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Abstract The burning number »(G) of a graph G is used for measuring the speed
of contagion in a graph. In this paper, we study the burning number of the gen-
eralized Petersen graph P(n, k). We show that for any fixed positive integer k,
lim,,_s oo L’(L",;k)) 1. Furthermore, we give tight bounds for b(P(n, 1)) and

b(P(n,?2)).
Keywords Burning number - Generalized Petersen graphs

Mathematics Subject Classification 05C57 - 05C80

1 Introduction

Graph burning is a discrete-time process that can be used to model the spread of social
contagion in social networks. It was introduced by Bonato et al. [2,3,8]. This process is
defined on the vertex set of a simple finite graph. Throughout the process, each vertex
is either burned or unburned. Initially, at time step + = 0, all vertices are unburned.
At the beginning of every time step ¢+ > 1, an unburned vertex is chosen to burn (if
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such a vertex is available). After that, if a vertex is burned in time step ¢ — 1, then in
time step ¢, each of its unburned neighbours becomes burned. A burned vertex will
remain burned throughout the process. The process ends when all vertices are burned,
in which case we say the graph is burned.

Suppose a graph G is burned in m time steps in a burning process. For 1 <i < m,
we denote the vertex we choose to burn at the beginning of time step i by x;. The
sequence (X1, X2, ..., Xy) is called a burning sequence for G. Each x; is called a
burning source of G. The burning number of a graph G, denoted by b(G), is the
length of a shortest burning sequence for G. It is straightforward to see that b(K;,) = 2.
For paths and cycles, Bonato et al. [3] determined their burning numbers exactly.

Theorem 1.1 [3, Theorem 9 and Corollary 10] Let P, be a path with n vertices and
C,, be a cycle with n vertices. Then,

b(P,) = [n”ﬂ = b(Cy).

For general graphs, they showed that the burning number of any graph G can be
bounded by its radius r and diameter d, giving [(d + 1)'/?] < b(G) <r + 1. In the
same paper, they also gave an upper bound on the burning number of any connected
graph G of order n, showing that b(n) < 2./n— 1. This upper bound was later improved

to roughly é«/ﬁ by Land and Lu [5]. It was conjectured in [3] that b(G) < [/n]
for any connected graph G of order n. Very recently, Bonato and Lidbetter [4] verified
this conjecture for spider graphs, which are trees with exactly one vertex of degree at
least 3.

Determining b(G) for general graphs is a non-trivial problem. It is known that
computing the burning number of a graph is NP-complete [1]. The burning number of
the hypercube Q, is asymptotically 5 [7], but the exact value of b(Q,,) is still unknown.
Several other results on burning number of graphs have also been studied recently.
For example, Mitsche, Pralat and Roshanbin investigated the burning number of graph
products in [7] and they also focused on the probabilistic aspects of the burning number
in [6].

In this paper, we are interested in the burning number of the generalized Petersen
graphs. Letn > 3 and k be integers such that 1 < k < n — 1. The generalized Petersen
graph P (n, k) is defined to be the graph on 2n vertices with vertex set

V(P(n,k)) ={u;,v;:i =0,1,2,...,n—1}
and edge set
E(P(n, k) = {ujujp1, uivi, vivipr: i =0,1,2,...,n — 1},
where subscripts are taken modulo n. Let Dy = {u; : i = 0,1,2,...,n — 1} and
Dy ={v; :i =0,1,2,...,n — 1}. The subgraph induced by D is called the outer
rim, while the subgraph induced by D; is called the inner rim. A spoke of P(n, k) is

an edge of the form u;v; for some 0 <i <n — 1.
The following are the main results of this paper.
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Theorem 1.2 Let k be a fixed positive integer. Then,

[ L%H < b(P(n. k) < [ {%H n EJ 1.

In particular,
. b(P(n, k)
lim —— =1.
n—o00 n
k

Theorem 1.3 Forn > 3,
[Va] < b(P@, D) < [Va] +1.

Furthermore, the bounds are tight, and if n is a square, then b(P (n, 1)) = /n + 1.

Theorem 1.4 Forn > 3,

’7\/2—‘ +1<b(P(n,2) < ’7\/2—‘ +2.

Furthermore, the bounds are tight, and lf% is a square, then b(P(n,?2)) = \/g + 2.

We use standard graph terminology throughout the paper. The distance between
two vertices u and v in a graph G, denoted by distg (u, v), is the length of a shortest
path from u to v in the graph G. By convention, distg (#, #) = 0. Furthermore, we shall
write dist(u, v) for distg (u, v) if the graph in question is clear. Given a non-negative
integer s, the s-th closed neighbourhood of a vertex u, denoted by NSG [u], is the set
of vertices whose distance from u is at most s, i.e.

NE[u] = {v € V(G): distg (u, v) < s}.

Again, if the graph in question is clear, we shall write N[u] for NSG [u].
Let (x1, x2, ..., x;;) be a burning sequence of a graph G. As in [3, Section 2], for
each pair i and j, with 1 <i < j < m, we have dist(x;, x;) > j — i and

V(G) = Np—1[x1]1 U Ny —2[x2] U - - - U No[x,]. e

The plan of the paper is as follows. In Sect. 2, we provide bounds for the burning
number of P(n, k) and show that b(P(n, k)) is asymptotically \/% . In Sect. 3, we

determine the exact values of b(P (n, k)) for | < n < 8. Then, we prove Theorems 1.3
and 1.4 in Sect. 4.
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2 General Case

Lemma 2.1 Forn >3 and1 <k <n,

b(P(n. k) > ( {%H .

Proof Let C be a cycle with | 2] vertices, V(C) = {0,1,2,..., %] — 1} and
EC) ={i@+1):01,..., L%J — 1}, where the integers are taken modulo L%J
Recall that the outer rim and inner rim of P(n, k) are D = {ug, uy, ..., u,—1} and
D> = {vg, vy, ..., vy—1}, respectively.

Foreachm € {0,1,2,...,n — 1}, let

Fomy =17 if m=pk+q, O0<p<|[}]. 0<g=<k—1
EE -1, if m=|2]k+q, O<g<k—1.
(2)
Lety : V(P(n,k)) — V(C) be defined by
(p(ul) = f(l) = (p(vl)7 Vl € {07 17 27 e, — 1}' (3)

Clearly, ¢ is surjective.
Let (x1, x2,...,xs) be a burning sequence of P(n, k). We construct a burning
sequence for C using the map ¢ as follows:

(a) At the beginning of time step 1, burn y; = ¢(x1);
(b) At the beginning of time step t (2 < t < s), if ¢(x;) is still unburned, then burn
vi = ¢(x;); otherwise, burn any unburned vertex y, € V(C).

Note that in (b) above, if at the beginning of time step ¢t (2 < ¢t < s), no unburned
vertex can be found, then (yq, y2, ..., yy—1) is a burning sequence of C. So, we may
assume that such an unburned vertex can be found at the beginning of every time step.
We shall show that (y1, y2, ..., ys) is a burning sequence of C. This follows from ¢
is surjective and the following claim.

Claim If z € V(P (n, k)) is burned at time step 7y, then its image ¢(z) in C is burned
at time step 11 < fo.

Proof 1f z = x1, then it is burned at time step 1. Its image ¢(z) = y; is also burned at
time step 1. The claim is true. Assume that the claim is true for a fp < s.

Suppose z is burned at time step #o + 1. If z is a burning source, then z = x;y11. By
(b), ¢(z) is burned at time step #p 4 1 provided that ¢ (x;,+1) is unburned. If ¢ (x/,+1)
is burned, then it must be burned at an earlier time step. So, the claim holds.

We may assume that z # x; 1. Note that for any two distinct vertices wy, wp €
V(P (n, k)) such that p(w1), (wz) € V(C) and |p(w;) — ¢(w2)| < 1 or [p(w;) —
p(wr)| = I_%J — 1, then ¢p(w1) = @(w>) or ¢(w;) and ¢(w>) are adjacent in C. We
shall distinguish two cases.
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Case 1 Let z = u;. Then, it is adjacent to vy, u;4+1 and u;—1 where the subscript are
taken modulo n. Furthermore, either v;, ;41 or u;_; is burned at time step #y. So, by
induction, ¢(v;), @(u;+1) or ¢(u;—1) is burned at time step #; < fo respectively. By
Egs. (2) and (3), |¢(u1) —p(v)| = 0, |9 ) —¢(ui—1)| < land |p(u) —@@i+1)] < 1
where [ = 1,2,...,n — 2 and |p(uo) — ¢(up—1)| = [7] — 1. This means that
©(2) = @(uy) is burned at time step t; + 1 < 79+ 1.

Case 2 Let z = v;. It is adjacent to u;, vj+x and u;_; where the subscript are taken
modulo n. Either u;, v;_j or v+ is burned at time step #p. Here, we denote v_; = v,,_;
for a non-negative i. So, by induction, ¢ (u;), ¢(vi+x) or ¢ (v;—x) is burned at time step
11 < 1o respectively. By Egs. (2) and (3), we have |¢(v;) — ¢(u;)| = 0,

2] =1, if 1=0,1,2,....k—1;
lo() — )| = 1 1, if l=kk+1,. .. [2lk—1;
0, i L= 20k, |2k 4+ 1, .. n— 1

and

lp(ur) — (i)l
1, if 1=0,1,2, ..., (14 —1)k—1;

=10, if l:(L%J—l)k,(L%J—1)k+1,...,n—1—k;
L%J—l, if l=n—k,n—k+1,...,n—1.

This means that ¢(z) = ¢(v;) is burned at time step 711 + 1 < 7y + 1.
This completes the proof of the claim. O

Therefore, given any burning sequence of P(n, k), we can construct a burning
sequence for C with shorter or the same length. Hence, b(P(n, k)) > b(C) =

L/ L%H, where the last equality follows from Theorem 1.1. o

Lemma 2.2 Forn >3 and1 <k <n,

b(P(n, b)) < [ L%ﬂ T m 2.

Proof Recall that the outer rim and inner rim of P (n, k) are D1 = {ug, uy, ..., uy—1}
and Dy = {vg, v1, ..., vy—1}, respectively. Letr = L%J . We shall construct a burning
sequence for P(n, k) of length at most [\/ﬂ + L’%J + 2. Note that a subgraph G
induced by the vertices vg, vk, U2k, ..., V—1)k in P(n, k) is a path or cycle of order r.
By Theorem 1.1, b(G) = [/r]. So, there is a burning sequence (x1, x2, . .., X))
of G. We shall take xp, xp, ..., Xr/r as the first part of our burning sequence for
Pn, k).

Note that at time step [+/7 ], all vo, vk, Vo, - . ., v(r—1)k are burned. If at time step
[\/71, uy is unburned, then we set X[ Jr+1 = Urk- Otherwise, we set X[ /r41 tO
be any unburned vertex. Since u; is adjacent to vy for 0 < i < (r — 1), at time
step [/71+1,all ug, ug, uz, ..., U(—1)k, Urk are burned. Furthermore, at most k — 1
vertices are unburned in the path ;x4 14ik+2 - . . Ui +1)k in the outer rim (see Fig. 1).
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k — 1 vertices < k — 1 vertices
Wik Wik+1 Uik+2 Uik+k—1  Y(i+1)k Uk Up

Vik™~Yik+1 Vik+2

U(i+1)k Urk Vo

Fig. 1 Filled vertices are burned, whereas empty vertices are unburned

Now, for j > [+/r] + 2, we can choose x ;j to be any unburned vertex. Note that at
time step [+/r] + 1+ L%J, all the vertices in the outer rim are burned. Since u; and v;
are adjacent, at time step [/r] +2+ I_I%J , all vertices in the inner rim are also burned.
Hence, the lemma follows. O

Proof of Theorem 1.2 By Lemmas 2.1 and 2.2, we have

G| =eeam <[ J[7]]+]5]+2
]

L

ISE

By noting that lim,,_, o = 1 and lim,,_,

=
=

b(P(n, k))
m ——— =1

n—o0 n

k

3Casel <N <8

We shall give the exact burning numbers for the case 1 < n < 8 in this section. Note
that P(n, k) is isomorphic to P(n,n — k). So, we may assume that 1 < k < L’%J
Recall that the sth closed neighbourhood of a vertex x € V (P(n, k)) is

Ny[x] ={y € V(P(n,k)) : dist(y, x) < s},

and the outer rim and inner rim of P (n, k) are Dy = {ug, uy,...,uy—1} and Dy =
{vo, v1, ..., vy,—1}, respectively.

Proposition 3.1 Ler3 <n <8and 1 <k < |%|. Then,

3, if 3<n<6orn=Tk#1,
bwm*”‘{a if n=8orn=7k=1
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1 €y

z3

P(6,2) P(6,3)

Fig. 2 Burning sequences

Proof Since each vertex x € V(P (n, k)) is of degree 3, [No[x]| = 1, [N1[x]] < 4 and
[N2[x]| < 10.
Let3 <n < 7.1f (x1, xp) is a burning sequence of P (n, k), then by Eq. (1),

2n < [Nilxi]l + [No[x2]l =4+ 1 =35,

implying that n < 3, which is a contradiction. Hence, b(P (n, k)) > 3. Similarly, if
(x1, x2, x3) is a burning sequence of P (8, k), then

16 < [Na[x1]] + [Ni[x2]l + [No[x3]| = 10 +4 + 1 =15,

again is a contradiction. Hence, b(P (8, k)) > 4.
Note that for each x € V(P (7, 1)), [N2[x]| = 8. So, if (x1, x2, x3) is a burning
sequence of P (7, 1), then

14 < [Na[x1]| + [N1[x2]] + [No[x3]| <8 +4+ 1 =13,
which is a contradiction. Hence, b(P(7, 1)) > 4.

Now, the proposition can be verified easily from the burning sequences in the
following table (see also Fig. 2).

Burning sequence Graph

(ugp, vy, v2) P@3,1),P4,1), P(4,2)

(ug, v3, u3) P(5,1), P(6,1), P(6,2)

(ug, u2, v4) P(5,2), P(6,3)

(uo, uz, ug, v4) P(7,1)

(uo, u3, v4) P(1,2)

(vo, v, us) P(7,3)

(ug, un, v4, uq) P8, 1), P(8,2), P(8,3), P(8,4)

O
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4Casel <K <2
4.1 Proof of Theorem 1.3

Note that for each x € V(P(n, 1)), |[Ny[x]| < 4m form > 1 and |[Ny[x]| = 1. So, if
(x1, x2, ..., x;) is a burning sequence of P(n, 1), then by Eq. (1),

-1 -1
2n < [Nolxill + ) INilxill < T4 ) 40 —i) =207 =20+ 1.

i=1 i=1

Since [ > 1, by completing the square, we conclude that [ > 24/4-8(1=2m) V4_48(1_2") = % +
Jn— 1 > /. Hence, b(P(n, 1)) > [/n |, and if n is a square, then b(P(n, 1)) >
[V ]+1.

The subgraph C induced by the vertices in the outer rim Dy = {ug, u1, ..., Up—1}

is acycle of length n. By Theorem 1.1, b(C) = [ﬁ 1 So, C has a burning sequence
V1, Y2,y -+ Y[ ). We shall take yq, yo, ..., YrJn] as the first part of our burning

sequence for P(n, 1). Note that at time step [+/n], all the vertices in the outer rim
are burned. Choose any unburned vertex z in the inner rim. Let y; /14 = z. Since
u;v; are adjacent for 1 < i < n — 1, at time step [+/n] + 1 all vertices in the inner
rim are also burned. Hence, b(P(n, 1)) < [ﬁ} + 1, and if n is a square, then
b(P(n, 1)) =/n+1.

Finally, by Proposition 3.1, b(P(5, 1)) = 3 = L/E W . So the bounds are tight. This
completes the proof of Theorem 1.3. O

4.2 Proof of Theorem 1.4

We shall first define an isomorphic graph of P(n, 2), say H(n). Let

W1={si,s{,ti,tlf:iz1,2,...,\‘2J};

Wy = {t,-ti+1,t-’t-’ 1SSl 8t sht sish 1 <i < LEJ —-1,1<j< LE”
it [l A A R A | ="=12 =7 =19
If n is even, then let
V(H(n)) = Wy;
E(H(n)) = W, U {tltg,t[t’ﬂ,sui}. o
2 2 2

If n is odd, then let

V(H(n) = Wi U{so, o}

E(H(n)) = WU !Sos%, S()Si , Soto, fot1, l‘ot;%l, t%t{} . 5)
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ug [ T Ty
tll} 51 sll Y
° * ; <= Ih
t
Up—1 s9 sh 1 ,
12 . . ty <= Lo
83 s
Un—2 t3 ' =\\\\ e ! té A L3
i sz T 9/% !
‘ “~ 2 < Ln
tn ?
2
P(n,2) H(n)
Fig.3 H(n) is isomorphic to P(n, 2) where n is even
T1 T2
t1 4 S1 Sll Y ,
e * tl ~ L1
/
;2\£2 )
to o ° ty < Lo
53 s ,
t3 . -~ P ; t3 < ILj
[ N A
taN i o g At/ & Loa
2 = 2
S0
to
Un—4 %
P(n,2) H(n)

Fig.4 H (n) is isomorphic to P (n, 2) where n is odd

We now show that P(n,2) is isomorphic to H(n) (see Figs. 3 and 4). Define

¢ :V(P(n,2)) - V(H(n)) as follows: Let ¢ (u;) = s’,.+1 ifiisevenandi #n — 1;
2
d(u;) = Siziy ifiisodd; ¢ (u,—1) = soif n —1liseven. Let ¢ (v;) = 1} " if i is even
2

andi #n—1;¢(v;) = t%ﬂ if i is odd; ¢ (v,—1) = tp if n — 1 is even. Note that
the subgraph induced by all the vertices s;, 5] in H (n) is isomorphic to the outer rim
in P(n,2), and the subgraph induced by all the vertices ¢, ¢/ in H (n) is isomorphic to
the inner rim in P (n, 2). Furthermore, s;1;, st/ are the spokes in P (n, 2). So P(n, 2)
is isomorphic to H (n).

LetTy ={t;: 1 <i<|5]},Ta={t: 1 <i<|5]},andlevel L; = {s;, s/, 1;, t]}
fori =1,2,...,[5].

Lemma 4.1 Forn > 3,

b(P(n,2)) = [\/g—‘ + 1.
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Nolz]
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O
O
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it

I
I

I
]

z

B
O
O

Ns|

B,

Fig.5 Spreading of fire from x ¢ 77 U T>. Filled vertices are burned, whereas empty vertices are unburned

Furthermore, lf% is a square, then b(P(n, 2)) > \/g + 2.

Proof Note that if x ¢ T1 U T5, then |No[x]| = 1, [Ni[x]| < 4, |[Na[x]| < 10,
IN3[x]] < 16, |Ng[x]| < 22,|Ns[x]| < 30and |N,[x]| <30+8(r—>5) forr > 6 (see
Fig. 5). After 5 steps, a maximum of 8 vertices are newly burned in each following
step.

If x € T1 U Ty, then |No[x]] = 1, [N1[x]] <4, |N2[x]] < 10, |[N3[x]] < 18 and
[N [x]| <184 8(r —3) forr > 4 (see Fig. 6). After 4 steps, a maximum of 8 vertices
are newly burned in each following step.

In either case, we have |[Ng[x]| = 1, [N1[x]| < 4, [N2[x]| < 10, |[N3[x]| < 18 and
IN/[x]| <18+ 8(r —3) =8r — 6 forr > 4.

By Proposition 3.1, b(P(1,2)) = 3 = Nﬂ +1for3 <n<7and

b(P(8,2)=4= \/g—i- 2.

Hence, the lemma holds for 3 < n < 8. So, we may assume n > 9. Suppose 9 < n <
16, then ’V %-‘ < 3.1If P(n,?2) has a burning sequence of length 3, say (xy, x2, x3),
then by Eq. (1), 18 < 2n < Z?:l IN3_i[x;]] < 1+4+ 10 = 15, a contradiction.
Suppose 17 < n < 32, then (\/g —‘ < 4.1If P(n,?2) has a burning sequence of length
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i S
TR
Noz]

Fig. 6 Spreading of fire from x € 77 UT>. Filled vertices are burned, whereas empty vertices are unburned

4, say (x1, x2, X3, xX4), then 34 < 2n < Z 1 INs—i[x;]| =1 +4+10+18 =33,a
contradiction. So, b(P(n, 2)) > {\/g—l +1for3 <n < 32.
Note that for 9 < n < 32, 7 is a square if and only if n = 18, 32. When n = 18,

\/;—i— 2=5.If P(18,2) has a burnlng sequence of length 4, then Zi:l [Ng—i[x;i]] <
33, but |[V(P(18,2))| = 36. When n = 32, \/g + 2 = 6. If P(32, 2) has a burning
sequence of length 5, then Zle [INs—i[x;]] < 1+4+4+ 10+ 18 +26 = 59, but
|[V(P(32,2))| = 64.Thus, if% isasquareand9 < n < 32,thenb(P(n,2)) > \/g—i—E.

Suppose n > 33.1If P(n, 2) has a burning sequence of length /, say (x1, x2, ..., x;)
then by Eq. (1),

-3
n<Z|Nz il < INoLx ]l + IN1Lx ]+ N2l 2]l + ) [Nl
i=1 i=1
-1
<1+4+410+) (87 —6)
r=3
=412 — 10[ +9.

Since [ > 1, by completing the square, we conclude that

10 100 — 16(9 — 2 5 11
> 104V O-2m S, jn_W_Jn
8 4 2 16 2

Hence, b(P(n,2)) > L/g—‘ + 1, and if % is a square, then b(P(n, 2)) > \/g + 2.
This completes the proof of the lemma. O
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Lemma 4.2 Forn > 3,

b(P(n,2)) < Ng +2.

Proof Let | = {\/g—‘ It is sufficient to show that there is a burning sequence
(X1, X2, ..., X1, X141, X142) in H(n).

Note that for 2 < j <[, the term (2j — 1)l — (j — 1)? is increasing. Let m( be the
largest positive integer such that (2mg — 1) — (mg — 1)> < | % |. Since

2
(21—1)1—(1—1)2=12+1—1z(ﬁ) +(\/E—1>>f,
2 2 2

we must have mg <1 — 1.
Now, we construct the first part of a burning sequence for H (n), say x1, x2, ..., X/,
as follows:

(a) Letx; =143

(b) Foreach2 < j < mo,setx; =tq;_y_¢j_1)y if jisodd, orx; = t

P j—Di—(j—1)?
if j is even;
(¢c) For j > mgo+ 1:
(i) Suppose mo < I — 2. If Xy = tmg—1)i—(mg—1)2> then set Xy 41 = t/L%J’
/
Qmo—1)I—(mo—1)%’
w <, choose x,, to be any unburned vertex (if possible).

(ii) Suppose mo =1 — 1. If x;—1 = 1(9;_3)_(—2)2, then set x; = t/LﬂJ, whereas if
2

whereas if x,,, = ¢ then set x,y+1 = e For mop + 2 <

Xi—1 then set x; = IL%J .

J— t/
—QI-3)—(1-2)?°

InFig. 7, the filled vertices are N;_;[x;] and the shaded vertices are Nj4o—; [x; ]\ N;—;
[x;]. In particular, L4 U Ls U ---UL; € Nj_1[x1]. So (L1 UL, U---U L) \ {l‘{} C
Niy1[x1] (see Fig. 7a).

Suppose 2 < j < my. Note that x; is contained inlevel L ;_);_¢j_1y2 and x;_j is
contained inlevel L 5;_3);_(j_2)2. There are exactly 2/ —=2j +4 = ((2j — DI = (j —
1)2) — ((2] — 3)l — (j — 2)2) + 1 levels between L(Zj*l)l*(j*l)z and L(2j*3)l*(j*2)2
(inclusive). All these levels are contained in Ny j13[x;—1]UN;—j12[x;] (see Fig. 7b).

Suppose my < [ —2. By the choice of mg, (2mg+ 1)/ — m(z) > L%J . So, the number
of levels between L 1% ] and L (3,0~ 1y1—(mg—1y2 (inclusive) is at most

n 2 2
|5 ] = @mo = 1l = Gmo = D) + 1 < @mo + 1)1 = md

2
— (@mo — DI — (mo— DH + 1
=2l —2mg + 2.

All these levels are contained in Nj—po42[Xmo] U Ni—mo+1[xmo+11] (see Fig. 7b).
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t t )
Ly '1 ! l—j+2 levels
Lz L
La 9 I levels
L4 L
L,e—e— o o
=1
a
@) l—j+1levels
*—o  ——— 00—
€T
(b)
Ti—1
g} } S e
tLQJ = t
2 n
) L]

Fig. 7 Construction

Suppose mo =1 — 1. Then, x;—y is in level L y;_3);__p)2 and x; is in level Ll_'%J'
Note that
2 2 n n
(ﬂ—3ﬂ—a—2)+2=l+l—2>§—lzL§J—L
Hence, we have

(ﬂ—Sﬂ—U—2f+2zL§J
Therefore,
Lai—3y—a-22 Y Li—3y—q-2p241 Y- - U L 1] S N3lxi—1]1U Na[xi],
(see Fig. 7c).
If we set x;41 = #| and x; 12 to be any unburned vertex at time step /4 1 (if possible),
then (x1, x2, ..., X1, X;+1, X;4+2) 1S a burning sequence of H(n) when n is even. If n

is odd, it is also a burning sequence by noticing that {sg, fo} € N;4+1[x1] (see Figs. 4
and 7a). This completes the proof of the lemma. O

The first part of Theorem 1.4 follows from Lemmas 4.1 and 4.2. Furthermore, if
% is a square, then b(P(n, 2)) = \/g + 2. Finally, by Proposition 3.1, b(P(3,2)) =

3= ’1/; —‘ + 1. So the bounds are tight. This completes the proof of Theorem 1.4. O
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