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Abstract

In this paper, the boundedness problem of factorizable four-dimensional matrices
on the space of double sequences is investigated. As an application of our results,
the lower bounds and the operator norms of four-dimensional Cesaro matrix and
four-dimensional Copson matrix are obtained, which provide an extension of Hardy’s
discrete inequality and Copson’s discrete inequality to double series, respectively.
Finally, we present complementary results for the operator norm and lower bound of
the four-dimensional Hausdorff matrices.
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1 Introduction

By €2, we denote the space of all real or complex valued double sequences which is
the vector space with coordinatewise addition and scalar multiplication. The space £,
of double sequences [3] is defined by

o0 o0
Ly, = (x,,,m)EQ: ZZ|xn)m|p<oo ,

n=0m=0

where 1 < p < 0o, which is a complete space with the norm

Communicated by Fuad Kittaneh.

The paper is dedicated to the doyen of the martyrs, the chief of the youth of paradise, Imam Hossein ibn
Ali (peace be upon him) in the memory of the 1379th occasion of his Arbaeen.

B Gholamreza Talebi
Gh.talebi @vru.ac.ir

Department of Mathematics, Faculty of Mathematics, Vali-e-Asr University of Rafsanjan, Rafsanjan,
Islamic Republic of Iran

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40840-018-00703-7&domain=pdf

610 G. Talebi

lxllz, = (i i }xn,m|”)l/p.

n=0m=0

For more information on the normed spaces of double sequences and domain of triangle
matrices in normed/paranormed sequence spaces, and the matrix transformations and
summability theory, we refer the readers to the textbook [1] and the recent papers
[2,4,7-9,14,17] and [21-29].

Let X and Y be two double sequence spaces and H = (1, j«) be a four-dimensional
infinite matrix of real or complex numbers. Then, we say that H defines a matrix
mapping from X into Y, and we denote it by writing H : X — Y, if for every double
sequence x = (X, ) € X the double sequence Hx = {(Hx), ,}, the H-transform of
X, exists and is in Y, where

[ elNee]
(H'x)n,m = Zzhnmjkxj,ka (na m = 09 17 .. ')'

j=0 k=0

The purpose of this paper is to establish the lower bound and the operator norm of
factorizable four-dimensional matrices as operators on the double sequence space £ ,.
For p € R\{0}, the lower bound involved here is the number L ,(H), which is defined
as the supremum of those ¢, obeying the following inequality

IHxllz, = €llxllz, .

where x > 0, x € £, and H = (/) is a nonnegative four-dimensional matrix.
Also, we consider the upper bound k& > 0, of the form

IHxllg, <klxlig, .

for all nonnegative sequences x. The constant k is not depending on x. We seek the
smallest possible value of k and denote the best upper bound by [[H]|[ 2, as the operator
norm of Hon £,. When we deal with two-dimensional matrices, we use, respectively,
the notation L,(A) and ||A|l ¢y for the lower bound and the operator norm of the
matrix A on £, where £, is the space of all real or complex p—absolutely summable
sequences.

2 Main Results

Our main results are as follows.

Theorem 2.1 Let A = (auj) and B = (byux) be two nonnegative infinite matrices
with the lower bounds L ,(A) and L ,(B), respectively. Let H = (anjbmy) be the four-
dimensional matrix constructed from A and B. Then,

L,(H) = L,(A)L,(B)
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Proof Let x = (xj) be a nonnegative double sequence in £,. Then,

p

0o 00 0o 00
2.2 ZZanfbmkxf'k >y Z%mekxfk
n=0m=0

j=0k=0 n=0m=0 \ j=0 k=0

m=0

o0 00 oo P
=(Ly )" > " <Z bmkx]k)

j=0m=0 \k=0

This implies that
L,H >=L,(A)L,(B).

In order to see that one even has equality, look at double sequences of the form

Xjk = GjNk-
Then, one has that
o0 0 00 00 P 00 00 P 00 00 p
)IDIN DIPIILETY IEDI DI (Z bmknk> :
n=0m=0 \ j=0 k=0 n=0 \j=0 m=0 \k=0

Now leta > L, (A) and B > L, (B). Then, there exist nonnegative sequences (g;)
and (ny) such that

p

o0 o0 o0
Y| 2w | <e” Dl
j=0 =0

n=0

and

00 00 P 00
5 (zbmknk) B3 .
k=0

m=

(=}
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o0 o oo o0 4 o o
2.2 2D amibmexiic | < @B D] D i
n=0m=0 \ j=0 k=0 j= k=0
This implies that
L,(H) <ap.

Consequently,

L,H)<L,(A)L,(B). o
Theorem 2.2 Let A = (ay;) and B = (byui) be two nonnegative infinite matrices with

the norms ||A||£p and ||B||£p, respectively. Let H = (ayjbuk) be the four-dimensional
matrix constructed from A and B. Then,

IHlz, = AL, IBll,

Proof The proof can be easily adapted from the one of Theorem 2.1 and so is omitted.
O

To provide some applications of the above Theorems, we refer the readers to the
next two sections.
3 Extension of Hardy's and Copson’s Inequalities
In this section, using Theorems 2.1 and 2.2, we are going to provide an extension

of Hardy’s and Copson’s inequalities to double series. First, consider the Hardy’s
inequality [13]

00 n p p o0
) < (L> X (1<p<oo), 3.1
(Zn—i-l) kX:(:)

n=0 \k=0 p—1

P
where x; > 0 for all kK € N and the constant (%) is the best possible. Inequality

(3.1) can be rewritten as [C(1)[l¢, = %, where C(1) = (cui)n.k>0 is the Cesaro
matrix of order 1, defined by

+1

i
— 0<k=<n
= n - - 2
Cnk {O otherwise. (3:2)

@ Springer



Complementary Results on the Boundedness Problem of... 613

Now, consider the four-dimensional Cesaro matrix of order 1 and 1, C(1,1) = (hnm jk)
defined by

O<j<n 0<k<m),

1

Obviously, this matrix can be factorized as hyumjx = cujcmi Where ¢,; and ¢ are
defined by (3.2). Applying Theorem 2.2, we have

2
Iz, = IC g, ICDI,, = (L) |
p—1

This leads us to the following generalization of Hardy’s inequality.

Corollary 3.1 Let1 < p < ocoandx = (xux) be nonnegative sequence of real numbers
in Lp. Then,

p

e e ] n o m X 2p 00 o0
XZ:Z ZZ(nJrl)](er]) 5( ) sznm (3.3)

0m=0 \ j=0k=0 n=0m=0
2p
The constant (%) in (3.3) is the best possible.
Inequality (3.3) is an extension of Hardy’s inequality to double series. It can be

extended to multiple series [16].
Next, consider the Copson’s inequality [11] [see also ([13], Theorem 344)]

o0 00 p 00
Z(Z,ﬁ» =pPy x O<p=s), (3.4)

n=0 \k=n

where x; > 0 for all k € N. The inequality switch order when p > 1 and the constant
p? is the best possible. Again, inequality (3.4) can be rewritten as L, (C (1! ) = p,
where C(1)! denotes the transpose of C (1), and C(1) is the Cesaro matrix of order 1,
defined by (3.2). The transpose of the Cesaro matrix is called Copson matrix. Now,
consider the four-dimensional Copson matrix cta,mn = (h,,m jk) defined by

1

YRR RY/ AN j > n ) k Z m )
omjk = {(()/+1>(k+1> Gz )

o.w.
Since the four-dimensional Copson matrix C'(1,1) can be factorized as

hpmjx = ch.cfnk, where ¢,; and ¢, are defined by (3.2), applying Theorem 2.1
we have

L, (CON) =L, (C))L,(C)) = p?,
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whenever 0 < p < 1. Further, since HC(l)’ || ¢ =D by Theorem 2.2, we deduce
P
that

[can],, =lcay

I C(1)t||€p =p’

for 1 < p < oco. These lead us to the following generalization of Copson’s inequality.

Corollary 3.2 Let x = (x,x) be nonnegative sequence of real numbers. Then

p

22 ZZ(JH)(/«H) >pY Y xhm O<p<l). (35)

n=0m=0 \ j=nk= n=0m=0

The inequality switch order when p > 1 and the constant p*P is the best possible.

Inequality (3.5) is an extension of Copson’s inequality to double series. It can be
extended to multiple series [18].

4 Complimentary Results for Four-Dimensional Hausdorff Matrices

Let diu and dA be two Borel probability measures on [0,1] and Hyx) = (humjx) be
the four-dimensional Hausdorff matrix defined by [15]

otherwise,

1 1
|/ |/ / (?)(Z’)O{'iﬁk(l — o[)"—j(l _ ﬂ)m_de(O{) < du(B), 0<j<n0<k<m,
nmjk = o Jo

for all n, m, j, k € N. Clearly, we have

hmjk = (7) () AT AT s

where
1 pl
Mk 1=/0 /0 ol prdp(@) x dr(B),  (j,k=0,1,...)
and
) n—jm—k )
AT Agﬁkﬂj,k = Z Z (=1 (ns_]) (m;_k> Hjts k+t-
s=0 r=0

The four-dimensional Hausdorff matrix contains some famous classes of matrices.
These classes are as follows:
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1. The choices du(a) = (1 — )" 'da and dA(8) = y(1 — )Y ~'dB give the
four-dimensional Cesaro matrix of order n and y which is denoted by C(n, y).

2. The choices du () = point evaluation at « = 1 and dA(f) = point evaluation at
B = y give the four-dimensional Euler matrix of order n and y which is denoted
by E(n, v),

3. The choices du (o) = [loge|?™! / T'(17)da and dA(B) = |log 817 ~! /T (y)dp give
the four-dimensional Holder matrix of order  and y, which is denoted by H(n, y).

4. The choices du(ar) = na"'da and dA(8) = yBY~'dp give the four-dimensional
Gamma matrix of order n and y which is denoted by I' (5, y).

The four-dimensional Cesaro, Holder and Gamma matrices have nonnegative entries
whenever n > 0 and y > 0, and also the four-dimensional Euler matrices, when
O<n<landO <y < 1.

The study of the boundedness problem of four-dimensional Hausdorff matrices
goes back to the some recent works of the author. For example, it is proved in ([19],
Theorem 3.1) that

I pl
HHMUQ;/O /O @) Pl @) x A (B) (1 <p<oo) (&)

Further, it is proved in ([20], pp. 7-8) that

Ly (Hier) / f @) T dule) xdn(B) O<p<l). 42

and

Ly (Huxs) = / / @B) Fdu(@) xdr(B) O<p<D).  (43)

According to the Hellinger—Toeplitz theorems ([6], Propositions 7.2 and 7.3), (4.1),
(4.2) and (4.3), respectively, give

t
HMXA

1 1 ,
:fo /O @B) 7 du (@) x dA (B) (1 < p < o), (4.4)

and

Ly (Hus) / / (@B) Fdu (@) x dA () (—co<p<0),  (45)

and
1,1 -
Lp (Him > fo /0 (@B) 7 du (@) x di (B) (—oo < p <0). (4.6)
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The proof of (4.1), (4.2) and (4.3), in those papers, is all based on the special version
of four-dimensional Euler matrix. On the other hand, the four-dimensional Hausdorff
matrix can be factorized as

humj = h/ R ) “.7)

mk?

where H, = (hfl’;))n ; is the classical (two-dimensional) Hausdorff matrix [5] cor-
responding to the Borel probability measure du (and similarly for H,). A similar
factorization holds for the transpose H’MX 5.- Therefore, (4.1), (4.2) and (4.3), can be
obtained by a different way. In fact they are all special cases of Theorems 2.1 and
2.2, using the classical results on lower bounds and norms of the classical (two-
dimensional) Hausdorff matrices in [6,10,12]. For example, to achieve (4.4), consider
the transpose of the four-dimensional Hausdorff matrices as operators selfmap of the
space L. Applying Theorem 2.2, we have the following result.

Theorem 4.1 Let p be fixed, 1 < p < 00 and H,,x;, be the four-dimensional Hausdorff
matrix associated with the measures du and dA. Then, the transpose Hi 1x). IS bounded
—p

1—p 1
on L if and only if both fol ocT]d,u(oc) < ooandfo1 B P dA(B) < oo, and we have

Proof For the classical (two-dimensional) Hausdorft matrix H,,, itis proved by Bennett

1—-p
[5] that H, is bounded on ¢,, if and only if a7 du(a) < oo, and that | HLl, =
)4

t
Huxk

1o .
/ f @B) 7 du (@) x dA (B).
0 0

‘z:p B

1-p
fol o 7 du(a). The result of the theorem is now a consequence of Theorem 2.2. 0O

Let E(n, ), C(n, ¥), H(n, y) and T (5, y) be the four-dimensional Euler matri-
ces, Cesaro matrices, Holder matrices and Gamma matrices, respectively. Applying
Theorem 4.1 to these matrices, we have the following corollary.

Corollary 4.2 Let p be fixed, 1 < p < oo andn,y > 0. Then,

1—
. HEt('?,V)“L,, = (ny)Tp,n <Ly=L
F(n+1)F2<}7)F(y+l)
(o 5)r(r+5)
-1
3 |H @, V)Hcp = Wfo] Jo @B)'7 |loga|""|log BI”~'da x dB.

2
t _ Py p—1 r—1
4. |rt . V)HL,, = G Dy—rpin: 1= TV =

2. [canl,, =

Putting n = y = 1, the second part of the above corollary implies

ror2(i)re
[ca.nl,, = () =

ri+4)r(1+1)
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This says us that the second part of Corollary 4.2 is a generalization of Copson’s
inequality (see Corollary 3.2).

t
XA

1 < p < oo have not been found yet. Keeping in mind factorization (4.7) and the
results obtained by Chen and Wang in ([10], Theorem 2.2) for L,(H,) and L ,,(HL)
where p > 1 and H,, is the classical (two-dimensional) Hausdorff matrix, we now
enable to fill up this gap by the use of Theorem 2.1.

To the best of our knowledge the exact values of L, (H,x;) and L, (H ) for

Theorem 4.3 Let p befixed, 1 < p < ooandH,,x;, be the four-dimensional Hausdorff
matrix associated with the measures dju and d).. Then,

Lp (Hux) = (1) x A (1)),

and
Ly (Hius) = (00 GO0 + G (D)) 7 (0- (0D + G (11)7) .

We refer the readers to the paper [18] in which the operator norm and lower bound of
some non-factorizable matrices are founded.
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