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Abstract Let D be a finite and simple digraph with vertex set V (D). A double Roman
dominating function (DRDF) on a digraph D is a function f : V(D) — {0, 1, 2, 3}
satisfying the condition that if f(v) = 0, then the vertex v must have at least two in-
neighbors assigned 2 under f or one in-neighbor assigned 3, while if f(v) = 1, then
the vertex v must have at least one in-neighbor assigned 2 or 3. The weight of a DRDF
f is the sum Zvev( p) f (v). The double Roman domination number of a digraph
D is the minimum weight of a DRDF on D. In this paper, we initiate the study of
the double Roman domination of digraphs, and we give several relations between the
double Roman domination number of a digraph and other domination parameters such
as Roman domination number, k-domination number and signed domination number.
Moreover, various bounds on the double Roman domination number of a digraph are
presented, and a Nordhaus—Gaddum type inequality for the parameter is also given.
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1 Introduction

Due to the diversity of its applications to both theoretical and practical problems,
domination and its variants have become one of the important research topics in graph
theory (see, for example, [2,5,6,11,13]). Our aim in this paper is to initiate the study
of the double Roman domination in digraphs.

Throughout this paper, D = (V, A) is a finite digraph with neither loops nor mul-
tiple arcs (but pairs of opposite arcs are allowed). For two vertices u, v € V (D), we
use (u, v) to denote the arc with direction from u to v, and we also call v an out-
neighbor of u and u an in-neighbor of v. For v € V (D), the out-neighborhood
and in-neighborhood of v, denoted by NIJ;(U) = NTt(v) and Np(w) = N™(v),
are the sets of out-neighbors and in-neighbors of v, respectively. The closed out-
neighborhood and closed in-neighborhood of a vertex v € V(D) are the sets
Nl = N*[v] = N*(v) U {v} and Ny[v] = N"[v] = N~ (v) U {v}, respec-
tively. In general, for a set X C V(D), we denote Ng(X) = Uvex Ng(v) and
NIJ;[X] = UveX Ng[v]. The out-degree and in-degree of a vertex v € V(D) are
defined by d;;(v) =dT(v) = |N1J5(v)| and dp(v) = d ™ (v) = |Np (v)], respectively.
The maximum out-degree, maximum in-degree, minimum out-degree and minimum
in-degree among the vertices of D are denoted by AT(D) = AT, A=(D) = A™,
8T(D) = 8" and (D) = §~, respectively. For two vertices u and v of D, the dis-
tance d(u, v) fromu to v is the length of a shortest directed u-v path in D. If D contains
no directed u-v path, then d(u, v) = oo. For a subdigraph H of D and v € V (D), the
distance from H to v in D is d(H, v) = min{d(u, v) : u € V(H)}. Let B, and C
denote a directed path and a directed cycle of order n, respectively.

A rooted tree is a connected digraph with a vertex of in-degree 0, called the root,
such that every vertex different from the root has in-degree 1. The height of a rooted
tree T, denoted by h(T), is max{d(r,v) : v € V(T)}, where r is the root of 7. A
digraph D is contrafunctional if each vertex of D has in-degree 1. The complement
of a digraph D is the digraph D, where V(D) = V(D) and (u, v) € A(D) if and only
if (u, v) ¢ A(D).

A k-dominating set of a digraph D is a subset S of the vertex set of D such that
every vertex not in S has at least k in-neighbors in S. The minimum cardinality of a k-
dominating set of a digraph D is called the k-domination number of D and is denoted
by yx (D). A k-dominating set of D of cardinality yx (D) is called a y, (D)-set. If k = 1,
then the k-dominating set is exactly the dominating set and we simply write y (D) for
y1(D), which was introduced by Fu [7] and now has been studied extensively (see,
for example, [4,8,9]).

A signed dominating function (abbreviated SDF) on D is a function f : V(D) —
{—1, 1} such that erN’[v] f(x) > 1 for each vertex v € V(D). The weight of an
SDF fisw(f) = ZUGV(D) f (v). The signed domination number ys(D) of a digraph
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Double Roman Domination in Digraphs 1909

D is the minimum weight of an SDF on D. An SDF on D with weight ys(D) is
called a ys(D)-function. The signed domination number of a digraph was introduced
by Zelinka [16] and has been studied by several authors, for example, in Karami et al.
[12], Volkmann [15] and elsewhere.

A Roman dominating function (abbreviated RDF) on a digraph D is a function
f : V(D) — {0, 1, 2} satisfying the condition that every vertex v with f(v) = 0
has an in-neighbor u with f(u) = 2. The weight of an RDF f is the sum w(f) =
ZUGV(D) f (v). The Roman domination number of a digraph D, denoted by yr(D), is
the minimum weight of an RDF on D. A Roman dominating function on D with weight
yr(D) is called a yr (D)-function. An RDF f on D can be represented by the ordered
partition (Vp, Vi, Vo), where V; = {v € V(D) : f(v) =i} fori € {0, 1,2}. The
Roman domination of a digraph has been studied by Sheikholeslami and Volkmann
[14].

Let G be a finite, simple and undirected graph with vertex set V(G). A double
Roman dominating function (abbreviated DRDF) on a graph G is defined in [3] as
a function f : V(G) — {0, 1, 2, 3} having the property that if f(v) = O, then the
vertex v must be adjacent to at least two vertices assigned 2 under f or one vertex
assigned 3, while if f(v) = 1, then the vertex v must be adjacent to at least one vertex
assigned 2 or 3. The weight of a DRDF f is w(f) = ZUGV(G) f (). The double
Roman domination number y 5 (G) of a graph G is the minimum weight of a DRDF
on G.

In this paper, motivated by the work in [3,14], we initiate the study of the dou-
ble Roman domination number of digraphs. A double Roman dominating function
(abbreviated DRDF) on a digraph D is a function f : V(D) — {0, 1,2, 3} having
the property that if f(v) = 0, then the vertex v must have at least two in-neighbors
assigned 2 under f or one in-neighbor assigned 3, while if f(v) = 1, then the vertex
v must have at least one in-neighbor assigned 2 or 3. The weight of a DRDF f is
w(f) = ZUGV(D) f(v). The double Roman domination number y4g (D) of a digraph
D is the minimum weight of a DRDF on D. A y, r(D)-function is a DRDF on D
with weight yyg(D). A DRDF f on D can be represented by the ordered partition
Vo, Vi, Vo, V3), where V; = {v e V(D) : f(v) =i} fori € {0, 1,2, 3}.

The rest of the paper is organized as follows. In the next section, we give two
simple but useful properties of the double Roman domination number of a digraph.
We then relate the double Roman domination number of digraphs to other domination
parameters such as Roman domination number, k-domination number and signed
domination number in Sect. 3. In Sect. 4, we establish lower and upper bounds on the
double Roman domination number of a digraph in terms of its order, maximum out-
degree and minimum in-degree. Finally, in Sect. 5 we present a Nordhaus—Gaddum
result for the double Roman domination number of a digraph.

2 Preliminaries

In this section, we shall give two simple properties of the double Roman domination
number of a digraph that will be useful in the next sections.
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1910 G. Hao et al.

Proposition 1 For any digraph D, there exists a yr(D)-function such that no vertex
needs to be assigned the value 1.

Proof Let f be a y g (D)-function. Suppose that there exists some vertex v of D such
that f(v) = 1. Then by the definition of y;r (D)-function, we have that there exists a
vertex u € N~ (v) such thateither f(u) =2 or f(u) = 3.If f(u) = 3, then we define
the function f" by f/(v) = 0and f'(x) = f(x) for each x € V(D)\{v}. Obviously,
f'is a DRDF of weight y;g (D) — 1, a contradiction. If f(«) = 2, then we define the
function f” by f”(v) =0, f”(u) =3 and f"(x) = f(x) foreach x € V(D)\{u, v}.
Clearly, f” is a DRDF of weight y;z (D), implying that f” is a y;g (D)-function. O

By Proposition 1, it is reasonable to claim that V; = § for all double Roman
dominating functions under consideration. In this case, any double Roman dominating
function f on D can be represented by the ordered partition (Vp, Va, V3), where
Vi={veV(D): f(v)=i}fori €{0,2,3}.

Proposition 2 Let D be a digraph and let f = (Vy, V1, V) be a yr(D)-function.
Then yar(D) < 2|Vi| + 3| V2.

Proof We set g(v) = 0 for each v € Vj, g(v) = 2 foreach v € V] and g(v) = 3
for each v € V;. Then it is easy to see that g is a DRDF on D and hence y r(D) <
w(g) =2|Vi| +3[V2|. O

3 Relations to Other Domination Parameters

In this section, we shall relate the double Roman domination number of digraphs
to other domination parameters such as Roman domination number, k-domination
number and signed domination number.

We first give some relations between the double Roman domination number and
Roman domination number of digraphs.

Theorem 1 For any digraph D, v r(D) < 2yr(D) with equality if and only if D is
empty.

Proof Let f = (Vy, Vi, V») be a yg(D)-function such that | V| is minimal. Then by
Proposition 2,

Yar(D) = 2|Vi| +3[Va| = 2yr(D) — |V2| < 2yr(D), ey

establishing the desired result.

The sufficiency is trivial. To show the necessity, let yyr (D) = 2yg(D). Then we
have equality throughout the inequality chain (1). Therefore, |V>| = 0 and hence by
the definition of yg(D)-function, |Vy| = 0. This implies that V| = V(D). If there
exists some arc, say (u, v), of D, then we set g(v) = 0, g(u) = 2 and g(x) = 1 for
each x € V(D)\{u, v}. It is easy to see that g is an RDF on D with w(g) = yr(D).
This implies that g is a yr(D)-function. Moreover, |[x € V(D) : f(x) = 1}| — |x €
V(D) : g(x) = 1}| = 2, contradicting the minimality of f. Therefore, D is empty. O
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Theorem 2 For any digraph D, y r(D) > ygr(D) + 1.

Proof Let f = (Vp, Va, V3) be a y r(D)-function. If V3 # , then every vertex in
V3 can be reassigned the value 2 and the resulting function will be an RDF on D and
hence

Yar(D) = 2(|V2| +|V3]) + V3| = yr(D) + V3| = yr(D) + 1.

Suppose next that V3 = (J. Then by the definition of y;r(D)-function, V, # @, for
otherwise, Vo = V (D), a contradiction. Therefore, all vertices are assigned either the
value O or the value 2, and all vertices in Vj must have at least two in-neighbors in V5.
In this case one vertex in V; can be reassigned the value 1 and the resulting function
will be an RDF on D and hence y;g(D) = 2|V>| > yr(D) + 1. O

Combining Theorems 1 and 2, we may obtain the following result immediately.

Corollary 1 For any nontrivial connected digraph D,
YR(D) +1 < yar(D) = 2yr(D) — 1.

We now establish a relation between the double Roman domination number and
the domination number of digraphs.

Theorem 3 For any digraph D,
2y (D) < yar(D) < 3y(D).

Moreover,

(a) The left equality holds if and only if y (D) = y»(D).
(b) The right equality holds if and only if there exists a y g (D)-function (Vy, V2, V3)
such that Vo, = (.

Proof Let f = (Vp, Vo, V3) be a yyr(D)-function and let S be a y (D)-set. We set
f'(v) =3 foreachv € S and f'(v) = 0 otherwise. Then it is easy to see that [’ is a
DRDF on D and hence y;r (D) < 3|S| = 3y (D). On the other hand, by the definition
of y4r(D)-function, V, U V3 is a dominating set of D and hence y (D) < |V2| + | V3],
implying that

Yar(D) = 2|V2| +3|V3| = 2(IVa| + |V3]) = 2y (D). 2

(a) Suppose that yyr(D) = 2y(D). Then we have equality throughout the
inequality chain (2). This means that V3 = ¢ and hence y r(D) = 2|V»|, imply-
ing that y (D) = |V;|. Therefore, by the definition of y,g(D)-function, we have
that every vertex in V(D)\V> must have at least two in-neighbors in V;. Thus,
y2(D) < |Va| = y(D). On the other hand, clearly y (D) < y»(D). As a result,
y(D) = (D).
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1912 G. Hao et al.

Conversely, suppose that y (D) = y»(D). Let §" be a y,(D)-set. We set g(v) = 2
for each v € S’ and g(v) = 0 otherwise. Then clearly g is a DRDF on D and hence
var(D) < 2IS'| = 2y2(D) = 2y(D). As proved previously, yar(D) = 2y (D).
Thus, yar(D) =2y (D).

(b) Suppose that y;r(D) = 3y (D). Set g(v) = 3 foreachv € S and g(v) =0
otherwise. Then clearly w(g) = 3|S| = 3y (D) = y4r(D), implying that g is a
var (D)-function.

Conversely, suppose that Vo2 = (. Then V3 is a dominating set of D and hence
V3| = y (D). Thus, y4r(D) = 3|V3| = 3y (D). As proved earlier, y;r (D) < 3y (D).
Therefore, y g (D) = 3y (D). m]

Proposition 3 If D is a digraph, then y;r(D) < 2y>(D).

Proof Let S be a y2(D)-set. Define the function f(x) = 2forx € Sand f(x) =0
otherwise. Then it is easy to verify that f is a DRDF on D and hence y r(D) <
2|S| = 2y»(D). O

If K is the complete digraph of order n > 2, then y(K;) = 1, yr(K}) = 2
and yzr(K,5) = 3. Thus, Corollary 1 and the upper bound in Theorem 3 are sharp.
In addition, let u, v, x1, x2, ..., X,—2 be the vertex set of the digraph H such that
(u,x;), (v,x;j) € A(H) for 1 <i < n—2.Then y(H) = 2, y»(H) = 2 and
var(H) = 4. This example shows that the lower bound in Theorem 3 and Proposition
3 is sharp.

We end this section by relating the double Roman domination number to signed
domination number of digraphs. To this end, we need a result due to Ahangar et al.
[1].

Let G be a bipartite (undirected) graph with bipartition (£, R) (standing for “left”
and “right”). A subset S of vertices in R is a left dominating set of G if every vertex
of L is adjacent to a vertex in S. The left domination number, denoted by y,(G), is
the minimum cardinality of a left dominating set of G. A left dominating set of G of
cardinality y,(G) is called a y,(G)-set. Let §£(G) denote the minimum degree of a
vertex of £ in G. Ahangar et al. [1] established the following upper bound on the left
domination number of a bipartite (undirected) graph in terms of its order.

Theorem 4 ([1]) Let G be a bipartite (undirected) graph of order n with bipartition
(L, R). If 6£(G) = 2, then y(G) < n/3.

Theorem 5 For any digraph D of order n,
Yar(D) < ys(D) +4n/3.

Proof Let f be a ys(D)-function and let £ and R denote the sets of those vertices in
D which are assigned under f the values —1 and 1, respectively. Then |L| + |R| =n
and ys(D) = w(f) = |R| — | L[, implying that 2|R| = n + ys(D).

If £L =@, thatis, if R = V (D), then we set g(x) = 2 for each x € V(D). Then it
is easy to see that g is a DRDF on D, implying that

Yar(D) < w(g) = 2n = 2|R| = 2ys(D) < ys(D) + 4n/3.
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Double Roman Domination in Digraphs 1913

Hence we may assume that £ # @J. Let D’ be the bipartite spanning subdigraph of D
with bipartition (£, R), where A(D’) = {(u,v) € A(D) : u € R and v € L}. Since
f is a ys(D)-function, each vertex of £ has at least 2 in-neighbors in R in D’ and
hence § - (D’) > 2, where § . (D') = min{d},,(v) : v € L}. Let H be the (undirected)
graph obtained from D’ by replacing any arc with an edge and let R, be a y,(H)-
set. Then §.(H) = SZ(D’) > 2 and hence by Theorem 4, |R>| = y,(H) < n/3.
Moreover, since R is a y, (H)-set, any vertex in £ is adjacent to some vertex in R,
in H and hence any vertex in £ has at least one in-neighbor in R in D’ and so in D.
Let R1 = R\R». Set

0,ifx € L,
gx)=12ifx e Ry,
3,if x € Ry.

Then g’ is a DRDF on D and hence

A

Yar(D) < w(g") =2|R1| + 3|R2|

2(IR1] + [R2l) + IR2| = 2IR[ + |Ra]
=n+ys(D) + Rz

< ys(D) +4n/3,

which completes the proof. O

4 Upper and lower bounds

Our aim in the section is to establish upper and lower bounds on the double Roman
domination number of a digraph in term of its order, maximum out-degree and mini-
mum in-degree.

We first present upper bounds on the double Roman domination number of digraphs.

Proposition 4 If D is a digraph of order n, then vy r(D) < 2n with equality if and
only if D is empty.

Proof Define the function f by f(x) = 2 for each x € V(D). Then f is a DRDF
on D and hence y g(D) < 2n. If D is empty, then yyr(D) = 2n. Now assume that
var(D) = 2n, and suppose to the contrary that D contains an arc (u, v). Define the
function g(v) = 0, g(u) = 3 and g(x) = 2 foreach x € V(D) \ {u, v}. Then g is a
DRDF on D of weight 2n — 1, a contradiction. O

Theorem 6 Let D be adigraph of order n > 2 suchthat |A(D)| > 1. Then y r(D) <
2n — 1 with equality if and only if D has exactly one nontrivial component of order 2
or one nontrivial component H of order 3 such that H is a directed path or a directed
cycle.

Proof Proposition 4 implies yyr (D) < 2n — 1. If D has exactly one nontrivial com-
ponent of order 2 or one nontrivial component H of order 3 such that H is a directed
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1914 G. Hao et al.

path or a directed cycle, then it is easy to see that yyr(D) = 2n — 1. Conversely,
assume that yyr (D) = 2n — 1. Suppose that D contains two arcs (u, v) and (w, 7).

Ifu # w, zand v # w, z, then define f by f(v) = f(z) =0, f(u) = f(w) =3
and f(x) = 2 for each x € V(D)\{u, v, w, z}. Then f is a DRDF on D of weight
2n — 2, a contradiction. Therefore, D contains at most one nontrivial component H.

If v =z and u # w, then define g by g(v) = 0 and g(x) = 2 otherwise. Then g is
a DRDF on D of weight 2n — 2, a contradiction.

If u = wand v # z, then define & by h(u) = 3, h(v) = h(z) = 0and h(x) =2
otherwise. Then & is a DRDF on D of weight 2n — 3, a contradiction.

Using these observations, we deduce that 2 < |V(H)| < 3, and if |V(H)| = 3,
then H is a directed path or a directed cycle of order 3. O

Proposition 5 Let T be a rooted tree with h(T) = 1. Then yar(T) = 3.

Proof Letr be the root of T. We set f(r) =3 and f(u) = 0 foreachu € V(D)\{r}.
Then it is easy to see that f is a y;g (D)-function and hence y,;r(T) = w(f) = 3.0

Theorem 7 Let T 2 ?3 be a rooted tree of order n > 2. Then
var(T) < (5n —1)/3.

Proof We proceed by induction on n. If n = 2, then by Proposition 5, y,g(T) =3 =
(5n —1)/3. Hence we may assume thatn > 3. If #(T) = 1, then again by Proposition
5,var(T) =3 < (5n —1)/3.

Suppose next that £(T") > 2. Let r be the root of T'; let x be a vertex of T such that
d(r,x) = h(T) — 1; let T} be the connected component of 7 — x that contains the root
randlet 7, = T — T;. Note that #(T>) = 1. Therefore, by Proposition 5, y;r(T2) =
3 < (5|V(T)| — 1)/3.1f |V(T1)| = 1, then clearly |V (T3)| > 3 since T 2 7’)3 and
(Vo, Vo, V3) is a DRDF on D, where V3 = {x}, V, = {r} and V) = V(D)\{r, x}, and
hence yr(T) <342 < (5n — 1)/3. Assume next that |V (T1)| > 2. If T} 2 7’)3,
then by the induction hypothesis, yyz(T1) < (5|V(T1)| — 1)/3 and hence

Ydr(T) < var(T1) + var(T2)
<GV —-n/3+GIVIT)|-1)/3
< (5n—1)/3.

If Ty 2 P, then yar(T1) = 5 = 5|V (T1)|/3 and hence

Yar(T) < var(Th) + var(T2)
=5IV(I)I/3+ GV - 1D/3
=(5n —1)/3,
which completes our proof. O
Harary et al. [10] showed that every connected contrafunctional digraph D has a

unique directed cycle and the removal of any arc of the directed cycle results in a
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Double Roman Domination in Digraphs 1915

rooted tree T'. Therefore, we have y g (D) < y4r(T), which, together with Theorem
7, would yield the following result directly.

Corollary 2 Let D be a connected contrafunctional digraph of order n. Then
%
Yar(D) =5if D = C3, and yar(D) < (5n — 1)/3 otherwise.

For a special class of contrafunctional digraphs, we will improve Corollary 2
slightly. For this purpose, we define the height of a connected contrafunctional digraph
D, denoted by h(D), to be the maximum distance from its unique directed cycle C to
all vertices of D, i.e., h(D) = max{d(C, v) : v € V(D)}. In particular, the height of
a directed cycle is exactly equal to O.

Theorem 8 Let D be a connected contrafunctional digraph of order n with h(D) = 1.
Then yar(D) < 3n/2.

Proof Let C be the unique directed cycle of D, v;; be the vertex set of C such that
Vi has at least one out-neighbor not in C for 1 < j < ¢, and let V' be the set of out-
neighbors of v; ; not in C for 1 < j < t. Define the function f by f (v; j) =3forl <
Jj <tand f(x) = Oforeachx € V'.Weobservethat D’ = D\({v;,, vi, ..., v;, JUV')
is empty or consists of some directed paths. If wjw> ... wy is such a directed path
of D/, then for 1 < i < k, we define f(w;) = 0if i is odd and f(w;) = 3 ifi is
even. Altogether, it is easy to verify that f is a DRDF on D of weight w(f) < 3n/2.
Therefore, yyr(D) < w(f) < 3n/2. m]

Theorem 9 Let D 6)3 be a connected digraph of order n > 3 with §— (D) > 1.
Then

Yar(D) = (5n —1)/3.

Proof 1f n = 3, then it is easy to see that yyr(D) =3 < (5n — 1)/3 since D 2 E')g.
Hence we may assume that n > 4. Since §~ (D) > 1, we can choose an arbitrary
incoming arc of v for each vertex v of D. Then all such arcs induce a spanning
subdigraph H of D consisting of some connected components, say Hy, Ha, ..., H;.
Moreover, H; (i € {1,2,...,1}) is a connected contrafunctional subdigraph of D
since each vertex of H; has in-degree 1.

—_
Firstly, we consider the case that H is not the disjoint union of copies of C 3.

Without loss of generality, assume that H; 2 el 3. Then by Corollary 2, we have
var(Hi) = (S|V(H)| — 1)/3 and yqr(H;) < 5|V (H;)|/3 foreachi € {2,3,...,1}.
Therefore,

!
Yar(D) = var(H) = Z var(Hi)

i=1
1
<GIVHD| = 1/3+ Y 5IV(H)I/3

i=2
=(5n—1)/3.
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Next, we consider the case that H is the disjoint union of copies of C 3. This implies

that H; = 6)3 fori € {1,2,...,1}. Note that n > 4. Therefore, [ > 2. Since D is
connected but H is not, the arc set A(D) of D consists of A(H) and some arcs not in
H. In addition, if we add some arc in A(D)\A(H) to H, then it is easy to verify that
the resulting digraph has a strictly smaller double Roman domination number than
that of H. Therefore, by Corollary 2, we have

Yar(D) <yar(H) — 1

!
= > var(H) — 1

i=I
!
=D SIV(H)I/3 -1
i=1
=(Gn—1)/3,
which completes our proof. O
Theorem 10 For any digraph D of order n, yar(D) < 2(n — A1) + 1.
Proof Let v be a vertex of out-degree A*. Then it is easy to see that f = (Vp, V2, V3)
is a DRDF on D, where Vy = NT(v), Vo> = V(D)\N*[v] and V3 = {v}. Thus,
Yar(D) < w(f) =3+2n—d (v) —1)=2(n— AT) + 1. O
Theorem 11 For any digraph D of order n with §~ > 1,

1+6—

D) < 3.3 3 5% 5 3 5=
Var(D) = my3 = (2<1+a—>> * (2(1+a—>>

Proof Given a digraph D and a real number p with 0 < p < 1, select a set X
of vertices each of which is selected independently with probability p (with p to
be defined later). Then the expected size of X is np since X admits the binomial
distribution with parameters n and p. Let Y = V(D)\NBr [X]. We set f(v) = 3 for
any v € X, f(v) =2forany v € Y and f(v) = 0 otherwise. Then it is easy to see
that f is a DRDF on D. Note that
P(veY)=P( e V(D)\N[X])
— (1 _ p)1+d_(v)

<(1-p'.
Thus,

E(w(f)) < 3np + 2n(1 — p)' 4",
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where E(w(f)) is the expected weight of f. It is not difficult to verify that the upper
1

bound for E(w(f)) is minimum when p = 1 — ( )‘F and hence

3
2(14687)

1+6—

L - 3.3 3 > 5 3 -
o == () 42 (3

This implies that there must be some DRDF on D with at most the above bound as its
weight, which completes our proof. O

We next give a lower bound on the double Roman domination number of a digraph.
Theorem 12 For any connected digraph D of order n > 4,

m(D)J on + 3 ]

2AT +3

Proof Let f = (Vp, Va, V3) be a ysr(D)-function and let ng = | Vp|. If V3 = @, then
it is easy to see that ysr(D) = 2|V2| = 2(n — ng). Moreover, by the definition of
var (D)-function, each v € V) must have at least two in-neighbors assigned 2 under

f and hence ZueN’(v) f(u) > 4. Thus, yar(D) = o(f) > ng - %. Then it follows
that

2yar(D) = 4n — 4ng > 4n — yar(D)A™
and hence

Yar(D)(AT 42) = 4n,

implying that yr (D) > ( Ai’fﬂ] > [zg"r;].

If V3 # @, then it is easy to see that yyr(D) = 2(|Va| + |V3]) + V3] = 2(n —
ng) + 1. Moreover, by the definition of y, (D)-function, each v € Vy must have at
least two in-neighbors assigned 2 under f or one in-neighbor assigned 3, and hence
ZueN’(v) f(u) > 3. Thus, ygr(D) = o(f) > ng - %. Then it follows that

3yar(D) = 6n — 6ng +3 > 6n — 2y,r(D)AT +3

and hence
Yar(D)Q2A™T +3) > 6n + 3,
implying that y;r (D) > ’7261;:%3—‘ . H

The following result, derived from Theorem 12, shows that the upper bound in
Theorem 10 and the lower bound in Theorem 12 are sharp.
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Corollary 3 Let D be a connected digraph of order n > 3. Then yar(D) = 3 if and
onlyif AT =n — 1.

Proof Clearly, by the definition, yyg(D) > 3. Now let At = n — 1, and let v be
a vertex of out-degree A™. Define the function f by f(v) = 3 and f(x) = 0 for
x € V(D) \ {v}. Then f is a DRDF on D of weight 3 and hence y,g (D) < 3 and thus
yar(D) = 3. Conversely, assume that y;r (D) = 3. If AT < n —2, then Theorem 12
leads to the contradiction

6n +3 6n + 3
D) > > >4
VdR( )_’72 T 3—‘_’72@ 2) 3—‘_ )

which completes our proof. O

5 A Nordhaus-Gaddum type result

In this section, we derive a Nordhaus—Gaddum bound on the double Roman domination
number of digraphs.

Theorem 13 For any digraph D of order n > 4,
Yar(D) + yar(D) < 2n + 3.

Proof 1t is easy to see that dg v) + dg(v) = n — 1 for any vertex v € V(D). This
implies that AT (D) = n — 1 — §(D). Then by Theorem 10, we have

Yar(D) + yar(D) < 2n —2AT (D) + 1) + 2n —2A%(D) + 1)
=2n—2AT(D)+ 25T (D) + 4
<2n+4. (3)

Suppose that Yy (D) + yar (D) = 2n + 4. Then we have equality throughout the
inequality chain (3). This implies that AT (D) = §7(D). Let k = AT (D) = §*(D).
Then AT (D) = 8T (D) = n — 1 — k. Without loss of generality, we may assume that
k < (n — 1)/2, since our argument is symmetric in D and D. Since equality holds,
Yar(D) = 2(n — k) + 1 and ydR(B) =2k +3.Letv € V(D).

Claim 1 All of the out-neighbors of every vertex not in Nz)r[v] are in Ng[v].

Proof of Claim 1 If some vertex u outside Ng[v] in D has at least one out-neighbor,
say w, outside N} [v], then set f(v) = 3, f(w) = 1, f(x) = 0 for x € N;}(v) and
f(x) = 2 otherwise. Clearly, f is a DRDF on D with weight 2(n — k), a contradiction
to the fact that yygr (D) = 2(n — k) + 1. So, this claim is true.

Claim 2 For any vertex u outside Ng[v], (u,v) € A(D).

@ Springer



Double Roman Domination in Digraphs 1919

Proof of Claim 2 Suppose, to the contrary, that there exists some vertex u outside
N'D"[v] such that (u, v) ¢ A(D). Note that AT (D) = §7(D) = k. Hence by Claim 1,
N'g(u) = Ng(v). We set g(x) = 0 forany x € Nz;(v) and g(x) = 2 otherwise. Then
g is a DRDF on D with weight 2(n — k), a contradiction. So, this claim is true.

Claim 3 There exists at most one vertex outside Nb"[v].

Proof of Claim 3 Suppose, to the contrary, that there exist at least two vertices, say u
and w, outside Ng [v]. Then by Claim 2, we have that (u, v), (w, v) € A(D). Note that
AT(D) = §%(D) = k. Hence by Claim 1, N5 (u) = N}, (w) or [N} (W)\(N @) N
N (w))| =2.Let N (v) = {vi, va, ..., v}

If Ng(u) = N;(w), then we assume, without loss of generality, that N;(u) =
N;(w) = {v,v1,v2,...,v—1}. Weset h(x) = 0 for any x € {v, vi,v2, ..., Vp—1}
and h(x) = 2 otherwise. It is easy to see that & is a DRDF on D with weight 2(n — k),
a contradiction. If |N;(v)\(Ng(u) N Nb"(w))| = 2, then we assume, without loss
of generality, that N}) (u) = {v, v1, v2, ..., ve_1} and Nj) (w) = {v, v, v3, ..., vk}
Set i/'(vy) = W' (vx) = 1, W' (x) = 0 forany x € {v,v2,v3,...,vp—1} and 1/ (x) = 2
otherwise. Itis easy to see that 2’ is a DRDF on D with weight 2(n —k), a contradiction.
So, this claim is true.

Thus, by Claim 3, we have k = dz;(v) > n — 2 for any v € V(D). Together with
our earlier assumptions, k < (n — 1)/2. Therefore, n —2 < k < (n — 1)/2 and
hence n < 3, a contradiction. This implies that y;z (D) + y4r(D) < 2n + 3, which
completes our proof. O
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