Co4

Set§ = > 0. When E C 2, meas E < §, one gets

/ F(x, u;:')dx
E

_&
2a(e)

s/ P,
E
n () dx

&
2C4

< a(e)measE +
<a(e) 3Cos

eCoq

<eé.

Hence, { / F(x, u;f)dx, nenN } is equi-absolutely continuous. It follows from the

Q
Vitali Convergence Theorem that
/ F(x,ul)dx — [ F(x,ud)dx, (2.23)
Q Q
as n — 0o. Applying the same method, one has
/ f(x, u,'f)undx — / f(x, ua')uodx (2.24)
Q Q
By (2.22) and (2.24), we have

+32%(s)— l
lim (I'(uy,), v) =/ ((Vuo,Vv) —MMLZ> / o)
400 Q Iyl Iyl® (2.25)

—/ e ud)vdx =0,
Q

forallv € H& (£2). Thus, ug is a critical point of 7, that is, ug is a solution of problem
(1.1). Now we verify that ug = 0. Let v = ug in (2.25), we get

) (u+)2 (s)
o] T AT F)uodx = 0. (2.26)

IS‘
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Set w,, = u, — ug, then we have
/ |Vu,|>dx = / |Vuo|?dx +/ |Vw,|?dx + o(1).
Q Q Q

From Brézis—Lieb’s lemma (see [3]), it follows that

iy ug
dx =/ —dx—i—/ —dx+0(1)
./sz ly[? o Iy? Q Iyl?

+ 2*(?) +y2% (S) +12%(s)
[ [ [

[y]* [yl

By (2.23) and (2.27)—(2.29), one has

)2 (s)

) = o) + 3 o P Z*mf(ww dx =+ o1).

Since (I’ (uy), un) = o(1), combining with (2.23), (2.26), one has

(w+)2*(5)
||wn||2—/g'|’dex=o(1).

We may assume that as n — o0,

+2%(s)
llwy |* — b, (w,) —~ ___dx — b.
[yl*

(2.27)

(2.28)

(2.29)

(2.30)

Clearly, b > 0. We now suppose thatug = 0.If b = 0, then from (2.30),c = 1(0) = 0,

which contradicts with ¢ > 0. If b # 0, we have from the definition of S, that

2
w2 +12%(s) 2%(s)
w
||wn||2=f (an 2)dx s (Y ae)
Q [yl a Iyl

2
and b > S,b7® , together with (2.30), we deduce

2

_ 1 5 1 (w;r)
¢+ o(1) = 1(uo) + 3 lwal _2*(s>/9 =

()
dx 4+ o(1)

N

1 1
= I(uo) +o(1) + (5 - 2*(s)) b

- 2% (s)

SZ*(Y) -2 1
= —Z(N— ) " +o(1),
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2%(s)
- §TFO2

2(N —s) "
solution of problem (2.1). Then, by (I'(uo), uy) = 0 where u; = min{ug, 0}, one

has |lu, || = 0, which implies that uo > 0. From (2.25), we get / (Vug, Vv)dx >0
Q

which contradicts ¢ < . Therefore, ug # 0 and uq is a nontrivial

forany v € H& (£2), which means —Aug > 0in €2. By the strong maximum principle,
we know u is a positive solution of problem (1.1). Therefore, Theorem 1 holds. O

Proof of Theorem 2 Obviously, (f4) and (fs) can ensure that / has a mountain pass
geometry and then there exists a (Ce). sequence {u,}, that is,

I(up) — ¢ and (1 + luy DI )| = 0 asn — oo.

We claim that {u,} is bounded. In fact, there exists ng > 0, such that for n > ng, one
has

c+1=> I(”n)_lu (n), un)

(i) © & Fx, ut)dx 231
_(E z*m)/ yI° [g 0 ) (23D

> / F(x, u;[)dx.
Q

Set
g(r) ;= inf {f(x,u) cx €Q, |ul > r}.

By Remark 2, one deduces g(r) — +ocasr — +o00.For0 <a < b, let
Qu(a,b) = {x e, a< u,‘l‘(x) < b}

and

Cl .= inf

a

F(x,u) _
> x €, a<|lulx)| <by;
u
thus for all x € 2, (a, b), one obtains

f(x, u,‘f(x)) > Cg(u;:'(x))z.

It follows from (2.31) that

c+1> / f(x,u,f)dx—i—/ F(x u+)dx
Q,(0.b) Q (b, +00)

> C§ ;" [dx + g(b)|2 (b, +00)|.
Qp(a,b)

(2.32)
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Arguing directly, assume ||u,|| — -—4oo. Set v, = , then |lv,|| = 1 and

llnll n”
/ lvy|*dx < M, for all s € [2, 2*]. Using (2.32),
Q

|2, (b, +00)| < Ll 0, (2.33)
g(b)

uniformly in n > ng as b — +00. And for any fixed 0 < a < b,

1 C
(vH)?dx = / (u)?dx < -0, (2.34)
/;Zn(a,b) ! ||un||2 Qu(a,b) ” n||2

as n — oo. It follows from (2.33) and the Holder inequality that for r € [2,2*],
p € (r,2%), and a suitable constant C,

/ (W) dx < Ci|Q(b, 00)| 7 =0, (2.35)
(b, +00)

uniformly in n > ng as b — +o00. Let ¢ > 0, by (f4), there exists a; > 0 such that

|f(x,u)| < Mi2|u| for all u| < ag. Consequently,

+
/ f(x’—f”)(v,f)zdx < / Ewhdx <o, (2.36)
Q,(0,a¢) Un ,(0,as) M;
for all n. Combining ( f7), (2.31) with (2.35), we can take b, so large that
/ S ) f; ) (v )2dx
Qy(be,+00)  Un
Foud [\ i
= (oo 2 9) (g 0)
Qu(be,+00) | Un Qu (be,+00) (2.37)

1 2
( arF(x,u} )dx) (/ (v;;)“dx>
Q, (bg,+00) Q) (be,+00)
£,

2t
for all n > ng, where @ = — Note that there is y = y(¢) > 0 independent of n

IA

IA

such that | f (x, u;")| < yu,t for x € Q,(ae, be). By (2.34), there exists n; > 0 such
that

/ M( +)2dx < y / (vH)2dx < e, (2.38)
Q2 (ag,be) M" Q2 (ag,be)
for all n > n. Now (2.36), (2.37), and (2.38) imply that
+y,,+ +
Lota i gy = [ T8 gyt < 3e (2.39)
o lunll Q  Up
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for n > max{ng, n1}. Since ||v,|| = 1, passing to a subsequence, there exists v €
Hj (), such that

v, — v, weakly in HO1 (),
v, = U, strongly in L7 (2), 1 < p < 2%,
v,(x) = v(x), a.e.in Q.

Set Q' = {x € Q: v (x) # 0}, if meas Q' >0, then u," (x) — +oo forae. x € Q.
By (fe), it is easy to get that for any M > 0, there exists C(M) > 0 such that

FwhHu > MwhH? — C(M)

for all x € Q and n large enough. Hence,

+
/f(xu )u”dx M/(+)dx—C(M)

llun 12 llaen 12"

then

flx uf

0= lim ”dx M/(v+)2dx>o

=00 Jg IIMnII2

which is a contradiction. Hence, meas Q'=0. Therefore, v (x) = 0 ae. x € Q. By
Remark 2, for any m > 0, there exists Ly > 0 such that

tf(x,t) —2F(x,t) >m > 0,

fort > Lo It follows from (f1) and (f5) that |F(x, )| < C25(t + 12 ) for all
(x,1) € Q x Rt. Hence, we have, for x € Q and [t| < Lo,

|tf (x, 1) = 2F (x,1)] < Cagt,
where Cyg = 2Co5(1 + L%*_z). The two inequalities above show that
tf(x.1) = 2F (x,1) = —=Cyt*, (2.40)

forall (x,7) € € x Rt. From (1 + e DI (up)|| — O, one has (I’ (uy), u,) — 0,
that is,

) / ( +)2 (s) / -
lunll” — | ———dx— | f(x,u,)u, dx =o(l),
Q

Iyl®
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and combining with (2.31), one deduces

c+1+o() = I(up) — 1(1/(14;1), Un)

— l_ 1 2 _ l_ +y,,
—(2 2*(S))nunn (2 2*()>/f(xu Ju, dx

+—/ (f G, wDut —2F (e, uyh))dx
2 Ja

Consequently, together with (2.39) and (2.40), we deduce

L(e+1+om) = (2- )L (2 /f( Dty
THEN ? 27 2)) " Tunl? 2*(s> £t

"2l 2 /sz (G wuyy = 2F (x ) da

><1_ ! )-3(1— ! >S—C27/(v+)2dx
=2 2% 2 2%(s) o "

1 1

which implies 0 > — —
2 2%(s)

It is obvious that ( f4) leads to ( f) and then Lemma 2.2 is also true if we replace

(f1) by (fa). Thanks to (f1), (f5), and Lemma 2.2, similar to the proof of Theorem

1, we obtain a positive solution of problem (1.1). O

as n — 090, a contradiction. Thus, {u,} is bounded.

Proof of Theorem 3 Due to (f1), (fs), and Lemma 2.2, one obtains that the proof of
Theorem 3 is similar to the proof of Theorem 2 and we only need to prove that the
(Ce). sequence is bounded. In fact, let {u,} C HOI(Q) be a (Ce),. sequence, that is,

I(uy) — ¢ and (1 + |luy DI (up)|] = 0 asn — oo. (241)
Assume that {u,} is unbounded, there is a subsequence of {u,} (still denoted by

{un,}) satistfying ||u,|| — +oo. Set w, = Hunll’ then ||wy,|| = 1. Then, there exists
w € H0 (£2) such that

w, = w, weakly in H(; (),
wp = o, strongly in L7 (2), 1 < p < 2%, (2.42)
wp(x) = w(x), a.e.in 2,

as n — oo. We claim that ot = 0. It follows from (2.41) that

5 (u +)2 (s) -
lunll™ — I — o —dx— f(x u, u, dx = o(1),
Q
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which implies

( +)2*(S)

u
[ e = g = [ P o) < P+ o).
Q o
Then,
+
de <1+o(1). (2.43)
o lluall

Forx e QT :={x e Q: 0w (x) > 0}, u;:‘(x) — 400 as n — 00. Combining with
(f6), we have

n—)oo un

=400, ae.x e Q. (2.44)

If meas Q1 > 0, using the Fatou’s lemma, (2.44) implies that as n — oo,

fxuy )( +)2dx — 400.
>0 Mn
From (2.43), one has
+
1+o0(1) = / f(—zd f(x’—f")(w;f)zdx ~ oo,
llan |l Qt Uy

which is a contradiction; then, one has meas Q1 = 0, thatis, o™ = 0. Set a sequence

2%(s)

{t,} of real numbers such that I (t,u;) = max I(tu)). Letv, = S;% Y w,, due to
1€l0,

the continuity of embedding Hj (Q) — L*"(£2), we have / lun|¥ dx < Caz < 0.

Q
By (f5) and the same method as the proof of Theorem 1, one has

/F(x,vj)dxe/F(x,O)dx:O,
Q Q

2% (s)
2(2%(s)—2)
as n — o0. Because ||u, || — +00 as n — 00, one has “”—” € [0, 1] for n large
Up
2%(s)
2(2%(s)—2)
0

l[aen

+2(s)
L onl? = /(“) —/FWQMx
> %o B0 o

1 el
Dol - = o 27 — /Fﬁwﬂm
2 ﬁo Q g

1 1 Sl
(—— - )SM ©- —/ F(x,v;N)dx,
2 2%s) Q

enough. By the definition of ¢, and v, = u,, one has

I(tyuy) > 1(vy)
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which implies that I (t,u,) — +00 as n — oo. Noting that /1(0) = 0, I (u,) — ¢
thus 0 < #, < 1 when n is large enough. It follows that

t 2 1 + 2*(S)
/ <|V(tnun)|2 - M( "luﬂz) > dx — / de - / f(X, tnu:)tnu;'[dx
Q |yl Q Q

IyF*
dlI(tyuy)
= (I'(tttn), tattn) = tn=—0== li=1,= 0.

By (f3),for 0 <1, <1, we have 6 H (x, u, )>H(x thit +) 6o, then

[Q (%f(x, u;f)u,‘lIr — F(x, u;f)) dx

= / H(x,u,)dx

> — 2% /o (H(x tnun) 90>dx

%/Q (%f(x, )t — F(x, t,,u,j)) dx — z—g|s2|

( lltpttn|)* — —/ UL |;|)‘2 (s)dx —/QF(x,tnu,J{)dx> — 29—2|Q|

1/ 1 1 tauH)F® 6
I(tnun)+ ( _ ——) Ut )4~ N1,
) 2)Je b 20

which implies that

! +y, + 1 /(t"”f{)z*(s)
L(zf(x,un)un F(x,un))dx—l—9<2 ) ; dx

2%(s) lyl®

> L - Lig)
0 20
— 400, (2.45)
2%(s)
asn — oo.Butby 6 > 1and 0 < ¢, < 1, we have d < 1; then, it follows from
(2.41) that
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c+1+o(l) > I(uy) — l(1 (Wn), un)

(u+)2*(5)
<5 2*<s)> / BE

—l—fQ FO,uHut — F(x,u;f))dx

LN b
T0\2 2%s) ) Ja P

+ (lf(x, whHul — F(x, u;)> dx,
o \2

which contradicts (2.45). Therefore, {u,} is bounded. O

Proof of Theorem 4 1Tt is obvious that (f9) leads to (fs) and then Lemma 2.2 is also
true if we replace (f5) by (f9). Due to (f1), (f9), and Lemma 2.2, one obtains that the
proof of Theorem 4 is similar to the proof of Theorem 2, and we only need to prove
that the (Ce). sequence is bounded. In fact, let {u,} C HO1 (€2) be a (Ce). sequence,
that is,

I(uy) — ¢ and (1 + |luy DI (up)| — 0 asn — oo. (2.46)

By (f10), there exist positive constants D, Cpg > 0, such that
fx, 1)t —=2F(x,t) > D|t|” — Cas, (2.47)
forallr € Rt and a.e. x € Q. Together with (2.46), one has

2c+ 14 0(1) > 21 (u,) — (I'(un), uy)

AR T RS
- 2*(v>/ yl* /Qfx’””)”” ot

(ui)f‘(\)
> (1= dx+D/ |, |”dx — Cag|2.
( 2*<s)>f9 |y s Q

From above, we easily obtain that there exist constants Cp9, C3p > 0 such that

+y2* (3)
/ (u|§|v x < Coo, /Qlun|"dx < C3.

By (f9), for any ¢ > 0, there exists a(e) > 0 such that
|F(x,1)] <et?+a(e) for (x,1) € Q x RT,

then it follows that

1 (u+)2 (s)
lunll? = ) = / dx+/ F )
2 20 Ja b o

/ | + a(e)[2].
Q

<
_2()
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By the Gagliardo—Nirenberg interpolation inequality, one has

gt ‘1(;;[)
f|un|ffdxs</ |un|“dx) (/ |un|2"dx)
Q Q Q

t

—t
where0 <o < ¢ < 2% — = — + vl and r € (0, 1]. Then, we deduce from

o 2

above inequality and Sobolev inequality

1
Sl < +a(8)|QI+C31/ Iunlqu+1(un)
2 2*( )
q(-1)
C (r 2% 2%
= 2 )~|—C31 |u,,| dx Iun| dx +a(e)|2+c+1
< 2 4 cal ||‘f“*f> + <e>|sz| +et
= 2*( ) 321Un a c
2*(q — N(g—2
Since by definition of ¢, we have g(1 — ) = % with o > %,
(o2
follows that g (1 — ¢) < 2. Thus, {u,} is bounded. O
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